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THE d-RANK OF A TOPOLOGICAL SPACE
Yu. L. Ershov* UDC 515.125

Keywords: Ty-space, d-rank.

It is shown that for any ordinal o, there exists a Ty-space whose d-rank is equal to a.

1. PRELIMINARY INFORMATION

The concept of a d-space was introduced by O. Wyler [1]; in [2], such spaces were called
monotone convergence spaces. The concept of a d-completion was introduced in [1]. Different ways
of constructing d-completions were found in [1] and [3]. In the present paper, we point out yet
another way for constructing a d-completion. We cite relevant information on d-spaces from |[3].

Definition 1.1. A topological Ty-space X is called a d-space if, for any nonempty upward
directed set D C X under the specialization order <gx), there exists sup D, and sup D € clxD.

Definition 1.2. A d-space Y is called a d-completion of a space X if there exists a homeomorphic
embedding A\: X — Y, and for any d-space Z and any continuous map f: X — Z, there is a unique
continuous map g: Y — Z such that g\ = f.

Obviously, every d-space is its d-completion. If a d-completion of a space X exists, then we
denote it by Hy(X).

Let X = (X,T) be an arbitrary Ty-space. Denote by D(X) the family of all nonempty upward

directed subspaces under the specialization order < in X. Consider an equivalence relation ~ on
D(X) defined as follows:

So ~ 51 if and only if Sy NU # & is equivalent to S1NU # @ for any U € 7.
Put

[S]={S' e D(X) | S~ S, §eDX),
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D(X) ={[S] | S € D(X)},
U ={[S]|SNU £2}, UeT,
T = {U* | U € T}.

For arbitrary open sets Uy, Uy € T, we have Uy N Uf = (Up NU)* € T*. It is easy to verify
that (J{Uy | i € I} = (U{Ui | i € I})" € T* for any family {U; € T | i € I} of open sets.
Since @* = @ and X* = D(X), T* is a topology. Moreover, the topology T* is Ty-separable. Put
D(X) = (D(X), T*).

Define a map A: X — D(X) using the rule

M) = [{=}].

It is not hard to see that the map A is a homeomorphic embedding.

A transfinite sequence of extensions is constructed thus:

Do(X) = X,

Dt 1(X) = D(Xa),

Do (X) = lim(a, X, eg,) if o is a limit ordinal,
where eg, is a natural embedding of Dg(X) in D, (X) for any f < v < «, whose continuity
was established in [3]. Without loss of generality, we may identify Dg(X) with the corresponding
subspace of D, (X) for all ordinals 5 < 7.

THEOREM 1.3 [3]. For every Ty-space X, there exists its d-completion—namely, there exists
an ordinal a such that Hy(X) = Dy (X) = Dg41(X).

Definition 1.4. The d-rank of a topological Ty-space X is the least ordinal « such that D, (X) =
Da41(X).
A basic result of the present paper, Theorem 3.6, says that every ordinal is the d-rank of some

To-space.
2. BASIC CONSTRUCTION AND ITS PROPERTIES

Consider the following construction. Let topological spaces X and Y, x € X, be given. Put

Z=J Ve x {x},

zeX
T={UCZ| U, € T(Y;) for any z € X and Ux € T(X)},

where U, ={y €Y, | (y,x) e U} for any z € X and Ux = {z € X | U, # &}.
LEMMA 2.1. Let X be a Ty-space and Y, be an irreducible Ty-space for every x € X. Then:
(i) T is a Tp-separable topology on Z;
(ii) the map y — (y,z) determines a homeomorphic embedding of Y, in Z = (Z,T) for any
T € X,

99



(iii) if the space X is irreducible, then the space Z = (Z,7) is also irreducible.

Proof. (i) It is straightforward to verify that T is closed under arbitrary unions and finite
intersections; i.e., it is a topology on Z. Let zy # 21 in Z. If 20,21 € Y, x {z} for some z € X,
then, in view of T(Y,) being Tp-separable, there exists U € T(Y,) such that z; € U x {x} and

z1—; ¢ Ux{x} for some i < 2. In this case z; € V =U x{z}U |J Yy x{2'} € T(Z) and z1_; ¢ V.
z'#x
If, however, zp € Y, X {zo} and 21 € Y, x {x;} for some distinct xp,z1 € X, then there exists

U € T(X) such that z; € U and z1_; ¢ U for some 7 < 2, since the topology T(X) is Tp-separable.

Inthiscase z; € V= J Yy x{z} €Tand z;_; ¢ V.
zeU
(ii) Is obvious.

