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We give a complete description of Abelian groups that are totally P-stable for
the following four matural types of subgroups: arbitrary subgroups, pure subgroups,

elementary subsystems, and algebraically closed subgroups.

INTRODUCTION

Origins and development of the notion of P-stability and bibliographic references are contained
in [1]. For convenience, we cite some of the definitions and results from [1, 2|, which will be used

in what follows.

1. TERMINOLOGY, NOTATION, AND PRELIMINARY RESULTS

For relevant information on the theory of Abelian groups, we ask the reader to consult, e.g.,
[3; 4, Sec. 8.4]. Necessary information on model theory can be found, e.g., in [4, 5|. Below by a
theory we mean an elementary theory in a language L. We recall some well-known concepts from
the theory of Abelian groups. Throughout, by a group we always mean an Abelian group.

For a group A and for a natural number n, we denote by A[n] the subgroup
{a|a€ A, na=0},

and by nA the subgroup {na | a € A}. The letter p will always stand for a prime number.
A group B is said to be divisible if nB = B for any natural n > 0. A group B is reduced if it

contains no nonzero divisible subgroups.
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A group all elements of which have order p* for some natural k is called a p-group. A maximal
p-subgroup of A is called the p-component of A and is denoted by A,. An elementary p-group is a
direct sum of cyclic groups of order p. An elementary group is an elementary p-group for some p.
A group A is said to be bounded if there exists a natural number n such that nA = 0. For a group
A and for a cardinal A\, A<* denotes a direct sum of A copies of the group A.

Let @ = (nq,...,nk) be a tuple of integers. For a tuple x = (z1,...,zy) of variables, ax denotes
the term nyxy + - - -+ ngxy; for a tuple a = (ay, ..., ax) of elements of A, @a stands for the element
nia + -+ ngag.

A subgroup P of A is said to be pure if nP = (PNnA) for any natural number n. This property
is equivalent to the fact that p* P = (P Np*A) for any prime number p and any natural number k.

A substructure B of a structure A is said to be algebraically closed if B contains every finite set
X C A definable in A by a formula ®(z) with parameters in B. Below the term an algebraically
closed subgroup will be understood in just this sense.

We will often use the following facts from the theory of Abelian groups.

If the p-component A, of a group A is bounded then it is distinguished by a direct summand
in A (see, e.g., [3, Chap. 5|).

A divisible subgroup of A is a direct summand of A. The greatest divisible subgroup of A is
called the divisible part of A and is denoted by Ay. If A = Ay & C, then C is called the reduced
part of A. Using Szmielew’s description [6] of elementarily equivalent Abelian groups (see also [4,
Sec. 8.4]), we obtain the following two facts:

if the reduced part of the p-component A, of a group A is unbounded, then, for any cardinal
A, the group A is elementarily equivalent to a group A & Cp<o§‘, where U is a quasicyclic group;

if a group A is unbounded, then, for any cardinal X, the group A is elementarily equivalent to
a group A @ Q<*, where Q is the additive group of rational numbers.

For a group A, for prime numbers p, and for natural numbers m, the Szmielew invariants of A

are the following cardinals:

pm(A) = min{dim((p"™ A)[p]/p"" " A)[p)), w},
By(4) = min{int {dim(p" A)p] | n € whw},
Yp(A) = min{inf{dim((A/A[p"])/p(A/A[]p"]))In € w},w},
g(A) € {0,1} and (¢(A) = 0 < A is bounded).

THEOREM 1 [6]. Abelian groups A and B are elementarily equivalent if and only if their
Szmielew invariants coincide.
When we speak about Szmielew invariants of a complete theory T, we mean Szmielew invariants
of its models.
If T is some complete theory of Abelian groups, then the group
S(T) = Qa(T) @ C;Si,S(T) @ @ Cp<£p(T) o @R;'yp(T)
P P

pn
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will have the same invariants as the theory T; hence it will be a model of T'. We call ¥(T) the
standard model of T'.

In this section, we fix a complete theory T in a language L. For convenience, to manipulate
with models of T, we (as is conventional in modern model theory) fix some sufficiently saturated
model C' of T" and assume that all T-models under consideration are elementary submodels of C.
Such a T-model C is called a monster model of T.

The set of all tuples of elements of a set U is denoted by U<%. For the length of a tuple u,
we write [(u). For simplicity, instead of u € U<¥, we will write u € U. For the monster model C,
tuples of elements and tuples of variables are denoted by lower-case bold letters from, respectively,
the beginning and the end of the Latin alphabet: for example, a,b,... and ...,x,y,z.

Let A be an L-structure and ®(x) an L-formula with parameters in A; then we put ®(A) =
{a| AE ®(a),a € A}. For an L-structure A and its subset X, by acls(X) we denote the set

U{@(A) | |®(A)| < w,®(x) is an L-formula with parameters in X}.

If X is a subset of the monster model C, then we call X a set in the theory T By L(X) we denote
a language which is obtained by adding to L the set X as a set of new constants. Denote by T'(X)
the following set of formulas in the language L(X):

{p(a) |a€ X,C = ¢(a), p(x) is an L-formula without parameters}.

Clearly, T'(X) is a complete theory in L(X) and is an extension of 7.
Let a language Lp be obtained by adding a new unary predicate symbol P to L.

Definition 1. Let T" be a complete L-theory, A a set of L p-sentences, and X a set in T'. Denote
by Cr(A, X) the cardinality of a set of completions in a language (L(X))p of the set

TA(X)=(T(X)U{P(a) |a e X} UA).
A cardinal function assigning to a cardinal A\ the supremum of a set of cardinals such as
{Cr(A,X) | Xisasetin T, | X| <A}

is called the Pa-spectrum of the theory T and is denoted by Sp(P,A).

A Pa-spectrum is said to be mazimal if Sp(P, A)(3¢) = 2* for every infinite cardinal s.

LEMMA 1 [2]. For every complete theory T in a finite or countable language L, for an
arbitrary set A of sentences in the language Lp, and for any at most countable set X, the cardinal
Cr(A, X) may assume only one of the following values: 2, w, and n, where n € w.

