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Abstract In this article, the non-self dual extended Harper’s model with a Liouville fre-
quency is considered. It is shown that the corresponding integrated density of states is

1 .. . . . . .

5-Holder continuous. As an application, the homogeneity of the spectrum is proven.
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1 Introduction and Main Results

Let us consider the extended Harper’s model (EHM)
(Hx,a,0uW)n = c(x + na)upsr + (@ + (n — 1)a)up—1 + 2 cos 2m(x + na)uny, (1.1)

where u = {u,} € ¢*(Z) and

c(z) = ex(x) = Ae 2METE) 4 \g 4 Age2m (= F ),

?(z) = er(x) = \e?™@EH2) 4 )y 4 Age 2t 3),
We call A = (A1, A2, A3) € R3 the coupling, o € R\ Q the frequency, and = € R the phase. If
A1 = A3 = 0, the EHM reduces to the famous almost Mathieu operator (AMO). Physically, the
EHM describes the influence of a transversal magnetic field of flux o on a single tight-binding
electron in a 2-dimensional crystal layer (see [27]).

For irrational frequency a, the spectrum of H) , , does not depend on z, and is denoted
by E)\ya.
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In general, we can split the coupling region into three parts (see Figure 1):
I={(A1,22,A3) € R3 : 0 < max{\ + A3, Ao} < 1},
IT= {(A1, A2, A3) € RE 1 0 < max{\; + A3, 1} < Ao},
I = {(A1, X2, A3) € RS ¢ 0 < max{)2,1} < A1 + A3}

M+
I} /11 + /13 = Az
1 7
/// H
Fa Ay + 23 = eCB@)y,
1 Az
Figure 1

Considering a € R\ Q, we call « a Liouville frequency if 8(«) > 0, where
—Inkollr/z

«) = limsu
Bla) m SUp 7

; HCUHR/Z:I]?EI%W—M- (1.2)
On the contrary, « is called a weak Diophantine frequency for 5(«) = 0.

In the present article, we mainly focus on the regularity of the integrated density of states
(IDS) Na.a(:) (see subsection 2.2 for details) for EHM.

It is well-known that the IDS for a general analytic quasi-periodic Schrodinger operator is
continuous, which does not imply the Holder continuity. In fact, many research efforts have
focused on the regularity of the IDS for both quasi-periodic Schrédinger operators and quasi-
periodic Jacobi operators.

On the one hand, we consider in the regime of positive Lyapunov exponent. In this case,
Bourgain-Goldstein-Schlag developed a series of powerful techniques, such as the large deviation
theorem, avalanche principle and semi-algebtraic sets theory to study the Holder continuity of
the IDS. Along this line, the breakthrough was made by Goldstein-Schlag [11]. They proved
Holder continuity of the IDS for a quasi-periodic Schrodinger operator with large analytic
potential and a Diophantine frequency (we call & € R\ Q a Diophantine frequency if there exist
v > 1 and p > 0 such that ||kallg/;z > # for V k € Z\ {0}). Later, Bourgain [5] showed
that the IDS for AMO is (3 — €)-Holder continuous (for any small € > 0) if the coupling A
is small and the frequency is Diophantine. Recently, Tao-Voda [26] dealt with quasi-periodic
Jacobi operators and obtained especially the (% — €)-Holder continuous of the IDS for EHM if
the Lyapunov exponent is positive and the frequency is strong Diophantine (we call a € R\ Q
a strong Diophantine frequency if there exist 4 > 0 and v > 1 such that V k£ € Z \ {0},
Ikallr/z > mrmsmms)-
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On the other hand, in the subcritical regime!, by using KAM techniques, Amor [13] proved
that the IDS for Schrédinger operator with a small (in perturbative sense) analytic potential and
a Diophantine frequency is %—H'dlder continuous. After that, Avila-Jitomirskaya developed the
quantitative almost reducibility methods [2], which makes them show the %-Hélder continuity
of the IDS for AMO with Ay # +1 and a Diophantine frequency. They also obtained %—Hélder
continuity of the IDS for Schrédinger operators with small (in non-perturbative sense) ana-
lytic potentials and Diophantine frequencies. Subsequently, Avila-Jitomirskaya [3] established
%—H'dlder continuity of the spectral measures for Schrodinger operator with a small analytic
potential and a Diophantine frequency. Leguil-You-Zhao-Zhou [21] proved the %—H'dlder con-
tinuity of IDS for Schrodinger operators in the sub-critical regime with a weak Diophantine
frequency. In a recent work of Cai-Chavaudret-You-Zhou [6], they proved %-Hélder continuity
of the IDS for Schriodinger operators with small finitely differentiable potentials and Diophantine
frequencies.

