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We deal with some upper semilattices of m-degrees and of numberings of finite families. It is
proved that the semilattice of all c.e. m-degrees, from which the greatest element is removed, is
isomorphic to the semilattice of simple m-degrees, the semilattice of hypersimple m-degrees, and
the semilattice of ¥9-computable numberings of a finite family of $3-sets, which contains more

than one element and does not contain elements that are comparable w.r.t. inclusion.

INTRODUCTION

Lachlan in [1] described semilattices that are isomorphic to principal ideals of an upper semilattice of
computably enumerable (c.e.) m-degrees. Currently such semilattices are conventionally referred to as
Lachlan’s. Tt is easy to show that the class of Lachlan semilattices coincides with a class of semilattices that
are principal ideals in any fixed non-trivial semilattice of ¥{-computable (i.e., computable in the classical
sense) numberings of finite families of c.e. sets, and also with a class of semilattices that are segments in
semilattices of X{-computable numberings of arbitrary families of c.e. sets. In [2], it was stated that any
Lachlan semilattice can be embedded as an ideal in an arbitrary non-trivial semilattice of ¥-computable
numberings, for n > 2. In [3], it was proved that the class of Lachlan semilattices coincides with a class of
distributive upper semilattices with the greatest and least elements, having ¥9-presentations.

Denisov in [4] explored universal Lachlan semilattices, that is, Lachlan semilattices with the extension
property for embeddings (for details, see below). He proved that the universal semilattice is unique up
to isomorphism, and established that the universal property is shared by the following: the semilattice
of all c.e. m-degrees, any principal upper cone of this semilattice, and the semilattice of ¥{-computable
numberings of a finite family of c.e. sets containing a unique element that is not maximal w.r.t. inclusion.
A groundwork for this result was Denisov’s extension theorem for embeddings, which subsequently was
strengthened by Ershov in [5].

In the present paper we prove that the following upper semilattices are isomorphic to the universal
Lachlan semilattice from which the greatest element is removed: the semilattice of simple m-degrees, the

semilattice of hypersimple m-degrees, and the semilattice of ¥9-computable numberings of a finite family
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consisting of ¥.9-sets that are pairwise non-comparable w.r.t. inclusion. Note that, for the last-mentioned
case, Denisov announced this result in [4] for a two-element family; but its proof was not published.

The ideas behind our proofs are for the most part borrowed from [4, 5]. A construction in the proof
of Theorem 3 for simple and hypersimple m-degrees is properly the construction from Theorem 1 in [4], in

which some details have been modified and requirements added for simplicity and hypersimplicity.

1. THE UNIVERSAL SEMILATTICE

The basic notions pertaining to computability theory can be found in [6], to the lattice theory — in
[7], and to the theory of numberings — in [8]. We expect the reader to be familiar with them. In the
introduction to [8] is also some useful information on distributive semilattices.

For the value of a numbering v on a natural number z, we will, following a common practice, write
vz instead of v(z), dropping the parentheses. For a partial function f, by Jf we denote its domain,
and by pf its range. For a preordered set A = (A4, <), we denote its associated poset by A= (A, <)
(keeping the same denotation for the preorder and its associated order), and the element A containing
x € A (an equivalence class) by [z]4 (or merely by [z], if there is clarity as to which A is being spoken
of). A preordered set A is called a prelattice (an upper presemilattice, a lower presemilattice) if Ais a
lattice (an upper semilattice, a lower semilattice). A prelattice (an upper presemilattice) is said to be
distributive if its associated lattice (upper semilattice) is distributive. In what follows, upper semilattices
(upper presemilattices) will be referred to merely as semilattices (presemilattices), since lower semilattices
will not be considered. For a prelattice (presemilattice) A, writing A = (4, <;u,v) (A = (A, <; u)) means
that u and v are binary operations on A, which on A present operations of taking least upper and greatest
lower bounds, respectively (i.e., for any =,y € A, [u(z,y)] = sup{[z], [y]} and [v(z, y)] = inf{[z], [y]}). If the
semilattice £ has a least or greatest element, then we denote them by L. and T, respectively (or simply
by L and T, if there is clarity as to which semilattice is being dealt with).

Let L = (L,<%;V*) be a distributive semilattice with the greatest and least elements. Let 7 be a
numbering for L. Following [3], we say of a pair (L,n) that

(1) (£, n) is Qg if the relation nz <* ny is X in the arithmetic hierarchy and there exists a computable
function u such that nu(z,y) = nx V= ny for all 2,y € N;

(2) (L,n) is Ay if there is a sequence {D; = (D;, <;)}ien of finite distributive prelattices enjoying the
following properties:

(a) Dg C D; C ... is a strongly computable sequence of finite subsets in the natural series, and
UDi=N
ieN

(b) for all ¢, 0,1 € D;, and for all € D;, 0 <; z <; 1;

(c) for z,y € D;, x <; y implies  <,;41 y, and the naturally defined mappings of '51 into @iﬂ preserve
least upper bounds;

(d) a ternary relation z <; y is I13 in the arithmetic hierarchy;

(e) there are sequences of functions {u; : D? — D;}ien and {v; : D? — D;};en which are computable
uniformly in ¢ and are such that D; = (D;, <;;ug, v;);

(f) for all 2,y € N, nx <F ny < (3i € N)(2,y € D; &x <5 y).

If (£,n) € Ay then the semilattice £ is isomorphic to a direct limit liLnieN@i. In [3], we pointed out
that A; C Qo and proved that for any pair (L,n) € Qo, there is a numbering 1’ such that n < 7’ and
(L,n'y € Aq.
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Let £1 and L5 be semilattices with universes Ly and Lo, respectively. By a morphism from L1 to Lo
we mean a mapping from L; to Lo, which is an isomorphic embedding of the semilattice £, onto an ideal
of the semilattice Ly. If 77 is a numbering for L1, 72 is one for Lo, and ¢ is a morphism from £; to Lg,
then we call ¢ a &morphism from (L1,m) to (L2,72) provided that ¢ is a morphism of numbered sets in
the sense of [8], that is, if there exists a computable function f such that p(mxz) = n2f(x) for all x € N.

Let L = (L,<*;V*), n be a numbering for L, and (£,n) € Qy. A pair (£,n) is said to be universal if
the following conditions hold:

(1) the element T is distinct from Lp and is indecomposable into the union of two strictly smaller
elements;

(2) for any two pairs (L1,m1), (La,m2) € Qo and for K-morphisms @1 : (L1,m1) — (La,12) and ¢s :
(L1,m) — (L,m), p2(Tr,) # T implies that there exists a & morphism ¢ : (Lo, m2) — (L,7) such that
P2 = PO P1;

(3) for any a € L, there is a c.e. set A for which {nz:2 € A} ={bec L:b<* al.

We say that a semilattice L is universal if there is a numbering 7 such that the pair (£,7) is universal.

LEMMA 1. Let (£,7n) be a universal pair. Then the semilattice £ is infinite. Moreover, in the second
condition specified in the definition of a universal pair, we may assume that o(Tz,) # Tz.

Proof. In order to state that L is infinite, we take (L1,1m1), (Lo, 72) € Q3 so that Lg, = T, and Lo is
infinite. Then the second condition in the definition of a universal pair ensures that there exists an ideal in
L isomorphic to Ls.

Suppose that ¢a(Tg,) # T for pairs (L1,m1), (La2,12) € Qo and for K-morphisms ¢1 : (L1, m1) —
(La,m2) and g = (L1,m) — (L,n). Let L) be the semilattice Lo with an adjoint outer greatest element
and 75 be a numbering for the universe of L such that 750 = T, and nyx = n2(z + 1) for all z € N. By
condition (2) in the definition of a universal pair, there then exists a £morphism ¢’ : (L5, n5) — (L, n) for

which ps = ¢’ 0 1. As ¢ we may take a restriction of ¢’ to the universe of the semilattice Lo. O

LEMMA 2. Let (£,n) be a universal pair, (L1,71) € Qa, ¢ be a morphism from (L1,71) to (L,n),
and a be an element of the universe of L greater than or equal to ¢(Tr,). Then there exist a pair
(La,m2) € Q9 and K-morphisms ¢’ : (L1,m) — (Lo, n2) and 9 : (La,m2) — (L, n) such that ¢ = ¢ o ¢’ and
a = 1/)(TL2).

Proof. Let L = (L,<*;V*), a € L, and o(Tg,) <* a. Let Ly = (Lo, <*2;V*2) be the semilattice
isomorphic to a principal ideal in £ generated by a and ¥ be a morphism from Lo to £ such that ¢(T,) = a.
Put ¢’ =1~ o . Clearly, ¢ is a morphism for which ¢ = 1 o ¢'.

Let f be a computable function such that p(mz) = nf(z) for all z € N; A is a c.e. set with {nz : z €
A} ={be€ L:b<* a}; uis a computable function with nu(z,y) = nz V¥ ny for all z,y € N. For every
non-empty finite subset X in the natural series, we define the value w'(X) by induction on the cardinality
of X, setting v'({z}) = x and v'({yo < ... < yn < z}) = w(w'({yo,..-,yn}),z). Let F be the set of all
non-empty finite subsets of AU pf and g be a computable surjection of N onto F. We define a numbering
1 for the universe of Lo, setting nex = 1~ (nu'(g(z))) for any x € N.

