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Different types of compactness in the Zariski topology are explored: for instance,
equational Noetherianity, equational Artinianity, qω-compactness, and uω-compactness.
Moreover, general results on the Zariski topology over algebras and groups are proved.

INTRODUCTION

Universal algebraic geometry is a new direction of research in modern algebra. The subject
of universal algebraic geometry is studying equations over an arbitrary algebraic structure A

(as distinct from classical algebraic geometry, where A is a field). Many papers concerning
algebraic geometry over groups have been published to date (see [1-5]). In a series of papers,
O. Kharlampovich and A. Myasnikov developed algebraic geometry over free groups, which made
it possible to find a positive solution to A. Tarski’s well-known problem on elementary theories of
free groups (see [6] and also [7] containing an independent solution to Tarski’s problem). Moreover,
in [8], it was proved that the elementary theory of free groups is decidable.

Algebraic geometry over other types of algebraic structures is presented, for instance, in [9]
(Lie algebras) and in [10, 11] (additive monoid of natural numbers). A systematic presentation
of the foundations of algebraic geometry was initiated by E. Daniyarova, A. Myasnikov, and
V. Remeslennikov [12-15].
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In this paper, we deal with different compactness conditions in universal algebraic geometry.
In other words, we are interested in how properties of a system of equations depend on properties
of its subsystems. Compactness conditions may be exemplified by concepts such as equational
Noetherianity, weak equational Noetherianity, qω-compactness, and uω-compactness.

First we cite basic notions and results from universal algebraic geometry; we give the definition
of a Zariski topology, and also of basic types of compactness of systems of equations (equational
Noetherianity, qω- and uω-compactness). Then we look into the concept of a metacompact algebra
and show how it is related to the concept of a metacompact Zariski topology. Next we couch
the definition of equationally Artinian algebras and point out several equivalent definitions of
being equationally Artinian. Finally, we study compactness conditions for free algebras in arbitrary
varieties.

1. BASIC DEFINITIONS

Following [12-15], we give basic definitions and concepts in universal algebraic geometry over
algebraic structures in functional languages. (For a deeper acquaintance with universal algebra and
model theory, we recommend [16-18].) Note also that many results of our paper hold not only for
functional languages, but also for arbitrary languages that may contain predicate symbols.

1.1. Systems of equations and algebraic sets. Let L be a functional language and A an
algebraic structure in the language L (an L-algebra). Adding to the language new constant symbols
a ∈ A corresponding to all elements of the algebra A, we obtain an extended language L(A). An
algebra B in the language L(A) is called an A-algebra if the map a �→ aB is an embedding of A in
B (here, aB denotes an interpretation of constant symbols a in the L(A)-algebra B). Denote by
X = {x1, . . . , xn} a finite set of variables, and by TL(X) the term L-algebra generated by X.

For simplicity, we give our definitions in the language L, but these can be readily extended to
the case of L(A).

An equation in the language L (an L-equation) in variables X = {x1, . . . , xn} is a pair (p, q),
where p, q ∈ TL(X). In this paper, we identify the concepts of an atomic formula in L, of an
equation, and of a pair of L-terms (p, q). Thus the set AtL(X) of atomic formulas in the language
L and the product algebra TL(X) × TL(X) are assumed to be equal.

Any subset S ⊆ AtL(X) of atomic formulas is called a system of equations in the language
L (an L-system). A system S is said to be consistent over an algebra A if there is an element
(a1, . . . , an) ∈ An such that for all equations (p ≈ q) ∈ S, the following equality holds:

pA(a1, . . . , an) = qA(a1, . . . , an),

where pA and qA denote interpretations of terms p and q in A. Otherwise, we say that S is
inconsistent over A. An L-system S is called an ideal if it coincides with some congruence on the
algebra TL(X). For an arbitrary system S of L-equations, an ideal generated by S is the smallest
congruence containing S, and we denote it by [S].
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For an arbitrary L-algebra A, an element (a1, . . . , an) ∈ An is often written as a. Let S be a
system of L-equations. Then the set

VA(S) = {a ∈ An : ∀(p ≈ q) ∈ S, pA(a) = qA(a)}

is said to be algebraic over an L-algebra A. It is clear that for any nonempty family {Si}i∈I of
L-systems,

VA

(⋃
i∈I

Si

)
=
⋂
i∈I

VA(Si).

We say that a subset in An is closed if it is an arbitrary intersection of finite unions of algebraic
sets over an L-algebra A. In view of this definition, we obtain a topology on An, which is called the
Zariski topology. For an arbitrary subset Y ⊆ An, its closure with respect to the Zariski topology
is denoted by Y . Also we denote by Y ac the smallest algebraic set containing Y . The equality
Y = Y ac is untrue in general; however, it holds for the following class of algebraic structures.

An L-algebra A is called an equational domain if the union of two algebraic sets in An (n ∈ M)
is again an algebraic set for any n. Examples of equational domains and their properties were
treated in [15].

In the language L(A), all definitions of universal algebraic geometry are given by analogy with
the language L. Below L(A)-equations p ≈ q are also called equations with coefficients in A.

Note that the class of equational domains may change in passing from L to L(A). For example,
as shown in [15], in the group language without constants L = (·,−1 , 1), there exist no nontrivial
equational domains; however, any non-Abelian free group F is an equational domain in the
language L(F ).

1.2. Radicals and coordinate algebras. Let L be an arbitrary functional language and A

an algebra in L. For any set Y ⊆ An, we put

RadA(Y ) = {(p, q) : ∀ a ∈ Y, pA(a) = qA(a)}.

It is easy to see that the set RadA(Y ) is an ideal in the term algebra. Every ideal of this type is
called an A-radical ideal (or a radical ideal for short). The radical of a system S of L-equations is
defined as RadA(VA(S)). In what follows, we omit the subscript in RadA(Y ) if it is known which
algebra A is involved.

Note that any ideal in the term algebra TL(X) is in fact an A-radical ideal for some L-algebra
A. Indeed, if, for any ideal R in the term algebra TL(X), we consider the quotient algebra B(R) =
TL(X)/R, then we obtain RadB(R)(R) = R.

It is easy to see that a set Y is algebraic iff VA(Rad(Y )) = Y . For an arbitrary set Y , we have
VA(Rad(Y )) = Y ac (see [13]). The coordinate algebra of a set Y is the quotient algebra

Γ(Y ) =
TL(X)
Rad(Y )

.
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An arbitrary element of Γ(Y ) is denoted by [p]Y . We define a function pY : Y → A by setting

pY (a) = pA(a1, . . . , an).

The function pY is a term function on Y . The set of all such functions will be denoted by T (Y ). It
is easy to show that Γ(Y ) ∼= T (Y ).

Two L-systems S and S′ are equivalent over an L-algebra A if VA(S) = VA(S′). Thus RadA(S)
is the largest L-system which is equivalent to S. Note also that [S] ⊆ RadA(S).

One of the major problems in universal algebraic geometry over an L-algebra A is to describe
all L-algebras isomorphic to coordinate algebras of algebraic sets over A. There are many necessary
and sufficient conditions for an L-algebra to be a coordinate algebra of some algebraic set over an
L-algebra A (see Sec. 1.4).