Note that all results mentioned above are in Diophantine frequencies case. You-Zhang [28]
extended Goldstein-Schlag’s results to weak Liouville frequencies case (that is 0 < () < 1).
In [23], Liu-Yuan improved Avila-Jitomirskaya’s results to quasi-periodic Schrédinger operators
with Liouville frequencies. Holder continuity of the IDS for quasi-periodic Schrodinger operators
with any Liouville frequencies was recently studied by Han-Zhang [18], with generalization to
the Jacobi case by Tao [25].

We also refer to [14, 16, 17, 19] for the study of the EHM.

The present article is the first one to investigate the sharp Holder continuity of the IDS
for the quasi-periodic Jacobi operators with any Liouville frequencies. The main result of this
article is the following theorem.

Theorem 1.1 Suppose that 0 < B(a) < oo and A € TUII. Then there is an absolute
constant C' > 0 such that if max{Lx, L1} > CB(«a), we have for Ey, E; € R,

W (Er) = Nao(Ea)| < CilBy — B2,

where

. X2 4+ /A2 —4XAs
A max{\; + As, 1} + /max{A; + Az, 1}2 — 4\, Ag
1+VT—4A )

E)\ =1In )
max{A1 + Az, Ao} + /max{A1 + Az, A2 }2 — 4\ A3

(1.3)

and C, > 0 is a constant depending on «, A.

Remark 1.2 In EHM case, the involved Ay g(z) ¢ SL(2,R) (see (2.2)), which makes the
proof more technical (see section 3 for details).

Remark 1.3 Almost reducibility results were first obtained by Han [15] for EHM for
weak Diophantine frequencies, later generalized to the Liouville frequencies case by Shi-Yuan
in [24]. The proof of Theorem 1.1 relies on some almost reducibility results of [24] for EHM

with Liouville frequencies, but more quantitative.

ISubcritical regime means the corresponding transfer matrices A, (2) (see section 2) are uniformly subexpo-
nentially bounded through some strip {z € C: |Sz| < h, h > 0}.

@ Springer



No.5 W.W. Jian & Y.F. Shi: HOLDER CONTINUITY OF THE IDS FOR EHM 1243

Combining Theorem 1.1 and the estimates on specrtal gaps in [24], we can obtain the

homogeneity of the spectrum.

Theorem 1.4 Assume that the conditions of Theorem 1.1 are satisfied. Then for any
€ > 0, there exists o, = 04 (A, a, €) > 0 such that for all E € ¥, , and o € (0,0,), we have

Leb((F —o0,E+0)N¥xa) > (1 —€)o,

where Leb(+) is the Lebesgue measure.

Actually, there are also many results on the homogeneity of the spectrum for quasi-periodic
operators. In continuous Schréodinger operators case, Damanik-Goldstein-Lukic [7] set up Car-
leson homogeneity of the spectrum for small analytic potentials and Diophantine frequencies.
Later, in the regime of positive Lyapunov exponent, Goldsein-Damanik-Schlag-Voda [10] proved
Carleson homogeneity of the spectrum for (discrete) Schrédinger operators with Diophantine
frequencies. In [12], Goldstein-Schlag-Voda got the Carleson homogeneity of the spectrum
for Diophantine multi-frequency Schrodinger operators. Recently, Leguil-You-Zhao-Zhou [21]
considered the non-critical AMO with a weak Diophantine frequency and showed that the spec-
trum is homogenous. They also proved the homogeneity of the spectrum for Schrodinger op-
erators with (measure-theoretically) typical quasi-periodic analytic potentials and fixed strong
Diophantine frequency. Actually, we remark that all these results are restricted to (weak)
Diophantine frequencies. Liu-Shi [22] extended some results of [21] to Liouville frequencies
case. In [9], Fillman-Lukic established Carleson homogeneity of the spectrum for limit-periodic
Schrédinger operators.

The present article is organized as follows. In Section 2, we give some basic concepts and
notations. In Section 3, we prove a “remormalization” lemma. In Section 4, we prove %—H'dlder
continuity of the IDS by establishing some quantitative almost reducibility results. The proof
of Theorem 1.4 is included in the Appendix.

