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It is proved that the universal equivalence of general or special linear groups of orders
greater than 2 over local commutative rings with 1/2 is equivalent to the coincidence of

orders of groups and universal equivalence of respective rings.

INTRODUCTION

This paper is a continuation of [1]. We will look into universal equivalence of linear groups over
local rings. Our objective is to prove an analog of Mal'tsev’s theorem [2| stating that general and
special linear groups over commutative local rings with 1/2 are universally equivalent iff the order
of groups is at least 3.

A. 1. Mal'tsev in |2]| proved the theorem in which necessary and sufficient conditions are specified
under which linear groups over fields are elementarily equivalent. Namely, the groups G ,,(K) and
G (L) (G=GL,SL,PGL,PSL; K and L are fields characteristic 0) are elementarily equivalent
iff m = n and the fields K and L are elementarily equivalent. Logical properties of linear groups may
be studied not only in the frames of an elementary theory, but also in the frames of a restricted—
universal—theory, when formulas admit only one kind of quantifiers. For the case of linear groups
over fields, a universal equivalence criterion, similar to the elementary equivalence criterion, holds;
this result was expounded in [1]. A natural generalization of this case—universal equivalence of

linear groups over local rings—is the subject of the present investigation.
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1. PRELIMINARIES

We assume that all rings are associative, commutative and contain an identity element.

Definition 1. A commutative associative ring with 1 is local if it contains only one maximal
ideal.

The above definition implies that if R is a local ring and [ is its maximal ideal, then I coincides
with the set of all noninvertible elements of the ring R. Note also that if the sum of two elements is
invertible in such a ring, then at least one of the two elements is invertible. For more information
concerning local commutative rings, see [1].

We briefly recall basic notions associated with universal equivalence. For a more detailed

presentation of definitions and auxiliary statements, see [3].

Definition 2. A formula ¢ of a signature 3 is universal (existential) if its prenex normal form

is the following:
Q121 ... Qurpb(x1, ..., xn),
where Q1 =...=Q, =V (Q1 = ... = Q, = 3), and ¥ is quantifier-free.
Definition 3. Two algebraic systems 2 and B of a signature > are said to be universally

equivalent (existentially equivalent) if, for every universal (existential) sentence ¢ in the signature

>, the following condition holds:
AEp<—= B Ep.

A set of universal (existential) sentences {¢ | A = ¢} of the signature ¥ is called a wuniversal
(existential) theory of the system 2 and is denoted by Thy () (Th3(2)). Thus A =y B < Thy(A) =
Thy(®B) < Th3(2A) = Th3(B) < A =5 B. The last two relations hold in view of quantifier
dependence.

We will use the following criterion for universal equivalence: two algebraic systems of the same
finite signature are universally equivalent iff every finite submodel of one system has an isomorphic
submodel in the other system and vice versa.

In the present paper, we prove the following:

THEOREM. Let R; and Ry be local commutative rings with 1/2. Groups G ,(R;) and
G ..(R2) (G = GL, SL, m,n > 3) are universally equivalent if and only if n = m and the rings
R, and Ry are universally equivalent.

Proving the simpler implication that universal equivalence of rings implies universal equivalence
of linear groups is similar to the proof for the field case given in [1]. Note that the statement is
also true for n = m < 3.

Now we turn to a more difficult implication: universal equivalence of linear groups implies
universal equivalence of respective rings and coincidence of sizes.

Note that if linear groups are universally equivalent, then the rings R; and Ry are either

both finite or both infinite. For finite systems, being universally equivalent coincides with being
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isomorphic. Hence the statement of the theorem follows immediately from [4], in which it was
proved that for natural n,m > 3, the following conditions are equivalent:

(1) n=m and Ry = Ry;

(2) GLn(Rl) = GLm(R2)7

(3) SLy(R1) = SLyp(R2),
where R; and Ry are local commutative rings with 1/2.

Therefore, below we will assume that R; and Rs are infinite.

2. PROOF OF THE THEOREM

The statement on coincidence of orders is a consequence of the fact that in a group G ,(R)
(G = GL, SL) over a local commutative ring R with 1/2, all pairwise commuting involutions are
diagonalizable in a common basis; for local rings, this fact was proved in [5].

Below we assume that n > 2.