1.3. Equationally Noetherian algebras. The most important type of compactness is
equational Noetherianity.

Definition 1. An L-algebra A is said to be equationally Noetherian if, for any L-system S of
equations, there exists a finite subsystem S0 ⊆ S such that VA(S) = VA(S0).

An L-algebra A is n-equationally Noetherian if, for any L-system S with at most n variables,
there exists a finite subsystem S0 ⊆ S such that VA(S) = VA(S0).

If an A-algebra is equationally Noetherian in the language L(A), then we say that it is A-
equationally Noetherian. Many examples of equationally Noetherian algebras can be found in [13].
Among these are Noetherian rings, linear groups over Noetherian rings, and free groups. In [13], it
was proved that the following four assertions are equivalent:

(i) an L-algebra A is equationally Noetherian;
(ii) for any L-system S, there exists a finite subsystem S0 in [S] such that VA(S) = VA(S0);
(iii) for any n, the Zariski topology on An is Noetherian, i.e., An has no infinite strictly

descending chain of closed subsets;
(iv) for any chain of epimorphisms of coordinate L-algebras

Γ(Y1) → Γ(Y2) → Γ(Y3) → . . . ,

there is a natural number n such that all epimorphisms Γ(Yi) → Γ(Yi+1) are isomorphisms for any
i ≥ n.

Over an equationally Noetherian L-algebra A, an arbitrary closed set in An decomposes into a
finite union of irreducible algebraic subsets, and this decomposition is unique up to a permutation.
(A set Y is irreducible if it is not contained in any finite union of closed sets each of which has a
nonempty intersection with Y .)

THEOREM 1 [13]. Let A be an equationally Noetherian L-algebra. Then the following L-
algebras are also equationally Noetherian:

(i) any subalgebra and any filtered power of A;
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(ii) any coordinate algebra over A;
(iii) any fully residually A-algebra;
(iv) any algebra in a quasivariety generated by A;
(v) any algebra universally equivalent to A;
(vi) any limit algebra over A;
(vii) any finitely generated algebra defined by a complete atomic type in the universal theory

for A.
The next definition is a generalization of the concept of equationally Noetherian algebras.

Definition 2. An L-algebra A is weakly equationally Noetherian if, for any L-system S, there
exists a finite system S0 of L-equations that is equivalent to S over A. Note that here we do not
require that S0 ⊆ S.

Clearly, an L-algebra A is weakly equationally Noetherian iff the radical ideal RadA(S) is
finitely generated for any L-system S; i.e., there exists a finite subset S0 ⊆ RadA(S) such that
RadA(S) = RadA(S0).

The logical meaning of the last equality can be conveyed as follows. Let QId(A) be the set of
all quasi-identities true in A. Then an L-algebra A is weakly equationally Noetherian iff for any
L-system S there exist finitely many equations p1 ≈ q1, . . . , pm ≈ qm such that

RadA(S) =

{
(p, q) :

(
∀x1 . . . ∀xn

(
m∧

i=1

pi ≈ qi ⇒ p ≈ q

))
∈ QId(A)

}
.

1.4. Unification theorems. In [12-14], the so-called unification theorems are proved which
contain seven equivalent approaches to the problem of describing coordinate L-algebras of algebraic
sets over an arbitrary L-algebra A. Below we cite a full formulation of just one of these unification
theorems (all notions with which the reader is unfamiliar can be found in the papers mentioned).

THEOREM 2. Let A and Γ be algebras in the language L. Suppose A is equationally
Noetherian and Γ is finitely generated. Then the following assertions are equivalent:

(i) an L-algebra Γ is the coordinate L-algebra of some irreducible algebraic set over A;
(ii) an L-algebra Γ is a fully residually A-algebra, i.e., for any finite subset C ⊆ Γ, there exists

a homomorphism α : Γ → A such that the restriction of α to C is an injective map;
(iii) an L-algebra Γ embeds in some ultrapower of an L-algebra A;
(iv) an L-algebra Γ belongs to the universal closure of an L-algebra A, i.e., Th∀(A) ⊆ Th∀(Γ);
(v) an L-algebra Γ is a limit algebra over A;
(vi) an L-algebra Γ is defined by a complete type of Th∀(A).

2. TYPES OF COMPACTNESS

We consider the most important types of compactness related to properties of the Zariski
topology.
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The notions of qω- and uω-compact algebras were introduced in [14] where, also, unification
theorems for these classes were proved. Below we give a topological characterization of equational
domains in the classes of qω- and uω-compact algebras. We also introduce yet another generalization
of the notion of being equational Noetherian for algebras using the concept of metacompact
topological spaces.

2.1. qω-Compactness and uω-compactness. Following [14], we give definitions of qω- and
uω-compact algebras.

Definition 3. An L-algebra A is said to be qω-compact if, for any system S of equations and
any equation p ≈ q such that VA(S) ⊆ VA(p ≈ q), there exists a finite subsystem S0 ⊆ S for which
VA(S0) ⊆ VA(p ≈ q).

An L-algebra A is uω-compact if, for an arbitrary system S of equations and for finitely many
equations {p1 ≈ q1, . . . , pm ≈ qm} such that

VA(S) ⊆
m⋃

i=1

VA(pi ≈ qi),

there exists a finite subsystem S0 ⊆ S for which

VA(S0) ⊆
m⋃

i=1

VA(pi ≈ qi).

It is easy to show that any equationally Noetherian L-algebra is uω-compact and that every
uω-compact L-algebra is qω-compact. Similarly to an n-equationally Noetherian algebra, we can
define qn

ω- and un
ω-compact algebras.

As noted, the results of [12] give rise to a topological description of equationally Noetherian
L-algebras.

PROPOSITION 1. An L-algebra A is equationally Noetherian if and only if all subsets of
An are compact for every n.

Below we give a topological description of qω- and uω-compact L-algebras.

2.2. qω-Compactness and Zariski topology. Consider an L-algebra A and an L-equation
p ≈ q. Denote the set An \ VA(p ≈ q) by CA(p ≈ q).

PROPOSITION 2. Let an L-algebra A be an equational domain. Then A is qω-compact if
and only if CA(p ≈ q) is compact for all L-equations p ≈ q.

Proof. Assume that an L-algebra A is qω-compact. Let CA(p ≈ q) ⊆
⋃
i∈I

Ci, with Ci ⊆ An

open. Since A is an equational domain, Ci = An \ VA(Si) for some system Si. We have

An \ VA(p ≈ q) ⊆
⋃
i∈I

(An \ VA(Si)) = An \
⋂
i∈I

VA(Si),

hence ⋂
i∈I

VA(Si) ⊆ VA(p ≈ q),
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and so

VA

(⋃
i∈I

Si

)
⊆ VA(p ≈ q).

The definition of qω-compactness implies that there exists a finite subsystem S′ ⊆
⋃
i∈I

Si with the

property VA(S′) ⊆ VA(p ≈ q). We have

S′ ⊆ Si1 ∪ . . . ∪ Sim

for some i1, . . . , im ∈ I. Hence

m⋂
j=1

VA(Sij ) ⊆ VA(S′) ⊆ VA(p ≈ q),

and so CA(p ≈ q) ⊆
m⋃

j=1
Cij , which shows that CA(p ≈ q) is compact.