Definition 2. Let A be some set of L p-sentences.

(1) A complete theory T in L is Pa-stable if Sp(P,A)(A) < A for some infinite cardinal \.

(2) A complete theory T in L is Pa-superstable if there exists a cardinal s such that
St(P,A)(A) < A for all cardinals A > s.

298



(3) A complete theory T in L is totally Pa-stableif Sp(P, A)(A\) < X for every infinite cardinal \.

(4) A structure A is Pa-(super)stable (totally Pa-stable) if so is its theory.

Note that the Pa-stability concept is a particular case of the concept of E*-stability introduced
in [7].

Definition 3. Below we consider complete theories T' of Abelian groups, taking as A the
following sets A;, i € {s,p,e,a}, of sentences:

(1) A says that a predicate P defines an arbitrary subgroup;

(2) A, says that a predicate P defines a pure subgroup;

(3) A says that a predicate P defines an elementary subsystem;

(4) A, says that a predicate P defines an algebraically closed subgroup.

For i € {s,p,e,a}, instead of the terms Pa -stability and Pa,-spectrum, we will use the terms
(P, i)-stability and (P,%)-spectrum.

In [1, 2], (P,i)-stable and (P,i)-superstable Abelian groups, as well as (P,i)-spectra for i €
{s,p,e,a}, were described completely. In the present paper, we give a description of totally (P,1)-
stable Abelian groups for i € {s,p, e, a}.

A primitive formula in a language L is a formula of the form
dxy ... dx, P,

where ® is a conjunction of atomic formulas in the language L. A subset X of a structure A is said
to be primitive if X = ®(A) for some primitive formula ®(x).

In what follows, L denotes a language of the theory of Abelian groups, consisting of a binary
function symbol +, a unary function symbol —, and a constant symbol 0. By AG we denote the
theory of all Abelian groups defined by ordinary axioms for Abelian groups in L.

The lemma below is well known. Its proof is contained, for instance, in [4, §].

LEMMA 2. Let T be a complete theory of Abelian groups. Every formula in the language of
Abelian groups is equivalent in T' to a Boolean combination of primitive formulas.

In a similar way, we can prove the following:

LEMMA 3. Let A be an Abelian group and P its subgroup. Every L p-formula is equivalent
in Th ((A, P)) to a Boolean combination of primitive L p-formulas.

It is easy to verify that every primitive formula ®(x) in the language Lp defines in the structure
(A, P) a subgroup of A. If P and P» are subgroups of A and P, C P, then [P} : P5] denotes the
number min{|P; /P,|,w}, which is called the index of the subgroup P, in the subgroup P;.

The following proposition is proved in exactly the same way as its counterpart for modules [8].

PROPOSITION 1. Let Ay and A5 be Abelian groups and P; and P, be their subgroups. For
structures (A1, P1) and (As, Py) to be elementarily equivalent, it is necessary and sufficient that
for any primitive Lp-formulas ®(z) and ¥(x) with the condition F ¥(z) — ®(x), the following

equality will hold:
[®(A1) : U(A1)] = [P(A2) : W(Ag)],
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where A; = (A;, B)).
The next lemma goes back to [6]; in the given form, it is contained, for instance, in [4,
Lemma 8.4.7].

LEMMA 4. Every primitive formula ®(x1,...,2,) in the language of Abelian groups is
equivalent in the theory AG to a conjunction of formulas like ayz1 + ... + apz, = 0 and
Jyaixy, + ... + apx, = pFy for integers a,...,q,, prime numbers p, and natural numbers k,
which are called standard formulas of, respectively, the first and second kind. In this case a prime
p in a standard formula of the second kind is referred to as a module of that formula.

Instead of Iyayz1 + - - - + apx, = PPy, we will write ajxy + - -+ + apx, = 0 (mod p*).

Definition 4. A theory T in a countable language L is said to be Pa-small if the set (T'U A)
has an at most countable number of completions in the language Lp.

For complete theories of Abelian groups, for i € {s,p,e,a}, instead of the term Pa, -small, we

use the term (P, i)-small.

2. TOTAL (P,p)-STABILITY

Lemma 4 gives rise to the following:
LEMMA 5. Let A be an Abelian group and P a pure group. For any primitive L-formula

®(x) and any tuple a € P,
AE®(a) & P = P(a).

The proof of the next lemma is contained, for instance, in |2, proof of Lemma §|.

LEMMA 6. For any primitive Lp-formula ®(x), there exists a primitive L-formula ®*(x) such
that for every Abelian group A and its arbitrary pure subgroup P, the formula ®*(x) defines in A
on the subgroup P the same predicate as is defined by the formula ®(x) in the structure (A, P).

Lemmas 3 and 6 immediately imply the following:

THEOREM 2. For a complete theory T of Abelian groups, the following conditions are
equivalent:

(1) T is totally (P, p)-stable;

(2) T is (P, p)-small.

LEMMA 7. Let P, B, and C be subgroups of A and C' C B. Then

[B:C]=[(PNB):(PNC]-[(P+B):(P+C)

Proof. Let X = {a; + P+ C | i € K} be the set of all elements of a group (P + B)/(P + C),
with a; € B and (a; —aj) ¢ (P+C)ifi # j. Let Y = {bj+ (PNC) | j € L} be the set of
all elements of a group (PN B)/(PNC), with b; € (PN B), j € L, and (b; —b;) ¢ Cif i # j.
Consider a set Z = {a; +b; | i € K,j € L} of elements. We show that the set Z is a complete

system of representatives of C-classes in the group B. If i1 # i, then, for any j; and jo, we have
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a;, —a;, ¢ (P+C) and bj,,bj, € P; hence (a;, +bj,) — (ai, +bj,) ¢ (C+ P). If iy =iy and ji # jo,
then (a’h + bj1) - (aiQ + ij) = (bj - bj2) ¢ C.

