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Necessary and sufficient conditions for a Turing degree to be an element of the spectrum

of the classical field of computable real numbers are established.

Within the framework of computable analysis, we investigate properties of computable elements
employing numbering theory [1] and computable model theory [2, 3| —namely, the spectrum of the
ordered field of computable real numbers.

The results in [4-6] show that many topological spaces, for instance, real numbers and complete
computable metric spaces, have no computable numberings of computable elements. This gives rise
to the natural problem of describing all Turing degrees a such that the structure of computable
elements of a topological space admits an a-computable presentation, i.e., a presentation in which
basic relations and functions will be a-computable. In other words, the question on characterization
of the spectrum of this structure arises naturally.

We look into this question for the ordered field of computable real numbers R, = (R, +, -, 0,
1,<). That 0 ¢ Spec(R.) was well known for a long time [4, 5|, yet a full characterization of
Spec (R,) remained an open problem. We will prove that a € Spec(R,.) iff a’ > 0”. This class
of degrees was explored in [7], where it was shown that it is the spectrum of some computable

structures.
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We proceed to definitions, notation, and auxiliary results. The reader is assumed to be familiar

with the basics of numbering theory [1], recursion theory [8], and computable analysis [9].

Definition 1. A real number x € R is said to be computable if one of the following equivalent
conditions holds:

(1) there exists a computable sequence of rational numbers {gy, }ne, such that |giy1 — ¢ < %
for all 4 € w and lim q; = T;

(2) the left arid ﬁght Dedekind cuts, i.e., 7 ={¢€ Q| g<z} and 27 = {q € Q| ¢ > z}, are
computably enumerable.

Put R, = (R, +,-,0,1,<). That R, is a field was first noted in [10]. Moreover, R, is an

Archimedean real-closed field.

Definition 2. Let a be a Turing degree. We say that a structure A = (A, o) admits an a-
computable presentation if there is a numbering v : w — A such that relations and operations in
the signature, including equality, are a-computable (computable relative to some oracle in a) with
respect to the numbering v. A pair (A, v) is called an a-computable structure, and we refer to the

numbering v as its a-computable presentation (a-constructivization).

Definition 3. The spectrum of a countable structure A, denoted Spec (A), is the collection of
all Turing degrees a such that A admits some a-computable presentation.

If F and G are functions from w to w, then we say that F' dominates G if F(n) > G(n) for all
sufficiently large n. A function from w to w is called a dominant if it dominates every computable

function from w to w. The following characterization of Turing degrees of a dominant is well known.

PROPOSITION 1 [11]. For any Turing degree a, a’ > 0” if and only if there exists a dominant
of degree less than or equal to a.

As usual, we denote the family of all total computable functions from w to w by Siet, and its
index set by Tot [12]. Let ¢,, denote the nth partial computable function in the Kleene numbering
and ¢} (z) be the result of the computation of ¢, (z) in no more than s steps. We say that Siot
admits an a-computable numbering if there exists a numbering v : w — Sioy Which is a-computable
as a function of two variables.

By analogy with Definition 3, we define the spectrum of the family Sy, i.e., Spec (Siot) is the

collection of all Turing degrees a such that Sy, admits some a-computable numbering.

PROPOSITION 2. If a € Spec (Siot), then &’ > 0”.
Proof. Let vy : w — Siot be an appropriate numbering. It is not hard to see that the a-
computable function
F(n) = max v(i)(n) + 1

i<n
is a dominant. From Proposition 1, it follows that a’ > 0”. O

PROPOSITION 3. If a € Spec (R.), then a € Spec (Sot)-
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Proof. We define a function (-) : R — (0,1] as

{z}, =€Z,
1, x € 7,

(z) =

where {z} is the fractional part of x.
Define a numbering © of the set

S ={f € Sio | im(f) C {0,1} and 3®if(i) = 1}

by the following rule:

1
+yand0<y§§.

l\’)|(‘s
x| =

Put

An)(s+1)=pili > A(n)(s) Ao(n)(i) =1].