Denote by MJ a fixed maximal set of pairwise commuting involutions. In a common basis, all
involutions of MJ are diagonal matrices with 1 on the diagonals. Fix one of such bases. Note that
M is partitioned into conjugacy classes, of which each consists of just those matrices that have
an equal number of —1’s on the diagonals in the basis chosen. We introduce the notation for some
subsets of MJ.

First consider SL,,(R) with odd n and GL ,(R). In the set MJ, the smallest conjugacy classes,
except for a one-element one (if any), consist of n elements. These are conjugacy classes composed
of matrices with —1 occurring on the diagonal once or n — 1 times. The classes are distinguished by
an existential formula. Note that a formula calculating the number of elements in two conjugacy
classes distinguishes each of the two classes, but does not say which. Denote by J; one (no matter
which) of these classes.

For SL,(R) with even n > 4, we denote by J5 the following subset of MJ: matrices with —1
occurring exactly twice on the diagonal. The subset Jo is distinguished by an existential formula,
as in [1, Lemma 26]. We give an appropriate argument. Subsets composed of matrices having n — 2
or two —1 on the diagonal are conjugacy classes each of which consists of C2 elements. The other
conjugacy classes, except one that consists of a single element —F, have more elements. If n = 4,
then the conjugacy class composed of C2 elements is unique, and it is exactly the subset that we
are interested in.

Let n = 6. By multiplying all elements of a conjugacy class of matrices with two —1’s on the
diagonal, we obtain —F, since this class contains C3 = 5 matrices with —1 at a fixed place. If we
multiply all elements of a conjugacy class containing matrices with four —1’s, then we obtain an
identity matrix, since among matrices of that class there are exactly C3 matrices with —1 at a
fixed place. Thus, for n = 6, among matrices of the system MJ we can distinguish those on the

diagonal of which —1 occurs exactly twice.
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Let n > 8. Among the matrices with two —1’s on the diagonal, there always exist three matrices
the product of the first two of which equals the third. However, if we multiply any two matrices
on the diagonal of which —1 occurs n — 2 times we obtain a matrix of another conjugacy class.

The fact that the set MJ of matrices is distinguished by an existential formula implies that the

form of diagonal matrices is preserved under isomorphism of a submodel containing all matrices

of MJ.

LEMMA 1. Let R; and Rj be infinite local commutative rings with 1/2 and let G ,,(R1) =y
G, (R2) (G = GL, SL). Suppose also that M; is an arbitrary finite submodel of G ,(R;)
containing MJ, and Ms is a finite submodel of G, (R2) isomorphic to My (its existence follows
from the universal equivalence criterion).

Then, for any isomorphism

Q: My — Moy,

the matrix 019 = E — F11 — FEos — Fq9 + Fo1 is mapped to a matrix of the form

0 -1 0 0
1 0 0 0
0 0 =£1

0 O +1

in a basis in which the form of matrices in MJ will not be changed.

Proof. There are two cases to consider:

Case 1. Let G = GL or G = SL for odd n. We make use of the fact that o192 commutes with
all but two matrices in the set J;. Denote the two matrices by I; and Iy, assuming that the jth
place on the diagonal in /; is occupied by an element that differs from all other diagonal elements.
Below, in dealing with this case, we will use the notation I;; = I,I;, i # j.

Case 2. Let G = SL and n be even. First, among matrices of the system Js, we choose one,
say, I12, assuming that the first and second places on the diagonal are occupied by (—1). Then we
consider matrices in Jo whose product with I;5 yields a matrix not in J5. All of these matrices, as

well as I12, commute with o15. In any case we will have an image of the following form:

d11 d12 0 ce 0

d21 d22 0 ce 0
(I)(Jlg) = 0 0 d33 e 0

0 0 0 ... duy
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Next we use the relations 0%, = I15. For images, we obtain

d3, + diader  dindia +diade 0 ... 0 -1 0 0 ... 0

do1d11 + doadoy do1dio + d%Q 0o ... 0 0O -1 0 ... 0
0 0 2, ... 0 |=|0 o0 ,

0 0 0o ... d&, 0 0 0 ... 1

which, in view of the fact that a local ring contains 1/2, immediately implies that d; = +1 for
2 <1< n.
Now consider the first case. We make use of yet another relation o19/1012 = I;. Using this, for

images we derive the following (writing out only the corner block):
din dig) (=1 0) [di1 di2 _ —d3, + diadar  —diidiz + diada
do1  dao 0 1) \da1 d2 —da1diy +doader  —dordia + d3

:<—01 g).