Since nox <*2 My < nu'(g(x)) <* ' (g(y)) and nex VE2 oy = noz, where z is defined by g(z) =
g(z) U g(y), we have (La,m2) € Q. The equality ¥ (n2z) = nu'(g(x)) shows that ¢ is a R-morphism from
(La,m2) to (L,n). Let h be a computable function such that g(h(z)) = {f(z)} for any x € N. Then
¢'(mz) = v~ He(ma)) = v~ (nf (@) = ¢~ ' ({f(2)})) = ¥~ (e (9(h(x)))) = n2h(z); hence ¢’ is a
K-morphism from (L1,71) to (La,n2). O

An argument for the theorem below, based on the back-and-forth construction, is similar by and large to
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the proof of a relevant theorem in [4]. However, here, the class of numbered semilattices has been changed

and definitions altered; so its proof will be provided in in full to avoid confusion.

THEOREM 1. Any two universal semilattices are isomorphic.

Proof. Let L' = (L', <*'; V&) and L = (L”,<*"; V*") be universal semilattices. We fix numberings
7’ and 1" such that (L', n’) and (L”,n”) are universal pairs. By Lemma 1, the sets L’ and L” are countable;
welet L'\ {Tc/} ={ao,a1,...} and L” \ {T on} = {bo, b1, ...}

By induction, we define sequences of

(1) pairs {(Li,n:) bien in Q,

(2) A-morphisms {fi11: (Li, i) — (Lit1,Mit1) bien,

(3) Smorphisms {g; : (Lo, ) — (&', bien,

(4) Smorphisms {h; : (Li,mi) — (L7, 1" bien,
so that g; = giy1 0 fiy1, by = hiy1 0 fiy1, a; € pgaiy1, by € phaiye, Tor & pgi, and T &€ ph; for all ¢ € N.

We take Ly to be equal to a one-element semilattice and let 19 be the unique possible numbering for
the universe of Ly. Let gg and hy be the solely possible morphisms from Ly to £’ and L”, respectively.
Suppose that k£ € N and that the objects (L;,m;), fi, gi, and h; have been constructed, for all i < k. We
handle two cases.

Case 1. Let K+ 1 = 2s + 1. By Lemma 2, there are a pair (L,n) € Qo and R-morphisms f :
(L) — (L) and g : (L,n) — (L/,7) such that as VX' gi(Te,) = g(Te) and g = go f. Since Tgo
is indecomposable into the union of two smaller elements, we have g(Tr) # T/. By Lemma 1, there is a
K-morphism h : (L, n) — (L” n") for which hy = ho f and h(Tg) # Ter. We put L1 = L, np1 = 0,
Jet1 = [, gkt1 =g, and hyy1 = h.

Case 2. Let K+ 1 = 2s + 2. We proceed symmetrically to the previous case. By Lemma 2, there
are a pair (L,n) € Qo and K-morphisms f : (Lg,mk) — (L,n) and h : (L,;n) — (L") such that
bs VA Ry (Te,) =h(Tg) and hy = ho f. Since T~ is indecomposable into the union of smaller elements,
h(Tg) # Ter. By Lemma 1, there is a &morphism ¢ : (L,n) — (L’,n') such that g = go f and
9(Te) # Tere Weput Ly =L, qrv1 =0, forr = f, ger1 = g, and hgy1 = h.

Now, let v(Tg/) = Ter and v(a;) = h2i+1(g2_i£rl(ai)). Tt is easy to verify that v is an isomorphism of L'
onto L”. O

Below, in treating m-reducibility and m-degrees, we will ignore sets & and N and, consequently, assume
that there exists a least m-degree consisting of computable sets. Let ¢ — W; be the Kleene numbering of
the family of all c.e. sets and V; = (W; \ {0}) U{1}. Suppose L€ is a semilattice of all c.e. m-degrees and 7
is a numbering for the universe of L such that mi = deg,,(V;) for any i € N.

PROPOSITION 1. A pair (£L¢, ) is universal.

Proof. Let L¢ = (L°,<*";Vv*"). The Kuratowski-Tarski algorithm says of the relation V; <., V;
being 9 in the arithmetic hierarchy. Hence the relation 7x < 7y likewise is ¥9. Moreover, deg,, ((V; @
V; \ {0}) U {1}) = deg,,(V;) VX" deg,,(V;). Therefore there exists a computable function u such that
mu(x,y) = Tz V*" my for all 2,y € N. Thus (L€, 7) € Q.

Clearly, the semilattice L€ is not one-element. That T is indecomposable is a known fact in com-
putability theory, mentioned, in particular, in [4, 8].

Assume that (L1,m1), (L2, 12) € Qo and that ©o(Tg,) # Tge for Kmorphisms ¢ : (L1,m) — (La,72)
and @9 : (L1,1m1) — (L€, 7). Let p be a numbering for the universe of Lo such that 7y < g and (Lo, p) € Aq.
The fact that 1y < p is reducible implies that o1 is a &morphism from (Ly,7;1) to (L2, p). By [4, Thm. 1],
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there is a R-morphism ¢ : (La, u) — (L, ) for which po = pop;. Clearly, ¢ is a &-morphism from (L, 72)
to (L€, 7).

Suppose a = deg,,(V;) € L. Let {f;},en be a computable sequence of all primitive recursive functions
and g be a computable function such that Vi = (fj_l(Vi) \ {0}) U{1}. We claim that {7z : z € pg} =
{be Le:b<*" a}. Since Vi) <m Vi forany j € N, {mz:z € pg} C{b€ L°:b <" a}. Let b <*" a. We
have b = deg,, (V) for some c.e. set V, and for some computable function h, n € V' < h(n) € V; with all
n € N. Let j be such that pf; = ph. It is a simple matter to verify that V) =, V. Hence b = mg(j). O

Thus universal semilattices exist. Denote a unique (up to isomorphism) universal semilattice by U. Let
U denote the semilattice U from which the greatest element Ty is removed. Since Ty is indecomposable
in U, W is a distributive lattice lacking in the greatest element.

Along with the usual total numberings, we will also consider partial numberings. A partial numbering
of an at most countable set S is any surjective mapping of some subset of N onto S. We extend the concept
of a R&morphism. Let £; and L, be distributive semilattices, ¢ be a morphism from L; to Lo, and m
and 7y be partial numberings of the universes of L1 and Lo, respectively. If there is a partial computable
function f such that dn; Cof, f(dm) C dne, and p(mz) = naf(x) for any x € dn1, then ¢ is also referred
to as a R-morphism from (L1,m1) to (La,192). For the case where 7; and 72 are total, the concept that we
have introduced coincides with the concept of a &-morphism as defined previously.

Let L = (L, <*; v*) be a distributive semilattice with the least element |z and 7 be a partial numbering
for L. We say that a pair (L,n) is partial universal if the following conditions hold:

(1) there are a binary relation R C N2, which is 39 in the arithmetic hierarchy, and a partial computable
function u such that for any x,y € 6n, the value u(z,y) is defined and belongs to én, nu(z,y) = nz V= ny,
and R(x,y) < ne < ny;

(2) for any two pairs (L1,11), (La,m2) € Qo and for K-morphisms ¢1 : (L1,m1) — (La,12) and ¢s :
(L1,m) — (L,n) such that vo(Tg,) # Te (or Tg does not exist), there is a &morphism ¢ : (Lo, 72) —
(L,m) for which @3 = p o .

(3) for any a € L, there is a c.e. set A C on with {nz:x € A} ={b€ L:b<* a}.

We say that a semilattice L is partial universal if there exists a partial numbering 7 such that the pair

(L,m) is partial universal.

THEOREM 2. If the partial universal lattice has no greatest element then it is isomorphic to U'.

The proof is similar to that for Theorem 1. We give its sketch, not going into details.

Assume that (L, 7) is a partial universal pair and that £ has no greatest element. For (£,7), Lemma 2
holds true. We argue in exactly the same way as we did in proving that lemma. In fact, the equality dn = N
is properly not used in the initial proof, the only important thing being that u'(X) € én for finite X C d1).

Below, as 1’ we take a numbering for the universe of U such that (U,7’) is a universal pair. Put
o' \ {Tu} = {ag,a1,...} and L = {bg,b1,...}, and then construct, as in the proof of Theorem 1, a
sequence {(L;, ;) }ien of pairs in Q9 and three sequences { fi+1 : (Li,m:) — (Lit1,Mit+1) bien, {9: 1 (Li, i) —
(U, ") ien, and {h; : (Li,m) — (L, 1) }ien of K-morphisms such that g; = gi+1 © fit1, hi = hiy1 0 fit,
a; € pgo2it1, b; € phoiya, and Ty & pg; for all i € N. Since L has no greatest element, Lemma 1 is no
longer needed in defining h at odd steps. By Lemma 2, for (L, n), we can define f and h at even steps.
With the map v defined after constructing the sequences using v(a;) = h2i+1(g2_iﬁrl(ai)), we state that v is
an isomorphism of U onto L. O

Remark 1. We may prove that if a non one-element partial universal semilattice contains a greatest el-
ement which is indecomposable into the union of two strictly smaller ones then this semilattice is isomorphic
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to U. Indeed, if in this case we remove the greatest element from the semilattice in the partial universal pair
and bound the numbering then we will be faced up to a partial universal pair with a semilattice without a
greatest element. (We need an analog of Lemma 1 to ground this property.)

