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Different types of compactness in the Zariski topology are explored: for instance,
equational Noetherianity, equational Artinianity, q.-compactness, and u,,-compactness.

Moreover, general results on the Zariski topology over algebras and groups are proved.

INTRODUCTION

Universal algebraic geometry is a new direction of research in modern algebra. The subject
of universal algebraic geometry is studying equations over an arbitrary algebraic structure A
(as distinct from classical algebraic geometry, where A is a field). Many papers concerning
algebraic geometry over groups have been published to date (see [1-5]). In a series of papers,
O. Kharlampovich and A. Myasnikov developed algebraic geometry over free groups, which made
it possible to find a positive solution to A. Tarski’s well-known problem on elementary theories of
free groups (see [6] and also [7] containing an independent solution to Tarski’s problem). Moreover,
in [8], it was proved that the elementary theory of free groups is decidable.

Algebraic geometry over other types of algebraic structures is presented, for instance, in |9
(Lie algebras) and in [10, 11] (additive monoid of natural numbers). A systematic presentation
of the foundations of algebraic geometry was initiated by E. Daniyarova, A. Myasnikov, and
V. Remeslennikov [12-15].
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In this paper, we deal with different compactness conditions in universal algebraic geometry.
In other words, we are interested in how properties of a system of equations depend on properties
of its subsystems. Compactness conditions may be exemplified by concepts such as equational
Noetherianity, weak equational Noetherianity, q,-compactness, and u,-compactness.

First we cite basic notions and results from universal algebraic geometry; we give the definition
of a Zariski topology, and also of basic types of compactness of systems of equations (equational
Noetherianity, g,- and wu,-compactness). Then we look into the concept of a metacompact algebra
and show how it is related to the concept of a metacompact Zariski topology. Next we couch
the definition of equationally Artinian algebras and point out several equivalent definitions of
being equationally Artinian. Finally, we study compactness conditions for free algebras in arbitrary

varieties.
1. BASIC DEFINITIONS

Following [12-15], we give basic definitions and concepts in universal algebraic geometry over
algebraic structures in functional languages. (For a deeper acquaintance with universal algebra and
model theory, we recommend [16-18].) Note also that many results of our paper hold not only for

functional languages, but also for arbitrary languages that may contain predicate symbols.

1.1. Systems of equations and algebraic sets. Let L be a functional language and A an
algebraic structure in the language L (an L-algebra). Adding to the language new constant symbols
a € A corresponding to all elements of the algebra A, we obtain an extended language L(A). An

B is an embedding of A in

algebra B in the language L(A) is called an A-algebra if the map a — a
B (here, a® denotes an interpretation of constant symbols a in the L(A)-algebra B). Denote by
X ={z1,...,x,} a finite set of variables, and by T (X) the term L-algebra generated by X.

For simplicity, we give our definitions in the language £, but these can be readily extended to
the case of L(A).

An equation in the language £ (an L-equation) in variables X = {z1,...,x,} is a pair (p,q),
where p,q € T (X). In this paper, we identify the concepts of an atomic formula in £, of an
equation, and of a pair of L-terms (p, q). Thus the set Atg(X) of atomic formulas in the language
L and the product algebra Ty (X) x T (X) are assumed to be equal.

Any subset S C Atg(X) of atomic formulas is called a system of equations in the language
L (an L-system). A system S is said to be consistent over an algebra A if there is an element
(a1,...,a,) € A™ such that for all equations (p ~ ¢q) € S, the following equality holds:

A(

pi(al, ..., ap) :qA(al,...,an),

where p?4 and ¢4 denote interpretations of terms p and ¢ in A. Otherwise, we say that S is
inconsistent over A. An L-system S is called an ideal if it coincides with some congruence on the
algebra T (X). For an arbitrary system S of L-equations, an ideal generated by S is the smallest

congruence containing S, and we denote it by [S].
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For an arbitrary L-algebra A, an element (ay,...,a,) € A™ is often written as a. Let S be a

system of L-equations. Then the set
Va(S) ={a € A" :V(p~q) €S, p*(a) = ¢*(a)}

is said to be algebraic over an L-algebra A. It is clear that for any nonempty family {S;}ier of
L-systems,
Va (U S¢> = m Va(S;).
icl icl

We say that a subset in A" is closed if it is an arbitrary intersection of finite unions of algebraic
sets over an L-algebra A. In view of this definition, we obtain a topology on A", which is called the
Zariski topology. For an arbitrary subset Y C A", its closure with respect to the Zariski topology
is denoted by Y. Also we denote by Y the smallest algebraic set containing Y. The equality
Y = Y% is untrue in general; however, it holds for the following class of algebraic structures.

An L-algebra A is called an equational domain if the union of two algebraic sets in A™ (n € M)
is again an algebraic set for any n. Examples of equational domains and their properties were
treated in [15].

In the language L(A), all definitions of universal algebraic geometry are given by analogy with
the language L. Below L(A)-equations p = ¢ are also called equations with coefficients in A.

Note that the class of equational domains may change in passing from L to £L(A). For example,
as shown in [15], in the group language without constants £ = (-,71,1), there exist no nontrivial
equational domains; however, any non-Abelian free group F' is an equational domain in the
language L(F).

1.2. Radicals and coordinate algebras. Let L be an arbitrary functional language and A

an algebra in L. For any set Y C A", we put
Rada(Y) ={(p,q) : V a €Y, p*(a) = ¢*(a)}.

It is easy to see that the set Rad4(Y") is an ideal in the term algebra. Every ideal of this type is
called an A-radical ideal (or a radical ideal for short). The radical of a system S of L-equations is
defined as Rad4(V4(S)). In what follows, we omit the subscript in Rad4(Y") if it is known which
algebra A is involved.

Note that any ideal in the term algebra T (X) is in fact an A-radical ideal for some L-algebra
A. Indeed, if, for any ideal R in the term algebra T (X), we consider the quotient algebra B(R) =
T (X)/R, then we obtain Radpg(r)(R) = R.

It is easy to see that a set Y is algebraic iff V4(Rad(Y)) = Y. For an arbitrary set Y, we have
Va(Rad(Y)) = Y (see [13]). The coordinate algebra of a set Y is the quotient algebra

To(X)

Y= ga Y)

148



An arbitrary element of T'(Y') is denoted by [p]y. We define a function p¥ : Y — A by setting

pY(a) = pA(ala e 7an)'

The function p¥ is a term function on Y. The set of all such functions will be denoted by T(Y). Tt
is easy to show that I'(Y) = T'(Y).