On the other hand, take an arbitrary element a € B. Let (a —a;) € (C'+ P). Clearly, (a —a;) €
(BN (C + P). Since ((a — a;) + C) C B, we have

(((a—a;))+C)NP)C(PNB).
Then there is b; for which
(bj—i-(PﬁC))ﬂ((a—ai)-i-C)ﬁP#@.

If
ec(bj+PnC)N((a—a;)+C)NP,

then (e + (PN C)) = (b + (PNC)) and
(e+(PNnC)) C((a—a;)+C).

Consequently, (b; +C) = ((a — a;) + C); ie., (a — (a; + b)) € C. O

THEOREM 3. Let A; and Ay be Abelian groups and P; and P be their pure subgroups. For
structures (A1, P1) and (As, Py) to be elementarily equivalent, it is necessary and sufficient that
the conditions P} = P, and A1 /P, = As/P» be satisfied.

Proof. The necessity is obvious. In view of Proposition 1, to prove the sufficiency, we need to
show that in the case where P = P, and A;/P, = Ay/Ps, the equality

[®(A1) : U(A1)] = [P(A2) : T(A2)], (1)

where A; = (4;, P;), holds for any primitive Lp-formulas ®(z) and ¥(z) with the condition that
F U(z) — ®(x). The required statement follows from Lemmas 5-7. O

Definition 5. For every Abelian group A, put
Sh(A) ={(p,n) | apn(A) # 0,n <w,} U{p | Bp(A) # 0} U{p | (A) # 0}.

Definition 6. An Abelian group A is Szmielew bounded if the set Sh(A) is finite. As usual, a

complete theory T of Abelian groups is Szmielew bounded if its models are Szmielew bounded.

PROPOSITION 2. For an Abelian group A to be Szmielew bounded, it is necessary and
sufficient that there exist a finite set o(A) of primes with the following properties:

(1) every element of A is divisible by each prime number p not belonging to o(A);

(2) for every prime number p not belonging to o(A), the p-component A, of A is zero;

(3) for every prime number p, the reduced part of the p-component A, of A is bounded.

Proof. Let

X ={p| apn(A) # 0 for some n},
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Y =A{p|5,(A)# 0},
Z =A{p|w(A) #0}.

Necessity. Let Sh(A) be a finite set. As o(A) we take a finite set (X UY U Z). Property (2)
follows from the inclusion (X UY) C o(A). Property (1) follows from property (2) and the inclusion
Z C o(A). We verify (3). Suppose that for some prime p, the reduced part H of the p-component A,
of A is unbounded. Clearly, property (3) is preserved under the passage to elementarily equivalent
groups. If we look at the form of the standard model of T'= Th (A) we see that the set {(p,n) |
apn(A) # 0} is infinite, which is a contradiction with Sh(A) being finite.

Sufficiency. Suppose that properties (1)-(3) hold for some finite set o(A). Property (1) implies
finiteness of Z; property (2) entails finiteness of Y; finiteness of the set {(p,n) | a,n(A) # 0}
follows from properties (2) and (3). Thus Sh(A) is finite. O

LEMMA 8. Let A be an Abelian p-group. For the reduced part of A to be bounded, it is
necessary and sufficient that there exist a natural number n for which the following condition holds:

(%) p"A is a divisible group.

Proof. We represent A as C' @ B, where C' is a divisible group and B a reduced group.

Necessity. If p" B = 0 then p"A = p"C = C} i.e., condition (x) holds.

Sufficiency. Suppose that (x) is satisfied. We may assume that p™ A C C'; in particular, p"B C C.
Since (B N C) is a zero subgroup, p"B = 0. O

LEMMA 9. Let p be a prime and D a divisible p-subgroup of A. Let the reduced part of
the p-component A, be unbounded. Then the reduced part of the p-component of a group A/D is
unbounded.

Proof. We represent the p-component A, as B@® D @ E, where D @ E is the largest divisible
subgroup of A,. In order to prove that the reduced part of the p-component (A/D), of A/D
is unbounded, it suffices to show that the groups B @ E and (A/D), are isomorphic. We claim
that the desired isomorphism will be a mapping ¢ assigning to an element b +e € B @ E an
element (b + e) + D. That ¢ is injective follows from the fact that (B + E) N D = 0. Clearly,
o(B@® E) C (A/D),. It remains to show that if a + D € (A/D), then a € A,. The condition
a+ D € (A/D), implies p*a € D for some k. In view of D C A, we have a € A,. O

LEMMA 10. Let an Abelian group A be Szmielew bounded. Then, for any pure subgroup P
of A, the groups P and A/P are Szmielew bounded, in which case as o(P) and o(A/P) we can
take the set o(A).

Proof. We show that the subgroup P is Szmielew bounded. Property (1) in Proposition 2
follows from the fact that P is pure. Property (2) for P is an immediate consequence of property (2)
for A. Property (3) follows from Lemma 8 and the fact that P is a pure subgroup.

Now we argue to state that the subgroup A/P is Szmielew bounded. Property (1) is obtained
based on the fact that the formula Vz3dypy = =z is positive and is therefore preserved under

homomorphisms. Suppose that property (2) for A/P fails, i.e., there exist p ¢ 0(A) and a ¢ P
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with the condition pa € P. The subgroup P is pure, and so there exists b € P with the condition
pb = pa, i.e., p(b —a) = 0. Since a ¢ P, we obtain (b — a) # 0, which clashes with the property
that A[p] = 0.

We verify property (3) for A/P. Let D be the largest divisible subgroup of the p-component A,
of a group A. We show that the reduced part of the p-component of a group A/(P+ D) is bounded.
By hypothesis, we have pk'Ap C D for some k. Suppose that the reduced part of the p-component
of A/(P + D) is unbounded. Then there exists an element a € A such that p**t1a € (P4 D) and
pFa ¢ (P + D). The subgroup P is pure, and D is a divisible group; so P + D is a pure subgroup
of A. Consequently, there is an element b € (P + D) with the condition pktDy = pk+1) g Then
p 1 (a —b) = 0; in particular, (a —b) € A,. By the choice of a number k, we have p*(a —b) € D,
which clashes with the conditions b € (P + D) and p*a ¢ (P + D).