2. EXAMPLES OF PARTIAL UNIVERSAL SEMILATTICES
WITHOUT GREATEST ELEMENTS

We consider a number of distributive semilattices which lack in the greatest element and partial num-
berings for their universes.

Let n > 2 be some fixed natural number and S,, = {s1,...,s,} be a finite set of power n. We say that a
numbering v of a set S is 0’-decidable if there exists a 0’-computable function f such that vo = s, for any
z € N. Evidently, the 0’-computable numberings of S,, form an ideal in the presemilattice of all numberings
of the set S, which is itself a presemilattice. Denote a semilattice associated with this presemilattice by
X = (X, <% v, Let {(p?,;}meN be a universal computable sequence of all unary partial 0’-computable
functions and = be a set of natural numbers m such that the function cpg; is total, and is a surjective

mapping of N onto {1,...,n}. For every m € Z, let v, be a numbering of S,, such that v,z = s ) for

o’ x
all z € N and let £ém be an element of X associated with the numbering v,,,. Then £ is a partial mfr;nl’t()ering
of X with the domain E.

We say that a c.e. m-degree is simple (hypersimple) if it contains a computable or simple (hypersimple)
set. (As above, in treating m-degrees, we ignore the m-degrees of the sets @ and N.) Sets of simple m-
degrees and of hypersimple m-degrees are ideals in the semilattice L¢. Indeed, let A be simple (hypersimple)
and B be m-reduced to A by a computable function f. Then B is computable if pf is finite. But if pf is
infinite, then we let g be a computable injection from N to N such that pg = pf. It is not hard to verify
that the set g~1(A) is simple (hypersimple) and g=*(A) =, B. Again, if A and B are simple (hypersimple)
sets then the set A @ B likewise is simple (hypersimple).

Semilattices of simple and hypersimple m-degrees are denoted by L5 = (L%, <LS;\/LS> and LM =
(LM, <2 VA" respectively. Let I, = {i € N : V; is cofinite or simple} and I, = {i € N : V; is cofinite
or hypersimple}. Put o = 7 [ I and x = 7 | Is. Then o and x are partial numberings for the sets L® and
L, respectively.

LEMMA 3. The semilattices X, £°, and £L"* do not contain greatest elements.

Proof. We prove that X has no greatest element. To do this, it suffices to show that if v is a 0’-decidable
numbering of the set S, then there exists a 0’-decidable numbering p of S,, such that u € v. Let g be a
0’-computable function with vz = sy,) for any 2 € N. Assume that o is a mapping of the set {1,...,n}
into itself, without fixed points. Let {¢m }men be a universal computable sequence of all unary partial
computable functions. For x < n, put ux = s,41. For = > n, let

= Sa(f(pe_n(z))) if Pe—n(x) is defined,
51 otherwise.

Clearly, p1 is a numbering of S,, and the function g, defined by the equality pr = s4), is computable
with oracle 0'. If u < v then the function ¢,, is total for some m € N, and pzr = vo,(z) for all x € N.
However, in this instance pu(m +n) = sa(f(pm (m+4n)) Z Sf(em(m+n)) = VPm(m +n), a contradiction.

Our present goal is to prove that the semilattices £° and L"* have no greatest elements. To do this, it
suffices to state the following:
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If A is a c.e. non-creative set then there exists a hypersimple set B such that B £, A.

Let F be a set of all finite subsets in the natural series and F = {Y is a c.e. subset of F : (Vy1,y2 €
Y)(y1 Ny2 = @)}. Evidently, there exists a computable sequence {Y;};en such that {Y; : i € N} =F. We
fix this sequence, assuming that for some procedure enumerating sets Y; uniformly in 4, Y; stands for the
set of elements of Y; enumerated by step ¢t. Let K be a creative set. We fix enumeration procedures for sets
A and K, assuming that A* and K* are the parts of these sets enumerated by step ¢. For any i € N, let ¢!
be a partial function with a finite domain such that ¢!(z) = y iff the value p;(z) is computed in at most ¢
steps, and is equal to y.

We enumerate the set B in steps. For every step ¢, B? denotes a finite set of numbers enumerated into

B at steps not exceeding t. After every step t, values of “counters” are defined by setting

(i, t) =max{z <t: (Vy < x)(y € dplt & (y € B* < pi(y) € AY))},
c(i, t) = max{c(4,0),...,(i,t)}.

It is clear that for each i € N, the function At[c(i,t)] does not decrease, and tlgglo c(i,t) = oo iff B is
m-reduced to A by ¢;.

We describe steps of the construction. At every step, we do the following: attach labels to natural
numbers and enumerate elements into B. For every i € N, we use the label [i]. Any label can be attached
only once, never to be removed, and each number is allowed to be attached at most one label. Suppose
that for every ¢ € N, m(i,t) is equal to a total of numbers to which the label [i] is attached after step ¢,
and z, ..., xin(i,t) are the numbers themselves, enumerated in order of attaching [¢]. For the description of
Step 1 to be correct, we put ¢(i, —1) = 0 for all ¢ € N.

Step 0. No labels are attached. Put B® = @ and pass to the next step.

Step t 4+ 1. This step consists of three stages.

Stage I. We attach the label [t] to a least number with no label. Then we seek for ¢ < ¢ such that
c(i,t—1) < c(i,t). If such ¢ are missing then we pass to the next stage at once. Otherwise, for the minimal
such i, we attach [i] to the least of the yet unlabelled numbers and pass to the next stage.

Stage II. For every i € N, if m(i, ) > 0 then we enumerate into B the number %, for all j < m(i,1)
such that j € K*. Pass to the next stage.

Stage II1. For every i < t, if each element Y;! contains numbers which are still not enumerated into B,
and for some y € Y}, the set y consists of numbers to which labels [j], j > i, are attached, then we choose
(effectively) one of such y and enumerate all of its elements into B. Pass to the next step.

We have finished to describe the steps of the construction. Clearly, these steps are effective since the

set B= J B! is c.e. We claim that B £,, A.
teN
Suppose the contrary. We have tlim c(i,t) = oo for some i € N; let ig be least among all such 7. Note
—00

that for each ¢ € N, stage III is exercised at most once. Let ¢y be a step after which the “counters” ¢(i,t) do
not grow with all i < iy and stage III fails for i. Since stage I is realized for i¢ infinitely often, the elements
2l are defined for all s > 0. Elements of the sequence xf;’l(imto)ﬂ, xf;’l(io)to)ﬁ, ..
B only at stage II; hence, for any s > m(ig,to), 22 € B < s—1 € K. But then K <,, B, and B <,,, 4
implies K <,;, A, which contradicts the initial assumption on A.

. may be enumerated into

We argue to show that B is hypersimple. Assume the contrary. Then either B is cofinite, or there is
i € N for which the set Y; is infinite, and for any y € Y;, y € B. The former is impossible since B &,,, A.
Let ip € N so that Y;, is infinite and (Vy € Y;,)(y € B). After some step the “counters” c(i,t), i < o, will
stop growing and labels [¢] will not be attached. Hence we can find y € Y;, such that the labels [i], i < o,
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are never attached to the elements y. Since at least one label is always attached at stage I, it follows that
at sufficiently large steps labels will be attached to all y’s, stage III will be realized for iy, and one of the
elements of Y;, will be entirely enumerated into B. O

Our next goal is to prove that pairs (X, £), (£, o), and (L"*, ) are partial universal. Before we formulate
a statement on being partial universal for the pairs, we give the formulation of the theorem on which our
further proofs will be based.

THEOREM 3. The pairs (X, &), (L%, 0), and (L"*, x) satisfy the second condition in the definition of
a partial universal pair.
The proof of Theorem 3, which is technically rather complicated, will be given in Sec. 3. Preparatory

to this, we state and prove a number of consequences of Theorem 3.

THEOREM 4. The pairs (X, ), (L%,0), and (L"*, x) are partial universal.

Proof. That the second condition in the definition of partial universality holds for all the three pairs
follows from Theorem 3. The first condition for (L%, o) and (L") is met since partial numberings o and
X are restrictions of the numbering 7, (L., ) € 2, and the domains of o and x are closed w.r.t. a function
u such that V) = (Vo ®@ V, \ {0}) U {1}. We verify the third condition on these two pairs. Let a € L*
(a € L") and a = deg,,,(Vy,) for € do (z € §x). Suppose {f/}icn is a computable sequence of all primitive

recursive functions. For every i,y € N, put

Yy ify =0,1,
fily) =741 ify > 28 (32 <y - 2)(fl(2) = £y - 2).
fl(y —2) in all other cases.