Two L-systems S and S’ are equivalent over an L-algebra A if V4(S) = V4(S”). Thus Rad 4(S)
is the largest L-system which is equivalent to S. Note also that [S] C Rada(S).

One of the major problems in universal algebraic geometry over an L-algebra A is to describe
all L-algebras isomorphic to coordinate algebras of algebraic sets over A. There are many necessary

and sufficient conditions for an L-algebra to be a coordinate algebra of some algebraic set over an
L-algebra A (see Sec. 1.4).

1.3. Equationally Noetherian algebras. The most important type of compactness is

equational Noetherianity.

Definition 1. An L-algebra A is said to be equationally Noetherian if, for any L-system S of
equations, there exists a finite subsystem Sy C S such that V4(S) = Va(So).

An L-algebra A is n-equationally Noetherian if, for any L-system S with at most n variables,
there exists a finite subsystem Sy C S such that V4(S) = V4(50).

If an A-algebra is equationally Noetherian in the language L(A), then we say that it is A-
equationally Noetherian. Many examples of equationally Noetherian algebras can be found in [13].
Among these are Noetherian rings, linear groups over Noetherian rings, and free groups. In [13], it
was proved that the following four assertions are equivalent:

(i) an L-algebra A is equationally Noetherian;

(ii) for any L-system S, there exists a finite subsystem Sy in [S] such that V4(S) = Va(Sy);

(iii) for any mn, the Zariski topology on A" is Noetherian, i.e., A™ has no infinite strictly
descending chain of closed subsets;

(iv) for any chain of epimorphisms of coordinate L-algebras
I'Y1) - I(Yy) - T'(Ys) — ...,

there is a natural number n such that all epimorphisms I'(Y;) — I'(Yi4+1) are isomorphisms for any
1 >n.

Over an equationally Noetherian L-algebra A, an arbitrary closed set in A™ decomposes into a
finite union of irreducible algebraic subsets, and this decomposition is unique up to a permutation.
(A set Y is irreducible if it is not contained in any finite union of closed sets each of which has a

nonempty intersection with Y".)

THEOREM 1 [13|. Let A be an equationally Noetherian L-algebra. Then the following L-
algebras are also equationally Noetherian:

(i) any subalgebra and any filtered power of A;
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(ii) any coordinate algebra over A;

(iii) any fully residually A-algebra;

(iv) any algebra in a quasivariety generated by A;

(v) any algebra universally equivalent to A;

(vi) any limit algebra over A;

(vii) any finitely generated algebra defined by a complete atomic type in the universal theory
for A.

The next definition is a generalization of the concept of equationally Noetherian algebras.

Definition 2. An L-algebra A is weakly equationally Noetherian if, for any L-system S, there
exists a finite system Sy of L-equations that is equivalent to S over A. Note that here we do not
require that Sy C S.

Clearly, an L-algebra A is weakly equationally Noetherian iff the radical ideal Rad4(S) is
finitely generated for any L-system S; i.e., there exists a finite subset Sy C Rad4(S) such that
Rad 4(S) = Rada(So).

The logical meaning of the last equality can be conveyed as follows. Let QId(A) be the set of

all quasi-identities true in A. Then an L-algebra A is weakly equationally Noetherian iff for any

L-system S there exist finitely many equations p; = q1, ..., Pm = ¢m such that
m
Rada(S) = {(p,q) : (val .V, </\pZ NG =pR q)) € QId(A)} .
i=1

1.4. Unification theorems. In [12-14], the so-called wunification theorems are proved which
contain seven equivalent approaches to the problem of describing coordinate L-algebras of algebraic
sets over an arbitrary L-algebra A. Below we cite a full formulation of just one of these unification

theorems (all notions with which the reader is unfamiliar can be found in the papers mentioned).

THEOREM 2. Let A and T be algebras in the language L. Suppose A is equationally
Noetherian and I' is finitely generated. Then the following assertions are equivalent:

(i) an L-algebra T is the coordinate L-algebra of some irreducible algebraic set over A;

(i) an L-algebra I' is a fully residually A-algebra, i.e., for any finite subset C' C T', there exists
a homomorphism « : I' — A such that the restriction of « to C' is an injective map;

(iii) an L-algebra I' embeds in some ultrapower of an L-algebra A;

(iv) an L-algebra I" belongs to the universal closure of an L-algebra A, i.e., Thy(A) C Thy(T');

(v) an L-algebra I' is a limit algebra over A;

(vi) an L-algebra I' is defined by a complete type of Thy(A).

2. TYPES OF COMPACTNESS

We consider the most important types of compactness related to properties of the Zariski

topology.
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The notions of ¢,- and u,-compact algebras were introduced in [14] where, also, unification
theorems for these classes were proved. Below we give a topological characterization of equational
domains in the classes of q,- and u,,-compact algebras. We also introduce yet another generalization
of the notion of being equational Noetherian for algebras using the concept of metacompact

topological spaces.

2.1. g,~Compactness and u,-compactness. Following [14], we give definitions of ¢,- and

u,-compact algebras.

Definition 3. An L-algebra A is said to be q-compact if, for any system S of equations and
any equation p &~ ¢ such that V4(S) C V4(p = q), there exists a finite subsystem Sy C S for which
Va(So) € Valp = q).

An L-algebra A is uy,-compact if, for an arbitrary system S of equations and for finitely many

equations {p1 =~ q1,...,Pm = ¢n} such that

m
Va(S) € | valpi = a),
i=1
there exists a finite subsystem Sy C S for which

m

Va(So) € | Valpi = a)-
i=1
It is easy to show that any equationally Noetherian L-algebra is u,-compact and that every
u,,-compact L-algebra is g,-compact. Similarly to an n-equationally Noetherian algebra, we can
define ¢}- and v’ -compact algebras.
As noted, the results of [12] give rise to a topological description of equationally Noetherian

L-algebras.
PROPOSITION 1. An L-algebra A is equationally Noetherian if and only if all subsets of

A™ are compact for every n.

Below we give a topological description of ¢,- and u,-compact L-algebras.

2.2. g,~Compactness and Zariski topology. Consider an L-algebra A and an L-equation
p =~ q. Denote the set A™ \ V4(p =~ q) by Ca(p = q).

PROPOSITION 2. Let an L-algebra A be an equational domain. Then A is g,-compact if
and only if C'4(p = q) is compact for all L-equations p =~ q.