Let viot(n)(i) = A(n)(@ + 1) — A(n)(¢) — 1. By construction, the function 14 is the required a-
computable numbering of Sio¢. O

THEOREM 1. If a € Spec (R,), then a’ > 0".

The proof follows from Prop. 3. O

Below, for A C w, we use the notation A" = {k | ¢(n, k) € A} and write A(z) = 1if ya(z) = 1.
A refinement of Jockusch’s theorem [13] is

THEOREM 2. The following assertions are equivalent:

(1) a’ > 0"

(2) a € Spec (Stot);

(3) there exist an a-computable numbering vio : w — Siot and a computable surjection h :
w — w such that:

(3a) Yion € Siot) FE(h(t) = n A viot(t) = ¢n);

(3b) ¢n & Stot — VE(h(t) =n — IN(Vs > N) ot (t)(s) = 0);

(3¢) (¢n € Stot A R(t) =n Avgot(t) # @n) — AN(Vs > N) o (t)(s) = 0.

Proof. (1) — (3) Assume a’ > 0”. By Proposition 1, there exists an a-computable dominant

F:w—w. Put
A(k) =1 (35 < F(R) (VL < k) @3 (1) L M@ (D) < F(R).

The set A has the following properties:
if n € Tot then A" =* &, ie., w \ Al is finite;
if n & Tot then A" =* & i.e., A" is finite;
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A is a-computable.

Indeed, if ¢, is total then functions h,(x) = max on(l) and s, (x) = min{s | V(I < x)p; (1) |}
are also total and computable. Therefore, /' dominates the functions, i.e., IN(Vk > N)F(k) >
hn(k) A F(k) > s,(k). By definition, A" (k) = 1 for all sufficiently large k, i.e., the first property
holds. Assume ¢,, is not total and N is the maximal number such that [0,..., N] C dom(p,).
Then A["}(k) = 0 for all £ > N, i.e., the second property holds. The third property follows from
the definitions.

Now we construct v (t) for t = ¢(n, k). First we define the relation

P(t,m,z) = (z=0A 1> kA1) = 0) v (z = o, (m)
Ads(Vi < m) gl (i) | AVE(E <1 <m — A1) = 1)).

We have P € ¥Y[a] and dom(P) = {(t,m) | 3zP(t,m,z)} = w?. Therefore, by uniformization,
there exists a total a-computable function g : w? — w such that:

ge(m) € {0, on(m)};

if g¢(m) # @n(m) then (31 > k) Al"(1) = 0;

i gu(m) = n(m) then (3s)(¥i < m) @3 (0)

if (31 > k) AlP(1) = 0 then (3N)(Vm > N) g;(m) = 0;

if o, is total and (VI > k) Al"(1) = 1, then g, = ¢,, where g,(m) = g(t,m).

Put v40t(t) = g¢ and h(t) = I(t). These, in view of the above properties, are the required
functions. Indeed, if ¢ € Siot then, by the construction of A, there exists k such that (VI >
k)All(1) = 1. Put t = ¢(n, k); then we have vy (t) = @, and h(t) = n. Verification of (3a) is
completed. Properties (3b) and (3c) are straightforward.

(3) — (2) Follows from the definition of Spec.

(2) — (1) Follows from Prop. 2. O

Before describing basic constructions, we state a proposition, which is interesting in its own
right.

PROPOSITION 4. Suppose L = <L, <, cz-|2-€w> is a linear order with distinguished constants
and v : w — L is a numbering such that:

(1) C = {cF | i € w} is dense in L, with ¢ # ch for i # 7,

(2) there exists a computable function f : w — w such that v(f(i)) = cF;

(3) v1(<) € 3,

(4) v=1(C) € AY.

Then there exists a numbering p : w — L such that (£, ) is a computable structure.

Proof. Let £ = v~1(C). By the limit lemma [12], there exists a strongly computable sequence
of finite sets Ey, F/1, Fa,... such that £ = lim F,;. We construct a required p employing the finite
injury method. T

At every stage s € w, we construct a finite function p® : {0,...,2s — 1} — w and finite sets
Cs C im(f) and Bs C w such that:
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v(p®(2i)) = v(f(@)) for i < s;

v o p® restricted to {i | i < 2s — 1 and i is odd} is injective;

By = f _I(Cs)'

Stage 0. Let u° = 1, Cy = @, and By = @.