2 Some Basic Concepts and Notations

2.1 Cocycle, Transfer Matrix and Lyapunov Exponent
By a cocycle, we mean a pair (a, A) € (R\ Q) x C°(R/Z, M2(C)) satisfying

/ I, [|A(z)||dz < +o0.
R/Z

We can regard the cocycle (o, A) as a dynamical system on (R/Z) x C? with
(0, 4) : (3,0) — (2 + @, A(2)o), (,v) € (R/Z) x C.
For k > 0, we define
1
A(x) = [[ A + (1 - Da).
=k
The Lyapunov exponent for (o, A) is defined by

1 1
L(a,A) = lim E/R/Z In ||Ag(z)||dx = ]ig%E/R/ZlnHAk(x)de.

k—-+oo
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2.2 Spectral Measure and the IDS

Let H be a bounded self-adjoint operator on ¢?(Z). Then (H —z)~! is analytic in C\ 3(H),
where X(H) is the spectrum of H, and we have for f € (*(Z),

S(H = 2)7f, f) =Sz |(H = 2) 7 fllp2 2,

where (-,-) is the usual inner product in ¢?(Z). Thus ¢¢(z) = ((H — z)"1f, f) is an analytic
function in the upper half plane with S¢; > 0 (¢ is the so-called Herglotz function). Therefore,

one has a representation

mw=4 L 4 (@),

T —z
where pf is the spectral measure associated to the vector f. Alternatively, for any Borel set
QCR,

1 (Q) = EQ)f, f),

where E is the corresponding spectral projection of H.

Denote by u{_’mx the spectral measure of the operator H) o, and the vector f as above
with ||f]|i2(z) = 1. The IDS Ny o : R — [0,1] is obtained by averaging the spectral measure
,u{)a@ with respect to z, that is,

NoaB) = [ ] o (=0, Bl
rR/Z

It is a continuous, non-decreasing surjective function and the definition is independent of the
choices of f.

2.3 Gap Labelling and the IDS

Each connected component of [Emnin, Emax] \ Zx,q is called a spectral gap, where Eyi, =
min{F : E € ¥) o} and Epax = max{FE : E € ¥, 4}. By the well-known gap labelling theorem
[8, 20], for every spectral gap G there is a unique nonzero integer m such that Ny o|¢ = ma
mod Z and

[Eo, Ef] = {Buin < E < Buax : Mao(E) =ma  mod Z}. (2.1)

2.4 Dynamical Relation
Recalling (1.1), for ¢(x) # 0 the equation

Hy o zu=FEu
is equivalent to
U U

k1| Ay (@ + ka) k 7

Uk Uk—1
where

1 E—2cos2mx —c(x —«
Anp(T) = ——= ( ) . (2.2)
c(x) c(x) 0
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2.5 Aubry Duality
The map o : A = (A1, Mg, A3) — A = (i—z, )\—12, i—;) induces the duality between region I and
region II. We call Hi,a,x the Aubry duality of Hj o . We have ¥, , = /\QZXQ for o € R\ Q.
Aubry duality expresses an algebraic relation between the families of operators {Hi.a,x}EGR
and {Hy oz }zer by Bloch waves, that is, if u : R/Z — C is an L? function whose’Fourier
o o, . (ewu(:r)>
coefficients @ satisfy Hy , pi = i Us then there exist § € R, such that U(z) =
u(z — )
satisfies
Az p(x) - Ux) = *U (z + a). (2.3)

2.6 Some Notations

We briefly comment on the constants and norms in the following proofs. Let C(a) be a
large constant depending on «, and let C, (or ¢4) be a large (or small) constant depending on
A and a. Define the strip Ay = {z € C/Z : |Sz| < s} and let ||v||s = sup ||v(z)||, where v is a

ZEA

mapping from Ay to some Banach space (B, || - ||). In this article, B may be C, C? or SL(2,C).
Remark 2.1 Recall that

Mia(B) = N5 (03T E), Saa = XS5,

It suffices to prove our main results in case A € II.

3 Renormalization of the Jacobi Cocycle with Liouville Frequencies

In EHM case, Ay g(z) ¢ SL(2,R) (see (2.2)), which is difficult to deal with directly. Thus
it needs make some “renormalization”. The “renormalization” from EHM cocycle to SL(2,R)
cocycle was first introduced by Avila-Jitomirskaya-Marx [4], and then improved by Han [15].
The following lemma extends Han’s results to Liouville frequencies case and is one of the key

ingredients of this article.