(iii) Let sets U,V € T be nonempty. Then the sets Ux, Vx € T(X) are also nonempty. The
irreducibility of X entails Ux N Vx # &. Moreover, U, NV, # @ for any x € U NV in view of Y,
being irreducible. Therefore, (UNV)x = Ux NVx # @. Consequently, Z is an irreducible space. O

The space Z = (Z,T) dealt with in Lemma 2.1 is denoted also by > Y,. The specialization

X

order <y is described by the following;:
LEMMA 2.2. Let X be a Ty-space, Y, an irreducible Typ-space for any x € X, and Z = > Y,.
X

For all (yo, o), (y1,21) € Z, we have (yo,x0) <z (y1,z1) if and only if one of the following two
alternatives holds:

(i) zo = 21 and yo <v,, y1;

(ii) g <x z1 and y; = T,, is the greatest element in Y, .

Proof. Sufficiency. Suppose that condition (i) is satisfied and (yo,z9) € U € T(Z). Then
yo € Uy, € T(Yy,). Therefore, y1 € Uy, i.e., (y1,21) € U. Now let condition (ii) be satisfied and
(yo,x0) € U € T(Z). In this event zp € Ux € T(X), and z; € Ux. Consequently, there exists
y € Uy, € T(Y,,). The equality y; = T,, entails y; € Uy, , hence (y1,21) € U.

Necessity. Let (yo,x0) <z (y1,21). There are two cases to consider:

Case 1. Let zp = 1. We show that in this event yo <y, y1.Indeed, let yo € V € T(Yy,). Then
(yo,z0) €U = (V x{zo})U U Yy x {x} € T(Z). Consequently, (y1,z1) € U, i.e., y1 € Uy, = V.

TF#x0

Case 2. Let z¢ # z1. First we show that y; is the greatest element in Y, . Indeed, let y € Y,
be an arbitrary element, and y € V' € T(Y,,). Then xy # x1, and so (yo,z0) € U = (V x {z1}) U

U Yz x {z} € T(Z). Hence (y1,71) € U, i.e, y1 € Uy, =V, which proves that y <y, i for
T#T1
any y € Y. Now we show that zy <x z1. Indeed, let 9 € W € T(X). Then (yo,z9) € U =

U Yz x{z} € T(Z), and so (y1,z1) € U, i.e., z1 € Ux = W, as required. O
zeW

Put X = {z € X | Y, has the greatest element T,}. Obviously, the space X with the induced
topology is a subspace of X.

LEMMA 2.3. Let X be a Ty-space, Y, an irreducible Typ-space for any x € X, and Z = > Y,.
X

Then an arbitrary set S’ € D(Z) contains a cofinal subset S C S’ having one of the following
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forms:

(1) S ={(y,z) | y € S;} for some fixed z € X and S, € D(Y,);

(1) S = {(T,,x) | 2 € S,} for some S, € D(X).

Proof. For a nonempty upward directed set S’ C Z under the specialization order, one of the
following cases holds:

Case 1. There exists € X such that for any s € S’ there exists y € Y, with the condition that
s < (y,x). Put S ={(y,z) € Z | (y,z) € §'}. According to Lemma 2.2 and our hypothesis, the set
S, ={y €Y, | (y,x) € S} is nonempty and upward directed under the specialization order in Y,;
so S has form (I).

Case 2. Suppose that the hypothesis of Case 1 does not hold. This means that whatever element
(y,z) € S’ we choose, there exists an element (y',2") € S’ for which (v/,2') £ (7,x) with any j € Y;.
Since the set S’ is upward directed, there is an element (g,#) € S’ such that (y,z) < (¢,%) and
(v',2") < (g,%). The inequality (y',2') < (7,Z) means that & # x. If we apply Lemma 2.2 to
(y,x) < (4, %) we obtain § = Tz and z < # € X. Thus, whatever element (y,z) € S’ we choose,
there exists an element & € X for which z <  and (y,z) < (Tz,Z) € 8" Put S = {(T,,z) € §' |
zeX}and S, ={z € X | (T, z) €S} Since S’ # @, what has been stated above implies that
S, # @ and the set S, is upward directed under the specialization order. Thus S has form (II). O

An immediate consequence of Lemmas 2.2 and 2.3 is the following;:

COROLLARY 2.4. Let X be a Ty space, Y, an irreducible Ty-space for any x € X, and
Z =Y Y,. If the set S € D(Z) simultaneously contains a cofinal subset of type (I) and a cofinal
X

subset of type (II), then [S,] = z in D(X) and [S,] = T, in D(Y,) for some z € X.