Before embarking on the next stages, we note that for every n < s+ 1 there exists t > s+ 1
such that one of the following properties holds:

(a) n € Ey;

(b) at a stage no higher than ¢, we computed v(n) # v(i) for all v(i)|icc,.

For every n < s+ 1, we denote the least ¢ satisfying (a) or (b) by t(n, s). If, for t(n, s), property
(b) holds then n is called a b-number If, for t(n,s), property (a) holds and property (b) does not,
then n is called an a-number. We say that an a-number n is active at stage s + 1 if there exists
my, for which n = p®(my,) and n ¢ Cs. We say that a number n < s+ 1 requires attention at stage
s+ 1 if one of the following cases holds:

(c) n is an a-number which is active at stage s + 1;

(d) n is a b-number such that:

n & im(pe);

at stage < s+ 1, we computed that v(n) # v(l) for all I < n.

Stage s + 1. We search for a least number n < s + 1 that requires attention at stage s + 1. If
there is no such n then we proceed to step A. If there is such n and n is an a-number then we
proceed to step B. If there is such n and n is a b-number then we proceed to step C.

Step A. Using the density of C' in L, we search for a least ig such that f(iy) € Cs and f(ig) #
f(s). Put

pi (2t +1), i<s,
f(’io), 1= S,
Csp1 = Cs U{f(i0)} U{f(s)}, Bst1 = BsU{io} U{s}.

(20 + 1) =

Proceed to the next stage.

To describe the other parts of stage s+ 1, we associate u® with a structure L, = (L, 05), where
Ls = v(im(p®)) and o5 = (<,{¢i}ieB,,{di}i<s). Its partial positive atomic diagram Dy is defined
as follows:

—the interpretation of constants: ¢ = v(f(i)) and d** = v(p*(2i + 1));

—D, contains all the results obtained under the replacement in the formula x < y of variables
x,y by constants from o whose truth in L was computed at stage < s+ 1.

Step B. Since n is active at stage s + 1, using the density of C' in L, we search for a least j

such that j # s and (L, 0,) = Ds, where interpretations of constants are as follows:

V(i + 1)), i #m,

k' =v(f(i)) and aF = _ .
v(f(4)), i = my.

7
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Then we search for a least ig such that ig # j, ig # s, and f(ig) &€ Cs. Put

p(2i41), i#mp,i<s,
pH(2i+1) = S f(), i=mp,
f(io), i=s,
Csp1 = Cs U{f(1)}U{f(i0)} U{f(s)}, Bsy1=BsU{j}U{io} U{s}.

Proceed to the next stage.
Step C'. Let

Fs ={m|m e dom(p’®), f(m) & Cs, p*(m)>n, m is odd}.

Using the density of C in L, we construct a finite injection j : Fs — w such that j(m) = jn,
fUm) & Cs, v(f(jm)) # v(n), for all m € Fy, and (L, 05) |= Ds, where interpretations of constants
are as follows:

v(p®(2i+1)), 2i+1¢ Fs,

cl' = v(f(i)) and dF =
@) v(f(im)), 2i+1¢€F,.

7

Define

ps(2i+1), 2i+1¢F, i<s,
w24+ 1) =< F(j(2i+ 1)), 2i+1€F,,

n, 1 =8,
Cst1=Cs U{f(m) | m € Fs} U{f(s)}, Bsy1 = BsUj(Fs)U{s}.
Proceed to the next stage. The construction is completed.
It is clear that u® meets the inductive requirements. Let

u(m) = v(lim p2*(m)).

S§—00
The following lemmas establish properties of p.

LEMMA 1. (a) Along the construction process, the value p*(m) can be changed only finitely
many times for all m.

(b) For all m, if there exist s and j such that p*(m) = f(5) and f(j) € Cs, then ¥ (m) = f(4)
for all ' > s.