Adding and subtracting the respective elements of the matrices in the second and third relations,
we conclude that 2diadsy = —2; i.e., diado; = —1, 2d9ods; = 0, and 2d;1d12 = 0, which, in view of
dio and do; being invertible, implies that dy; = da2 = 0.

Consider the second case. Here we use the relation 012[1301_21 = I»3. (In system Jy, we fixed
a matrix which under multiplication by [;5 yields a matrix in Jo and denoted it by Ii3; then

Iss = I12143.) For images, we have the following (again we write out only the corner block):

1 di1 dig) (-1 0O dao  —dq2
dy1daz — di2d21 \dyy  doo 0 1) \—dy dn

B 1 —d3) —digdyy  didip +diade) (10

 didyy — diady <—d11d21 —dyodor  dyaday + d3 ) B (0 —1) '
Notice first that di1dss — diade; = £1 (which follows from the second relation). If dy1das —di2da; =
1, then similarly we derive 2d12do1 = —2 and doo = d11 = 0. If dy1da2 —dy2do1 = —1, then we obtain
a contradiction. In fact, consequences of the second and third relations hold, i.e., d3; = d3, = 1
and dy1dyy = dooday = 0, while the invertibility of dy; and das yields dig = do; = 0. Then ®(012)

commutes with all matrices in MJ, which is not true in our case.

Thus
0 —a 0 0
oo 0
D(opp)=|0 0 =1 ,
0 0 +1
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where « is an invertible element of the ring. It remains to make a change of basis generated by the
matrix diag [1/a, 1,...,1], commuting with all elements of MJ. O

Remark. In exactly the same way, we can prove that a matrix oo3 with a block —Fi9 + Fo;
at the intersection of the second and third rows with the second and third columns preserves its

form. Arguing as in Lemma 1, first we see that

+1 0 O 0o ... O
0o - 0 ... 0
o 5 0 0 ... 0
(023) = 0 0 =1 ’
0 0 0 +1
and then make a change of basis generated by the matrix diag[1,1,43,1,...,1], which commutes

with all elements of MJ and with o1s.

LEMMA 2. Let Ry and Ry be infinite local commutative rings with 1/2 and let G ,,(R1) =v
G.(R2) (G = GL, SL). Suppose also that Mj is an arbitrary finite submodel of G, (R;)
containing a finite set of matrices such as in the previous lemma and the matrix diag|2,1,1/2,

1,...,1], and My is a finite submodel of G, (R2) isomorphic to M;. Then, for any isomorphism
D M1 — MQ,

the matrix E + 1o is mapped into a matrix of the same form in a basis in which the matrices 019
and ooz in MJ are form preserving.

Proof. As in the proof of Lemma 1,

ti1 ti2 0O 0

to1 to2 O 0
@(E + CME12) = 0 0 t33 0

0 0 0 ton

The matrix diag[2,1,1/2,1,...,1] commutes with all matrices in MJ, and so ®(diag|[2,1,1/2,
1,...,1]) = diag[aq,...,qay], where all «; are invertible. From the relation diag[2,1,1/2,
L...,1(E +aEs)(diag[2,1,1/2,1,...,1])7t = (E +aFE12)?, for images we conclude that ¢, = t;;
with all 3 <7 < n. All t; with 3 < i < n are invertible and, consequently, are equal to 1.

Now we can confine ourselves to just corner blocks of dimension 2 or (wherever necessary) 3.

Use will be made of the following three relations:

((E + E19)I23)* = E,
(012(E + E12))? = Lo,
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E + Ey5 commutes with oo3(E + E12)0531.

(The second relation implies that all diagonal elements of ®(o12) except the first and second ones
equal 1.)