Suppose now that any CA(p ≈ q) is compact. Consider a system S and an equation p ≈ q for
which VA(S) ⊆ VA(p ≈ q). Then

CA(p ≈ q) ⊆ An \ VA(S)

= An \
⋂

(p≈q)∈S

VA(p ≈ q)

=
⋃

(p≈q)∈S

(An \ VA(p ≈ q)).

Hence

CA(p ≈ q) ⊆
m⋃

i=1

(An \ VA(pi ≈ qi))

for some p1 ≈ q1, . . . , pm ≈ qm ∈ S. Therefore,

VA(p1 ≈ q1, . . . , pm ≈ qm) ⊆ VA(p ≈ q),

i.e., A is qω-compact. �

A similar result is true for uω-compact equational domains. We can show that an equational
domain A is uω-compact iff any finite intersection of sets of the form CA(p ≈ q) is compact.

2.3. Metacompact algebras. Recall that a topological space is metacompact if every open
covering of the space has a subcovering such that each point of the space belongs to just finitely
many elements of the covering. The notion of metacompactness for topological spaces gives rise to
a similar notion for algebras.

Let S be a system of L-equations and A be an L-algebra. Denote by V ∗
A(S) the set of all points

(a1, . . . , an) ∈ An such that pA(a1, . . . , an) 
= qA(a1, . . . , an) for all but finitely many equations
(p ≈ q) ∈ S.
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Definition 4. An L-algebra A is metacompact if, for any L-system S inconsistent over A, there
exists an inconsistent subsystem S′ ⊆ S with the property V ∗

A(S′) = An.
It is easy to show that every equationally Noetherian L-algebra A is metacompact. Indeed, if

an L-system S is inconsistent over A, then there is a finite inconsistent system S0 ⊆ S with the
property VA(S0) = VA(S). Since S0 is finite, we have V ∗

A(S0) = An, and so the L-algebra A is
metacompact.

PROPOSITION 3. Let A be an equational domain in the language L. Then the space An is
metacompact for any natural n.

Proof. Consider a covering An =
⋃

α∈I

Cα, indexed by a set of ordinals I = {α : α ≤ κ}. Since

A is an equational domain, every Cα has the form

Cα = An \ VA(Sα)

for some L-system Sα, and
⋂
α

VA(Sα) = ∅. Suppose S =
⋃
α

Sα. Then VA(S) = ∅, and so there

exists an inconsistent subsystem S′ such that V ∗
A(S′) = An. Let

S′
0 = S′ ∩ S0,

S′
α+ = (S′ ∩ Sα+) \ S′

α.

For any limit ordinal, put
S′

λ = (S′ ∩ Sλ) \
⋃
α<λ

S′
α.

Clearly, S′ =
⋃
α

S′
α, S′

α ⊆ Sα, and S′
α ∩ S′

β = ∅ for distinct α and β. Now, put

C ′
α = An \ VA(S′

α).

Then C ′
α ⊆ Cα and

⋃
α

C ′
α = An. We have thus obtained a subcovering C ′

α, and it remains to show

that each point of the space An belongs to just finitely many elements of the covering.
Let a ∈ An. Then a ∈ V ∗

A(S′) = An. Consequently, there are finitely many equations

p1 ≈ q1, . . . , pm ≈ qm ∈ S′

such that pA
i (a) 
= qA

i (a) (1 ≤ i ≤ m). For each number i, there exists a unique αi ∈ I with the
property (pi ≈ qi) ∈ S′

αi
. Therefore, a does not belong to the set

VA(S′
α1

) ∪ . . . ∪ VA(S′
αm

).

For other α ∈ I, we have a ∈ VA(S′
α) (since S′

αi
∩ S′

α = ∅). Hence the point a belongs only to
C ′

α1
, . . . , C ′

αm
, and so An is metacompact. �
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3. FREE ALGEBRAS IN VARIETIES

Consider universal algebraic geometry over a free algebra FV in a variety V. A decisive role here
is played by the following simple observation: every solution for an equation over FV corresponds
to an identity in V.

3.1. Free algebras in prevarieties. Let V be a prevariety of L-algebras; i.e., V is closed
under taking subalgebras and direct products. Denote by Cong(A) the family of all congruences of
an L-algebra A. Define an ideal of the term L-algebra TL(X) by setting

RV(X) =
⋂{

R ∈ Cong(TL(X)) :
TL(X)

R
∈ V
}

.

In other words, RV(X) is the smallest congruence on the term algebra TL(X), for which the
quotient

FV(X) =
TL(X)
RV(X)

belongs to V. An L-algebra FV(X) is called the free algebra of the prevariety V generated by the
set X. We may show that a free algebra in V can be defined in a different way: an L-algebra FV(X)
is generated by a set X = {x/RV(X) : x ∈ X} and any map from X to an L-algebra A ∈ V

extends uniquely to a homomorphism of the L-algebra FV(X) (for more details about properties
of free algebras over prevarieties, we refer the reader to [16]).

A logical characterization of the set RV(X) is given in

LEMMA 1. Let V be a prevariety and X be a set of variables. Then

RV(X) = {(p, q) : V � (∀x1 . . . ∀xn p ≈ q)}.

Proof. Note that V � (∀x1 . . . ∀xnp ≈ q) in the formulation of the lemma means that for every
L-algebra A ∈ V and for arbitrary a1, . . . , an ∈ A, the following equality holds:

pA(a1, . . . , an) = qA(a1, . . . , an).

We prove the statement of the lemma for a finite set X (by a slight modification, the proof is
readily extended to the case where X is infinite).

Put
K = {(p, q) : V � (∀x1 . . . ∀xnp ≈ q)}.

Let R be an ideal in the term L-algebra TL(X) such that A = TL(X)/R ∈ V, and let (p, q) ∈ K.
We have

pA(x1/R, . . . , xn/R) = qA(x1/R, . . . , xn/R),

where x/R denotes the equivalence class containing x. The last equality is equivalent to p/R = q/R,
and so (p, q) ∈ R. Thus K ⊆ RV.
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Now we prove the inverse inclusion K ⊇ RV. Denote by F the quotient TL(X)/K. Clearly, an
L-algebra F is generated by a set X∗ = {x/K : x ∈ X}.

Consider an arbitrary map α : X∗ → A, where A is some L-algebra in the variety V. Define
α0 : X → A as α0(x) = α(x/K). The properties of a term algebra imply that there exists a
homomorphism α′

0 : TL(X) → A extending α0. It is easy to see that for all terms p ∈ TL(X), we
have α′

0(p) = pA(α(x1/K), . . . , α(xn/K)). The last equality shows that for (p, q) ∈ K, we have
α′

0(p) = α′
0(q), and hence (p, q) ∈ ker α′

0. Thus we obtain a homomorphism α′ : F → A with the
property

α′(t/K) = α′
0(t).

Clearly, α′ coincides with α over the set X∗. We prove that α′ is a unique extension of α to the
L-algebra F . Let h : F → A be another homomorphism such that h coincides with α over X∗.
Using induction on the complexity of a term t = f(t1, . . . , tm), we obtain

h(t/K) = h

(
f(t1, . . . , tm)

K

)

= fA(h(t1/K), . . . , h(tm/K))

= fA(α′(t1/K), . . . , α′(tm/K))

= α′
(

f(t1, . . . , tm)
K

)

= α′(t/K).