(c) If, for some m, we have p*(m) = n and p*+t1(m) # n, then n ¢ im(p+1).

(d) For all n, there exists so such that (Vs > sg)(n € im(u®) < n € im(p®)).

Proof. Claims (a)-(c) are straightforward from the construction.

(d) Assume n € im(p®) \ im(ut1). This means that at every stage s + 1, either there exists
I < n such that [ ¢ im(p®) or there exists an a-number k < n which is active at stage s + 1. By

inductive reasoning, it is easy to see that after some stage sg both of the cases will not hold. O
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LEMMA 2. The function u(m) = v(lim p®(m)) is well defined and it is a numbering of L.

Proof. The well-definedness follows from Lemma 1. We show that im(p) = L. Assume n is a
least number such that v(n) ¢ im(p). In particular, n ¢ im( lim ps), v(n) € C, and n ¢ E. In view
of Lemma 1 and the description of step C, it follows by assf;nogtion that after every stage s; such
that n & im(u°t) there exists a stage so > s1 such that n € im(u®?). Therefore, there exists sg such
that, for all s > sp, n € im(u®) An &€ Ey, all a-numbers k < n are nonactive at stage s+ 1, and all
b-numbers z < n are already in im(p®). For some m, the value p*(m) = n will not be changed at

stages s > sg, i.e., n = lim p*(m), which contradicts the assumption. O
S§—00

LEMMA 3. (L, p) is a computable structure.

Proof. Since (L,05,) = Dy, implies (L,05,+1) = Ds, under constant interpretation changes
according to the construction, it is clear that the truth value of v(p®*(m)) < v(p®(l)) is preserved
at all stages s > sg. Therefore, 1~1(<) is a computably enumerable relation. Since v(u*(2i + 1)) #
v(pu®(2j+41)) for i # j, it is sufficient to construct an algorithm which, given ¢ and j, decides whether
v(u(2i + 1)) = ¢;j. Using the construction, we can effectively find s > i such that f(j) € Cs. Thus
w(2i+1) = ¢; iff p*T1(2i+1) = f(j). Therefore, the equality is computable with respect to p. The
lemma is completed proving the proposition. O

It is worth observing that Proposition 4 can be relativized to any oracle a. We show that for
(ReN[=1,1], <, ¢rjreDyadicn—1,1]) and &’ > 0", there exists a numbering v satisfying the conditions

of the relativized version of Prop. 4 (here Dyadic denotes all dyadic numbers). Using the function

0, n =0,
H(n)=<1 n is even,
—1, nis odd,

and the numbering 4ot in Theorem 2, we define

v(n) = 0p2" "D, where by, = H (ot (n) (k).
kew
It is easy to see that D = {c;° € [~1,1]};e, is dense in R.N[~1,1] and v~ (<) € ¥{[a]. We show
that v=1(D) € AYJa]. Let z = v(m) be associated with v (m). Using h such as in Theorem 2, we

write the condition that m € v~1(D) in an equivalent form for n = h(m):

(on € StotA((BN) (Vs > N) oy (s) is even V (3N)(Vs > N) o, (s) is odd
V(AN)Vs > N) pn(s) =0V vet(m) # on)) V on € Stot-

The properties of vior (see Thm. 2) and the II9-completeness of Tot imply that v~1(D) is a’-
computable, i.e., v~1(D) € AY[a]. This entails the following:

PROPOSITION 5. If a8’ > 0” then there exists a numbering g : w — R, such that

(<Rc, <, cr‘reDiad> , i) is an a-computable structure.
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The proof follows from Proposition 4 and the argument above. O

Proposition 5 highlights fundamental ideas and steps in the proof of Theorem 4, which is the
main result of the present paper. In order to establish Theorem 4, we prove the following statements.
The real closure of an ordered field (F, <) will be denoted by [F],¢. First note that the field [Q],«
admits a computable presentation 2] and can be embedded in any real-closed field [14].