Suppose that the reduced part of the p-component of A/P is unbounded. Obviously, the
subgroup D + P is a divisible subgroup of A/P. The groups A/(P + D) and (A/P)/(D + P) are
isomorphic, and by Lemma 9, the reduced part of the p-component of A/(P + D) is unbounded,
which is a contradiction with the above. O

PROPOSITION 3. There exist only countably many complete theories of Szmielew bounded
Abelian groups.

Proof. The required statement follows immediately from the definition of Szmielew bounded
Abelian groups and Theorem 1, since the Szmielew invariants each assumes at most countably

many values. O

Definition 7. For an Abelian group A, by Sh(A) we denote the set

{(:n) [ apn(A) # 0,0 <w, } U{(p, B) | Bp(A) # 0} U{{p,7) | 1p(A) # O}.

THEOREM 4. For a theory of an Abelian group A to be (P,p)-small, it is necessary and
sufficient that the group A be Szmielew bounded.

Proof. Necessity. Suppose that Sh(A) is an infinite set. Then the set Sh(A) will also be infinite.
For any subset X C Sh(A), we take a subgroup Px of the standard model ¥(Th (A)) generated

by its direct summands
{Ciom @] wmex}, {D ] wpex}, (BT ] pa)}.

The subgroup Px is a direct summand of the group ¥(Th(A)) and is therefore pure in
Y(Th(A)). If X and Y are different subsets of Sh(A), then the groups Px and Py will have
different Szmielew invariants. Consequently, Px and Py are not elementarily equivalent. The set
Sh(A) is infinite, and the theory Th (A) is not (P, p)-small.

The sufficiency follows from Theorem 3, Lemma 10, and Prop. 3. O

Theorems 2 and 4 can be combined to yield

THEOREM 5. For a theory of an Abelian group A to be totally (P, p)-stable, it is necessary
and sufficient that the group A be Szmielew bounded.
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3. TOTAL (P,e)-STABILITY

The proposition below is well known (see, e.g., [8]).

PROPOSITION 4. Let A be an Abelian group and P its subgroup. For the subgroup P to be
an elementary subsystem of the group A, it is necessary and sufficient that P be a pure subgroup
and the property A = P hold.

Clearly, elementary subsystems of A will be pure subgroups. As in the previous section,

therefore, Lemma 6 implies the following:

THEOREM 6. For a complete theory T of Abelian groups, the following conditions are
equivalent:

(1) T is totally (P, e)-stable;

(2) T is (P, e)-small.

Definition 8. For an Abelian group A, by Sh,,(A) we denote the set

{.n) | apn(A) =w,n € wpU{p | Bp(A) =w}U{p [ 1(A) =w}.

Definition 9. An Abelian group A is Szmielew w-bounded if the set Shy,(A) is finite. As usual, a

complete theory T of Abelian groups is Szmielew w-bounded if its models are Szmielew w-bounded.

LEMMA 11. Suppose that for an Abelian group A and for a prime number p, we have
Bp(A) < w. Then the following conditions are equivalent:

(1) the reduced part of the p-component A, of A is finite;

(2) Alp] is a finite subgroup.

Proof. (1)=(2) Follows from the fact that (,(A) is a finite invariant.

(2)=(1) Let A[p] be finite and A, = B@® D, where D is a maximal divisible subgroup in A,. By
induction on n, it is easy to show that for any natural n, the subgroup A[p"] is finite. Suppose that
B is an infinite subgroup. Then there exists a sequence {a,, | n € w} of elements of infinite p-height
in B with the properties pag = 0 and pa,41) = an. Obviously, the subgroup generated by the set
{an | n € w} is isomorphic to a group Cpe, which is a contradiction with B being reduced. O

Remark 1. It is not hard to verify that for any subgroup H of A, the following isomorphism
holds:

(A/H)/p(AJH) = A/(pA + H).

PROPOSITION 5. For an Abelian group A to be Szmielew w-bounded, it is necessary and
sufficient that there exist a finite set o,,(A) of primes with the following properties:

(1) for any prime p not belonging to o,,(A), A[p] is a finite subgroup;

(2) for any prime p not belonging to o,(A), A/pA is a finite group;

(3) for any prime p, {(p,n) | apn(A) = w,n € w} is a finite set.

Proof. Consider the sets

X ={p| apn(4) = w for some n},
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V={p|6p(4) =w},
Z =Ap[w(4) =w}.

Necessity. Let Sh,,(A) be a finite set. Property (3) is obvious. As o, (A) we take a finite set
(X UY U Z). Suppose that property (1) fails, i.e., for some p ¢ (X UY U Z), the subgroup Ap]
is infinite. By Lemma 11, the reduced part of the p-component A, of A is infinite. In view of
the fact that p ¢ X, the group A contains a subgroup of the form C’;“’, for any natural k. By
the compactness theorem, there is a model of Th (A) having a subgroup of the form szof , which
contradicts the condition that p ¢ Y.

We verify property (2). Suppose that for some p ¢ (X UY U Z), the group A/pA is infinite.
Property (1) and the condition p ¢ Y imply that the subgroup A[p”] is finite for any natural number
k. Consequently, the group A/(pA + A[p¥]) is infinite for any natural k. In view of Remark 1, we
obtain 7,(A) = w, which is a contradiction with the condition that p ¢ Z.

Sufficiency. Suppose that properties (1) and (2) hold. Property (1) implies the inclusion (X U
Y) C o(A). Properties (1) and (2), combined with Remark 1, yield the inclusion Z C ¢(A). In
view of (X UY U Z) being finite and property (3), we conclude that Sh,,(A) is finite. O

LEMMA 12. Let A be an Abelian group and the group A/pA be finite for a prime p. Then
p(A/P) = A/P for any elementary subsystem P of A; in particular, v,(A/P) = 0.