Thus the L-algebra F is a free algebra in the prevariety V, and so F ∈ V. Consequently,
RV ⊆ K. �

COROLLARY 1. Let V be a variety of L-algebras, F = FV(X), and p ≈ q be an L-equation
with variables X = {x1, x2, . . . , xn}. A point (t1, . . . , tn) ∈ Fn is a solution for p ≈ q if and only if

∀x1 . . . ∀xm p(t1, . . . , tn) ≈ q(t1, . . . , tn)

is true in each L-algebra of the prevariety V.
Proof. Let a point (t1, . . . , tn) ∈ Fn satisfy an equation p ≈ q. Then

pF (t1, . . . , tn) = qF (t1, . . . , tn),

and so
p(t1, . . . , tn)

RV(X)
=

q(t1, . . . , tn)
RV(X)

.

Consequently, (p(t1, . . . , tn), q(t1, . . . , tn)) ∈ RV(X), and by the above lemma,

V � ∀x1 . . . ∀xmp(t1, . . . , tn) ≈ q(t1, . . . , tn).

The converse statement can be proved similarly. �
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COROLLARY 2. Let V be a variety, X = {x1, . . . , xn}, and F = FV(X). Then

RadF (x1, . . . , xn) = IdX(V),

where IdX(V) is the set of identities of V with X as the set of variables.

3.2. Finitely axiomatizable classes of L-algebras. The property of being equationally
Noetherian can be used to construct a list of axioms for some universal classes of algebras. In
the theorem below, we give a list of axioms for the universal closure Ucl(A) generated by some
L-algebra A. Recall that the universal closure of an L-algebra A is the class of all L-algebras such
that any universal formula φ true in A is true in these algebras.

THEOREM 3. Let A be an L-algebra and V = Var(A) be the variety generated by some L-
algebra A. Assume that a free L-algebra FV(X) of the variety V is equationally Noetherian for any
finite set X. Suppose that a class of L-algebras W ⊆ Ucl(A) is axiomatized by a set of identities
Σ ⊆ AtL(x1, . . . , xn). Then there exists a finite subset of identities Σ0 ⊆ Σ which axiomatizes W.
In other words,

W = {B ∈ Ucl(A) : B � Σ0}.

Proof. Let Σ = {pi ≈ qi : i ∈ I}. Then

W =

{
B ∈ Ucl(A) : B �

∧
i∈I

∀x1 . . . ∀xnpi ≈ qi

}
.

Put X = {x1, . . . , xn} and F = FV(X). We can consider Σ as a system of L-equations over F ,
and since F is equationally Noetherian, there exists a finite subset

Σ0 = {pi ≈ qi : i ∈ I0} ⊆ Σ

with the property VF (Σ) = VF (Σ0).
Now, by virtue of Corollary 1 in Sec. 3.1, for any t1, . . . , tn, we have

V �
∧
i∈I0

∀x1 . . . ∀xnpi(t1, . . . , tn) ≈ qi(t1, . . . , tn)

iff
V �
∧
i∈I

∀x1 . . . ∀xnpi(t1, . . . , tn) ≈ qi(t1, . . . , tn).

Since V = Var(A), we obtain

A �

⎛
⎝∧

i∈I0

∀x1 . . . ∀xnpi ≈ qi ⇒
∧
i∈I

∀x1 . . . ∀xnpi ≈ qi

⎞
⎠ .

This shows that for any j ∈ I, the universal formula
∧
i∈I0

∀x1 . . . ∀xnpi ≈ qi ⇒ ∀x1 . . . ∀xnpj ≈ qj
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is true in A. Therefore,

Th∀(A) +

⎛
⎝∧

i∈I0

∀x1 . . . ∀xnpi ≈ qi

⎞
⎠ � ∀x1 . . . ∀xnpj ≈ qj,

and hence

W =

⎧
⎨
⎩B ∈ Ucl(A) : B �

∧
i∈I0

∀x1 . . . ∀xnpi ≈ qi

⎫
⎬
⎭ .

Thus the set of formulas Σ0 is a list of axioms for W within Ucl(A). �

Example 1. Let V be the variety of all groups. It is known that V is generated by the free
group F2 of rank two; i.e., V = Var(F2). Denote by Id(F2) the set of all true identities in F2.

Let n ≥ 1003 be an odd number and consider the following family of identities:

Σ = {[xpn, ypn]n ≈ 1 : p is a prime number}.

Denote by W1 the variety of all groups axiomatized by Σ. According to [19], W1 is not finitely
based, i.e., it is not axiomatized by any finite list of identities. Consider the following class of
groups:

W = {B ∈ Ucl(F2) : B � Σ} = W1 ∩ Ucl(F2).

For every finite set X, the free group F (X) is equationally Noetherian, and in view of the above
theorem, W can be axiomatized by a finite subset of Σ. This means that there are prime numbers
p1, . . . , pm such that

Th∀(F2) +

(
m∧

i=1

∀x∀y[xpin, ypin]n ≈ 1

)
� Σ.

Thus the set Σ of identities independent over Id(F2) turns out dependent in the universal theory
Th∀(F2).

Remark 1. We know from model theory (see, e.g., [16]) that any algebra in the universal
closure Ucl(A) is isomorphic to a subalgebra of some ultrapower of an algebra A. If an L-algebra
A is finite, then

Ucl(A) = {B : B ≤ A}.

Thus the theorem proved above becomes a trivial statement for finite algebras.

4. EQUATIONALLY NOETHERIAN GROUPS

We look at properties of equationally Noetherian groups. Below, unless otherwise stated, we
consider group equations with coefficients.

Recall that an A-group is a pair (G,λ), where G is a group and λ : A → G is an embedding. In
other words, G is an A-group if it contains a distinguished copy of A.
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From a model-theoretic standpoint, an A-group is any group in the language L(A), in which
an interpretation of constant symbols of L(A) forms a subgroup isomorphic to A. In the category
of A-groups, any congruence must not identify different elements a1 and a2 of the subgroup of A.
Thus every congruence of A-groups can be identified with a normal subgroup K of G for which
A∩K = 1. Groups K with such properties will be called A-ideals. The results obtained above imply
that an A-group G is equationally Noetherian iff there are no infinite strictly ascending chains of
A-ideals over G (the maximal property for A-ideals).

For a finite set X = {x1, . . . , xn} of variables, a free A-group generated by X is isomorphic
to the free product A[X] = A ∗ F [X], where F [X] is a free group generated by X, and subsets
S ⊆ A[X] correspond to L(A)-systems of equations.

THEOREM 4. Let V be a variety of A-groups. All elements of V are equationally Noetherian
if and only if a free A-group FV(X) in V is equationally Noetherian for all finite sets X.

Proof. Let RV(X) be an A-ideal in A[X] such that A[X]/RV(X) ∼= FV(X). Then an arbitrary
element of the A-group FV(X) is represented as w = wRV(X). For an A-group H ∈ V and for
h1, . . . , hn ∈ H, we define a homomorphism ϕ : FV(X) → H by setting

ϕ(w) = w(h1, . . . , hn).

The homomorphism ϕ is well defined. Indeed, for w1 = w2, we obtain w−1
1 w2 ∈ RV(X), i.e., the

identity w−1
1 w2 ≈ 1 is true in V, and so

w1(h1, . . . , hn) = w2(h1, . . . , hn).