Let ([Q]re,v0) be a computable structure. In the lemmas and proposition that follow, we
assume that F = (F,0.) is an Archimedean countable real-closed field with signature o. =
{<,+, 0,1,cz-|2-€w}. Suppose that v : w — F is a numbering and an intermediate subfield
Q < C < [Q]r admits a computable presentation v, for which ¢ = v.(i). Since the field [Q]«
is rigid and computably categorical, we have v, < 1y; i.e., there exists a computable function

f:w — wsuch that v, =1y o f. Put

AD, = {n € w=¥ | v(n) is a tuple of algebraically dependent elements}.
LEMMA 4. (1) Let {pi(z) > 0|7 < k} be a finite set of formulas where p; € F[z] and F[z]

is the ring of polynomials in one variable. The following statements hold:
(1.1) if there exists a € F' such that

k
F = A pi(a) >0,
i=0
then there exists an Archimedean ordering of F'(x) such that
k
F(z) = N\ pilx) > 0;
i=0
(1.2) if there exists a € F' such that
k
F ): /\pi(a) > 0,
i=0

then there exists b € Q such that
k
FE Api(b) >0.
i=0

(2) Let {p;(z) > 0|4 < k} be a finite set of formulas where p; € F[z] and F[Z] is the ring of
polynomials in several variables Z. The following statements are equivalent:
(2.1) there exists a tuple a € F<“ such that

k
Fi A\pi@) >0
1=0
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(2.2) there exist a tuple b € Q< such that

k
Fi= /\Pi(i)) > 0.
i=0

Proof. The statements follow from quantifier elimination in strictly ordered fields [15] and

topological properties of Archimedean fields. O

PROPOSITION 6. Suppose (F,v) and AD, satisfy the following properties:

(1) AD, € AY;

(2) (F,v) is a numerated (effective) algebra, i.e., there are computable functions f : w — w,
g+ twXw — w, and g, : w X w — w such that v(f(i)) = ¢, v(n) + v(m) = v(gs+(n,m)), and
v(n) - v(m) = v(g.(n,m)):

(3) the sets {(m,r) € wxQ | F =v(m) > r} and {(m,r) € wx Q| F = v(m) < r} are
computably enumerable.

Then there exists a numbering 7 : w — F such that (F,7n) is a computable structure.

Proof. In order to simplify the proof, we assume that C' = Q. First, employing the finite
injury method, we construct a numbering u of an appropriate X C w for which F is algebraic over
Q(X)).

The existence of a required n will follow from Ershov’s theorem [2] formulated below as
Theorem 3. By the limit lemma (see [12]), there is a strongly computable sequence of finite sets
FEy, E1, Eo, ... such that AD, = lim F;.

Let A:w — V be a standaréanﬁmbering of V.= Q[z] \ {0}, where Q[z] = Q[z; | i € w]. For
simplicity, the elements of V' are called rational polynomials. At every stage s € w, we construct
a finite function p® : {0,...,2s — 1} — w, finite sets Cs C im(f), Bs C w, and Bs; = f(Cs), a
language o, a finite structure with partial positive diagram (Fj, D), and a value ¢(s) € w.

Stage 0. Let u¥ = 1, Co = @, By = @, Fy = {0,1}, Dy = @, and 0¢ = @.

For every n < s+ 1, under the assumption that a tuple m contains all elements of im(u*)
which are no higher than n and are not contained in Cj, there exists t > s+ 1 such that one of the
following properties holds:

(a) m—n € Ey;

(b) at a stage no higher than ¢, for polynomials p(z) such that A~!(p) < s we verified that
p(v(m —n)) #0,
where the symbol -« denotes the concatenation of a tuple and an element.

For every n < s+ 1, we denote the least ¢ satisfying (a) or (b) by t(n,s) and put t(s) =

max )(t(n,s)). If, for t(n,s), property (b) holds, then n is called a b-number. If, for t(n,s),

n€im(us

property (a) holds and property (b) does not, then n is called an a-number. We say that an a-
number n is active at stage s+ 1 if there exists m,, such that n = p*(m,,) and n &€ Cs. We say that
a number n < s+ 1 requires attention at stage s + 1 if one of the following cases holds:

(c) n is an a-number which is active at stage s + 1;
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(d) n is a b-number such that:

—n & im(p*),

—for a tuple m of elements of im(u®) which are <n and € Cs, m — n & E;.
We construct ps with the following inductive properties:

—v(p®(24)) = v(f(i)) holds for i < s;

—v o u® restricted to {i | i < 2s — 1 and ¢ is odd} is injective;

—for rational polynomials p(z) with A~!(p) < s we verified that p(v(ws)) # 0 in no more than
t(s) stages for all tuples w, such that set(ws) = ws, where wg = im(pu®) \ Cs.