Proof. Assume that an L-algebra A is q,-compact. Let Cy(p =~ q) C |J C;, with C; C A"
open. Since A is an equational domain, C; = A™ \ V4(S;) for some system S;.GI{Ne have

A"\ Va(p ~ q) C | J(A™ \ Va(Si)) = A"\ [ Va(Sh),
iel iel
hence

(Y Va(S:) € Valp ~ q),
1€l
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and so
Va (U Si > C Va(p =~ q).
i€l
The definition of g,-compactness implies that there exists a finite subsystem S’ C J S; with the

el
property V4(S") C Va(p ~ ¢q). We have

S'CS;,U...US;

Tm

for some i1,...,%, € I. Hence

m ) CVa(S") € Valp = q),

and so Cu(p ~ q) C U Ci;, which shows that Ca(p ~ ¢) is compact.
j=1
Suppose now that any Cs(p =~ ¢) is compact. Consider a system S and an equation p ~ ¢ for

which V4(S) C Va(p =~ q). Then

Calp~q) C A"\ V4(9)
=A™\ [ Valp=9

(p=q)es
= U @"\Valp=q)).
(p~q)eS
Hence .
Calp~q) € |JA"\ Valpi = @:))
i=1
for some p1 ~ q1,...,pm =~ ¢m € S. Therefore,

Va1 = q1, - spm = qm) € Valp = q),

ie., Ais q,-compact. O
A similar result is true for u,-compact equational domains. We can show that an equational

domain A is u,-compact iff any finite intersection of sets of the form Cy(p = q) is compact.

2.3. Metacompact algebras. Recall that a topological space is metacompact if every open
covering of the space has a subcovering such that each point of the space belongs to just finitely
many elements of the covering. The notion of metacompactness for topological spaces gives rise to
a similar notion for algebras.

Let S be a system of L-equations and A be an L-algebra. Denote by V() the set of all points
(a1,...,a,) € A" such that p?(aq,...,an) # ¢*(a1,...,ay,) for all but finitely many equations
(prq)es.
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Definition 4. An L-algebra A is metacompact if, for any L-system S inconsistent over A, there
exists an inconsistent subsystem S’ C S with the property V;(S") = A™.

It is easy to show that every equationally Noetherian L-algebra A is metacompact. Indeed, if
an L-system S is inconsistent over A, then there is a finite inconsistent system Sy C S with the
property Va(Sp) = Va(S). Since Sy is finite, we have V};(Sy) = A", and so the L-algebra A is

metacompact.

PROPOSITION 3. Let A be an equational domain in the language L. Then the space A™ is
metacompact for any natural n.

Proof. Consider a covering A" = |J C,, indexed by a set of ordinals I = {a : a < k}. Since
ael
A is an equational domain, every C,, has the form

Co = A"\ Va(Sa)

for some L-system S,, and [Va(S,) = &. Suppose S = |JS,. Then V4(S) = @, and so there

(63 (63
exists an inconsistent subsystem S’ such that V;(S’) = A™. Let

Si =8NS,
! = (9N Si)\ S

For any limit ordinal, put

Sh=(s"nsy\ | Sa

a<
Clearly, S’ =J S/, S/, C Sa, and S/, NS, = & for distinct « and 3. Now, put
Ch = A"\ Va(S5).

Then CY, C C, and |JC), = A™. We have thus obtained a subcovering C/,, and it remains to show
o

that each point of the space A™ belongs to just finitely many elements of the covering.

Let a € A™. Then a € V;(S") = A". Consequently, there are finitely many equations

plzqh"'mpm%(JmESI

such that p(a) # ¢ (a) (1 < i < m). For each number 4, there exists a unique o; € I with the
property (p; = ¢;) € S,,.. Therefore, a does not belong to the set

Va(S,,)U...uVa(S,, )

For other o € I, we have a € Va(S,) (since S}, N S, = @). Hence the point a belongs only to
C/

o5 Ch,  and so A™ is metacompact. O
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3. FREE ALGEBRAS IN VARIETIES

Consider universal algebraic geometry over a free algebra Fy, in a variety V. A decisive role here
is played by the following simple observation: every solution for an equation over Fy, corresponds

to an identity in V.

3.1. Free algebras in prevarieties. Let V be a prevariety of L-algebras; i.e., V is closed
under taking subalgebras and direct products. Denote by Cong(A) the family of all congruences of
an L-algebra A. Define an ideal of the term L-algebra Ty (X) by setting

Te(X) ev}.

Rv(X) =) {R € Cong(Te(X)): ~p

In other words, Ry (X) is the smallest congruence on the term algebra T (X), for which the

quotient
_ To(X)

~ Ry(X)
belongs to V. An L-algebra Fy (X) is called the free algebra of the prevariety V generated by the

Fy(X)

set X. We may show that a free algebra in 'V can be defined in a different way: an L-algebra Fy (X)
is generated by a set X = {z/Rv(X) : € X} and any map from X to an L-algebra A € V
extends uniquely to a homomorphism of the L-algebra Fy/(X) (for more details about properties
of free algebras over prevarieties, we refer the reader to [16]).

A logical characterization of the set Ry (X) is given in
LEMMA 1. Let V be a prevariety and X be a set of variables. Then

Rv(X)=A{(p,q): VE (Vxy.. Vo, pxq)}.

Proof. Note that V E (Vz; ...Vz,p = ¢) in the formulation of the lemma means that for every

L-algebra A € V and for arbitrary aq,...,a, € A, the following equality holds:
A
(

p(al, ... ap) :qA(al,...,an).

We prove the statement of the lemma for a finite set X (by a slight modification, the proof is
readily extended to the case where X is infinite).
Put

K =A{(p,q): VE (Nx1...Ve,p~q)}.

Let R be an ideal in the term L-algebra Ty (X) such that A =T¢(X)/R € V, and let (p,q) € K.
We have

pA(xl/R, ...,xn/R) = qA(xl/R, .oy Tn/R),

where x/ R denotes the equivalence class containing x. The last equality is equivalent to p/R = ¢/R,
and so (p,q) € R. Thus K C Ry.
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Now we prove the inverse inclusion K O Ry . Denote by F' the quotient Ty (X)/K. Clearly, an
L-algebra F' is generated by a set X* = {z/K : z € X}.
Consider an arbitrary map a : X* — A, where A is some L-algebra in the variety V. Define
apg : X — A as ap(z) = a(x/K). The properties of a term algebra imply that there exists a
homomorphism o) : T (X) — A extending «ayp. It is easy to see that for all terms p € T (X), we
have af(p) = pHa(z1/K),...,a(z,/K)). The last equality shows that for (p,q) € K, we have
af(p) = ay(q), and hence (p,q) € ker ofy. Thus we obtain a homomorphism o : F — A with the
property
o (t/K) = ay(t).