Lemma 3.1 Let 0 < () < 0o and X € IL. If Ly > 53(«), then there are some analytic
mapping @ from A e
that for all z € A :m

to M3(C) and its inverse Q;l which is analytic in the same region, such

i Q51 + 0) Ay ()@ (1) = Ay p(a),
where
_ 1 E —2cos2mz  —|c|(z — )
A x) =
N AR 0

with |c|(x) = /c(z)e(z). 2
Proof Let

A+ VAE AN A+ VAZ— AN
€, = min , .
2\ 23

2¢(x) is the complex conjugate of c(x) for € R and its analytic extension for x ¢ R.
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As Ay > A\ + A3, we have for any € € R, |¢| < &,

Ao — (A1€°™€ 4+ N\ze 2™ > 0, (3.1)
A2 — (A1e™ 2™ + \3e?™) > 0. (3.2)

Thus Re(x + ie) > 0,R¢(z + ie) > 0 for any x € R/Z. We have showed that c(z), ¢(z)
have no zeros on A‘;‘—E' Recalling (3.1) and (3.2) again, the rotation numbers of ¢(z), @(x)
on Ay are identically vanishing. Consequently, there are single-valued analytic functions
g1(x) - log |c()| +iarg c(z) and go(x) = log [¢(z)| +iarg@(x) on Azx such that c(z) = e (®),
t(z) = e2(®), %

In view of z € R/Z,

then we have

—_
2

1l _a
=—/2 2aurg c(l—a—x)dx—i—/ 2aurg c(x)dx

1_

(=3 o
2 2 2

Similarly, fR/Z arg ¢(z)dz = 0. Hence g1 — g2(0) = fR/Z (g91(z) — g2(x)) dz = 0 and the function

f(@) =3 fre?™ 7 will solve the equation
keZ

2f(z +a) = 2f(z) = g1(z) — g2(2),

where fo = 0 and f, = %, kE # 0. From the definition of f(«) in (1.2), we have the

small divisor estimate

kallr/z > C(a)efgﬁ(o‘)‘k‘ for k # 0. (3.3)

Because Ly > 50(«), f(z) is analytic on Aij' Thus c(z) = |c|(z)ef@Et)=1@) F(z) =
|c|(z)e @+ +F (@) for all x € Ay

IN
A

Let
1 0
— of(@) _
Q) =W |
ez — )
Then the proof is complete (the detailed calculation is similar to that of [15]). O

We denote by L£x(E) = L(a, A ) the Lyapunov exponent of (a, Ay ).

The Thouless formula relates the Lyapunov exponent to the IDS,

Li(E) =— /R/Z In |ex(x)|dz + /Rln |E" — E|dN) o (E'). (3.4)
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4 %—Hﬁlder Continuity of the IDS

In this section, we will prove the %—H'dlder continuity of the IDS for EHM. To this end, one
needs to establish quantitative almost reducibility results for the extended Harper’s cocycle.

Let us begin with some useful definitions and lemmas.

Definition 4.1 Fix 0 € R, ¢y > 0. We call n € Z an ¢p-resonance of 0 if

min |20 — kallg/z = |26 — nallg/z < e~colnl,
k[ <|n|
Given 6 € R, we order all the ep-resonances of 6 as 0 < |n1] < |ng| < ---. We say 0

is eg-resonant if the set of all eg-resonances of 6 is infinite and eg-non-resonant for otherwise.
Supposing {0,n1,--- ,n;} is the set of all ep-resonances of 0, we let nj11 = .

Lemma 4.2 (Theorem 3.3 of [2]) Let E € Xy 4. Then there exist § = (F) € R and
solution u of Hy , yu = A%u with wg = 1, |ug| < 1.

Throughout this section we fix F,0 = (F) and u which are given by Lemma 4.2.

In the following, we let Cy, Cy (Ca > C1) be large absolute constants which are bigger than
any positive absolute constant C. Moreover, we assume that

=
h=—2_ [y>C .
20071'7 2 > 25(0[)
From Theorem 3.3 in [24], we have
ug| < Ce™2™ I for 3jn,| < |k| < '"ﬂ—;' (4.1)

where {n;} is the set of all Cf3(«)-resonances of § = (F).
Lemma 4.3 (Lemma 6.6 of [24]) We have
sup ||Zk||% < C,eCBn (4.2)
0<k<e 20
where C' > 0 is some absolute constant.