Then {f;}ien is a computable sequence of primitive recursive functions, and for every ¢ € N, we have
fi(0) =0, fi(1) =1, pfi = pfi U{0,1}, and fi(y1) = fi(y2) = (y1 = y2) V (fi(y1) = fi(y2) = 1). Let g be
a computable function such that Vi) = Wy = {y € N: fi(y) € Vi }. We state that {7i:i € pg} = {b €
L¢: b <* a} in the same way as we did in proving Prop. 1. Since L® (L"*) is an ideal in £¢ and o ()
is a restriction of 7, we are left to show that pg C do (pg C dx). This follows readily from the simplicity
(hypersimplicity) of V, and the fact that (y1 # y2) & (fi(y1) = fi(y2)) = v1,y2 € Vy)-

It remains to verify the first and second conditions on the pair (X,£). We argue for the first. Let
R = {(z,y) € N*: (3i € N)(the function ¢; is total and (Vz € 602 Np; ' (609)) (92 (2) = 9 (¢i(2)))} (the
sequence {; }ien is as defined in the proof of Lemma 3). The Kuratowski-Tarski algorithm delivers R € 39.
For z,y € =, we have R(z,y) < (Ji € N)(p; is total and (Vz € N)(v,z = v,0:(2))) & vy < vy & Ex <X &y
Let u be a computable function such that for any z,y,z € N,

o 0% () if z =27,
Puten#) = @2,(2’) otherwise.
For arbitrary z,y € =, we have u(z,y) € Z, Vy(z,y) = V2 © 1y, and hence {u(z,y) = & v gy

We argue for the third condition. Let a € X. Then a is associated with some 0’-decidable numbering v.
Without loss of generality, we may assume that vz = s, 1 for all x < n. Let f be a 0’-computable function
such that va = sy, for all z € N. Suppose {f;}ien is a computable sequence of all primitive recursive
functions, and

r+1 if v <mn,

gi(z) = ,
fi(x —n) otherwise
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for all z,7 € N. Assume h is a computable function such that @2,@) = fog; forany i € N. Fori € N
arbitrary, then, the value (i) belongs to = and vp,;y = v o g;. Put A = ph. We have A C = and &z <Xa
for any € A. Now, let b € X so that b <* a. Then b is associated with some numbering x of the set S,
and there exists a computable function g for which p = v o g. We choose ¢ € N so that pg = pf;. Then
H=vog=vofi=vog =um and b=Eh(i) € £(A). O

COROLLARY 1. The semilattices X, L%, and L"* are isomorphic to U'.

The proof follows immediately from Theorem 2, Lemma 3, and Theorem 4. O

COROLLARY 2. A semilattice of m-degrees of AY-sets is isomorphic to U'.

Proof. There is a natural isomorphism between the semilattice of m-degrees of A9-sets and the semi-
lattice X defined by 0’-decidable numberings of the set Sy, for n = 2. O

The corollaries below make use of the concepts of a Rogers semilattice of 3?-computable numberings

and of a 0’-degree in that semilattice. All relevant definitions can be found in [9].

COROLLARY 3. Let k > 2, S be a finite family of X?-sets containing at least two elements, and
RY(S) be the Rogers semilattice of $-computable numberings of the family S. Let m be the least 0’-degree
in 522(5 ). Then m, treated as an upper semilattice, is isomorphic to U’'.

Proof. It is easy to show that a numbering of S presents an element of the semilattice R)(S) lying in
the least 0’-degree iff the numbering is 0’-decidable. O

COROLLARY 4. Let S be a finite family of %9-sets containing at least two elements such that
different sets in S are incomparable w.r.t. inclusion. Then the Rogers semilattice R3(S) of X3-computable
numberings of S is isomorphic to U'.

Proof. Under the above-listed conditions, the least 0’-degree in RJ(S) coincides with the entire semi-
lattice R3(S). O

Along with the semilattices £° and L" dealt with in the present paper, of interest is the semilattice
Lhs of hyperhypersimple m-degrees. This semilattice was explored in [10]. It was proved that L"¢ is not
a lattice, contains infinitely many minimal elements (above L rxs) and elements which are not underlain

Lhs is also isomorphic to U'; but we

by the minimal, and has an undecidable elementary theory. Possibly,
have no idea as to how this claim can be proved or disproved (nor do we even know how to obtain a local

description for L"),

3. THE PROOF OF THEOREM 3

First, we note that the second condition in the definition of a partial universal pair is equivalent to the
following statement (hereinafter, 2N denotes the set of even natural numbers).

Given a semilattice L' = (L/, <*'; V*') and a numbering 1/ of the set L', we assume that the pair (L', ')
is Ay. Let also n/(2N) be a principal ideal in L’ and f be a computable function with the domain 2N such
that pf C on, the mapping n'(2z) — nf(2z) is well defined and is an isomorphic embedding of the ideal
7’ (2N) onto a proper ideal of the semilattice L. Then there exists a K-morphism A from (L', ') to (L, n)
such that A(n(2z)) = nf(2x) for all x € N.

In fact, if the second condition in the definition of a partial universal pair holds for (£, 7) then the fact
that the desired &-morphism A exists may be stated by treating the numbering n”’x = r/(2z) of the ideal
7’ (2N) and keeping in mind that computable functions f(2x) and 2z define morphisms of this ideal into
(L,n) and (L', n'), respectively.
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Conversely, let (L1,m1), (La,m2) € Qo and @1 : (L1,m) — (La,m2) and @2 @ (L1,m1) — (L,7n) be K-
morphisms such that ¢2(Te,) # T (or else Tr does not exist). By the result in [3] mentioned above,
there is a numbering 1" of the universe of Lo for which 1 < 1" and (Lo, 7”) € Ay. Let f1 be a computable
function such that 1 (n12) = naf1(z) for all z € N. We define a numbering 1’ for the universe of Lo setting

J_L2 if$:0,
T,  ifr=1,
n2fi(y) ifx=2y+2,

0"y in the remaining cases

e =

for all z € N.

We claim that (Lg,7') € A1. Let {D} = (D}, <})}ien be a sequence of finite distributive prelattices for
(La,n"") satisfying properties (a)-(f) in the definition of the class A;. Assume f’ is a computable function
such that oz = 0" f'(z) for all z € N. Put D; = {0,1}U{2x+3:2 € D;}U{2x+2: 2 <1, f'(fi(z)) € D;}
for every i € N. On each of the sets D;, we define a relation <; setting x <; y < f"(x) <} f"(y) for
z,y € D;, where the function f” is defined thus:

T ifx =0,1,
(@) = F(Aily) ife=2y+2,
Y in the remaining cases

for all z € N. Evidently, for every i € N, D; = (D, <;) is a finite distributive prelattice, with @1 = 23;
It is also clear that the sequence {D;}ien enjoys all the six properties specified in the definition of Ay for
<Lg, 77I>.

It is easy to see that 7'(2N) is an ideal in Lo, isomorphic to £1. Now, let f be a partial computable
function with the domain 2N such that f(0) = o and f(2z+2) = f2(x), where f> is a computable function
with po(ma) = nfe(z) for all x € N and zp € N is such that nzg = L. Then pf C dn, the mapping
7' (2x) — nf(2z) is well defined and is an isomorphic embedding of the ideal 7' (2N) onto the ideal p2(L1)
of L. Let A be a & morphism from (Lo, 7’) to (L,n) such that A(n'(2z)) = nf(2z) for all x € N. Since
n2 < 1’ <1, Ais also a &morphism from (Lo, 72) to (L, 7). We have pa(mx) = nfa(x) =nf(2x +2) =
A (22 +2)) = A fi(z)) = A1 (mz)) for any 2 € N; s0 gz = Ao 1.

Thus, for (X, &), (L%, o), and (th, X), we need only prove the statement formulated at the beginning
of this section. Assume that the pair (L', ') satisfies the conditions specified in the statement, and {D; =
(D;, <i)}ien is a sequence of finite distributive prelattices for (L', 7)) meeting the six properties in the
definition of A;. Let {u}, v} : D? — D;};en be computable sequences of functions such that D; = (D;, <;;

1) 7

ul, v}). For every i € N, we define functions u; and v; mapping subsets D; into D; by setting

ul(Q) =0, Ui(g) =1,
wi{zr <... <ap}) =uwj(ui({z1, ..., 2h—1}), k),
vi{z: < ... <ai}) =vj(vi{z, ..., 2p—1}), k)
forall k > 1. We call the set A C D; an atom of D; if v;(A) &; u;(D;\ A). It is easy to see that an arbitrary

atom in D; is a principal upper cone in D;, that is, if A is an atom in D; then there exists a € D; for which
A={x € D, :a<;z}. In[l], the following properties of atoms are pointed out:
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(1) the lattice D, is isomorphic to a sublattice in the lattice of all subsets of the set of atoms in D;; the
isomorphism is given by the rule [z]p, — {A is an atom in D, : € A};

(2) for every atom A in D;yq, there is a unique set {A;,..., Ag} of atoms in D; which are pairwise
incomparable w.r.t. inclusion, so that AN D; = A; U...U Ag.