Proof. Take any a € A. There is only a finite number &k of conjugacy classes with respect to
a subgroup pA, and P = A; so |P/pP| = k. Since P is an elementary subsystem, divisibility by p
of elements of the subgroup P coincides in the group A and in the subgroup P. Thus there exists
be PN (a—+pA),ie., a—b=pcfor some c € A. Hence (a + P) € p(A/P). O

LEMMA 13. Suppose that the subgroup A[p] of A is finite for a prime p. Then (A/P)[p] = 0 for
any elementary subsystem P of A; in particular, the Szmielew invariants £,(A/P) and oy n(A/P),
n < w, are equal to zero.

Proof. Suppose that pa € P for some a € A. The set X = {b | pb = pa} will be the conjugacy
class of the subgroup A[p]. Consequently, X is finite. Since P is an elementary subsystem of A, we
have X C P O.

LEMMA 14. Let the Szmielew invariant «;,,(A) of a group A be finite for a prime number
p and for a natural number n. Then the Szmielew invariant oy, ,(A/P) of a group A/P is equal to
zero for any elementary subsystem P of the group A.

Proof. Suppose that the Szmielew invariant a ,(A/P) of A/P is not equal to zero. Hence,
for some a € A, the following conditions hold: a ¢ P, pa € P, (a + P) € p"(A/P), and (a + P) ¢
p("+1)(A/ P). Replacing, if necessary, the element a by some element of a + P, we may assume that
p""b = a for some b. Since P < A, there is an element e € P with p("tVe = pa. Consequently, for
an element f = (a — p™e), the conditions f € A[p| and f € p™A hold. Since oy, (A) is finite and
P < A, there is an element h € (p"P)[p] with (f — h) € p®*YA. Hence (a + P) € p™®t1)(A/P),
which contradicts the hypothesis. O

305



Proposition 5 and Lemmas 12-14 entail

PROPOSITION 6. Let an Abelian group A be Szmielew w-bounded. Then for elementary

subsystems P there are at most countably many elementary theories for groups A/P.

THEOREM 7. For a theory of an Abelian group A to be (P,e)-small, it is necessary and
sufficient that the group A be Szmielew w-bounded.
Proof. The sufficiency follows from Theorem 3 and Prop. 6.

Necessity. Suppose that a theory of an Abelian group A is not Szmielew w-bounded. Then a
standard model S of Th (A) has the form

S=Ee P B, (2)
BeX
where the set X consists of infinitely many groups B like Cyn, Cpeo, and R,,. Consider an arbitrary

subset Y C X. Then a group S can be represented as

S=r o B, (3)
BeY
where the subgroup Py is isomorphic to A and is a direct summand of A. Direct summands are
pure subgroups, and by Proposition 4, Py < A. If Y] # Y5, then A/Py, and A/Py, will not be
elementarily equivalent. Thus the group A is not (P, e)-small. O

Theorems 6 and 7 give rise to

THEOREM 8. For a complete theory T of Abelian groups, the following conditions are
equivalent:

(1) T is totally (P, e)-stable;

(2) T is Szmielew w-bounded.

4. TOTAL (P,a)-STABILITY

An elementary subsystem is algebraically closed, and Theorem 7 entails the following property:

(A) if an Abelian group A is (P, a)-small, then the group A is Szmielew w-bounded.

Furthermore, if an Abelian group A is totally (P, a)-stable (in particular, (P, a)-stable), then,
by [1, Thm. 3|, the following properties hold:

(B) for any prime p, the subgroup (pA)[p] of A is finite;

(C) for any prime p, either the subgroup A[p] of A is finite or its Szmielew invariant 7,(A) is
finite.

Remark 2. Using property (B) and induction on k, we can readily show that (pA)[p*] is a
finite subgroup for any k (see also [1, p. 415, property (3)]).

Remark 3. Remark 2 implies that for every algebraically closed subgroup P of A, the following
property holds:
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(B*) (P Nnp%*+tD) A) C p¥P for any natural k; moreover, if p**Ya € P for a € A, then pa € P
(see also [1, Lemma 9)]).

LEMMA 15. Suppose that A = P @& B and the group B has no primitive @-definable finite
nonzero subgroups. Then P is an algebraically closed subgroup of A.

The proof follows from [1, Lemma 5| and the fact that primitive formulas are filtering. O

PROPOSITION 7. If a theory of an Abelian group A is (P,a)-small, then the following
property holds:

(D) the set W = {p | vp(A) # 0} is finite.

Proof. In a group, which is a direct sum of groups of the form R, for prime p, there are no
nonzero finite subgroups. Using Lemma 15, we see that for any subset X C W a standard model
C of Th(A) can be represented as

C:PX@@R]N
peX

where Py is some algebraically closed subgroup of C. If X; # Xs, then the groups C'/Px, and
C/Px, will not be elementarily equivalent. Consequently, for an infinite set W, Th(A) is not
(P,a)-small. O

Definition 10. Suppose that v,(A) is a finite Szmielew invariant. By [2, Lemma 15|, pA/p*A
is a finite group.

Let X and P be algebraically closed subgroups of A and X C P. In what follows, the subgroups
P will be changed, while the subgroup X will be kept fixed.

Consider a group such as
Gp = (pANP)/((pANX) +pP).
By property (B*), we have P N p?A C pP. Consequently,
|Grl < |(pANP)/(pPANX) + (PNp*A)|.

Then
IGp| < |(pANP)/(PNp°A)| < [pA/p*Al.

Therefore, the group Gp is finite. Obviously, pGp = 0.
Take elements al’, ... af’ € (pA N P) such that the elements

o +(pANX)+pP),...,al +((pANX)+pP) (4)

will form a basis in the group Gp treated as a vector space over a field consisting of p elements.

Consider a finite set like

WP ={kal +- kpal | k1 <p,... k, <D}
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In the subgroup (pA N X), take elements by,..., b, one from each conjugacy p?A-class having
nonempty intersection with (X NpA).
Denote by U the set {b1,...,bn}.