For S ⊆ FV(X), we put

VH(S) = {(h1, . . . , hn) ∈ Hn : ∀w ∈ S w(h1, . . . , hn) = 1}.

(Formally, S is not a system of L(A)-equations since the elements w belong to the A-group FV(X)
and not to A[X]; nevertheless, it is easy to show that the set VH(S) will be algebraic over H.)

Now we pass directly to the proof of the theorem. The equational Noetherianity of an A-
group FV(X) yields the maximal property for A-ideals. Let H ∈ V, S ⊆ A[X], and R be the
normal closure of S in A[X]. Clearly, VH(S) = VH(R), and every element of R is represented as
N∏

i=1
uiw

±1
i u−1

i , where wi ∈ S and ui ∈ A[X]. Below we prove that there is a finite subset R0 ⊆ R

such that VH(R) = VH(R0).
Assume first that the required set

R0 = {v1, . . . , vk}

is already constructed. Then, for any i, we obtain

vi =
Ni∏
j=1

uijw
±1
ij u−1

ij
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for some uij ∈ A[X] and some wij ∈ S. Put

S0 = {wij : 1 ≤ i ≤ k, 1 ≤ j ≤ Ni}.

Then S0 ⊆ S and VH(S) = VH(S0), which proves the equational Noetherianity of an A-group H.
Now we come back to the proof of the existence of a set R0. Let

S = {w ∈ FV(X) : w ∈ S}

and R be the normal closure of S in the A-group FV(X). We have

R = {w : w ∈ R}.

On the other hand,
VH(S) = VH(R) = VH(R) = VH(S),

and we have exactly two cases to consider.
Case 1. Let A ∩ R 
= 1. Then there exists an element 1 
= a ∈ A ∩ R such that a 
= 1, and so

VH(R) = ∅. Hence we can put R0 = {a} ⊆ R in this case.
Case 2. Let A ∩ R = 1. Then R is an A-ideal of FV(X), and so it is finitely generated as

an A-ideal. Consequently, there exists a finite subset R0 ⊆ R generating R. We have VH(R) =
VH(R0). Suppose R0 is a set of preimages of elements of R0. Then VH(R0) = VH(R0), and so
VH(R) = VH(R0), which proves the equational Noetherianity of an A-group H.

Now assume that every element of the variety V is equationally Noetherian. We must prove
that an A-group FV(X) is equationally Noetherian for any finite set X. Let K be an arbitrary
A-ideal in FV(X) and H = FV(X)/K. Then H is an A-group belonging to V. Let w ∈ K. Then

w(x1K, . . . , xnK) = w(x1, . . . , xn)K

= wK

= K.

Hence the point (x1K, . . . , xnK) ∈ Hn belongs to VH(w ≈ 1). If, however, w ∈ FV(X) and
(x1K, . . . , xnK) is a solution for w ≈ 1, then w ∈ K. Thus

w ∈ K ⇔ (x1K, . . . , xnK) ∈ VH(w ≈ 1). (∗)

Now assume that K1 � K2 � K3 � . . . is a strictly ascending chain of A-ideals in FV(X). For
every i, we choose wi ∈ Ki+1 \ Ki and let Li be the normal closure of a set Ki ∪ {wi}. We

have Ki � Li ⊆ Ki+1. Let Hi = FV(X)/Ki and H =
∞∏
i=1

Hi. By assumption, H is equationally

Noetherian. For every i, Hi ≤ H, and so

(x1Ki, . . . , xnKi) ∈ VHi(Ki) ⊆ VH(Ki).
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On the other hand, (x1Ki, . . . , xnKi) does not belong to VH(Li) since (x1Ki, . . . , xnKi) ∈
VHi(wi ≈ 1) via (∗) implies wi ∈ Ki. Hence

VH(K1) � VH(L1) ⊇ VH(K2) � VH(L2) ⊇ . . . ,

and so Hn contains the following strictly descending chain of algebraic sets:

VH(K1) � VH(K2) � VH(K3) � . . . ,

a contradiction. �

COROLLARY 3. Every finitely generated metabelian group is equationally Noetherian.
Proof. Let A be a finitely generated metabelian group and V = V arA(A) be the variety of

A-groups generated by A. It is easy to see that every A-group in V is also metabelian. In particular,
the A-group FV(X) is metabelian and is generated by a set A∪X (i.e., FV(X) is finitely generated).
By a well-known theorem of Ph. Hall, the A-group FV(X) has the maximal property for normal
groups. Therefore, FV(X) satisfies the maximal condition for A-ideals. By the above theorem,
every A-group of V (including A) is equationally Noetherian. �

The above result on metabelian groups is not new. We know of a theorem of Remeslennikov
which says that every finitely generated metabelian group admits a faithful representation by
matrices over a ring which is isomorphic to a direct product of finitely many fields. Furthermore,
by Hilbert’s basis theorem, every finitely generated metabelian group is equationally Noetherian.
Our proof does not employ the result of Remeslennikov; however, we make implicit use of Hilbert’s
basis theorem because it is intended in the proof of Ph. Hall’s.

Recall that a variety is finitely based if it can be defined by a finite set of identities. A variety
has finite axiomatic rank if it can be defined by a finite number of variables.

COROLLARY 4. Let V be a variety of A-groups which has finite axiomatic rank. If all
elements of V are equationally Noetherian, then V is finitely based.

Proof. Let X = {x1, . . . , xn} be a finite set of variables that we need to define V, and let
R = IdX(V). It is clear that

R = Rad(x1, . . . , xn),

and so R is finitely generated as an A-ideal of the A-group FV(X) (by the above theorem, FV(X)
is equationally Noetherian). Consequently, V is finitely based. �

In the next theorem, we give a sufficient condition under which an A-group A is equationally
Noetherian. An A-group G is said to be finitely cogenerated if, for any family {Ki}i∈I of A-ideals,
the condition

⋂
i∈I

Ki = 1 implies that there exists a finite index set I0 ⊆ I with the property
⋂

i∈I0

Ki = 1.

THEOREM 5. Let V = VarA(A) be a variety generated by an A-group A. Suppose that
for all m ≥ 1, all finitely generated subgroups of Am have the maximal property for their normal
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subgroups. Assume also that for every finite set X, the A-group FV(X) is finitely cogenerated.
Then the A-group A is equationally Noetherian.

Proof. For any finite set X, we have

RV(X) =
⋂{

R � A[X] : A ∩ R = 1,
A[X]

R
↪→ A

}

(the symbol ↪→ denotes embedding) and

FV(X) =
A[X]

RV(X)
.

Suppose

C =
{

R � A[X] : A ∩ R = 1,
A[X]

R
↪→ A

}
.

Let R ∈ C. Then R/RV(X) � FV(X) and R/RV(X) is an A-ideal since A ∩ R = 1. We have

⋂
R∈C

R

RV(X)
= 1,

and since the A-group FV(X) is finitely cogenerated, there are finitely many elements R1, . . . , Rm ∈
C for which

RV(X) =
m⋂

i=1

Ri.

Hence

FV(X) =
A[X]
m⋂

i=1
Ri

↪→
m∏

i=1

A[X]
Ri

↪→ Am.