Clearly, o/ coincides with « over the set X*. We prove that o/ is a unique extension of « to the
L-algebra F. Let h : FF — A be another homomorphism such that h coincides with « over X*.

Using induction on the complexity of a term ¢ = f(t1,...,t,), we obtain

h(t/K) :h<f(t17-[-{-7tm)>

= fA(h(tl/K)7 cee 7h(tm/K))
= At /K),...,d (tm/K))

. (f(tl,.l.{.,tm)>
= d(t/K).

Thus the L-algebra F is a free algebra in the prevariety V, and so F' € V. Consequently,
Rv CK.O

COROLLARY 1. Let V be a variety of L-algebras, F' = Fy(X), and p & ¢ be an L-equation
with variables X = {x1,z9,...,2,}. A point (¢1,...,t,) € F™ is a solution for p ~ ¢ if and only if

Vay .. Vo, pte, .. tn) = q(ty, ..., tn)

is true in each L-algebra of the prevariety V.

Proof. Let a point (t1,...,t,) € F™ satisfy an equation p ~ ¢. Then

pF(th .. 7tn) = qF(tla cee 7tn)7

and so
p(tl,...,tn) q(tl,...,tn)

Rv(X) —  Rv(X)
Consequently, (p(t1,...,tn),q(t1,...,tn)) € Rv(X), and by the above lemma,
VE VCBl .. .mep(tl, N ,tn) ~ q(tl, N ,tn).

The converse statement can be proved similarly. O
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COROLLARY 2. Let V be a variety, X = {z1,...,2z,}, and F' = Fy(X). Then
Radp(x1,...,2,) = Idx(V),

where Idx (V) is the set of identities of V with X as the set of variables.

3.2. Finitely axiomatizable classes of L-algebras. The property of being equationally
Noetherian can be used to construct a list of axioms for some universal classes of algebras. In
the theorem below, we give a list of axioms for the universal closure Ucl(A) generated by some
L-algebra A. Recall that the universal closure of an L-algebra A is the class of all L-algebras such

that any universal formula ¢ true in A is true in these algebras.

THEOREM 3. Let A be an L-algebra and V = Var(A) be the variety generated by some L-
algebra A. Assume that a free L-algebra Fy/(X) of the variety V is equationally Noetherian for any
finite set X. Suppose that a class of L-algebras W C Ucl(A) is axiomatized by a set of identities
¥ C Atg(z1,...,2y). Then there exists a finite subset of identities ¥y C ¥ which axiomatizes W.
In other words,

W ={B e Ucl(4): BF Xy}.

Proof. Let ¥ = {p; = ¢; : i € I}. Then

W = {B € Ucl(A) : BE A\Vzy.. . Vaup; = q}
i€l

Put X = {z1,...,2,} and F = Fy(X). We can consider ¥ as a system of L-equations over F

and since F' is equationally Noetherian, there exists a finite subset
Yo={pimq:icl}CX

with the property Vi (X) = Vi (Zo).
Now, by virtue of Corollary 1 in Sec. 3.1, for any t1,...,t,, we have
VE /\ Vay .. Veapi(ty, .. tn) = qi(t1, ..., t)
icly
iff
VE /\VCCl o Vaapi(ty, . tn) = ity .. ty).
i€l
Since V = Var(A), we obtain

AE /\V:Cl...Vxnpi%qié/\Vxl...V:Cnpi%qi
i€lp i€l

This shows that for any j € I, the universal formula

/\ Vay ... Voup = g = Vo...Ve,p; = q;
i€y
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is true in A. Therefore,

Thy(A) + /\ V... Vaup = g | EVry.. Vop; = g,

icly
and hence

W= BeUd(Ad): BE /\ Vai...Vaupi ~ g

icly
Thus the set of formulas Xy is a list of axioms for W within Ucl(A). O

Example 1. Let V be the variety of all groups. It is known that V is generated by the free
group Fy of rank two; i.e., V = Var(Fy). Denote by Id(F3) the set of all true identities in Fs.
Let n > 1003 be an odd number and consider the following family of identities:

¥ ={[zP",y’"]" ~ 1: pis a prime number}.

Denote by Wy the variety of all groups axiomatized by X. According to [19], W is not finitely
based, i.e., it is not axiomatized by any finite list of identities. Consider the following class of
groups:

W ={B e Ucl(F,): BEX}=W;NUc(F).

For every finite set X, the free group F(X) is equationally Noetherian, and in view of the above
theorem, W can be axiomatized by a finite subset of 3. This means that there are prime numbers
Pi,---,Pm such that

m

Thy(F) + (/\ Vaylann, ] 1) -5

i=1
Thus the set 3 of identities independent over Id(F») turns out dependent in the universal theory
Thy(F2).

Remark 1. We know from model theory (see, e.g., [16]) that any algebra in the universal
closure Ucl(A) is isomorphic to a subalgebra of some ultrapower of an algebra A. If an L-algebra
A is finite, then

Ucl(A) ={B: B < A}.

Thus the theorem proved above becomes a trivial statement for finite algebras.

4. EQUATIONALLY NOETHERIAN GROUPS

We look at properties of equationally Noetherian groups. Below, unless otherwise stated, we
consider group equations with coefficients.
Recall that an A-group is a pair (G, \), where G is a group and A : A — G is an embedding. In

other words, G is an A-group if it contains a distinguished copy of A.
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From a model-theoretic standpoint, an A-group is any group in the language L(A), in which
an interpretation of constant symbols of £L(A) forms a subgroup isomorphic to A. In the category
of A-groups, any congruence must not identify different elements a; and as of the subgroup of A.
Thus every congruence of A-groups can be identified with a normal subgroup K of G for which
ANK = 1. Groups K with such properties will be called A-ideals. The results obtained above imply
that an A-group G is equationally Noetherian iff there are no infinite strictly ascending chains of
A-ideals over G (the mazimal property for A-ideals).

For a finite set X = {z1,...,2,} of variables, a free A-group generated by X is isomorphic
to the free product A[X] = A % F[X]|, where F[X] is a free group generated by X, and subsets
S C A[X] correspond to L(A)-systems of equations.

THEOREM 4. Let V be a variety of A-groups. All elements of V are equationally Noetherian
if and only if a free A-group Fy(X) in V is equationally Noetherian for all finite sets X.