Lemma 4.4 (Theorem 2.6 of [1]) Given n > 0, we let U : C/Z — C? be analytic in A,
and satisfy 0; < |U(z)|| < 05" for ¥V 2 € A,. Then there exists B(z) : C/Z — SL(2,C) being
analytic in A, with the first column being U(z) and ||B||, < C6; 26, (1 — In(4152)), where
C > 0 is some absolute constant.

For simplicity, we write n = |n;| < oo and N = |n;41].

Define I, = [—| & ], [&]] and

e271'19 E uke27r1kz
kel
UI2 (x) = 2 )

Z uke27'r1k(acfa)

kels

where |z] denotes the integer part of some x € R. Suppose that U2 (z) = Qa(x) - U'2(2).
Recalling (2.3) and (4.1), we have

Z)\_E(:zr)U,{2 (x) = ez’rieU*I2 (x 4+ a) + Gy (), (4.3)

where

1G] < Che™ 102, (4.4)
@ Springer
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We have the following useful estimate.

Lemma 4.5 (Lemma 6.6 in [24]) For n > n(A, a),

Jinf U (@)] > e CPem, (45)
3

where C' > 0 is some absolute constant.

We now turn to the upper bound. From (4.1) and the definition of w in Lemma 4.2, one

has

|‘Ui2($)|‘clﬁ(a) SC* Z |uk|627rC15(0¢)|/€|+0* Z |uk|e2ﬂ'01ﬁ(a)‘k‘
[k|<3n 3n<|k|<X

< C,eCOB@n, (4.6)

The purpose of the following is to construct quantitative almost reducibility (in SL(2, C))
results. Suppose that B(z) is as in Lemma 4.4 with U(x) = U2(z) and n = C13(a). Then
from (4.5), (4.6) and Lemma 4.4, we obtain

I1Bllcysa) 1B~ leysea) < Coe@B@™, (4.7)
More precisely, by letting B(z) = (U2 (z), V(z)) and recalling (4.3), we have
Ay p(x)B(x) = [¥MUL (x4 a) + Gi(2), Ax 5(z)V (2))]

™ 0 =5 —27i0
= B(z + «) oo | T [Gu(2), Axp(x)V (z) — e V(z+a)l.
O e Up!
In other words, _
) B [2mio Bi(z) bz)
B! Ay p(@)Ba) = | . 18
@ AME@BE =y e | Y ) i) -

From (4.4) and (4.7), we obtain
_h
181l cu8(a)s [1B2ll0rpay < Cue™ 20 (4.9)

and
[bllcypa)y < Cre@OrBledn, (4.10)

By taking determinant on (4.8) and in view of Ay g, B € SL(2,C), one has
b
18sllc1pa) < blleysellBalloysiay + 1Bl pay < Cue™20 Y. (4.11)
Actually, one can obtain the following refinement.

Theorem 4.6 Under the previous assumptions, there exists ®(z) : C/Z — SL(2, C) being
analytic in A%CIB(Q) with ||®||%Clﬁ(0¢) S C*GCCIQ(OL)N, such that

_ e2mf "z v (x
O Nz +a)Ay p(z)0(x) = i+ bil@) (=) , (4.12)
0 e By(x)  Bi(x)
where
_h
181318000 1831l 1 01ays 1851l 10y oy < Cre™ 87, (4.13)
and
16'll 10 ey < Cue™20CTAE@", (4.14)
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Proof It suffices to assume that n > n(A,«). Recalling (4.8), we can write b(z) =

b (x) + b (z) + b(x), where bl(z) = > bre2™ke pr(z) = l;nje%i"ﬂ and b(z) =
|k|§Cln, k;é’n,]‘

S bre? k7 Then by (4.10),
|k|>Cin
1" 3ci80) S D IBlorp@e ™K < CLem2ism, (4.15)
|k|>Cln
We then eliminate the term b'(z) by solving some homological equation. From (3.3) and

the definition of ep-resonance, one has for |k| < Cin and k # n;,

120 — kallz/z > [[(n; — k)alle/z — 1120 — njalla/z > ce™ 22, (4.16)
Let by, = b —Smmmr—ray for k| < Cin and k # ny, and @y, = 0 for k| > Cin or k = n;.
Consequently, the function w(z) = Y wre?™** will satisfy lwll1c,p(a) < O
kEZ
(4.10) and (4.16). If define
1
W) = w(x) ,
0 1
then
eQTriH bl T e27ri9 0
Wt o) W) = .
0 6727719 0 6727719
and
IWl1cypea) < Cre@@h o, (4.17)