Proof. Suppose that for some z¢ € X, S, € D(Y,,), and S, € D(X), the sets Sy = {(y, z0) |
y € Syt and S1 = {(T4,z) | z € S.} are cofinal in S. Hence, for any yo € Sy, there is z € S,
such that (yo,z0) < (T4, ), and for any = € S,, there is y; € Sy, such that (T,,z) < (y1,x0).

Summing up the above, we have

(Y0, z0) < (Ta, ) < (y1,T0)-

By virtue of Lemma 2.1, we obtain [Si] = ¢ and y; = T4,. O
For any irreducible topological space Y, put

Y if Y has a greatest element,

(YU{T}T(Y)") otherwise,

YT =

where T(Y)" = {@}U{UU{T} |2 # U € T(Y)}. According to our definition, for any irreducible
To-space Y, Y is a Ty-separable topological space and has a greatest element. Also put
S,={ze X | (Tg,z) €S} for any set S C Z,
Se={yeY,|(y,x) €S} for any z € X,
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X' = X UD(X) C DX).

Then X’ with the induced topology is obviously a subspace of D(X). Let x € X, and let sets Uy
and Uy € T(Y,) be such that Uj,U; # @ in D(Y,.). This means that Uy,U; # @ in Y,, ie.,
UonNUy # @. Thus U; NUJ = (UpNUL)* # @ in D(Y,). Therefore, the space D(Y,) is irreducible

for any = € X. Furthermore, for every 2’ € X’ we put

D(Y,) ifz' =z € X,
Yo = SD(Y,)" ifa’ =€ X\X,
T if 2/ € D(X)\ X,

where T = <{T}, {@, {T}}>

THEOREM 2.5. Let X be a Ty-space, Y, an irreducible Ty-space for any z € X, and Z =
> Y,. Then the spaces D(Z) and Z' = > Y/, are homeomorphic.
X X/

Proof. Define a map f: D(Z) — Z' setting

([Sz),) if S has type (I) for some z € X,
F([S]) =4 (T, 2) if S has type (II) and [S,] =z € X,
(T,[Ss]) if S has type (II) and [S,] ¢ X.

In view of Lemmas 2.2, 2.3, Corollary 2.4, and the definition of a space Z’, the map f is well defined

and is one-to-one.

Claim 1. The map f is continuous.
Proof. Suppose V € T(Z'). Then Vx, € T(X'), so U = Vx:NX € T(X). For an arbitrary x € U,

put W, =V, NY, and W = | W, x {z}. Then W, # @ for any = € U, and hence Wx = U
zelU
and W € T(Z), i.e., W* € T(D(Z)). It suffices to state that W* = f~1(V). Indeed, let S € D(Z)

be such that [S] € W*, ie., (yo,z0) € SN W for some xg € U and yy € W,. According to the
definition of a map f, there are two cases to consider:

Case 1. S has type (I) for some x € X. This means that there exists y € S, such that
(yo,z0) <z (y,); in particular, (y,z) € W, ie, y € W, C V, € T(D(Y,)). Consequently,
Y <p(v,) [Sz) and [S;] € V. Thus f([S]) = ([Sz),2) € Vo x {a} CV, ie., [S] € f7H(V).

Case 2. S has type (II). This means that there exists x; € S, with the condition that (yo,zo) <z
(Tay,x1); in particular, zo <xr £1 <xr [Ss]. Since zg € U C Vv, we have [S,] € Vxs. Three options
are possible:

Case 2.1. [S,] = € X. The space Y, and hence Y/, = D(Y ) has the greatest element T.
Thus € U, T € V,, and f([S]) = (T,z) € Vp x {&} CV, ie, [S] € f71(V).

Case 2.2. [S,] = = € X\X. This means that z € U, Y/, = ]D)(Y )', T € Vg, and £([9)]) =
(T,z) e Vo x{a} C V.

Case 2.3. [S,] ¢ X. Since [S,] € Vv, it follows that f([S]) = (T,[S.]) € V.
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In any case we have [S] € f~1(V). Conversely, let S € D(Z) be such that f([S]) € V. According
to the definition of a map f, there are again two cases to consider:

Case 1. S has type (I) for some z € X. This means that f([S]) = ([S.],z) € V, ie., [Ss] € V,.
Therefore, there exists y € S, such that y € S, NV, NY, = S, NW,, ie., (y,x) € SNW.
Consequently, [S] € W*.

Case 2. S has type (II). This means that f([S]) = (T,[S.]) € V. Thus [S,] € Vxr. Therefore,
there exists z € S, NVx: N X C S, NU. Consequently, V, # @ and W, # @. Then T, € W,, i.e.,
(Tg,z) € SN(W, x {z}) CSNW and [S] € W*. O

Claim 2. The map f is open.