Following [1], we bring into consideration frames and towers (see also [2, 4]). A frame is a pair F =
(Am,---,A0; Cm, - - -, ¢1) which consists of two finite sequences and is such that:

(F1) for i < m, elements of A; are non-empty subsets D;;

(F2) for i < m, the function c¢;41 : Aix1 — P(A;) maps A;41 into the set of non-empty subsets of A;,

with A, = U c+1(A);
AEA ;41
(F3) for i < m and A € A;41, the elements ¢;41(A) are pairwise incomparable, and AND; = |J ¢i+1(A);

(F4) A, is a singleton.

The number m in the definition above is called the length of a frame F. We say that & is a frame of
kind 1if AN2N = & for A € A,,; otherwise, F is referred to as a frame of kind II. A frame is good if A
is an atom in D; for any ¢ < m and any A € A;. A frame that is not good is said to be bad. The second
property of atoms maintains that for any atom A in D,,, there exists a sole good frame of length m for
which A,, = {A}.

The definition of an atom implies that the property of being good for an atom is a ¥9-property. With
this fact in mind, we fix a computable function mod;JF such that modpF < mod;F < ... and the frame
F is good iff lim modsF < oco. We may assume that the function mod is injective, that is, mod,, F1 =
mody, Fo = 51 — 82 & Fy = Fo.

We denote the value of lim mod,J by mod(¥F). If F is a bad frame then mod(F) = oo; for F good,
mod(¥) is equal to some n;tuoroal number, and moreover, for distinct good F, the numbers mod(¥F) are
distinct.

A toweris a pair T = (P, ..., Po; ©m, - - ., po) which consists of two finite sequences and is such that:

(T1) for i < m, elements of P; are non-empty finite subsets of the natural series;

T2)
T3) P, is a singleton;

T4) for i <m and P,Q € P;, P # @ implies PN Q = &;

T5) for i« < m and P € P;11, there is (obviously unique) €,41(P) C P; such that P = Je;41(P);

(T6) for i < m, let P € Piy1, A = ¢i11(P), and ;41(P) = {P1,..., P }; then {@;(P1),...,0i(Pr)}
depends only on A, and we denote this family of subsets of D; by ¢;11(A);

for i < m, the function p; : P; — P(D;) maps P; into the set of subsets of D;;

(
(
(
(

(T7) the pair (@m(Pm),- -, ©0(Po); Cm, .., c1) is a frame.

A frame defined as in T7 is called the frame of a tower T, and the tower itself is said to be constructed
on this frame. The number m is referred to as the height of a tower J. A set that is an element of P, is
called the base of a tower and is denoted by base(T). We say that a tower is of kind I (kind II) if its frame
is of kind T (kind II). Clearly, given a frame and a sufficiently large finite set F', we can construct a tower
on that frame, with the set F' taken as the base.

For a tower T, mod,T is conceived of as the value of the function mod,F, and mod(T) — as the value
of mod(F), where F is the frame of T. A tower is good is its frame is good.

Let F = (Am,.-.,A0;Cm,.-.,c1) be a frame, k < m, and A € A. There is a frame (By,..., Bo;
dk,...,dp) of length k defined by the following relations:

(1) B = {A}
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(2) for i < k, B; = U Ci+1(B);
BeB;t1

(3) for i <k, dit1 = cip1 [ Big1.

The so constructed frame is denoted by F%.

Let F=(Anm,...,A0;Cmy ... c1) and G = (B, ..., Bo;dk, .. .,d1) be two frames, with £ < m. Fori < k
and B € B;, denote by «;(B) the set {A € A; : B C A}. We say that the frame § is embedded in the frame
F, and write § X F, if ax(B) # @ for B € By, and for all i < k, B € B;11, B’ € di+1(B), and A € a;41(B),
we have ¢;11(A) N, (B') # @.

LEMMA 4. Suppose that F = (A, ..., Ao;Cm,-.-,¢c1) and § = (By, ..., Bo;dk,...,d1) are two good
frames, k < m, and for (unique) B € By, there is A € Ay such that B C A. Then § < F.

Proof. Let A be an atom in D;;1. Denote by C;(A) a unique set of atoms in D; which are pairwise
incomparable w.r.t. inclusion and the union of elements of which is equal to A N D;. It is not hard to see
that if B C A C D;41 are atoms in D, ; then for any B’ € C;(B) there is A’ € C;(A) such that B’ C A’.
Indeed, let b € D; so that B = {x € D; : b <; x}. Since b € AN D;, we have b € A’ for some A’ € C;(A).

Now we verify the condition on § being embeddable in F. We have oy (B) # & by the hypothesis of the
lemma. For i < k, let B € B;11, B’ € di11(B), A € A;y1, and B C A. Since § and F are good frames,
di41(B) = Ci(B) and ¢;41(A4) = C;(A). By the above, A’ € a;(B’) for some A’ € C;(A). O

We say that frames F = (A, ..., Ao;¢m,...,c1) and § = (Bg, ..., Bo;dg,...,d1) are consistent at a
level i for i < min{m, k} if §% < FY for some B € B; and some A € A;. We say that towers are consistent
if so are their frames (at a level 7).

Suppose that T = (P, .., Po; @my - - -, 00) and 8 = (g, ..., Qo; Wy, - - ., o) are two distinct towers with
disjoint bases, consistent at a level 7, and that F = (A, ..., Ao;Cmy .. .,c1) and § = (By, ..., Bo;dk, ..., d1)
are their frames. For some B € B;, A € A;, P € P;, and Q € Q;, we have G < F, B = ¢;(Q), and
A = ¢;(P). We describe how to transform the towers.

Fori<j<mand X € Pj,put X* =X, f XNP =0, and X*=XUQ if PC X. Letting j < 1,
we assume that the value of X* has been defined for all X € Pj 1. Let X € P11 and X = ZpU... U Z
for Zy,...,Z; € P;. If X N P = @ then we put Z = Z, for all r < I. Suppose X C P. The construction
described has the property that X*\ X =Y, U...UY,, where Y, C Q, Ys € Q, 41, and ;41 (Ys) C ¢j41(X)
for all s < p. For s <p,let Y, =Y2U...UYY where Y0 ... Y2 € Q;. Since G4 < FYy, it follows that for
every t < g we can find » < m so that 1;(Y}) C ¢,(Z,). We choose such r (effectively from T and §) for
all s <pandt<q(s),and put Z; = Z, UU{YS: 1 <s<p, t <q(s), r=r(s,t)} forall r <I.

For every j < m, define P = {X*: X € P;}. For j < m and X € P, let ¢} (X*) = ¢;(X). It is a
simple matter to show that the constructed pair (P}, ..., P 0k, . .., ¢f) is a tower with base(T)UQ, which
we denote by T*. We point out the following properties of the above construction:

(P1) frames of towers T and T* coincide, and hence modsT = modT* for any s;

(P2) for j <iand Y € Q;, either Y C base(T*), or Y N base(T*) = o;

(P3) for j <i,if Y € Qj and Y C base(T*) then Y C X* and ¢;(Y) C 7 (X™) for some unique X* € P7;

(P4) for every j < m and for X € P;, there is a unique X* € P} such that X C X*, with ¢;(X) =
@5 (X™).

We say that a tower T* is obtained by transforming a tower T at a level ¢ via P and Q. In what follows,
we will (somewhat loosely) speak of the towers T and T* as of a single tower.

First, using a step-by-step construction in the course of which towers will be constructed and destroyed,
we prove the statement formulated at the beginning of the section for pairs (L°, ) and (L"*, x), and then

we show, employing the elements of the construction described, that the statement is valid also for (X, ¢&).
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Let (L,n) be one of the pairs (L o) or (L"* x) and f be a partial computable function with the
domain 2N such that pf C én and the mapping ¢ : 7'(2x) — nf(2z) is well defined and is an isomorphic
embedding of the ideal 7/(2N) onto a proper ideal of the semilattice L. Since numberings ¢ and y are
restrictions of the numbering 7, it follows that nf(2z) = 7 f(2z) = deg,,(Vf(2s)) for all x € N. We claim
that there is a computable sequence {M;};en of c.e. sets such that deg,,(M,;) = ¢(n'z) for all z € N
satisfying 'z € 7/(2N), and moreover, if n = o then M, is simple or cofinite, and if n = x, then M, is
hypersimple or cofinite.