Proof. Let Ry (X) be an A-ideal in A[X] such that A[X]/Rv(X) = Fy(X). Then an arbitrary
element of the A-group Fy(X) is represented as w = wRyv(X). For an A-group H € V and for
hi,...,h, € H, we define a homomorphism ¢ : Fy/(X) — H by setting

o(w) =w(hy, ..., hy).

The homomorphism ¢ is well defined. Indeed, for wy = wy, we obtain wflwg € Rv(X), i.e., the

identity wy Lwy &~ 1 is true in V, and so
wy(hi, ... hy) = wa(hi, ..., hy).
For S C Fy(X), we put
Vi (S)={(h1,...,hy) € H": Yw e S w(hy,...,h,) =1}

(Formally, S is not a system of £(A)-equations since the elements w belong to the A-group Fy (X)
and not to A[X]; nevertheless, it is easy to show that the set Vi (S) will be algebraic over H.)
Now we pass directly to the proof of the theorem. The equational Noetherianity of an A-
group Fy(X) yields the maximal property for A-ideals. Let H € V, S C A[X], and R be the
normal closure of S in A[X]. Clearly, Vi (S) = Vi (R), and every element of R is represented as

N
I uiwiﬂu; ! where w; € S and u; € A[X]. Below we prove that there is a finite subset Ry C R
i=1

such that Vi (R) = Viz(Ro).
Assume first that the required set

R() = {vl,...,vk}

is already constructed. Then, for any ¢, we obtain
N;
+1, -1
Vi = Huijwij uij
Jj=1
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for some u;; € A[X] and some w;; € S. Put
S():{’wiji 1§i§k‘, 1§]§NZ}

Then Sy C S and Vi (S) = Vi (Sp), which proves the equational Noetherianity of an A-group H.

Now we come back to the proof of the existence of a set Ry. Let
S={we Fy(X):weS}
and R be the normal closure of S in the A-group Fy/(X). We have
R={w: we€ R}.

On the other hand,
Vi (S) = Vu(R) = Vu(R) = Vu(9),

and we have exactly two cases to consider.

Case 1. Let AN R # 1. Then there exists an element 1 # a € AN R such that a # 1, and so
Vi (R) = @. Hence we can put Ry = {a} C R in this case.

Case 2. Let AN R = 1. Then R is an A-ideal of Fy/(X), and so it is finitely generated as
an A-ideal. Consequently, there exists a finite subset Ry C R generating R. We have Vg (R) =
Vi (Rp). Suppose Ry is a set of preimages of elements of Ry. Then Vi (Ry) = Vi (Ry), and so
Vi (R) = Vi (Ryp), which proves the equational Noetherianity of an A-group H.

Now assume that every element of the variety V is equationally Noetherian. We must prove
that an A-group Fy(X) is equationally Noetherian for any finite set X. Let K be an arbitrary
A-ideal in Fy(X) and H = Fy(X)/K. Then H is an A-group belonging to V. Let w € K. Then

w(a K, ...,z K) =w(z1,...,2,)K
=wKk
=K.

Hence the point (z1K,...,z,K) € H" belongs to Vy(w ~ 1). If, however, w € Fy(X) and
(r1K,...,2,K) is a solution for w ~ 1, then w € K. Thus

weK<e (nK,... ,2,K) e Vg(w=1). (%)

Now assume that K1 ¢ Ky G K3 & ... is a strictly ascending chain of A-ideals in Fy (X). For
every i, we choose w; € K;11 \ K; and let L; be the normal closure of a set K; U {w;}. We

oo
have K; & L; C K;41. Let H; = Fy(X)/K; and H = [] H;. By assumption, H is equationally
i=1

Noetherian. For every ¢, H; < H, and so

(l‘lKi, o ;ani) S VHZ(Kz) - VH(KZ)
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On the other hand, (z1Kj,...,z,K;) does not belong to Vi (L;) since (11K;,...,z,K;) €
Vi, (w; = 1) via (%) implies w; € K;. Hence

Vir(K1) 2 Vir(L1) 2 Vig(Ks) 2 Var(Ls) 2 ...,
and so H" contains the following strictly descending chain of algebraic sets:
Va (K1) 2 Vi(K2) 2 Ve (Ks) 2 ...,

a contradiction. O

COROLLARY 3. Every finitely generated metabelian group is equationally Noetherian.

Proof. Let A be a finitely generated metabelian group and V = Var4(A) be the variety of
A-groups generated by A. It is easy to see that every A-group in V is also metabelian. In particular,
the A-group Fy/(X) is metabelian and is generated by a set AUX (i.e., Fy/(X) is finitely generated).
By a well-known theorem of Ph. Hall, the A-group Fy/(X) has the maximal property for normal
groups. Therefore, Fy(X) satisfies the maximal condition for A-ideals. By the above theorem,
every A-group of V (including A) is equationally Noetherian. O

The above result on metabelian groups is not new. We know of a theorem of Remeslennikov
which says that every finitely generated metabelian group admits a faithful representation by
matrices over a ring which is isomorphic to a direct product of finitely many fields. Furthermore,
by Hilbert’s basis theorem, every finitely generated metabelian group is equationally Noetherian.
Our proof does not employ the result of Remeslennikov; however, we make implicit use of Hilbert’s
basis theorem because it is intended in the proof of Ph. Hall’s.

Recall that a variety is finitely based if it can be defined by a finite set of identities. A variety

has finite axiomatic rank if it can be defined by a finite number of variables.

COROLLARY 4. Let V be a variety of A-groups which has finite axiomatic rank. If all
elements of V are equationally Noetherian, then V is finitely based.
Proof. Let X = {z1,...,2,} be a finite set of variables that we need to define V, and let
R =1dx(V). It is clear that
R =Rad(z1,...,x,),

and so R is finitely generated as an A-ideal of the A-group Fy/(X) (by the above theorem, Fy(X)
is equationally Noetherian). Consequently, V is finitely based. O

In the next theorem, we give a sufficient condition under which an A-group A is equationally
Noetherian. An A-group G is said to be finitely cogenerated if, for any family {K;};er of A-ideals,
the condition (] K; = 1 implies that there exists a finite index set Iy C I with the property
NKi=1
i€lp

THEOREM 5. Let V = Vars(A) be a variety generated by an A-group A. Suppose that

for all m > 1, all finitely generated subgroups of A™ have the maximal property for their normal
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subgroups. Assume also that for every finite set X, the A-group Fy(X) is finitely cogenerated.
Then the A-group A is equationally Noetherian.

Proof. For any finite set X, we have

RV(X):ﬂ{RﬁA[X] CANR=1, qu <—>A}

(the symbol — denotes embedding) and

FoX) = Rﬂﬁ)'
Suppose

G:{RﬁA[X]:AmR:L Ag] <—>A}.