Remark 4. The choice of elements b4, ...,b,, does not depend on the subgroup P; therefore,

we choose them equal for different subgroups P.

Definition 11. Elements af yenn ,af are called outer parameters, while bq,...,b,, are called

mner parameters.

Definition 12. An equivalence whose classes consist of conjugacy classes of the subgroup p*A
in the group pA is denoted by ¢,,.

For a tuple ¢ = (c1,...,cs), we denote by x € c the formula
(z=acaV---Vz=c).

Similarly, for a finite set C', by « € C' we denote the formula

\/:v:a.

acC

LEMMA 16 [12, Lemma 19]. Let Th(A) have a nonmaximal (P,a)-spectrum and let the
Szmielew invariant v,(A) be equal to zero. Then each €,-class has an element of a finite subgroup

(pA)[p"] for some natural n.

LEMMA 17 |2, Lemma 14]. (1) Let some algebraically closed subgroup P of A be bounded.
Then the p-component A, of A is bounded for any prime p, i.e., p" A, = 0 for some n.
(2) Let p™A, = 0 for a prime p and some n. By Remark 2, the subgroup (pA)[p"] is finite and,

consequently, is contained in any algebraically closed subgroup P. Suppose also that
0p(2) = Jay(x € (PA)P"] A (2 — 2) = py).
Then any bounded algebraically closed subgroup P and every element a € P satisfy the property
AEJya=py & P = Ppy(a).
(3) Assume that for a prime number p and for a natural number n, we have p™A, = 0, and
O (x) = 32(Pp(2) Nz = p=2)

for £ > 1, where the formula ®,(2) is as in item (2). Then an arbitrary bounded algebraically

closed subgroup P, any number k£ > 1, and every element a € P enjoy the property

AEJya=rp'y e P= D,x(a).
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LEMMA 18. Suppose that for an Abelian group A and for a prime number p, the Szmielew
invariant 7,(A) is finite. Then, for any algebraically closed subgroup P and any natural number

k > 1, there exists a formula \IIII;,C (z) with parameters in the set
P P
{al 7"')an}UU)

for which the following properties hold:
(1) for any a € P,
PE \Ilfk(a) & a e phA;

(2) this property derives from (1) if in \Il;:k (z) we replace any outer parameter al’ € {af’,... al
by any element of the class af + pP;

(3) if the Szmielew parameter ~,(A) is equal to zero, then all parameters of the formula \IIII;,C ()
with property (1) can be taken from the set {by,...,b,} of inner parameters.

Proof. Case 1. Let k = 1. As UF'(z) we may take the formula
20 €pPV 3z(z € UA (x—2) € pP)VI2Fu(z e WEAuEUA (z — 2 —u) € pP).

Since (WP UU) C pA, P |= ¥['(a) implies a € pA.

Let a € (pANP). If a € pP, then the formula ‘Ilf(a) is obviously true in P.

Let a € ((pANX) + pP). Consider an element ¢ € (pA N X) for some a € (¢ + pP). By the
choice of elements by, ..., by,, there is b € U such that (c —b) € p?A. Since PNp?A C pP, we have
(a —b) € pP. Hence P |= ¥[(a).

It remains to look into the situation where
a€((pAnP)\ ((pANX)+pP).

By the choice of elements al’, ..., al, there is b € W such that (a —b) € (pAN X) + pP). Once
we consider the situation where a € ((pANX)+pP), we will see that there exists an element ¢ € U
such that (a — b — ¢) € pP. Therefore, P = Ul (a).

Case 2. Let k > 1. In virtue of property (B), as the formula \Iffk (z) we can take a formula of

the form
Jz(z = p* Yz A ‘I’f(z)).

Property (2) follows from the form of \Il}]:k ().
Lemma 16, the algebraic closedness of a subgroup X, and property (2) can be combined to

produce property (3). O
PROPOSITION 8. If A is a totally (P, a)-stable group, then it can be represented as

A=BaC,

where B is a direct sum of finitely many infinite elementary groups, and for any prime p, the

p-components C), of the group C are finite.
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Proof. In view of property (B), for any prime p, the p-component A, is bounded and,
consequently, is distinguished by a direct summand in A. Furthermore, (B) implies that the group
A, is a direct sum of an elementary group and a finite group. Thus, with property (A) in mind,

we obtain the desired decomposition of A. O

LEMMA 19 [2, Lemma 17|. If A[p] is a finite subgroup, then any standard formula of the
form ax = 0 (mod p*) and any tuple a € P satisfy

A= aa = 0(modp*) & P |= aa = 0 (mod p).

THEOREM 9. For a complete theory of an Abelian group A to be totally (P, a)-stable, it is
necessary and sufficient that the group A be (P, a)-small and properties (B) and (C) hold.

Proof. The necessity of the conditions above was noticed at the beginning of the section.

Sufficiency. Assume the contrary. This means that there exist an Abelian group A satisfying
properties (B) and (C), which is (P, a)-small (in particular, properties (A) and (D) hold), and a
set X in T'= Th (A) such that the structures

<A)\,P)\>, A< 2w’

satisfy the following conditions:

(i) X C Py for every A < 2%

(ii) if A < p < 2%, then (A), a)aex = (A, A)acx;

(iii) if A < p <2, then Th ((Ax, Py, a)acx) # Th((A, Py, a)acx)-

We may assume that statements (1)-(4) (see below) hold.

(1) Abelian groups Ay, A < 2%, coincide. In fact, in view of the extension theorem, we may
assume that the groups have equal cardinality s. By virtue of condition (ii), it follows by the
Keisler-Shelah theorem that there exists an ultrafilter U such that ultrapowers AY, X\ < 2%, are
isomorphic. The isomorphic groups Ay, A < 2¥, are denoted by A.

(2) For subgroups Py, A < 2¥, and for primes p for which A[p] is an infinite subgroup, the
following sets do not depend on A:

(0) {epla) | a € (AN Py}

(8) {epla) | a € PP}

(1) {ep(a) | a € (X NpPy)}.