Proof. Let W € T(Z). Then Wx € T(X), so W = Wi NX' € T(X'). For an arbitrary 2’ € W,
put

{Ta} if 2/ € W\ X,
Vo =S WrU{T} ifa/ =z e X\X,
W ifo/ =z € X,

and V. = |J Vp x {2'}; then V € T(Z'). It suffices to state that f(W*) = V. By Claim 1,
x’'eWw’
f~Y(V) =W+, ie., f(W*) =V since f is one-to-one. O

This completes the proof of the theorem. O

3. SPECIAL SPACES

Definition 3.1. Let « be an ordinal. A topological Ty-space X is said to be a-special if its
d-rank is equal to «, the space D, (X) has a greatest element, while the space Dg(X) does not have
a greatest element for any ordinal § < a.

Remark 3.2. If X is an a-special space, then « will not be a limit ordinal by the definition of
Do (X).

LEMMA 3.3. For any nonlimit ordinal «, every a-special space is irreducible.

Proof. Suppose that X is an a-special space, but there exist nonempty sets Uy, Uy € T(X) such
that Uy N U; = &. By induction on f, it is not hard to verify that for any ordinal 3, there exist
(nonempty) sets U, U} € T(Ds(X)) such that U) N X = Uy, U/ N X = Uy, and U NUY = @.
In particular, the space D, (X) is not irreducible. This is impossible since every space containing a
greatest element is irreducible. O

For an arbitrary ordinal o > 0, consider the topological Tp-space
Oa = {a,{@}U{18| B < a is not limit}).

For any nonlimit ordinals 3y, 51 < «, we have 16y N 161 = 16 # &, where § = max{fy, £1}. Thus

O, is an irreducible Ty-space.

PROPOSITION 3.4. Let o > 0 be an ordinal.
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(i) If o is limit, then Hy(Q,) = O/ = D(0,), i.e., the space O, is 1-special.

(ii) If v is not limit, then Hy(0,) = Q,, i.e., the d-rank of Q, is equal to 0.

(iif) If Y is an (a + 1)-special space for some ordinal o, then Dg(Y ") 2 Dg(Y)" for any 8 < «
and D1 (Y1) 2 Dyr1(Y) = Hy(Y).

(iv) If o is limit, vy is not a limit ordinal, and a Ty-space Yz is y-special for any 3 < «, then
the space Z = ZYﬁ is (v + 1)-special.

(v) If a is hmlt and a Ty-space Yg is (3 + 1)-special for any # < «, then the space Z = ZY,G

04

is (o + 1)-special and the d-rank of a space Z' is equal to cv.
Proof. (i)-(iii) Are obvious.
(iv) First we show that the spaces Ds(Z) and ) IDs(Y3) are homeomorphic for any ordinal
(@)

0 < . We use induction on 4. For § = 0, the statemen% follows from the definition of a space Z. Let
0 be such that 4+ 1 <, and let Ds(Z) and Z Ds(Y3) be homeomorphic. In view of the inequality

0 <~y and by the choice of Y3, 8 < «, the bpace Ds(Y3) does not contain a greatest element for
any 8 < a. This means that @ = @, and so (0,)" = Q,; i.e., according to Theorem 2.5,

Ds41(Z st Yg) | =) D(Ds(Yp)) =D Dspr(Yg).
Oq

Suppose now that ¢ < 7 is a limit ordinal and that the required statement holds for any &’ < 4.
Then

Ds(Z) = limy <5 Dy (Z) = limgr <5 ZD& (Yp)

=) “limy o5 Dy (Yg) = Zﬂ% Yg).
Oa

Thus D, (Z) = > D, (Yg) = ZHd(Yﬁ) Since Hy4(Y3) contains a greatest element for any § < «,
Oa

we have @ = a and (Q,,)" = @T 2~ O4+1- By Theorem 2.5, we obtain

Dria(@) *D | SHAYs) ) = 3 B(W5) = 3 W;
(O

Oa+1 Oa+1

= | > Ha(Yp) | =Dy(2)",

Dy42(Z) = D (Dy41(Z)) 2 D Z W Z D(Wp)

a+l
Z Ws =Dy11(Z),

a+l
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where Wg = Hy(Yp) if 8 < o, and W, = T. Furthermore, the space Ds(Z) does not contain a
greatest element for any ¢ < . This proves that the space Z is (y + 1)-special.