Let R € C. Then R/Rv(X) < Fy/(X) and R/Rv(X) is an A-ideal since AN R = 1. We have

N0 =
Ree Rv(X)

and since the A-group Fy (X)) is finitely cogenerated, there are finitely many elements Ry, ..., R, €
C for which

Hence

By assumption, Fy (X) has the maximal property for normal groups, and so it satisfies the maximal
condition for A-ideals. Consequently, by the above theorem, every element of V (in particular, A)
is equationally Noetherian. O

If A is a locally finite group, then all finitely generated subgroups of A™ automatically satisfy

the conditions of Theorem 5. We are therefore led to

COROLLARY 5. Let A be a locally finite group and V = Var4(A) be the variety of A-
groups generated by A. Suppose also that for every finite set X, the A-group Fy(X) is finitely

cogenerated. Then A is equationally Noetherian.

5. EQUATIONALLY ARTINIAN ALGEBRAS

We say that an L-algebra A is equationally Artinian if every strictly ascending chain of algebraic

sets over A terminates at a finite step.

5.1. A-radicals. We have
THEOREM 6. For an arbitrary L-algebra A, the following conditions are equivalent:
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(1) for any natural n and for E C A", there exists a finite subset Ey C E such that
Rad(E) = Rad(Ep);

(2) every strictly descending chain of A-radical ideals terminates at a finite step;
(3) A is equationally Artinian.
Proof. (1)< (2) Suppose that an L-algebra A satisfies (1). Let

be a descending chain of A-radicals for the sets E; C A™. Put

E = Va(Rad(E;)).
=1

By condition (1), there exists a finite subset Ey C E with the property Rad(E) = Rad(Ep). Since
Ej is finite, there is a number k£ > 1 such that

Eo - VA(Rad(Ek))

Consequently,
Rad(E) = Rad(Ep) 2 Rad(Ek).

On the other hand,
Rad(E) = (| Rad(E;) C Rad(Ej),
i=1

and the chain of A-radicals terminates at step k. Now suppose that an L-algebra A satisfies
condition (2), and let E C A™. Choose an arbitrary element ¢; € E. If Rad(E) = Rad({c1}), then
(1) is satisfied. Thus Rad(E) & Rad({c1}). Consequently, there is an L-equation p ~ ¢ with the
property
(p,q) € Rad({c1}) \ Rad(E).
Hence there is an element ¢y € E with p?(ca) # ¢4(ca). If Rad(E) = Rad({c1, c2}), then (1) is true;
if the given process is infinite, then we obtain an infinite strictly descending chain of A-radicals, a
contradiction with (2).
(2)=(3) Suppose
Y1CY, CY;5C...

is an infinite chain of algebraic sets in A™ and Y; = V4(S;) for some systems S; of L-equations.
Now
Rad(Y1) D Rad(Y2) 2 Rad(Y3) O ...

is a descending chain of A-radicals and so it terminates, i.e.,

Rad(Yk) = Rad(Yk.H) = ...
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for some natural number k. Consequently,
Va(Rad(Yy)) = Va(Rad (Y1) = ...,

and so
Yk:Yk+1:...7

which proves that the L-algebra A is equationally Artinian.
(3)=(2) Let

be a descending chain of A-radicals with F; C A™. For algebraic sets, we have
Ef* CECCEZC...,

and by condition (3), this chain terminates. Then the chain of A-radicals also terminates at a finite
step. O

Now we describe the class of equationally Artinian equational domains using the following
topological notion. A subset of a topological space is contracompact if each of its coverings by
closed sets has a finite subcovering. (In literature, this type of compactness is also referred to as

strong S-closedness).

THEOREM 7. An equational domain A is equationally Artinian, if and only if every subset
of A™ is contracompact for any natural n.

Proof. Let an equational domain A be equationally Artinian. Consider a subset C' C A™ and
its covering

cclJa
el

by closed subsets. If C' C C;, for some ¢; € I, then we automatically obtain a finite covering.
Otherwise, there is 7; € I such that Cj;, is not contained in C;, and C' N C;, # &. Continuing this

process, we arrive at a chain
Cio gCiOUCil gCiOUCil UCZ'2 G

Since an L-algebra A is an equational domain, all terms of the chain are algebraic sets, which
contradicts the assumption that A is equationally Artinian.

Suppose now that every subset of A™ is contracompact. Consider some subset &£ C A™. In view
of E being contracompact, there is a finite subset Fy C FE, which is dense in E (i.e., Eg = E).

Since an L-algebra A is an equational domain, we have E§¢ = E. Hence
Rad(Ep) = Rad(E{°) = Rad(F).

By the previous theorem, the L-algebra A is equationally Artinian. O
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As an application of the last theorem, we consider the following property of equationally
Artinian groups. Let G be a group and B C G". We say that the set B is a basis of identities for
G if the fact that all elements of B satisfy some equality w ~ 1 (w € F(x1,22,...,%,)) implies
that w ~ 1 is an identity in G.

COROLLARY 6. Every equationally Artinian group has a finite basis of identities.
Proof. We have
Idg(xq,...,2,) = Rad(G").

Since G is equationally Artinian, there is a finite set B such that B C G™ and Rad(G") = Rad(B).
Therefore, the set B is a basis of identities for G. O

5.2. V-systems of equations. Let V be a prevariety of A-algebras in the language L(A) and
X be a finite set of variables. In Sec. 3.1, the free algebra Fy/(X) of the variety V was defined. We
denote an arbitrary element of Fy/(X) by ¢, where ¢ is an L(A)-term.

Let B € V and (by,...,b,) € B™. We know that there exists a homomorphism ¢ : Fyy(X) — B
with the property
pB(b1,...,bn).

pP(by,...,b,) for arbitrary L(A)-terms p; and po.

©(p)

Therefore, if p; = py, then pP(by,...,b,) =
Thus the following definition is sound.
Definition 5. A V-equation is an expression of the form p = ¢, where p and ¢ are terms in the
language L(A). Suppose B is an A-algebra. A point (by,...,b,) € B™ is a solution for an equation
p ~ q over an A-algebra B if pB(b1,...,b,) = ¢®(by,...,bn).
A solution for a system S of V-equations is denoted by Vg (S). The given set is algebraic in
the conventional sense by virtue of the following observation. Let S’ be the set of all equations

p =~ q such that p =~ g € S. It is straightforward to verify that
VE (8) = Va(S).