We associate p® with a structure Fg = (F, 05), where

Fy =v(im(p)),
'S ={T', | where p is a rational polynomial such that A™*(p) < s,
in no more than ¢(s) stages we verified that p(v(w)) > 0},

Os = (<7 {Ci}iEst {di}i§87 Fs)v

and with its positive diagram D, defined as follows:

—the interpretation of constants: ¢.* = v(f(i)) and di* = v(p*(2i + 1));

—the interpretation of predicates: Fs = I'p(v(w)) if in no more than ¢(s) stages we verified that
p(v(w)) > 0;

—D, contains all the results obtained under the replacement in the formulas x; < zo and
I'y(x1,...,2;) of variables z1,...,2; by constants from o, whose truth in ¥y was computed in no
more than t(s) stages.

It is easy to see that D; is completely defined by the language os. At later stages, we define o, via
p® and construct p*t! using oy.

Stage s + 1. We search for a least number n < s 4+ 1 that requires attention at step s + 1. If
there is no such n, then we proceed to step A. If there is such n and n is an a-number, then we
proceed to step B. If there is such n and n is a b-number, then we proceed to step C.

Step A. Using the density of C' in F', we search for a least ig > s such that f(ig) € Cs and the
inductive properties defined above hold for x5t

Put

Wit 1), i<s,
f(i0)> L=,
Cor1 = CsU{f(io)} U{f(s)}, Bsy1=BsU{io}U{s}.

st (20 4+ 1) =

Proceed to the next stage.
Step B. Since n is active at stage s+ 1, using the density of C' in L, being Archimedean for F,

and Lemma 4, we search for a least j such that j # s and (F,0s) | Ds, where interpretations of
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constants are as follows:

cf' = v(f(i)) and df" =

7

Next we search for a least iy such that ig # j, ig # s, f(ig) € Cs, and the inductive properties
defined above hold for p**!. Put

p(2i41), i#mp,i<s,
p(2i+1) = S f(), i=mp,
f(io), i=s,
Csp1 = Cs U{f(1)}U{f(i0)} U{f(s)}, Bsy1=BsU{j}U{io} U{s}.

Proceed to the next stage.
Step C'. Let

Fs ={m|m e dom(p’®), f(m) & Cs, p*(m) >n, m is odd}.

Using the density of C in F', being Archimedean for &, and Lemma 4, we construct a finite injection
J  Fs — w such that ](m) = Jms f(]m) Z Cs, v(f(im)) # l/(n) for all m € Fy, and (F, Us> = Ds,

where interpretations of constants are as follows:

v(p®(2i+1)), 2i+1¢F,

' =v(f(i)) and df =
@) v(f(m))s 2i+1¢€F,.

Put

w (28 + 1), 20+ 1¢ Fs, i <s,
204+ 1) = F(j(2i+ 1)), 2i+1€ F,,

Csp1 = Cs U{f(m) | m € Fs} U{f(s)}, Bsyr = BsUj(Fs) U {s}.

Proceed to the next stage. The construction is completed.
It is clear that p® meets the inductive requirements. Let pg(m) = lim p®(m).

S—00
The following lemmas establish properties of .

LEMMA 5. (a) Along the construction process, the value p*(m) can be changed only finitely
many times for all m.

(b) For all m, if there exist s and j such that p*(m) = f(5) and f(j) € Cs, then % (m) = f(4)
for all s’ > s.

(c) If, for some m, we have p*(m) = n and p**t1(m) # n, then n ¢ im(p+1).
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(d) For all n, there exists sg such that (Vs > sg)(n € im(u®0) < n € im(u®)).