We now set ®(z) = B(x)W(x). Then [|®[|1¢,5() < C,e¢C18(@)n By direct computation, we
have
O Nz +a)Ay g(z)®(x) = Z(z) + ¥(z),

where
eeriH bT(I)
Z(.I): 0 e—27ri0
and
/ h h
v | @] [a@ @]

Ba(x)  Bs(x) Ba(x)  Pa(x)
Hence, we can obtain (4.13) and
1916, 8(0) < Cre=Cipln (4.18)

from (4.9), (4.11), (4.15) and (4.17).
Thus what remains is to estimate the term b"(x). For s € N, we set

0 2mis r
S bl (x
Zs(x) = H Z(x + ka) = S()
k=s—1 0 e—2mist
where 1
B () = by, e2mi((s= D0 +n;2) Z o= 27ik(20—n;0)
k=0

@ Springer



1250 ACTA MATHEMATICA SCIENTIA Vol.39 Ser.B

Therefore,

18 o = |b sins(20 — nja)
5110 " sinm(20 — nja)

if sinw(20 — n;ja) # 0, and ||b% o = S|I;nj| otherwise. As
2||2l[r/z < sin(n||zllr/z) < 7llzlr/z,
we have for 0 < s < 1//26 — nja||ﬂg/1z,
28 - -
2}, < 16501 < sl |

Therefore, for 0 < s < 2|26 — ”ja”ug/lza

%|5nj| <N Zsllo < 14 slbn,| < Cu(1 + 5)eCCrB@n, (4.19)
Because of
O (@ + sa)Ay(2)®(z) = Zo(x) + Y > U(z+ j1a) - U(z + jra)
k=1 s—1>j1>j2>->ji>0
X Zs—1-j, (@ + (1 + 1)) Zj,—jp—1(z + (2 + 1)a) - - Zj, (2)
and combining with (4.18) and (4.19), we have for s ~ eT0CiA(e)n < 11126 — njoaHHg/lZ,

S

— _9 S k ) 1+k
o = 25 <||Zs||0 =3 () 1wl max 110 )

k=1
> @]y (nzsno — CLeh OB g (k> 2ke%03ﬁ<a>nk>
k=1
> ||@llg* (”Zs”o — C,e BN (1 4 9e~2CTA(I)s _ 1))
> C*efcclﬁ(a)n(”ZS”O N C*ef%Cfﬁ(a)n)'

Thus, from Lemma 4.3 and (4.19), we have for s ~ e10Ci8(e)n
|I;nJ| < C*efﬁcfﬁ(a)n'
Hence,
”b/H%Clﬁ(a) < C*e_z_locfﬁ(a)nl
The proof is completed. .

Now we give the proof of Theorem 1.1.

Proof If the energy F is in the resolvent set, then N} ,(F) is clearly Lipschitz continuous.
-1

Thus it suffices to consider the case E € ¥y ,. Given € > 0, we define D = where

3

0 d
d= ||(I)||%Clﬁ(a)6% and ® is given by Theorem 4.6. Let ®'(z) = ®(z)D. If € < c,e 8@ e
have
_1

||‘I)/H%clﬁ(a) < Che 1. (4.20)
Setting B'(x) = '~ (z + o)Ay g(x)® (), then
eZTriG 0 ' (x d2b/ T
BI(CC) — . + 1( ) ( )
0 e | ) fhla)
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with

_ 1N
1811y ey ey » 183l 1 oy < Cue™ 50",

o
ol

[0,y < Coe™ B AR,
2

and
-2 1 pN -1
Hd ﬁéuéclﬁ(a) < C*e 100 € 2,
If € > C,e~ 10"V then
—92 1
d ﬁé”%clﬁ(a) < Cyez,
and
HB/chlﬁ(a) <1+ O*G%- (4.21)
As a result, for O*e*T%th <e< c*efcfﬁ(a)n7
1 1
LA(E) = £(0, B') < | B[y, oy < In (1 + 0*62) < Cyeb.
Define
L ={e€R: Cremhlninl < ¢ < e Ciflelnsly,
Then for any small €y > 0, there exists jo € ZT such that [0,e0] C | I;. Let e = |[E — F'| €
Jj=jo
[0, 0] with E’ € C. Then by (4.20) and (4.21), one has

LAE") = L (o, @ (2 + a)Ay p(2)® ()
In HB/ + @z +a) (A p(z) - Axp(x)) @’(x)H 164 6(a)

IN

IN

In (1 + O*e%) < Cyeb.