We will write these relations for images with due regard for the fact that some matrices are
form preserving, as proved above. Since o15 and 93 are conjugate, the first diagonal element of

®(093) equals 1. Indeed,
2
tin tiz) (1 0 [t —tiotar tia(—tin +ta2)) I
to1 t22) \0 —1 tor(tin —t22)  t5y — tiotor 7
3 3
0 —1) [t ti2 [t —ta
1 0 t21 t22 tll t12
[ 131+ 2tiitartas — tintiotay  —t3 tos + t11t5y + tiotartas — tiytan | B
* tiitartoy — 2t11tiotay + £, 7

t11 t12 O 1 0 0 t11 t12 O 1 0
to1 tog O 0 0 -1 to1 tog O 0 O
0 0 1 01 O 0 0 1 0 -1 0
1 0 0 tin tio O 1 0 O ti1 tio O
- 0 0 —1 t21 t22 0 0 0 1 t21 t22 0
01 0 0O 0 1 0 -1 0 0O 0 1
Or, which is the same,
th tie tite th tutiz tie
ti1tor to2 tiotor | = | ta1 a2 0
21 0 a2 t11tor  tiotor to2

The last relation implies ¢12t2; = 0, while the first one entails 3, = 3, = 1. Computing the
determinant in the second relation, we obtain 1 = (t11t2e — t1at21)® = (t11te2)® = t3,t3ot11t20 =
t11te2. The same relation yields t%ltgg — t1ato1tos + t%thg = tnt%Q. In view of t12t91 = 0 and the
invertibility of £99, we see that t%Q + t%l = t11t90. Since the ring is local, one of the elements ¢15 and
to1 is invertible, and the other equals zero.

If to; = 0, then ty1t12te2 = 1 (which follows from the second relation), and hence t13 = 1.
Furthermore, t12 = t11t12 (which follows from the third) yields 17 = 1 and t92 = 1, as required.

If t1o = 0, then again the second relation implies t11to1t90 = —1. Hence to; = —1l and t1; =1 =
ty9. It remains to apply a contragradient automorphism which assigns (A7)~! to each element of

A such that all elements of MJ, as well as g19 and o093, are left fixed. O

LEMMA 3. Let R and Ry be infinite local commutative rings with 1/2 and let G ,(R1) =y
G, (R2) (G = GL,SL). Suppose also that M; is an arbitrary finite submodel of G, (R;)
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containing a finite set of matrices such as in the previous lemmas and the matrix diag]2,1,

1/2,1,...,1], and My is a finite submodel of G ,,(Rz2) isomorphic to M;. Then, for any isomorphism

D M1 — MQ,
every finite set of matrices of the form F + «;F12, i = 1,...,k, is mapped to a set of matrices of
the form F + §;F19, 4 = 1,...,k, in a basis in which the form of the matrices from the previous

lemmas will not be changed.

Proof. As in Lemma 2, it is easy to show that
P(E+a;Er2) = | sh sby 0

Since the matrices E + E15 and E + «; E12 commute, we obtain sb; = 0 and si; = sb,.
It remains to show that the first two places on the diagonal are occupied by 1’s. We write

the relations with a diagonal matrix for a corner block, taking into account that ®(diag|2,1,1/2,

1,...,1]) = diag[d1, ..., dy):
811 Z; 3Z12 _ (s11)? 2#12 '
0 sy 0 (s5)°

Now the invertibility of s%; and s, implies that both of these elements are equal to 1. O
We make to remarks on a connection between multiplication of elements in a local ring R and
operations over elements of G ,(R) (G = GL,SL). First,

[E + CMElg, FE + ﬂEzg] =F + C!BElg.
Second,

E+ OZE23 = 0'120'2731(E + OZE12)710'230'1721,

E+ OZE13 = [E + Elg, E+ OéEQg].

Now the theorem follows from the previous lemmas, as in [1]. More precisely, let S1 C R;
be a finite submodel of the ring R;. Our goal is to find a submodel Sy isomorphic to S; in
Ry. Let M; € G,(R1) (G = GL,SL) be a finite submodel containing all matrices of the form
E+akF for all o € S and finitely many auxiliary matrices from the previous lemmas. The groups
are universally equivalent; therefore, for Mj there exists an isomorphic submodel My C G ,(R2)
(G = GL,SL) such that any isomorphism ®: M; — Mj preserves the form of the matrices.
Therefore, the images of £ + aF12, F + aF3, and E + aFs3 will be F + f1E12, E + PoFE13, and
FE + B3Es3, respectively, in some common basis, with 81 = (2 = 83 € Ry. Then Sy is the set of
all elements of Ry that correspond to image triplets of E + aF19, E 4+ aF13, and F 4+ aFEs3 for all

elements o € 57.
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