
Algebra and Logic, Vol. 55, No. 1, March, 2016

(Russian Original Vol. 55, No. 1, January-February, 2016)

FINITE GROUPS WITH GIVEN PROPERTIES
OF THEIR PRIME GRAPHS

A. S. Kondrat’ev∗ UDC 512.542

Presented by the Program Committee of the Conference “Mal’tsev Readings”

1. PRELIMINARIES

Studying finite groups depending on their arithmetic properties (orders of elements and
subgroups, cardinalities of conjugacy classes, different π-properties, degrees of irreducible cha-
racters, etc.) is an important direction in the theory of finite groups, having a rich history. The
classification of finite simple groups allows this study to be reduced by and large to the case of
almost simple groups, i.e., groups A with the property Inn(P ) ≤ A ≤ Aut (P ), where P is some
finite non-Abelian simple group.

Let G be a finite group. The set of prime divisors of |G| is denoted by π(G). The prime graph
(Gruenberg–Kegel graph) Γ(G) of G is a graph whose vertex set is π(G), in which two vertices p

and q are adjacent iff G contains an element of order pq.
The concept of a prime graph appeared in research into cohomological questions associated with

integer-valued representations of finite groups, and turned out to be very fruitful. The graph Γ(G)
is a fundamental arithmetic invariant of a group G. Note that Γ(G) can be uniquely determined
from the character table of G.

Of interest are various problems of recognizability—a characterization of a group by a certain
set of its parameters up to isomorphism—for instance, problems of recognizability of finite groups
by prime graph. We say that a finite group G is recognizable by prime graph if, for any finite group
H, Γ(G) = Γ(H) implies H ∼= G.
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The problem of recognizing finite groups by prime graph is a particular case of the general
problem of studying finite groups by the properties of their prime graphs. In the context of this
general problem, our attention is drawn to the class of finite groups with disconnected prime
graph. Finite almost simple groups with disconnected prime graph were described by Willians [1],
Kondrat’ev [2], Iiyori and Yamaki [3, 4], and Lucido [5, 6]. A useful criterion for vertices to be
adjacent in the prime graphs of finite simple groups was found by Vasil’ev and Vdovin [7, 8].

The present paper gives a review of recent results on finite groups with given properties of
their prime graphs, which have been obtained by the author in collaboration with his pupils. Our
notation and terminology are standard. A finite group G is n-primary if |π(G)| = n.

Within the framework of the problem of thoroughly studying the class of finite groups with
disconnected prime graph, Kondrat’ev and Khramtsov [9-12] explored finite groups whose prime
graph is disconnected and has three or four vertices. A refined description of chief factors of 4-
primary finite groups with disconnected prime graph can be found in [13-16].

Subsequently, research on finite n-primary groups for small n has progressed. The main objective
here is to describe chief factors of finite unsolvable non almost simple groups with disconnected
Gruenberg–Kegel graph.

Finite almost simple 5-primary graphs together with their prime graphs were characterized in
[17, 18]. As a consequence, a list of finite simple 5-primary groups obtained in [19, 20] has been
considerably refined.

Using results of [9, 10] and computations in the GAP computer algebra system [21], Kolpakova
and Kondrat’ev [22] furnished a description of chief factors of commutator subgroups of finite
unsolvable 5-primary groups G with disconnected graph Γ(G) for the case where G/F (G) is an
almost simple n-primary group for n ≤ 4.

Finite almost simple 6-primary groups together with their prime graphs were characterized
in [23]. As a consequence, a list of finite simple 6-primary groups made up by Jafarzadeh and
Iranmanesh [19] has been essentially improved. In [19, Problem 3.12], the following question was
posed: For which power primes q does q2−1 have at most five different prime divisors? A particular
instance of this problem, namely, the case with |π(q2 − 1)| ≤ 2, is well known (see, e.g., [24]):
|π(q2 − 1)| ≤ 2 iff q ∈ {2, 3, 4, 5, 7, 8, 9, 17}.

The cases where |π(q2−1)| is equal to 3, 4, and 5 were considered by Kondrat’ev and Khramtsov
[10], Kondrat’ev [18], and Kolpakova and Kondrat’ev [23], respectively. We have thus obtained a
classification of power primes q such that |π(q2 − 1)| ≤ 5. Further refinement of this classification
leads to Diophantine equations whose solution is difficult, for modern number theory as well. For
instance, even the question on finiteness of the set of power primes q such that |π(q2 − 1)| = 3 is
equivalent to Shi’s question [25, Question 13.65], which is still open.

In [26], it was proved that groups E7(2) and E7(3) are recognized by prime graph. As a
consequence, we have obtained the ultimate positive solution to Mazurov’s problem in [27] which
maintains that every simple group whose prime graph has at least three connected components
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either is recognizable by spectrum or is isomorphic to A6. In [28], it was proved that the group
2E6(2) is recognized by prime graph. Note that the prime graphs of the groups 2E6(2), E7(2), and
E7(3) consist of, respectively, 8, 12, and 15 vertices.

Of interest is the problem of realizing an abstract finite graph as the prime graph of a finite
group. We know of only a small amount of works dealing with this problem. Thus, in unpublished
bachelor’s thesis of I. N. Zharkov, Mazurov’s student, it was proved that a chain is realized as the
prime graph of a finite group iff its length does not exceed 4.

Of course, in the general case the above-formulated problem has a negative solution. For
instance, it follows from [1-4] that a graph consisting of five pairwise nonadjacent vertices (a
5-coclique) cannot be the prime graph of a finite group. In [29], however, it was shown that for any
graph having at most five vertices, except for a 5-coclique, the problem has a positive solution.

Lucido [30] furnished a description of finite simple groups G such that the connected components
of Γ(G) are trees, i.e, connected graphs with no cycles. Furthermore, there, it was shown how a
finite group whose prime graph is a tree is structured.

O. A. Alekseeva and the author are dealing with a more general problem, that of describing
the structure of a finite group G such that Γ(G) has no triangles (3-cycles). It turns out that if G

is a group with such a property, then either G is solvable or the factor group G/S(G) of a group
G with respect to its solvable radical S(G) is almost simple.

In [31], we obtained a description of all finite almost simple groups G with the property
mentioned. As a consequence, every connected component of Γ(G) is a tree: if a group G is simple,
then Γ(G) is disconnected; |π(G)| ≤ 8 and the equality obtains if G ∼= Aut (Sz(29)). Moreover, we
have essentially refined a list of finite simple groups such that the connected components of Γ(G)
are trees, created in [30].

In [31], also, we pointed out isomorphic types of prime graphs and determined bounds on the
Fitting length of finite solvable groups whose prime graphs have no triangles. Isomorphic types
of prime graphs in such solvable groups were also found by Gruber, Keller, Lewis, Naughton,
and Strasser [32] using the classification of prime graphs of finite solvable groups, and some
combinatorial results. Our proof of this result is straightforward; it is very short and makes no
use of deep combinatorics information.

Finite simple non-Abelian groups with the prime graphs all connected components of which
are complete graphs (cliques) were found by Lucido and Moghaddamfar [33] and Vasil’ev and
Vdovin [8]. Finite simple non-Abelian groups whose prime graphs coincide with the prime graphs
of Frobenius or 2-Frobenius groups were described by Zinov’eva and Mazurov [34]. Finite almost
simple groups with the prime graphs all connected components of which are cliques were classified
by Zinov’eva and Kondrat’ev [35].
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