The relation 'z = n/(2y) is X9, and hence there is a partial 0”-computable function g with the domain
7'~1(n'(2N)) such that n'z = 1/(2g(z)) for any = € §g. For g, there are a 0’-computable function g; and
a computable function go with the property that for every = € dg, g1(x,t) = g(z) with almost all ¢, and

for any z,t € N, g1(z,t) = ga(w,t,s) with almost all s. Let M, , = (J{z < s: 2 € Vg (ats)} Then
seN
M;’t is enumerable uniformly in z,?, and coincides with V(o (2,¢)) modulo finite sets. We have the I19-

condition (V' > t)(¢g1(z,t') = g1(z,t)) on x,t; hence there exists a computable function gs(x,t,s) which is
non-decreasing in s and is such that lim g3(z,t,s) = oo iff the condition in question is satisfied. Let c? be
§—00

a computable bijection of N2 onto N, and

M. = U{cz(z,t) (ze M, &3s(z < gs(w,t,5)) V (t > 0&Is(z < ga(x,t —1,5)))}
teN

for all z € N. Clearly, M/, is enumerable uniformly in z.

Let x € §g and t, be a minimal number such that (V¢ > ¢,)(g1(z,t) = g1(z,tz) = g(x)). Then for any
t < t, the set {z: ?(z,t) € M} is finite, {z : ¢*(z,t,) € M} = M}, , and {z : ¢*(z,t) € M} = N with
every t > t,, which implies Mglc =n M;,tx =n Vf(291(m,tm)) = Vf(Zg(ac))-

Let {g.}zen be a computable sequence of computable injective functions such that pg’, = {c?(z,t) : t €
N, 3s(z < g3(x,t,s))} for each x € N. Suppose M, = g, }(M]). Evidently, M, is enumerable uniformly in
x. For x € dg, the set N\ pg’, is computable and is disjoint from M]; therefore M, =,, M_.

Lastly, for z € dg, the set Vag(z) = Vag, (a,4,) coincides with M, ;, modulo finite sets, and the simplicity
or cofiniteness (hypersimplicity or cofiniteness) of V5,(,) implies being simple or cofinite (hypersimple or
cofinite) for the latter set; by construction, the property of being simple (hypersimple or cofinite) holds for
M, ¢, iff the corresponding property holds for M,.

For a frame F = (A,,...,Ao;Cm,...,c1) of kind II, Mg denotes the set M, (a), where A € Ap,.
Let {M}}}teN, F is a frame of kind 11 D€ a strongly computable double sequence of finite sets such that Mgr -

M; C...and My = | Mf; for each frame F of kind II. We fix another series of the notation. Let Y;,
teN
Y}, K, and K! be as in Lemma 3. Assume that {6;};cn is a universal computable sequence of all unary

partial computable functions and {6!};cy is a strongly computable double sequence of unary functions with

a finite domain such that 6; = |J 6! for all @ € N. (These are the same as ¢; and ¢! in Lemma 3; the
teN
designations have been changed, for ¢ with indices is used in the notation for towers.) Suppose that W;

denotes a c.e. set with Kleene number i (as it did in defining the numbering 7) and {W/}; ;en is a strongly

computable double sequence of finite sets such that W C W} C ... and W; = |J W} for any i € N.
teN
For a tower T = (P, ..., P05 ©my - - -, o) and for numbers ¢ < m and a € D;, let p(a,i,T) denote the set

{Pe€P;:a€p;(P),and if i <m then p,,_1(P')N2N = & for P’ € P,,,_1 such that P C P’}.
Before embarking on a direct description of the construction, we make several remarks. In the course of

the construction, we build towers, destroy towers, and enumerate the set U. Numbers that will have visited
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the bases of the towers before some instant of the construction are referred to as used by this instant, and
the remaining numbers — as unused. Every time when a new tower is constructed, its base will accept only
numbers that have been unused by the instant of the construction; hence, for two distinct towers T and T5
ever appearing in the process, it is true that base(T7) N base(T2) = @. The used numbers not in the bases
of the existing towers are said to be rejected. A set of rejected towers is denoted by D. A number may be
rejected by virtue of the fact that a tower collapses in the base of which it lay — either directly (and then
the entire base of the tower is rejected), or due to transformation of another tower (and then only that part
of the base is rejected which does not go over to the base of the other tower).

Once some number has been rejected, it is automatically enumerated into U, and so D C U. However,
if a non-rejected number is enumerated into U then that number does necessarily lie in the base of a tower
that exists by the enumeration moment, and concurrently, also, all numbers in the base of the tower fall
into U (i.e., the bases of the towers are enumerated into U “as a whole”). If, at some instant, one tower
gets transformed at the expense of another tower, then the bases of both towers should not lie in U. Thus
we can draw the following conclusion: at any instant of the construction, the base of any existing tower
either is entirely in U or does not contain numbers from U.

For any frame 7, let T ,T7, ... be a sequence of towers that will be built on this frame in the course of
the construction, with the towers in the sequence arranged in order of appearance. At each moment, only
finitely many elements of the sequence are defined, and the entire sequence may be either finite or infinite,
depending on the frame. If some of the towers T7 in the sequence undergoes a transformation at the
expense of another tower suffering a collapse, this tower will retain the same denotation. (It is important
that the frame of the tower under transformation is not altered, and all numbers in the base of the initial
tower enter the base of the transformed tower; later, we will see that every tower may be transformed only
finitely many times.)

In the construction, we also use extra functions h(G,t), where G is a frame. Let ¢’ be a computable
surjection of N onto the set {(F,k,a,¢e) : F = (Am,...,Ao;Cm,...,c1) is a frame of kind I, k < m, a €
U Ak, e < m} such that for any ¢ € N, there are finitely many ¢’ € N for which ¢/(t') = ¢/(¢). Let ¢’ be a
computable surjection of N onto the set of all frames sharing a similar property. If, in performing one of
the actions, we need to choose among several possibilities then this choice will be made in some effective
way. We pass to describe steps of the construction.

Step 0. Put h(5,0) = 0 for all frames G. Pass to the next step.

Step ¢t + 1. This step includes four stages.

Stage I. We collapse every existing tower T such that mod;J < mod¢y17T. Pass to the next stage.

Stage II. For every frame F of kind IT such that mod;F < ¢, we construct a tower on that frame, choosing
as the base a sufficiently large initial interval of unused natural numbers. Further, let ¢(t) = (F,k, a, €),

and
Q1 = U{Pepla,k,T7): tower T exists},
Q2 = U{base(TY) : tower T7 exists}.

If Q1 C 66, 0.(Q1)NQ2 = &, and for any q € Q, it is true that “q has been enumerated into U < 0.(q)
has been enumerated into U,” then we construct a tower on F, taking as the base a sufficiently large initial
interval of unused natural numbers, and then collapse all the existing towers T such that mod;T > mod;¥F.
Pass to the next stage.

Stage III. Let ¢’(t) = G and j be equal to the length of G. We seek for an existing tower T =
(P -+, P03 Pmy - -+, p0) such that m > j, and for some k > m and some existing (at the instant) tower
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= (Q,...,0; Y%, ..., 1o) constructed on some frame §', with P € P; and Q € Q;, the following conditions

§=91 o and P €p(1,5,T]);
modt‘J’? < mod,;9;

k> h(9,t);

S

J .
< TPy

(
(
(
(
(
(6) PNW} =@ and QNW} # 2.

If such towers ‘J'f exist, among these we choose one for which the number 02(m0dt7? ,1) is least possible,
pick its corresponding tower 8 so that P € P; and @ € Q;, and then subject T7 to a level j transformation
via P and Q. Put h(G,t +1) = h(G,t) + 1 and h(G',t + 1) = h(9',t) for all frames §’ # G. If, however, T
with the required properties does not exist then we transform no towers and put h(§',t + 1) = h(9',t) for
all frames §’. Pass to the next stage.

Stage IV. For every frame F of kind I and every = € N, if the tower T2 exists, its base is still not
enumerated into U, and x € K*, then we enumerate all numbers in base(T% ) into U. For each frame F of
kind IT and each z € N, if T¥ exists, its base is still not enumerated into U, and x € ML, then we enumerate
all numbers in base(TY) into U. Further, we seek for i < ¢ such that every element of the set Y, contains
numbers which are still not enumerated into U and there is y € Y;' such that:

(1) all elements of the set y are already used,;

(2) all elements of y which are still not enumerated into U are in the bases of existing towers of height
at least 1.

If such i do not exist then we pass to the next step at once. Otherwise, for the least such i and
for y € Y satisfying the two properties above, we enumerate into U all numbers in the bases of towers
containing elements of the set y. Pass to the next step.

The description of the construction is completed. Clearly, all steps of the construction are effective, and
hence the set U is c.e. The towers are constructed at stage II and are destroyed at stages I, II, and III.
Every tower constructed on a bad frame is destroyed at stage I of some step to follow.

We say that a tower that exists at some moment of the construction is final if it does not get destroyed
or transformed at a later time. Every tower is liable to just finitely many transformations. In fact, for
the tower T = (Ppn, ..., Po;©m,---,¢0), consider a number 7;(T) equal to the number of elements of the
set {P € P;:i < m, PNW} # @}; this number does not decrease with growing ¢ and increases with T
undergoing a transformation at step ¢t. Thus every tower constructed on a good frame either collapses in
some time or becomes final after finitely many steps.