By assumption, FV(X) has the maximal property for normal groups, and so it satisfies the maximal
condition for A-ideals. Consequently, by the above theorem, every element of V (in particular, A)
is equationally Noetherian. �

If A is a locally finite group, then all finitely generated subgroups of Am automatically satisfy
the conditions of Theorem 5. We are therefore led to

COROLLARY 5. Let A be a locally finite group and V = VarA(A) be the variety of A-
groups generated by A. Suppose also that for every finite set X, the A-group FV(X) is finitely
cogenerated. Then A is equationally Noetherian.

5. EQUATIONALLY ARTINIAN ALGEBRAS

We say that an L-algebra A is equationally Artinian if every strictly ascending chain of algebraic
sets over A terminates at a finite step.

5.1. A-radicals. We have

THEOREM 6. For an arbitrary L-algebra A, the following conditions are equivalent:
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(1) for any natural n and for E ⊆ An, there exists a finite subset E0 ⊆ E such that

Rad(E) = Rad(E0);

(2) every strictly descending chain of A-radical ideals terminates at a finite step;
(3) A is equationally Artinian.
Proof. (1)⇔(2) Suppose that an L-algebra A satisfies (1). Let

Rad(E1) ⊇ Rad(E2) ⊇ Rad(E3) ⊇ . . .

be a descending chain of A-radicals for the sets Ei ⊆ An. Put

E =
∞⋃
i=1

VA(Rad(Ei)).

By condition (1), there exists a finite subset E0 ⊆ E with the property Rad(E) = Rad(E0). Since
E0 is finite, there is a number k ≥ 1 such that

E0 ⊆ VA(Rad(Ek)).

Consequently,
Rad(E) = Rad(E0) ⊇ Rad(Ek).

On the other hand,

Rad(E) =
∞⋂
i=1

Rad(Ei) ⊆ Rad(Ek),

and the chain of A-radicals terminates at step k. Now suppose that an L-algebra A satisfies
condition (2), and let E ⊆ An. Choose an arbitrary element c1 ∈ E. If Rad(E) = Rad({c1}), then
(1) is satisfied. Thus Rad(E) � Rad({c1}). Consequently, there is an L-equation p ≈ q with the
property

(p, q) ∈ Rad({c1}) \ Rad(E).

Hence there is an element c2 ∈ E with pA(c2) 
= qA(c2). If Rad(E) = Rad({c1, c2}), then (1) is true;
if the given process is infinite, then we obtain an infinite strictly descending chain of A-radicals, a
contradiction with (2).

(2)⇒(3) Suppose
Y1 ⊆ Y2 ⊆ Y3 ⊆ . . .

is an infinite chain of algebraic sets in An and Yi = VA(Si) for some systems Si of L-equations.
Now

Rad(Y1) ⊇ Rad(Y2) ⊇ Rad(Y3) ⊇ . . .

is a descending chain of A-radicals and so it terminates, i.e.,

Rad(Yk) = Rad(Yk+1) = . . .
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for some natural number k. Consequently,

VA(Rad(Yk)) = VA(Rad(Yk+1)) = . . . ,

and so
Yk = Yk+1 = . . . ,

which proves that the L-algebra A is equationally Artinian.
(3)⇒(2) Let

Rad(E1) ⊇ Rad(E2) ⊇ Rad(E3) ⊇ . . .

be a descending chain of A-radicals with Ei ⊆ An. For algebraic sets, we have

Eac
1 ⊆ Eac

2 ⊆ Eac
3 ⊆ . . . ,

and by condition (3), this chain terminates. Then the chain of A-radicals also terminates at a finite
step. �

Now we describe the class of equationally Artinian equational domains using the following
topological notion. A subset of a topological space is contracompact if each of its coverings by
closed sets has a finite subcovering. (In literature, this type of compactness is also referred to as
strong S-closedness).

THEOREM 7. An equational domain A is equationally Artinian, if and only if every subset
of An is contracompact for any natural n.

Proof. Let an equational domain A be equationally Artinian. Consider a subset C ⊆ An and
its covering

C ⊆
⋃
i∈I

Ci

by closed subsets. If C ⊆ Ci0 for some ii ∈ I, then we automatically obtain a finite covering.
Otherwise, there is i1 ∈ I such that Ci1 is not contained in Ci0 and C ∩ Ci1 
= ∅. Continuing this
process, we arrive at a chain

Ci0 � Ci0 ∪ Ci1 � Ci0 ∪ Ci1 ∪ Ci2 � . . . .

Since an L-algebra A is an equational domain, all terms of the chain are algebraic sets, which
contradicts the assumption that A is equationally Artinian.

Suppose now that every subset of An is contracompact. Consider some subset E ⊆ An. In view
of E being contracompact, there is a finite subset E0 ⊆ E, which is dense in E (i.e., E0 = E).
Since an L-algebra A is an equational domain, we have Eac

0 = E. Hence

Rad(E0) = Rad(Eac
0 ) = Rad(E).

By the previous theorem, the L-algebra A is equationally Artinian. �
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As an application of the last theorem, we consider the following property of equationally
Artinian groups. Let G be a group and B ⊆ Gn. We say that the set B is a basis of identities for
G if the fact that all elements of B satisfy some equality w ≈ 1 (w ∈ F (x1, x2, . . . , xn)) implies
that w ≈ 1 is an identity in G.

COROLLARY 6. Every equationally Artinian group has a finite basis of identities.
Proof. We have

IdG(x1, . . . , xn) = Rad(Gn).

Since G is equationally Artinian, there is a finite set B such that B ⊆ Gn and Rad(Gn) = Rad(B).
Therefore, the set B is a basis of identities for G. �

5.2. V-systems of equations. Let V be a prevariety of A-algebras in the language L(A) and
X be a finite set of variables. In Sec. 3.1, the free algebra FV(X) of the variety V was defined. We
denote an arbitrary element of FV(X) by t, where t is an L(A)-term.

Let B ∈ V and (b1, . . . , bn) ∈ Bn. We know that there exists a homomorphism ϕ : FV(X) → B

with the property
ϕ(p) = pB(b1, . . . , bn).

Therefore, if p1 = p2, then pB
1 (b1, . . . , bn) = pB

2 (b1, . . . , bn) for arbitrary L(A)-terms p1 and p2.
Thus the following definition is sound.

Definition 5. A V-equation is an expression of the form p ≈ q, where p and q are terms in the
language L(A). Suppose B is an A-algebra. A point (b1, . . . , bn) ∈ Bn is a solution for an equation
p ≈ q over an A-algebra B if pB(b1, . . . , bn) = qB(b1, . . . , bn).

A solution for a system S of V-equations is denoted by V V
B (S). The given set is algebraic in

the conventional sense by virtue of the following observation. Let S′ be the set of all equations
p ≈ q such that p ≈ q ∈ S. It is straightforward to verify that

V V
B (S) = VB(S′).

Below, therefore, the algebraic set V V
B (S) will be denoted by VB(S). Moreover, the Zariski topology

arising from algebraic sets relative to the prevariety V is just the ordinary Zariski topology. Let
Y ⊆ Bn; put

RadV
B (Y ) = {p ≈ q : ∀b ∈ Y pB(b1, . . . , bn) = qB(b1, . . . , bn)}.