Below, therefore, the algebraic set V}y (S) will be denoted by V(). Moreover, the Zariski topology
arising from algebraic sets relative to the prevariety V is just the ordinary Zariski topology. Let
Y C B™; put
Rad¥(Y)={p~q:VbeY pP(by,....by) =¢P(bs,... b))}
The quotient algebra Pl
vy)= RaZ§<1)f>

is the V-coordinate algebra of Y. It is easy to show that T'y(Y) 2 T'(Y).

5.3. Ideals of V-free algebras. An algebra B is said to be Noetherian (Artinian) if any strictly
ascending (descending) chain of ideals in B terminates. For the case where B is an A-algebra, the
condition of being Noetherian (Artinian) is formulated for chains of A-ideals. A congruence R on B

is called an A-ideal if the condition (a1, as) € R implies a; = ag for any pair of elements a;,as € A.
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THEOREM 8 [20]. Let 2 be a variety of L-algebras and let an algebra A € 9) contain a trivial
subalgebra. Denote by V = )4 the set of all elements of ) that are A-algebras. For any finite
set X, the free algebra Fy/(X) is Noetherian if and only if every algebra B € V is A-equationally
Noetherian.

We prove an analog of the above theorem for Artinian algebras.

THEOREM 9. Let 9 be a variety of L-algebras and let A € ) contain a trivial subalgebra.
Denote by V = 2) 4 the set of all elements of ) that are A-algebras. For any finite set X, the free
algebra Fy/(X) is Artinian if and only if every algebra B € V is A-equationally Artinian.

Proof. The main idea of the proof is the same as in Theorem 4.

Necessity. Let the free algebra Fy(X) be Artinian, B € V, and

icY,CYs5C...
be a chain of algebraic sets in B™. Then we have
Rad(Y;) D Rad(Y2) D Rad(Y3) D ...,

which is a chain of A-ideals in Fy (X). By assumption, the latter chain terminates, i.e., there is m
such that
Rad(Y;,) = Rad(Yi41) = - ...

Consequently, Y;, = Y,,—1 = ..., and therefore B is equationally Artinian.
Sufficiency. Let an arbitrary algebra B € V be equationally Artinian. For every A-ideal R in
Fyv(X), we put B(R) = Fyv(X)/R. Clearly, the algebra B(R) belongs to V and (p,q) € R iff

($1/R7 s 7xn/R) € VB(R) (p ~ Q)'

Suppose
Ri2Ry 2R3 2D ...

is an infinite chain of A-ideals in Fy/(X) and every A-ideal R; is treated as a system of V-equations.
Let (p;,q;) € Ri \ Riy1. Consider an A-ideal T; generated by a set R;+1 U (p;, ¢;). Then

Rit1 & Ty & R;.

Let B; = B(R;) and B = ][ B;; then B € V. We prove that the algebra B is not equationally

7
Artinian (which will contradict the assumption). Let
U= (z1/Rit1,.. . 2n/Rit1) € Vg, (Riy1) C VB(Rit1).

The point U does not belong to Vp(T;), since otherwise U € Vp(p; ~ ¢;) and (p;,q;) € Riy1.

Thus we have an infinite strictly ascending chain
VB(Ri) € VB(T:) & VB(Ri41),
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and so the algebra B is not equationally Artinian. O

5.4. Hilbert’s basis theorem. In [20], the statement of Hilbert’s basis theorem was formulated
for algebras in an arbitrary functional language L. We consider several examples dealing with this
problem. Suppose L is a functional language, ) is a variety of L-algebras, A € P, and V = Q4
is the family of all algebras of ) that are A-algebras. In examples below, we discuss the following
problem:

Does the fact that A satisfies the maximal property for ideals imply that Fy/(X) is Noetherian?
The given problem was formulated in [20] where analogs of Hilbert’s basis theorem were considered

for arbitrary algebras.

Example 2. Let L = (0,1,+, x) be the language of unital rings, 2 be the variety of all
commutative rings in L, A € 9, and V =Q4. If X = {z1,...,2,}, then F{/(X) = Az1, ..., 2],
and by Hilbert’s basis theorem, the answer to the question posed above is affirmative.

Example 3. Let L = (e,~!,) be the language of groups, 2) be the variety of all groups, A be
any group, and V =92 4. Then Fy(X) = A F(X). We show that Fy/(X) is not Noetherian even

if A has the maximal property for normal subgroups. Consider the Baumslag—Solitar group
B = {a,t : ta™t™ ! = a"),

where m,n > 1 and m # n. As shown in [1], the group B,, 5 is not equationally Noetherian. Then
B = A% By, is not A-equationally Noetherian. Consequently, by Theorem 8, A x F'(X) is not

Noetherian, and so the problem under consideration has a negative solution.

Example 4. Let ) be the variety of Abelian groups, A € 2) be finitely generated, and V = ) 4.
It is easy to verify that Fy(X) = A ® Fu(X), where the group Fy(X) is a free Abelian group
generated by X. Thus Fy(X) = A® Z". The group A @ Z" is Noetherian as a Z-module, and so
the above problem has a positive solution.

Let ) be a variety of algebras, A € ), and V = Q) 4. If there exists an algebra B € ) which is
not equationally Noetherian, then, by Theorem 8, Fy/(X) is not Noetherian. In this case, therefore,

our problem has a negative solution in ).

Example 5. Let 2) be the variety of all nilpotent groups of class at most ¢, A € ), and
V = 4. In [5], it was shown that any group B € 2) that is not finitely generated is not equationally
Noetherian. By Theorem 8, the group Fy/(X) is not equationally Noetherian as well.

5.5. Examples of equationally Artinian algebras. We give some examples of equationally

Artinian algebras.

Example 6. Suppose A is an equationally Artinian algebra (for example, a finite algebra).
We show that for any set I, the Cartesian power A’ is also equationally Artinian. Indeed, for any

equation p = ¢, there is a natural bijection between the sets Va(p =~ ¢)! and V41 (p ~ ¢) given by

(ai,...,al)ier — (a7 )iet, - - (af)ier)-
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Hence any chain of algebraic sets
VAI (Sl) C VAI(SQ) C VAI(Sg) C...

corresponds to the chain
Va(S1)! € Va(S2)' cVa(Ss)' ...,

which terminates because
VA(Sl) C VA(SQ) C VA(Sg) cC...

terminates in the algebra A.

Example 7. Let R be a Noetherian ring which is an Abelian group A relative to +. We prove
that A is equationally Artinian.