Indeed, Lemma 16, the property X C P,, a < 2¢, and property (D) imply that for almost all
primes p, the sets (a), (), and () coincide with the set of all g,-classes. For other p (finite in
number by property (D)), these sets are finite in view of (C). Therefore, among P,, a < 2*, there
are continuum many subgroups for which statement (2) holds.

(3) For subgroups Py, A < 2*, and for primes p for which 7,(A) is a finite Szmielew invariant
not equal to zero, the subgroups of Gp in Definition 10 have equal cardinality. This follows from
the property of Gp being finite, property (D), and Prop. 7.

Statement (3) gives rise to the following:
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Remark 5. In the case where the invariant 7,(A) is finite and is not equal to zero, there
exists a natural number n such that for any A\ < 2%, the subgroup P contains elements a{‘, . ,a;\Z
satisfying the conditions of Definition 10 for P = P). In this event we may assume that for any
a < < 2¥ and for every ¢ € {1,...,n}, the elements af* and aiﬂ sit in a same ¢,-class, and that
class contains no elements of the set X.

(4) If X < < 2%, then (A, P\) = (A, P,).

The statement follows from the fact that A is (P, a)-small.

Remark 6. We may assume that a primitive Lp-formula ®(x) has the form

Jy1 - yk(P(yr) A A Plyr) A P),

where U is a primitive L-formula. Indeed, if ® contains a subformula of the form P(t) for some
term ¢, then ® is equivalent to a formula Jy(P(y) A ®*), where the variable y does not occur in ®,
while the formula ®* is obtained from ® by replacing P(t) by y = t.

In view of Lemma 3, any Lp-formula ¢(x) is equivalent in the theory 7™ to a Boolean
combination of primitive formulas. If now we show that every primitive Lp-formula ®(x) defines
in models (4, P,), a < 2%, the sole predicate on a set X, then we will arrive at a contradiction
with condition (iii).

Thus, to prove Theorem 9, it suffices to show the validity of the following:

LEMMA 20. Every primitive Lp-formula ®(x) defines in models (A, P,), a < 2¥, the sole
predicate on a set X.

Proof. Let ®(x1,...,z,) be a primitive L p-formula. By Remark 6, we may assume that it has
the form

Fyr - Fye(Pyr) A A P(ye) AV,

where W(x1,...,Zn;Y1,...,Yk) is a primitive L-formula. By virtue of Lemma 4, the formula
U(x1, ..., Tn;Y1,---,Yx) is equivalent in AG to a conjunction of standard formulas. Truth of
standard formulas of the first kind on elements of the subgroup P, in the group A is equivalent to
their being true in P,.

By statements (2) and (3), Lemma 19, and the construction of \IIII;,C (x), it follows from Lemma 18
and property (iv) that there exists a formula ©(z1, ..., %Y1, .-, Yk; 21, - - -, 25 ), Dot depending on

a, such that for every o < 2%, there are parameters af,...,a% in (P, N pA) such that for any

S

ClyensCpiby, ..., b € Py,

A':\P(Cl,...,cn;bl,...,bk)<:>Pa |:@(cl,...,cn;bl,...,bk;a?,... ao‘). (5)

rs

The parameters af, ..., a$ in order of their appearance in Lemma 18 will be related to a respective

»s

prime p. By Lemma 19, we may assume that if the subgroup A[p] is finite, then there are no

parameters among af,...,a$ relating to a prime p. In addition, in view of Lemma 17, we will

rs

assume that all parameters af,...,a$ are inner if the subgroup P, is bounded. By Lemma 16,
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we can suppose that if the Szmielew invariant v,(A) is equal to zero, then all parameters of the
formula relating to p are inner.

Lemma 18(2) implies the following: if we replace an outer parameter af corresponding to a
prime p by any element of the set af 4+ pP,, then equivalence (5) will be preserved.

Equivalence (5) and the form of a formula ® yield the equivalence

(A, P,) E®(c1,...,cn) © Po = Jyr--- Fui®O(cr, -y ens vty - -5 ks afs - ., al) (6)

for any elements c1,...,c, € P,.

Looking over the form of formulas \IIII;,C () in Lemma 18 and the form of a formula <I>5k () in
Lemma 17, we conclude that the formula O(z1,...,Zn;y1,..., Yk af,...,ad) is a disjunction of
primitive formulas. Moreover, if we replace its outer parameter relating to a prime p by an g,-
equivalent element of the subgroup P,, then every formula among the members of this disjunction
will be equivalent in P, to the initial formula. The existential quantifier distributes over disjunction.
Therefore, in view of the form of formulas \Iffk () in Lemma 18 and the form of a formula @ﬁc (x)
in Lemma 17, and also statement (2), in order to prove the lemma, it suffices to show that the
following statement holds.

(xx) Let A(x;y;z) be a primitive L-formula without parameters. Let b be a tuple of inner
parameters. For every a < 2¥, we choose tuples a® of outer parameters such that every element
a$ of a* is assigned some prime number p not depending on «, with af* € (pAN P,). Moreover, for
any « and any (3, the elements af* and aiﬂ sit in one €)-class, and that class contains no elements
of the subgroup X; in particular, it contains no elements of the subgroups pA[p"] for any n. Let
A(x;b;a%) be a formula in which any parameter of a® relating to a prime p is replaced by an
ep-equivalent element of the subgroup P,, and let it be equivalent in P, to the initial formula.
Then the predicates

{(A(Py;b;a®) N X) | a < 2¢¥}

coincide.

Let a® = (af,...,a$) and z = (21, ..., 2;). If, for any o < 2%, the formula A(x;b;a®) in the
group P, on the set X defines an empty predicate, then there is nothing to prove. Below we assume
that there exists « such that

(A(Pa;bja®) N X) # . (7)

By virtue of Szmielew’s theorem, we may assume that the formula A(x;y;z) is a conjunction of
standard formulas. Consider all possible types of conjunctive terms appearing in A(x;y;z).

(1) Take a standard formula ®¢(x;b) without outer parameters, which is a conjunctive term
of the formula A(x;b;z).