The quotient algebra

ΓV(Y ) =
FV(X)

RadV
B (Y )

is the V-coordinate algebra of Y . It is easy to show that ΓV(Y ) ∼= Γ(Y ).

5.3. Ideals of V-free algebras. An algebra B is said to be Noetherian (Artinian) if any strictly
ascending (descending) chain of ideals in B terminates. For the case where B is an A-algebra, the
condition of being Noetherian (Artinian) is formulated for chains of A-ideals. A congruence R on B

is called an A-ideal if the condition (a1, a2) ∈ R implies a1 = a2 for any pair of elements a1, a2 ∈ A.

164



THEOREM 8 [20]. Let Y be a variety of L-algebras and let an algebra A ∈ Y contain a trivial
subalgebra. Denote by V = YA the set of all elements of Y that are A-algebras. For any finite
set X, the free algebra FV(X) is Noetherian if and only if every algebra B ∈ V is A-equationally
Noetherian.

We prove an analog of the above theorem for Artinian algebras.

THEOREM 9. Let Y be a variety of L-algebras and let A ∈ Y contain a trivial subalgebra.
Denote by V = YA the set of all elements of Y that are A-algebras. For any finite set X, the free
algebra FV(X) is Artinian if and only if every algebra B ∈ V is A-equationally Artinian.

Proof. The main idea of the proof is the same as in Theorem 4.
Necessity. Let the free algebra FV(X) be Artinian, B ∈ V, and

Y1 ⊆ Y2 ⊆ Y3 ⊆ . . .

be a chain of algebraic sets in Bn. Then we have

Rad(Y1) ⊇ Rad(Y2) ⊇ Rad(Y3) ⊇ . . . ,

which is a chain of A-ideals in FV(X). By assumption, the latter chain terminates, i.e., there is m

such that
Rad(Ym) = Rad(Ym+1) = . . . .

Consequently, Ym = Ym=1 = . . . , and therefore B is equationally Artinian.
Sufficiency. Let an arbitrary algebra B ∈ V be equationally Artinian. For every A-ideal R in

FV(X), we put B(R) = FV(X)/R. Clearly, the algebra B(R) belongs to V and (p, q) ∈ R iff

(x1/R, . . . , xn/R) ∈ VB(R)(p ≈ q).

Suppose
R1 � R2 � R3 � . . .

is an infinite chain of A-ideals in FV(X) and every A-ideal Ri is treated as a system of V-equations.
Let (pi, qi) ∈ Ri \ Ri+1. Consider an A-ideal Ti generated by a set Ri+1 ∪ (pi, qi). Then

Ri+1 � Ti � Ri.

Let Bi = B(Ri) and B =
∏
i

Bi; then B ∈ V. We prove that the algebra B is not equationally

Artinian (which will contradict the assumption). Let

U = (x1/Ri+1, . . . , xn/Ri+1) ∈ VBi+1(Ri+1) ⊆ VB(Ri+1).

The point U does not belong to VB(Ti), since otherwise U ∈ VB(pi ≈ qi) and (pi, qi) ∈ Ri+1.
Thus we have an infinite strictly ascending chain

VB(Ri) ⊆ VB(Ti) � VB(Ri+1),
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and so the algebra B is not equationally Artinian. �

5.4. Hilbert’s basis theorem. In [20], the statement of Hilbert’s basis theorem was formulated
for algebras in an arbitrary functional language L. We consider several examples dealing with this
problem. Suppose L is a functional language, Y is a variety of L-algebras, A ∈ Y, and V = YA

is the family of all algebras of Y that are A-algebras. In examples below, we discuss the following
problem:

Does the fact that A satisfies the maximal property for ideals imply that FV(X) is Noetherian?
The given problem was formulated in [20] where analogs of Hilbert’s basis theorem were considered
for arbitrary algebras.

Example 2. Let L = (0, 1,+,×) be the language of unital rings, Y be the variety of all
commutative rings in L, A ∈ Y, and V = YA. If X = {x1, . . . , xn}, then FV(X) = A[x1, . . . , xn],
and by Hilbert’s basis theorem, the answer to the question posed above is affirmative.

Example 3. Let L = (e,−1 , ·) be the language of groups, Y be the variety of all groups, A be
any group, and V = YA. Then FV(X) = A ∗ F (X). We show that FV(X) is not Noetherian even
if A has the maximal property for normal subgroups. Consider the Baumslag–Solitar group

Bm,n = 〈a, t : tamt−1 = an〉,

where m,n ≥ 1 and m 
= n. As shown in [1], the group Bm,n is not equationally Noetherian. Then
B = A ∗ Bm,n is not A-equationally Noetherian. Consequently, by Theorem 8, A ∗ F (X) is not
Noetherian, and so the problem under consideration has a negative solution.

Example 4. Let Y be the variety of Abelian groups, A ∈ Y be finitely generated, and V = YA.
It is easy to verify that FV(X) = A ⊕ Fab(X), where the group Fab(X) is a free Abelian group
generated by X. Thus FV(X) = A ⊕ Zn. The group A ⊕ Zn is Noetherian as a Z-module, and so
the above problem has a positive solution.

Let Y be a variety of algebras, A ∈ Y, and V = YA. If there exists an algebra B ∈ Y which is
not equationally Noetherian, then, by Theorem 8, FV(X) is not Noetherian. In this case, therefore,
our problem has a negative solution in Y.

Example 5. Let Y be the variety of all nilpotent groups of class at most c, A ∈ Y, and
V = YA. In [5], it was shown that any group B ∈ Y that is not finitely generated is not equationally
Noetherian. By Theorem 8, the group FV(X) is not equationally Noetherian as well.

5.5. Examples of equationally Artinian algebras. We give some examples of equationally
Artinian algebras.

Example 6. Suppose A is an equationally Artinian algebra (for example, a finite algebra).
We show that for any set I, the Cartesian power AI is also equationally Artinian. Indeed, for any
equation p ≈ q, there is a natural bijection between the sets VA(p ≈ q)I and VAI (p ≈ q) given by

(a1
i , . . . , a

n
i )i∈I �→ ((a1

i )i∈I , . . . , (an
i )i∈I).

166



Hence any chain of algebraic sets

VAI (S1) ⊂ VAI (S2) ⊂ VAI (S3) ⊂ . . .

corresponds to the chain
VA(S1)I ⊂ VA(S2)I ⊂ VA(S3)I ⊂ . . . ,

which terminates because
VA(S1) ⊂ VA(S2) ⊂ VA(S3) ⊂ . . .

terminates in the algebra A.

Example 7. Let R be a Noetherian ring which is an Abelian group A relative to +. We prove
that A is equationally Artinian.

Consider p = a1x1+ . . .+anxn with ai ∈ Z. We can show that the set VA(p ≈ 0) is a submodule
of Rn. Hence a solution for any system S of equations is a submodule of Rn (n is the number of
variables in S). Since the space Rn is Noetherian, the group A is equationally Artinian.

Example 8. Let R be a Noetherian ring and Λ = (λ1, . . . , λm) be a tuple of elements of R

with the property
∑
i

λi = 1. Define an m-ary operation

pΛ(x1, . . . , xm) =
∑

i

λixi.