Consider p = a1x1 +. .. +apx, with a; € Z. We can show that the set V4 (p =~ 0) is a submodule
of R™. Hence a solution for any system S of equations is a submodule of R™ (n is the number of

variables in S). Since the space R™ is Noetherian, the group A is equationally Artinian.

Example 8. Let R be a Noetherian ring and A = (\q,..., ;) be a tuple of elements of R
with the property > A; = 1. Define an m-ary operation
i

PA(T1, . T) = Z/\zl‘z
;

Denote by A the set of elements of the ring R relative to pa. Using essentially the same argument
as in the previous example, we can show that A is equationally Artinian. If we assume that R is a
Noetherian but not Artinian ring, then A will be an example of an equationally Artinian algebra
that is not equationally Noetherian.

Example 9. We can show that only finite fields are equationally Artinian in the class of all

rings in the language L = (+,-,0,1).
6. OTHER TYPES OF COMPACTNESS

Let A be an L-algebra. A system S of L-equations is said to be A-independent if for any finite
subset Sy C S there exists an equation (p =~ q) € Sy with the property V4(So) & Va(So \ p = q).

THEOREM 10. For any L-algebra A and any system S of L-equations, there exists an
A-independent subsystem S’ C S equivalent to S over A.

Proof. Suppose F is the family of all A-independent subsystems of S. Consider an ascending
chain {T,}o € F and put T = |JT,. Let T° be an arbitrary finite subset of T'; then 70 C T,, for

some a. Hence there exists an equation (p ~ ¢) € T° such that

Va(T?) ¢ Va(T?\p =~ q).
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Thus the system 7' is A-independent, and so the chain {7}, }, has a maximal element in F. By
Zorn’s lemma, the entire set F has a maximal element S’.

Suppose V4(S) & Va(S’). Then there exist a point a € V4(S") \ Va(S) and an equation
(p1 = ¢q1) € S such that p1(a) # ¢1(a). Letting S” = 5" U (p1 = q1), we show that S” € F. To do
this, consider a finite subsystem Ty C S”. If Tp C S’, then there is an equation (p = q) € Ty with
the property

Va(To) & Va(To\p = q).

If (p1 ~ q1) € Ty, then Ty \ p1 =~ ¢1 C S’, whence

a € Va(To\p1 = q1).

Since pi(a) # qi(a), the point a does not belong to V4 (7). Therefore,

Va(To) & Va(To \ p1 = q1),

and hence S” € F, which contradicts the choice of a system S’. Thus V4(S) = Va(S'). O

o0
A topological space M is w-cocompact if for any countable open covering M = |J C; there
i=1
exists m > 1 such that for all j;, jo > m, we have

o0 o0

Ua=Uc.

1=J1 1=7J2
LEMMA 2. A topological space M is Artinian if and only if every subset of M is w-cocompact.
Proof. Necessity. We show that every subset N C M is also Artinian. Suppose

/ ! !
Y/CYjCvicC...

is a chain of closed subsets in N. There exist sets Y; closed in M for which Y/ = Y; N N. Clearly,

sets V; = Y1 U...UY; likewise are closed in M, and we have
VicWhCClzC....
By assumption, there is a natural number m such that V,,, = V11 = V42 = . ... Consequently,
Yiu..UuY,=h"u..uY,UY i1 =...,

whence
Y/U...UY, =Y/U...UY, UY, =...,
which yields Y;;, =Y, ., =.... Thus the space N is Artinian.
oo
Consider a countable open covering M = |J C; of M, where C; = M \ D; and the sets D; are
i=1

o0
closed. Then () D; = @. If we put
i=1

=
1

[ D
S
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we obtain a chain of closed sets Y1 C Yo C Y3 C .... By assumption, there exists a natural m such

that Y, = Y41 = . ... Therefore, for arbitrary ji,jo > m,
o0 o0
ﬂm:ﬂm
i=J1 i=J2

Consequently,

Gciz [j@w

=J1 i=j2
which proves that the space M is w-cocompact.

Sufficiency. Suppose M is w-cocompact and
iCYCYsC...

is a chain of closed subsets of M. Then
(o0}
M=|]JYfuM,
i=1

where the superscript ¢ denotes the complement. By assumption, there exists a natural number m

such that for all ji, jo > m,

o0 o0
Ure=U

=J1 1=J2
Consequently,
[o.¢] [o.¢]
Yi= (] Yi=...,
i=m i=m+1
whence
[o.¢] o
Ym= (] Yi= [ Y
i=m-+1 i=m-+2
[o.¢]
mwzﬂm:m
1=m+2
Thus Y, = Y;nt1 = ..., and so the space M is Artinian. O

By Lemma 2, an equational domain A is equationally Artinian iff any subset of A™ is w-
cocompact for all n.

We say that a system S of L-equations is A-stable (here A is some L-algebra) if V4(S) =
V4(S'\ ') for any proper subset S’ C S.

THEOREM 11. Let an L-algebra A be a weakly Noetherian equational domain. Suppose that
for any system S of L-equations, there exists a finite subsystem Sy such that S\ Sy is A-stable.
Then the L-algebra A is equationally Artinian. The converse is true if, in addition, the language

L is countable.
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oo
Proof. We show that A™ is w-cocompact. Let A = |J C; be an open covering. We have
1

1=

C; = A™ \ V4(S;) for some finite S;. Hence Va(S;) = @, and so Vy <U SZ) = . Suppose
i=1 i=1
S = S;. Then there exists a finite subset Sy C S such that the system S\ Sy is A-stable. Since
i=1

(o]
Sp is finite, there exists m such that the set V4 (U Si) is the same for all 7 > m. In other words,
i=j

for all j17j2 > m,
o o0
() Va(Si) = () Va(Sh),
1=J1 1=J2
which is equivalent to
o0 o0
Ue=Ua,
1=J1 1=7J2
and so A" is w-cocompact.
Assume now that L is a countable language, an L-algebra A is equationally Artinian, and S

is an arbitrary system of equations. The set of equations of S being countable is representable as
S ={pi = q}2,. For C = A"\ V4(S), we have

[o.¢]
C = JA"\ Valpi ~ @)
i=1
Since the L-algebra A is w-cocompact, there exists a natural m such that
o [o.¢]
U (A" \ Va(pi = ¢;)) = U (A" \ Va(pi = @)
=71 1=J2
for all j1,j2 > m. Put So ={p1 = q1,-..,Pm-1 = ¢m-1}. Then
Va(S\ So) = Va(S\ (S0 +pm & g+ ...+ Pmtj = dm+j))

for any j, and so S\ Sy is A-stable. O
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