Proof. Claims (a)-(c) are straightforward from the construction.

(d) Assume n € im(p®) \ im(u*t1). This means that at every stage s + 1, either there exists
I < n such that [ & im(u®) or there exists an a-number k < n which is active at stage s + 1. By
inductive reasoning, it is easy to see that after some stage sg both of the cases will not hold. O

LEMMA 6. (1) The function pu(m) = v(lim p*(m)) is well defined. Put X = po(w) \ im(f).
Then v(X) is an algebraically independent sei_i;io F.

(2) F is algebraic over F = Q(v(X)).

Proof. (1) Follows from Lemma 5 and inductive properties.

(2) Assume the contrary. Let n be a least number for which v(n) is not algebraic over F. In
particular, v(n) ¢ C and n ¢ X.

There exists so such that for all s > sp and for all m < n such that m ¢ Cj,, the following
hold:

—m € X < m € im(u0);

—m € im(p®) < m € im(p®);

—n ¢ im(p®) and m & Cs;

—m — n ¢ E,, where m contains all elements of im(y®) which are < n and ¢ Cs;

—for every [ < n and for an n-tuple k of different numbers less than n, if v(1) is algebraically
dependent on v(k), then m — n € E; for all s > sq.

At stage sg, therefore, n is the least number that requires attention. Applying step C' of the

construction, we obtain n € im(u**1), i.e., n € X, a contradiction. O

LEMMA 7. The positive diagram D = [J D, is computably enumerable under the following

SEw
Interpretations:

(1) df = v(po(2i +1));
(2) ¢ = v(f(i).

Moreover, F' = p(d;,,...,d;,) >0« I'y(d;,...,d;,) € D for any rational polynomial p(z) # 0.
The proof is straightforward. O

LEMMA 8. There exists an algorithm to check the validity of

p(v(po(in)), -, v(po(ix))) = 0

for rational polynomials p.

Proof. We construct an algorithm by recursion on k. Without loss of generality, we will assume
that every 4; is odd.

If stage s is sufficiently large, i.e., for all I < k and all s > s, uo(i;) = p®(4) holds, and
A~1(p) < s, then

either in no more than ¢(s) stages we verified that

p(v(p*(ir)), -, v(p*(@r))) # 0,
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or there exists [ < k such that p*(ix) € Cs.

Using minimization on s, we check if one of the following cases holds:

(1) Ty € 05 and I'p(d;,, ... ,d;,) € Ds;

(2) Ty, €eosand I'_,(dj,,...,dj,) € Dg;

(3) there exists | < k such that p®(i;) € Cs, where 4y = 25, + 1 for 1 <1 < k.

In cases (1) and (2), the algorithm stops working. In case (3), we replace the [th variable in p
by u*(4;) and proceed by recursion. O

LEMMA 9. Let F = Q(v(X)) = Q(uo(w)). The field (F, <) admits a computable presentation
in the language of strictly ordered fields.

Proof. The construction of a natural numbering of Q(uo(w)) is standard and can be found,
for instance, in [16]. That such a presentation is computable follows from Lemma 8. O

The kernel theorem entails the following;:

THEOREM 3 [2|. If an ordered field Ly admits a computable presentation \g, then a
computable presentation A\; of its real closure L1 = [Lg]. can be constructed effectively so that
Ao(n) = A1(g(n)) for some computable function g : w — w.

Theorem 3 completes the proof of Prop. 6. O

It is worth observing that we can relativize Proposition 6 to any degree a.

Now we show that for a strictly ordered field (R, 0.) and for a’ > 0”, there exists a numbering
v satisfying the conditions of the relativized version of Prop. 6.

First, using H, : Z — {0,1, —1} defined as

0, n =20,
Hz(n) = 1, n > 0,

-1, n<O,

and V4o such as in Theorem 2, we construct it @ w — S'tot, where S'tot is the set of all computable
functions f : w — Z.