If &y is a standard formula of the first kind, then its truth in P, on tuples of X is equivalent
to its being true in A; therefore, this truth does not depend on «.

Let @y be a standard formula of the second kind modulo p. If Alp] is a finite subgroup, then
the fact that truth of ®y on tuples of X does not depend on « follows from Lemma 19.
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Let A[p] be an infinite subgroup. Then the Szmielew invariant +,(A) is finite. In view of
statement (2)(7y), the set X N pP, does not depend on «. Property (B*) for P = X with any
k > 1 entails the following:

ae(XNpPy) < Ibbe X ALY =anbepP,).

Therefore, since the set X N pP, is independent of a, it follows that X Np*P, is independent of o
for any k.

(2) Consider a formula ®(x;b;a%) = nb + ma® 4+ 5x = 0, which is a conjunctive term of the
formula A(x;b;a®) and is true in P, on some tuple of X.

In view of case (1), we may assume that the tuple m consists of nonzero elements. Suppose

that tuples b® and k are obtained from a® and m by deleting the first element. Then
®(x;b;a%) = nb + kb* + miaf + 5x = 0,

where a$ relates to a prime number p. Take an arbitrary element d € p*P,. If mid # 0, then
the formulas nb + kb® 4+ mya; + 5% = 0 and b + kb® + mq(a; + d) + 5% = 0 have no common
solutions in P,. This, by virtue of property (7), clashes with the fact that the elements a; and

(a1 + d) are g,-equivalent, and the truth of A(x;af,...,a¥) is preserved under the replacement of

»s
parameters relating to a prime p by e,-equivalent parameters. Thus m1p®P, = 0. By statement (4),
the structures (A, P,), a < 2*, are elementarily equivalent, and so all subgroups P,, a < 2%, are
bounded. In view of Lemma 17, the formula ®;(x;b;a®) is equivalent to a formula without outer
parameters, and we can now use case (1).

(3) Consider a conjunctive term of A(x; b; a®) of the form ®(x) = kb®+na+mx = 0 (mod p¥),
where the parameter a relates to a number ¢ # p. We may assume that the number n is not divisible
by p”*. Let ®3(x) be true in P, on some tuple of X.

Take an arbitrary element d € ¢?P,. Suppose nd # 0(modp*). Then the formulas kb® +
na + mx = 0 (mod p¥) and kb® + n(a + d) + mx = 0 (mod p*¥) have no common solutions in P,.
Indeed, if we had kb® + na + mc = 0 (mod p*) and kb® + n(a + d) + mc = 0 (mod p*) for some
tuple ¢ € P,, then, choosing an appropriate remainder, we would obtain nd = 0 (mod p*), which is
impossible by assumption. On the other hand, solutions for the formula A(x;b;a®) with a replaced
by (a4 d) should coincide since these elements are ¢,-equivalent. Thus ng?P,, C p*P,. The number
¢? is not divisible by p, so nP, C p*P,. In view of statement (4), this is true for any a < 2v.
Therefore, na = 0 (mod p¥). Consequently, the formula ®3(x) is equivalent in P, to a formula
kb® + mx = 0 (mod p¥), which is true for any a < 2%.

It remains to consider formulas of the form nib + 5a® + mx = 0 (mod p*), where all elements of
the tuples b and a® relate to a number p.

(4) Let a conjunctive term of A(x;b;a%) be of the form

®3(x) = b + 5a® + mx = 0 (mod p*), (8)
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where all elements of the tuples b and a® relate to a number p.

We will assume that there is a tuple ¢ € X, which is a solution for the formula ®3(x) in some
subgroup P,. We can suppose that with decreasing k, the tuple c is no longer a solution for the
thus obtained formula. We may also assume that each of the coefficients of ®3(x) is not divisible
by p”*. In view of case (1), the tuple 5 has nonzero length and consists of nonzero elements.

The parameters of a* and b in order of their appearance in Lemma 18 will belong to the
subgroup pA. Since c is a solution in P for the formula ®3(x), the element mc belongs to the
subgroup pA.

We can suppose that all numbers in the tuple § are of the form p—1)

l;, where I; is not divisible
by p. Otherwise, by the truth-preserving property, if we replaced the parameter a; by any other
element of the set a; + pP,, then we would have p*~")mP, C p*P,, where m is not divisible by p
and r > 0. The number m is not divisible by p, and so p*~") P, C p*P,,, which is a contradiction
with k& being minimal. The number [; is not divisible by p, and we may assume that [; < p.

Let [ be a tuple of the same length as that of 5, composed of the multipliers ;. Suppose that

for some tuples ¢ € X and e € P,,

iib + p*Va® + mc = pFe. 9)
Elements of the tuple a® belong to the subgroup pA, and for some tuple f* € A, pf* = a®. From
(9), we derive

pM(If* +e) € X. (10)
Using Remark 3, we obtain p(If* + e¢) € X. Consequently, la® + pe € X. We have arrived at a
contradiction with the fact that sequence (4) in Definition 10 forms a basis in the group G'p treated
as a vector space over a field consisting of p elements. O

We formulate the remaining question in terms of the following:

Conjecture. For a complete theory of an Abelian group A to be totally (P,a)-stable, it is
necessary and sufficient that the group A be Szmielew w-bounded and properties (B), (C), and (D)
hold.

5. TOTAL (P, s)-STABILITY

THEOREM 10. For an Abelian group A, the following conditions are equivalent:

(1) a theory of A is totally (P, s)-stable;

(2) a theory of A is (P, s)-stable;

(3) a group A is a direct sum of a finite group and finitely many elementary Abelian groups.

Proof. That (2) and (3) are equivalent was proved in [1].

The implication (1)=-(2) is obvious.

We show that (2)=-(1). It follows from [2, Thm. 8] that if a theory T of a group A is (P, s)-
stable then, for any cardinal A, the value of a cardinal function St (P, s)(\) does not exceed w, i.e.,
condition (1) holds. O
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