Denote by A the set of elements of the ring R relative to pΛ. Using essentially the same argument
as in the previous example, we can show that A is equationally Artinian. If we assume that R is a
Noetherian but not Artinian ring, then A will be an example of an equationally Artinian algebra
that is not equationally Noetherian.

Example 9. We can show that only finite fields are equationally Artinian in the class of all
rings in the language L = (+, ·, 0, 1).

6. OTHER TYPES OF COMPACTNESS

Let A be an L-algebra. A system S of L-equations is said to be A-independent if for any finite
subset S0 ⊆ S there exists an equation (p ≈ q) ∈ S0 with the property VA(S0) � VA(S0 \ p ≈ q).

THEOREM 10. For any L-algebra A and any system S of L-equations, there exists an
A-independent subsystem S′ ⊆ S equivalent to S over A.

Proof. Suppose F is the family of all A-independent subsystems of S. Consider an ascending
chain {Tα}α ⊆ F and put T =

⋃
Tα. Let T 0 be an arbitrary finite subset of T ; then T 0 ⊆ Tα for

some α. Hence there exists an equation (p ≈ q) ∈ T 0 such that

VA(T 0) � VA(T 0 \ p ≈ q).
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Thus the system T is A-independent, and so the chain {Tα}α has a maximal element in F. By
Zorn’s lemma, the entire set F has a maximal element S′.

Suppose VA(S) � VA(S′). Then there exist a point a ∈ VA(S′) \ VA(S) and an equation
(p1 ≈ q1) ∈ S such that p1(a) 
= q1(a). Letting S′′ = S′ ∪ (p1 ≈ q1), we show that S′′ ∈ F. To do
this, consider a finite subsystem T0 ⊆ S′′. If T0 ⊆ S′, then there is an equation (p ≈ q) ∈ T0 with
the property

VA(T0) � VA(T0 \ p ≈ q).

If (p1 ≈ q1) ∈ T0, then T0 \ p1 ≈ q1 ⊆ S′, whence

a ∈ VA(T0 \ p1 ≈ q1).

Since p1(a) 
= q1(a), the point a does not belong to VA(T0). Therefore,

VA(T0) � VA(T0 \ p1 ≈ q1),

and hence S′′ ∈ F, which contradicts the choice of a system S′. Thus VA(S) = VA(S′). �

A topological space M is ω-cocompact if for any countable open covering M =
∞⋃
i=1

Ci there

exists m ≥ 1 such that for all j1, j2 ≥ m, we have
∞⋃

i=j1

Ci =
∞⋃

i=j2

Ci.

LEMMA 2. A topological space M is Artinian if and only if every subset of M is ω-cocompact.
Proof. Necessity. We show that every subset N ⊆ M is also Artinian. Suppose

Y ′
1 ⊆ Y ′

2 ⊆ Y ′
3 ⊆ . . .

is a chain of closed subsets in N . There exist sets Yi closed in M for which Y ′
i = Yi ∩ N . Clearly,

sets Vi = Y1 ∪ . . . ∪ Yi likewise are closed in M , and we have

V1 ⊆ V2 ⊆ V3 ⊆ . . . .

By assumption, there is a natural number m such that Vm = Vm+1 = Vm+2 = . . . . Consequently,

Y1 ∪ . . . ∪ Ym = Y1 ∪ . . . ∪ Ym ∪ Ym+1 = . . . ,

whence
Y ′

1 ∪ . . . ∪ Y ′
m = Y ′

1 ∪ . . . ∪ Y ′
m ∪ Y ′

m+1 = . . . ,

which yields Y ′
m = Y ′

m+1 = . . . . Thus the space N is Artinian.

Consider a countable open covering M =
∞⋃
i=1

Ci of M , where Ci = M \ Di and the sets Di are

closed. Then
∞⋂
i=1

Di = ∅. If we put

Ym =
∞⋂

i=m

Di
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we obtain a chain of closed sets Y1 ⊆ Y2 ⊆ Y3 ⊆ . . . . By assumption, there exists a natural m such
that Ym = Ym+1 = . . . . Therefore, for arbitrary j1, j2 ≥ m,

∞⋂
i=j1

Di =
∞⋂

i=j2

Di.

Consequently,
∞⋃

i=j1

Ci =
∞⋃

i=j2

Ci,

which proves that the space M is ω-cocompact.
Sufficiency. Suppose M is ω-cocompact and

Y1 ⊆ Y2 ⊆ Y3 ⊆ . . .

is a chain of closed subsets of M . Then

M =
∞⋃
i=1

Y c
i ∪ M,

where the superscript c denotes the complement. By assumption, there exists a natural number m

such that for all j1, j2 ≥ m,
∞⋃

i=j1

Y c
i =

∞⋃
i=j2

Y c
i .

Consequently,
∞⋂

i=m

Yi =
∞⋂

i=m+1

Yi = . . . ,

whence

Ym =
∞⋂

i=m+1

Yi =
∞⋂

i=m+2

Yi,

Ym+1 =
∞⋂

i=m+2

Yi = . . . .

Thus Ym = Ym+1 = . . . , and so the space M is Artinian. �

By Lemma 2, an equational domain A is equationally Artinian iff any subset of An is ω-
cocompact for all n.

We say that a system S of L-equations is A-stable (here A is some L-algebra) if VA(S) =
VA(S \ S′) for any proper subset S′ ⊆ S.

THEOREM 11. Let an L-algebra A be a weakly Noetherian equational domain. Suppose that
for any system S of L-equations, there exists a finite subsystem S0 such that S \ S0 is A-stable.
Then the L-algebra A is equationally Artinian. The converse is true if, in addition, the language
L is countable.
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Proof. We show that An is ω-cocompact. Let A =
∞⋃
i=1

Ci be an open covering. We have

Ci = An \ VA(Si) for some finite Si. Hence
∞⋂
i=1

VA(Si) = ∅, and so VA

( ∞⋃
i=1

Si

)
= ∅. Suppose

S =
∞⋃
i=1

Si. Then there exists a finite subset S0 ⊆ S such that the system S \ S0 is A-stable. Since

S0 is finite, there exists m such that the set VA

(
∞⋃
i=j

Si

)
is the same for all j ≥ m. In other words,

for all j1, j2 ≥ m,
∞⋂

i=j1

VA(Si) =
∞⋂

i=j2

VA(Si),

which is equivalent to
∞⋃

i=j1

Ci =
∞⋃

i=j2

Ci,

and so An is ω-cocompact.
Assume now that L is a countable language, an L-algebra A is equationally Artinian, and S

is an arbitrary system of equations. The set of equations of S being countable is representable as
S = {pi ≈ qi}∞i=1. For C = An \ VA(S), we have

C =
∞⋃
i=1

(An \ VA(pi ≈ qi)).

Since the L-algebra A is ω-cocompact, there exists a natural m such that

∞⋃
i=j1

(An \ VA(pi ≈ qi)) =
∞⋃

i=j2

(An \ VA(pi ≈ qi))

for all j1, j2 ≥ m. Put S0 = {p1 ≈ q1, . . . , pm−1 ≈ qm−1}. Then

VA(S \ S0) = VA(S \ (S0 + pm ≈ qm + . . . + pm+j ≈ qm+j))

for any j, and so S \ S0 is A-stable. �
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