For each good frame ¥, if at least one of the towers constructed on F collapses at stages I and II,
simultaneously, then, all towers on this frame collapse as well. At stage III, the towers constructed on F
may be destroyed only finitely many times. Indeed, in each of such cases, for a frame G of length not more
than that of F, the value of h(G,t) increases so that at the destruction moment it does not exceed the
length of F. Thus all towers in the sequence T3 ,T7 ... get destroyed — some time or other —, or else all
but finitely many towers become final after finitely many transformations. Hence, for every good frame &,
the set
Qg = U{base(ﬂ'f) - tower T7 is defined and is final}

is computably enumerable.
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If X C N and ¢ is an equivalence relation on N then we let [X]. denote the set {y € N: (3z € X)((z,y) €
e)}. If X and e are c.e. then [X]. likewise are c.e. We say that the equivalence ¢ is consistent with U if
either x € U and y € U, or x € U and y ¢ U, for any pair (z,y) € €.

Following [1], we introduce a W-operator. For every c.e. set X C N, define

(1)if XNU # @ and X € U then ¥(U | X) = deg,,(f~1(U)), where f is a total computable function
such that pf = X (clearly, (U | X) does not depend on the choice of f);

(2)if XNU =2 or X CU then ¥(U | X) = Lee.

We point out the following properties of a W-operator:

(1) for a € L¢, it is true that a <** deg,,(U) < there exists a c.e. set X such that a = U(U | X);

(2) WU | X1 U X)) =V(U | X)) VE (U | Xo);

(3) if X3 =* X5 then ¥(U | X;) = U(U | X2) (hereinafter, =* denotes the equality modulo finite sets);

(4) if the c.e. equivalence ¢ is consistent with U then ¥(U | X) = ¥ (U | [X]:);

(5) (U| X1) <*° U(U| Xo) iff there is a partial computable function 6 such that X; C 66, 8(X;) C X,
and (Vz € X;)(z € U < 0(z) € U).

The third property implies that (U | X) = Lge for X finite, and the second property yields X; C
Xo = U(U | X;) <M (U | Xy).

LEMMA 5. Let J be a good frame. Then only finitely many towers on ¥ collapse in the course of the
construction, and

(1) if F is a frame of kind I then the sequence T5 ,T7, ... contains not more than finitely many members,
and hence the set Q7 is finite;

(2) if F is a frame of kind II then T35 ,T7, ... is infinite and ¥ (U | Q) = deg,,(Ms5).

The proof is by induction on mod(F). Assume that the statement of the lemma holds true for all good
frames F' for which mod(¥’) < mod(¥), and that Fi,...,F; are all such frames. Let m be equal to the
length of F. Note that for every ¢ € N, stage IV is realized at most once. Suppose ¢ty > mod(F) is large
enough so that:

(1) for any frame ¥, if mod(F') < mod(F), then mod;,F = mod(F’), and if mod(F’) > mod(F), then
mod, F' > mod(F);

(2) towers on F1,...,F, do not collapse at steps greater than or equal to to;

(3) if F; is a frame of kind I for ¢ € [1, k], then no towers with F; are constructed at steps greater than
or equal to tg;

(4) towers with F do not collapse at stages III of steps greater than or equal to tp;

(5) for every i < m, if stage IV is realized for 4, then it is realized at a lesser step than ¢.

In view of the first condition, at steps greater than or equal to tg, the towers with F cannot collapse
at stages I, nor at stages II by conditions (1) and (3). Combined with (4), this means that the towers
constructed on JF fail to collapse at steps greater than or equal to tg.

If F is a frame of kind I, then the sequence T3, T7 , ... is infinite, since a new tower with JF is constructed
at stage II of each step starting with ¢g. The fifth condition for ¢y and the description of stage IV imply that
base(‘J'f ) is enumerated into U at steps greater than or equal to tg iff i € Mg. For almost all 4, therefore,
the equivalence base(TY) C U < i € Mg holds, whence (U | Q) = deg,, (Ms5).

Suppose that JF is a frame of kind I and the sequence T3 ,77, ... is infinite. Following essentially the
same argument as above, we can show that in this case ¥(U | Q) = deg,,(K) = Tge. Furthermore,
for some quadruple (F, k', a,e), stage II is realized infinitely often, which means that the following two
statements hold:
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(1) every tower constructed on a frame other than Fi,..., g, F collapses in some time;

(2) Q1 C 80, 0.(Q1) NQy = 3, and (Vg € Q1)(q € U « 6.(q) € U), where Q1 = J{P € p(a,k',T7) :
tower J7 is final}.

Evidently, Q; is c.e. It is also clear that the equivalence € given by the rule (z,y) € ¢ & x = yV Ji(tower
T is final and z,y € base(T7)) is c.e. and is consistent with U. We have [Q1]c = Qg, and hence ¥ (U|Q;) =
U(U|Qg) = Tre. In view of the first of the above two statements, N = Qz, U...U Qs U Qg U D. This
equality, together with statement (2) and properties of a W-operator, entails U(U | Q1) <*° W(U | Q,) V="

L VESU(U | Q) VET U (U | D). However, each of the members in the right part is equal to Lge or to
deg,,, (Ms) for some frame F of kind IT; consequently the entire right part belongs to the range of a partial
numbering 7. Contradiction. O

We bring into consideration a number of equivalence relations and sets. Let ¢, € N be arbitrary

natural numbers and d € D;. Put

e = {{z,y):z,ye D}U{(z,y) : x,y € base(T) for some final tower T};
gi = {{x,y):z,ye DVae=y}U{{x,y): there exist k > ¢, a final tower
T=Pr,..,Po;0k,---,00), and P € P; such that x,y € P};
Ry, = DU U{P : there exist £ > ¢ + m and a final tower

T=(Px,---,Po; ¥k, - .., p0) such that P € p(d,i,T)}.

Clearly, ¢; C ¢ for any ¢ € N. Since the equivalence ¢ is consistent with U, equivalences ¢;, for all
i € N, are also consistent with U. For any i € N, d € D;, and my < ma, we put Sy} = R} \ R}'? and
T;™ = {3 : Fis a good frame of length greater than or equal to i +m; and less than i +my such that for
any tower T on J, the set p(d, i, T) is not empty}. Consequently the set T,;";""™* is finite and S7'; ™ = [J{P :
there exist I € T, k € [i +m1,i + mz), and a final tower ‘J';f = (P, Po; Pk - - -, p0) for which
P € p(d,1, U’f)} By Lemma 5, S;’?il’m2 is c.e. For any d € D;, let A(d,7) denote an element of D; equal to
u;({vi(d,2z) : 2z € D;}). Evidently, A(d, i) <; d, A(d, i) <it1 A(d,i+ 1), and 1'(A(d, 7)) € ' (2N).

LEMMA 6. For any m,i € N and any d € D;, the relation ¢; and the set Rj'; are computably
enumerable.

Proof. Let
H} = {§G:Gis a frame of length < i, tlim h(G,t) = oo}
H? = {G:Gis a frame of length < i, tlim h(G,t) < oo}

min{h(G,t): G € H}} if H! # o,

13 otherwise.
Let ¢; be large enough so that h(9,t;) = tlim h(G,t) for any G € H?. It suffices to show that

g, = {{z,y):x,ye DVa=y}U{(z,y):at some step t > t; there exist h(i,t) >k > i,
a tower T = (Pg,...,Po;0k,---,p0), and P € P; such that x,y € P};
Ry,

DU U{P : at some step t > t; there exist h(i,t) > k > i+ m and a tower
T=(Pk,---,Po; ¥k, - .., p0) such that P € p(d,i,T)}.

Indeed, it is easy to see that the right parts in both of the equalities are c.e.
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The inclusions from left to right in the equalities follow readily from the fact that hm h(i,t) = oo
and any final tower exists at all sufficiently large steps. For the inclusions from right to left it suffices
to state that if at some step t > t; there exists a tower T = (Pk,...,Po; ¢k, ..., o) with h(i,t) > k >
and P € P;, then either P C D, or P C @ and P € p(d,i,7) = Q € p(d,i,8) for some final tower
S=1(9,...,90;%,...,%0) with [ >4 and some @ € Q,. If T does not collapse after step ¢ then it becomes
final after finitely many transformations, and we are done. If T collapses at stages I and II of some larger
step then all numbers in base(T) go over to D, and P C D. Lastly, if our tower collapses at stage III
then, by the choice of ¢;, it collapses due to being transformed at a level greater than or equal to 7, and all
numbers in P either are rejected or go over to the base of a tower of height less than or equal to k, with
a smaller module. As long as the tower exists its module remains invariant; so if we assume that for some
tower T something is violated then we may take T with the least possible module and obtain a contradiction
then. O

LEMMA 7. For any i,m € N and any d € D;, the following equalities hold:

(1) v(U | ng;nﬂ) = deg,, (Ma(d,itm))s

(2) R27i+m = [ :jnz]Ewm Sg 11+m7

(3) W(U | Ry;) = W(U | Ry 11)-

Proof. We argue for the first equality. For every frame F € Ti’im of length k € [i,i 4+ m], let
Q5 = U{P : there is a final tower ‘J';f such that P € p(d,i,T9)}.