It is well known how to add and multiply real numbers in presentations in which numbers from
{—1,0,1} are involved (so-called sign-digit representations). Therefore, we can assume that there

exist computable partial operators G and G, such that, for all computable functions f,g: w — Z,

> H.(f(i >\ H.(g(i = Gy(f,g,l,m
(”; 2(i(1))>+(m+§ QEi(l))>=Z g bm),

1=0
> H.(f(i =\ H.(g(i = Gi(f,g,l,m
(10 ) (s o ) - Gl

where G4 (f,g,1,m)(i) € {0,1,—1}, G«(f, g,1,m)(¢) € {0,1,—1} for i > 0, and I, m € Z.
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It follows from [9] that there exists a computable sequence {f;}ic, of computable functions
fi : w — Z such that

o+ 3 EU)
k=1
We define an operator T~ (f)(i) = f(i + 1). The numbering . can be constructed as follows:
—if n = ¢(0,m) then Dot (n) = viet(m);
—if n = ¢(1,m) then P (n) = —I/tot( );
—if n = ¢(2,m) then D (n) =
—if n = c(k,m), k is even, k > and m = ¢(a,b), then

Tot(n) = G (T (Phot(a)), T™ (Prot (b)), Prot (@) (0), Prot () (0));
—if n=c(k,m), k is odd, k > 1, and m = ¢(a, b), then
ot (1) = Go(T (1ot(a)), T (Prot (D)), Prot (@) (0), Prot (0)(0)).

Now we define v : w — R, as follows:

(7
v(n) = it () (0) + z Bt (n)(0))
It is not hard to see that

v(n) = )+ Z (ph(m) i) for n = ¢(0,m).

We show that the numbering v satisfies the conditions of the relativized version of Prop. 6.
Consider condition (2) in Proposition 6. It is not hard to see that g4 (ni,n2) = ¢(4, m), where

m = ¢(ny,ng). Indeed,

v(n1) +v(na) = Pot(n1)(0) + Z VtOt n1 () + Diot (12)(0)

[e.o]

Hz(”tot(” )(2))

+;—2i 2
= G (T (ot (11)), T (ot (n2)), Dot (1) (0), ot (n2)(0))
_ZZ; i 1 21’2 1 2 '

In a similar way, we can define g, and f. Therefore, g, g«, and f are computable. Condition (3) in

Proposition 6 is straightforward. Condition (1), i.e., AD, € A9, follows from the following lemmas.
LEMMA 10. The set of Ag[a]—computable functions is closed under superposition.
LEMMA 11. (1) The set A = {m | v(c(0,m)) € Dyadic} belongs to AJ|a].
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(2) There exists a partial AY[a]-computable function on A that computes v(c(0,m)) as an

element of Dyadic.
LEMMA 12. If m ¢ A, then D40t (c(0,m)) = v4ot(m) = @p(m), where h is defined in Theorem 2.
LEMMA 13. Every element v(n) can be effectively represented as

t(v(ni),...,v(ng)),

where t(z1,...,7;) are terms in the language (¥2,+2, —1) and n; = ¢(0,m;).
LEMMA 14. Let J C {1,...,s}, n; be of the form ¢(0,m;) for 1 < i < s, and r; € Dyadic

for j € J. Suppose also that J = {j < s | v(n;) € Dyadic}, t1,...,t; are terms in the language
(%, +, —) having the form

~ _ x; if i & J, zjif jed
ti=[t(@)]| ’ :
V(ni)v Ty
Then the condition of being algebraically dependent for ¢, ...t is a Y9-relation with arguments

n and 7 and a parameter J.
Note that X9 c A} C AY[a] for a’ > 0”. Therefore, the properties of 140t (see Thm. 2) and v
and the previous lemmas imply that AD, € AY[a], where a’ > 0”.

COROLLARY 1. If 8’ > 0", then there exists a numbering p : w — R, such that
((Re, <,+,-,0,1) , ) is an a-computable structure.

The proof follows from Proposition 6 and the argument above. O

THEOREM 4. The relation a’ > 0” holds if and only if a € Spec (R,).

Proof. The characterization follows from Theorem 1 and Corollary 1. O
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