(v) Using induction on J, we state that for any ordinal 6 < «, the spaces Ds(Z) and ZW% are
Oa
homeomorphic, where
W% _ ]D)(;(Ylg) if & < ﬂ < «,
Hd(Yﬁ) if 6<é<a.

For § = 0, the statement follows from the definition of a space Z. Let § be such that § + 1 < «,
and Ds(Z) = ZW% In view of the inequality § < a and by the choice of Yg, 8 < a, the space
Oq

Ds(Y3) does not contain a greatest element for any ordinal 5 such that 6 < # < a. This means

that @ = § and (Q,) = Qy; i.e., in view of Theorem 2.5 and the induction hypothesis, we have

Dsi1(Z) 2 D(Zs) =D | Y Wi | 2> DW)) => Wit
Oa Oq Oa

Suppose now that § < « is a limit ordinal and that the required statement holds for any ordinal

0’ < 6. By Theorem 2.5 and the induction hypothesis, we have
Ds(Z) = limy <5 Dy (Z) = limy < ng’ ~ Zhi)né/d WY = ng.
Qo (O Oa

Thus

Do (Z) = limsca Ds(Z) = limseq > Wh =Y “limseq W) =) Hy(Yg).
@a (O)a (O)a

Furthermore, the space Hgy(Yg) contains a greatest element for any # < «. Then & = a and
(0,) 20} = 04y1. In view of Theorem 2.5, we obtain

Dat1(Z) 2D (De(Z)) 2D | > Ha(Yp) | = > D(Wp)
Oq

©a+1

Dot2(Z) 2D (Deyr(Z)) =D | Y W | = > D(Wp)
)

a+1 Oa+1

Z W,B = ]D)Ot-i—l(Z)v

~
(O)a+l

where Wg = Hy(Yp) if 8 < a, and W, = T. By Lemma 2.2, the space Dg(Z) does not contain
a greatest element, and hence Dg(Z) < Do41(Z) for any ordinal 3 < «. Thus the space Z is
(v + 1)-special.
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Assertion 1. For any ordinal v with the condition that v < «, the space D (Z") is

homeomorphic to a space >, W}, where
Oa+1

D, (Yg) if vy < B <a,
Wg = Hg(Yg) if<y<a
T if 6=a.

~

The proof is by induction on v. If ¥ = 0, then ZT = Y Yz, where Y, = T. Suppose now
Oa+1

that the required assertion holds for an ordinal v < a. In this case we have (a + 1) = yU{a} and

(Oas1) = Opy1. By Theorem 2.5 and the induction hypothesis, we obtain

Dy (ZT) = DML(ZT) =D | > W)=Y DW)) =Y Wi
©a+1 (O)a+l (O)Ot+1
Assume that v is a limit ordinal and that the required assertion holds for any ordinal é < «. In

view of Theorem 2.5, Proposition 3.4(iii), and the induction hypothesis, we have

Dy(Z") = limsey Ds(Z") = limscy, D W= > limse, Wi = ) W) O
Oa+1 Oa+1 Oa+1
By Assertion 1, it is true that W5 = Hy(Yg) for B < o, and WG = T. Moreover, if § < «, then
Wg =Dp(Yg) < Hq(Yp) = WG, and so Dg(Z") < Du(ZT) for any B < a. Finally,

Da1(ZT) = DDa(Z") =D | Y Wy | = > DWE)
(0}

a+1 Oa+1

> WG =Do(Z"),

~
©a+1

i.e., the d-rank of the space ZT is equal to a.. O

THEOREM 3.5. For any nonlimit ordinal «, there exists an a-special Ty-space.

The proof is by induction on «. For o € {0,1}, the required statement follows from
Prop. 3.4(i), (ii). Suppose that &« = v + 1 and that the statement of the theorem is valid for
any nonlimit ordinal 3 < «y. There are two cases to consider:

Case 1. Let v be a limit ordinal. In view of the induction hypothesis, there exists a (G+1)-special
space Y for any ordinal 3 < v. By Proposition 3.4(v), the space ) Yg is (7 + 1)-special.

O

N
Case 2. Let v not be a limit ordinal. In view of the induction hypothesis, there exists a y-special

space Y. By Proposition 3.4(v), the space > Y,,, where Y,, = Y for any n < w, is (y+1)-special. O
Oy

THEOREM 3.6. For any ordinal «, there exists an irreducible Ty-space whose d-rank is equal

to a.
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Proof. If « is a nonlimit ordinal, then the statement of the theorem follows from Theorem 3.5. If
ais a limit ordinal, then the statement of the theorem follows from Theorem 3.5 and Prop. 3.4(v). O
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