Hence,
[LA(E') — LA(E)| < C4|E' - E|>. (4.22)

From the Thouless formula (3.4), we have

}E (Q,Z)\_’Eurie) — E)\(E)} = %/ln (1 + (E‘—GTIP) dN)\-,Ot(E/)

Y]

1
3 In2(Nyo(E+e€) —NyolE —e)).
Thus, recalling (4.22), we obtain

NaalE+6) = NaalE =€) < Cue?,

which means precisely that N o (F) is %—Hélder continuous.

This completes the proof of Theorem 1.1. O
The proof Theorem 1.4 is included in Appendix.
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Appendix

In this section, we will complete the proof of Theorem 1.4. The proof is similar to that of

[22]. For convenience, we include the details in the following.

Lemma 0.7 (Theorem 1.1 of [24]) Let « € R\ Q with 0 < (o) < o0 and E,,, E;} be
given by (2.1). Then there exists absolute constant C' > 1 such that, if A € I and L5 > CB(w),
one has for |m| > my,

Ef - E, < e—cflﬁxlm\,
where m, is a positive constant only depending on X and «, and Ly is given by (1.3).

Lemma 0.8 Let G, = (E,,,E}},) for m € Z\ {0} and Gy = (—o0, Emin) U(Emax, +00).

Then, for m’ # m € Z\ {0} with |m/| > |m|, we have

dist(Gn, Gp) = inf_ |z — 2’| > ¢ e 00@Im] (A1)
ze€Gm,x' € m!

and for m € Z\ {0},
dist (G, Go) > c,e 08 @Ml (A.2)

Proof From the small divisor condition (3.3), one has
[(m = m")allgyz >C(a)e3FIm] (A.3)

for |m/| > |m].
Without loss of generality, we assume that E, < E_,. By Theorem 1.1, (2.1) and (A.3),

we have

dist(Gon, Gor) = | B, — B

1 2
(a ’Nk,a(EniL’) _N>\7Q(E7-7":L)’>

exll(m —m)allg g

Y

Y

> e 08@Im'|

which completes the proof of (A.1). The proof of (A.2) is similar. O

Now we can give the proof of Theorem 1.4.
Proof Assume that 0 < o < 0,(\, a,¢). For E € £, ,, and o, let

R(E,0) ={m e Z\{0}: (E—o0,E+0)NGy #0}.

Define mg € Z \ {0} with |mo| = 17%%% )|m|. For any m € R(E, o), one has
me N

dist(Gm, Gy ) < 20.

We first assume that (F—o, E4+0)NGy = 0. Recalling (A.1), we have for any m € R(F, o)
and m # my,
20 > e 98(@)Iml

that is, ( )
—In(C,o
Im| > —6h(a) (A.4)
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Then, by Lemma 0.7, we obtain

> Leb((E — 0, E+0)NG,,) < > (Ef —E>)
MER(E,0),m#mo mER(E,0),m#mo
< Z C*efcflﬁi\ml
|l > =55
< eo. (A.5)

Moreover, E € ¥ ,, implies E ¢ G,y,,. Thus, we have
Leb((E —0,E+0)NGpy,) < 0. (A.6)
In this case, (A.5) and (A.6) implies

Leb((E —0,E +0)NY¥xa)

> 20 — Leb((E — 0, E+0) N Gmy) — > Leb((E — 0, E +0) N Gp)
meR(E,o),m#mg

>20—0—e0>(1l—¢€)o.
In the case (F — o0, FE + o) NGy # 0, we have
0<E77_1_Emin§20

for any m € R(E, o). Thus, (A.4) also holds for any m € R(E, o) by (A.2). From the proof of

(A.5), we have
Z Leb((E —0,E 4+ 0)NGy,) < €o. (A.7)
meR(E,o)

Due to E € 3 o and E ¢ Gy, one has
Leb((E — o0, E 4+ 0)NGy) < 0. (A.8)
By (A.7) and (A.8), we obtain

Leb((E —0,E+0)N¥xa)

>20—Leb(E—0,E+0)NGo)— Y Leb((E—0,E+0)NGp)
meR(E,o)

>20—0—e0>(1—¢)o.

This completes the proof of Theorem 1.4. O
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