Y J

It is then easy to see that [Q%]., = Q. Hence ¥(U|Q%) = ¥ (U|Qg). Since Sg:;nﬂ =U{Q5:F e Ti’imﬂ},
by the property of a W-operator, we have ¥(U | S m“) = \/Lc{\I/(U |Qy) : F € Tdoy’znﬂ} (assuming that
\/ ‘o=1 ce). The set on the right-hand side of the equality may be left with just frames kind II, for the set
Qg is finite for every frame F of kind I. By Lemma 5, therefore, we have \I'(U|S2)’;n+l) = \/Le {deg,,(Mg) : F
is a frame of kind II in Tdojznﬂ}.

For each frame F = (Ag,...,Ao;¢k,...,c1), let v(F) = vi(A), where A € Aj. By the definition of
Mg, we then have Mg = M, ). Suppose v = Uiym({v(F) : F is a frame of kind II in Tg)’lmﬂ}). We
have n'v(F) € n/(2N) for every frame F of kind II and the mapping ¢ is an isomorphic embedding of the
ideal 7/(2N) onto an ideal of the semilattice £¢ for which ¢(z) = deg,, (M) with any = € n'~(/(2N)). It
remains to show that v =;4,,, A(d, i+ m).

Since v(F) <k A(d, k) <itm A(d, i+ m) for any frame F = (Ayg, ..., Ao;Cp,...,c1) € Tg,’imﬂ of kind
I1, it follows that v <;+m A(d,i +m). Suppose A(d,i +m) Lit+m v. Then there exists an atom A in D;
such that A(d,i+m) € Aand v ¢ A. Assume F = (Aij1m,---,A0; Citm,---,C1) 18 a good frame for which
A € Aitm. Let k be a minimal number in [i,4 + m] with A(d, k) € |JAk. Suppose B € Ay is such that
A(d,k) € B. Tt is easy to verify that % € Tg,’imﬂ is a frame of kind II. But then vix(B) = v(F%) <, v
and vi(B) € B C A, which contradicts the choice of A.

We argue for the second equality. By definition, Sd itm € Ry iy Let @ € [R]., .. Then cither
r€Dandzx e Rd)Hm, or there are P’ € P; and P” € P, ., such that P’ C P”, 2 € P” and P’ € p(d,i,7)
for some final tower T = (Pk,...,Po; ¥k, ..., o) of height k¥ > i +m. But then P’ € p(d,i + m,T) and
x € Ry, Conversely,let z € Ry, ,,,. Then either z € D and = € [R},].,,,,, or there is P € p(d,i+m,T)
such that « € P for some final tower T = (Pg, ..., Po; 0k, ..., po0) of height k& > i +m. If k = i+ m then

e 5ot If, however, k > i + m then P’ € p(d,:,T) for some P’ € P; with P D P’. Tt follows that, for

d,i+m*

any y € P', y € R}, and (2,9Y) € €iym; 50 7 € [R]]e, .-
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We verify the third equality. In view of the first equality, U (U | Sg,’il) = deg,,(Mxa,) <t

deg,,(Ma(q,i+1)) = \I/(U|Sg)’il+l). By the properties of a U-operator and the argument above, \P(U|R2,i+1) =
V(U RL)VE W(UISg ) = WUIRYVE U(U|STVE R(U]Sg7 ) = WU RG0SV (US4 ) =

W(U|RY,) V=" W(U|Sy},,). Since Sy C RS, we have U(U | Sy, ) = deg,, (Maa,ir1) = U(U|Sy7) <&
(U | R} ;). Ultimately we arrive at W(U | R} ;,,) = (U | R ;) VE I(U | 5’2334_1) =W(U|R],). O

To every d € N we assign an m-degree W(U | R ;), where i is such that d € D;. (By the previous lemma,
such an m-degree does not depend on the choice of i.) In view of this assignment, a mapping A from the
semilattice £’ to the semilattice L£¢ is well defined, since ¢ =; d = (¢ € A « d € A) for any ¢,d € D;
and any atom A in D;. For any ¢,d € D; and any A C D;, we have uj(¢c,d) € A<= ce Avde A;so X
is a semilattice homomorphism. If d € N so that n'd € n/(2N), then d € D;, A(d,i) =; d, Ré,i = D, and
A'd) = W(U | RY,) = W(U | S$LURY) = W(U | S04 VE W(U | RY,) = dog,(Ma) V Lee = @(/d) for
some sufficiently large ¢, and hence A extends .

LEMMA 8. Let j € N. Then there are m € N and d € D; such that Ry ; C [(W; UU) N RY ], €
RS, USSP UL

Proof. We say that an atom A in D; is j-dense if there are infinitely many good frames F of length
not less than j such that A = ¢;(P), P € p(1,5,77), and (PN W;)\ U # @ for some final tower
T7 = (Pry- ., Po; ks - -+ p0) and some P € P;. Let d = u;({vj(A) : Ais a j-dense atom in D,}. Assume
m is large enough so that for any non j-dense atom A in D; and any good frame JF of length greater
than m, for any final tower T9 = (Pr,...,Po; @k, ..., p0) and any P € p(1,5T7), if A = ©;(P) then
(PNW;)\U = @. We argue to show that d and m satisfy the desired properties.

Suppose that the first inclusion fails. Then there are a final tower T7 = (P, ..., Po; @k, .., o) and
P € p(d,j,T7) such that P € [(W; UU) N RY j]c;. The latter is equivalent to PN (W; UU) = @. We
choose T} with least possible ¢?(mod(T7),7). If d =; 0, then Rj ; = D and the first inclusion holds; so we
may assume that d #; 0. In view of the definition of d and the distributivity of D;, there exists a j-dense
atom A such that p;(P) 2 A. Let § = {F : F’ is a frame such that ¢?(mod;F,i’) < c?(mod(F), i) for some
t,i’ € N}. Suppose tg is large enough so that for any ¥ € § and any ¢ € N, such that the tower U’g, is
defined by step tg, and

(1) if ’J’g " ever collapses, then it has already collapsed, and if it does not, then it has become final;

(2) if base(T3') C U, then the numbers in base(T3 ) have already been enumerated into U;

(3) base(TJ ) N Wi = base(T ) N W;.

Let G be a good frame of length j such that its base contains an atom A. By Lemma 4, § % ’ffpj(P). After

step to, the value h(G,t) cannot increase since as it does, some tower must be transformed. However, the
description of stage I1I, the minimality of ¢?(mod(7T),4), and the choice of ¢y show that exactly the tower T3
should undergo a transformation, which it does not, since it has already become final. Hence there is r € N
for which h(G,ty) =r = tlilgo h(G,t). Since A is j-dense, there is a final tower § = (Qp, ..., Qo;Up, ..., %0)
of height p > max{k,r} on some frame §’ such that mod(8) > mod(T7), and for some @ € Q;, A = ¥;(Q)
and (Q NW;) \ U # @. The tower § is final; so the frame §’ is good and § = ng(Q)' Let t > tp so that
the tower § exists at step t, Q N Wf # @, and ¢’(t) = G. The description of stage IIT maintains that
h(G,t+ 1) = h(9,t) + 1, which, as noted, is an impossibility.

We argue for the second inclusion. Let z € [(W; UU) N RY ].,. If z € D then z € Ry ;. But if z ¢ D
then = € P for some final tower T = (P, ..., Po; ¢k, ..., o) of height k > j and some P € p(1, j,T) such
that PN (W; UU) # @. If 2 € U then z € R),; US)" UU. If d € P then P C Ry, and again
ngj U S?)’;-”H UU. Lastly, let P € U and d ¢ U. Then PNU = @, the atom ¢;(P) is not j-dense, and
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(PNW;)\U # &; hence k < m and z € Sg:;nﬂ CRy;U S’?)’;nﬂ ulU. O

LEMMA 9. The image of a mapping A is an ideal of the semilattice L€.

Proof. Since A(Tg/) = AMn'1) = ¥(U | R ;) is the greatest element of the image, it suffices to show
that W(U | W;) € pA for any j € N such that W; C RY ;. We fix arbitrary W; with this property. Every set
in the Kleene numbering has infinitely many numbers. Therefore we may assume that j > 0.

By Lemma 7, we have R} ; = [R{70]€j U S’?Jl Clearly, [S’?:g]aj = S’?:g. We obtain R{ ; U S’?:g =
[R] o), UIST 3], UST; = (R USYE]e, USY) = [RY o], USYj. Further, ((W;UU)NRS ;) U((W;UU)NST]) =
(W, UU) (R, USYE) = (W; U0 N (RS o=, USST) = (W, A[RY oo, ) U(W; 1881 (U N (R o), UST)) =
W, U(W; N8P U (U N([RY o], U SY))) = W; UUL, where Uy = U N ([RY ], USY}) is a c.e. subset of U.
Let X1 = (W;UU) ﬂS’?:g. Then X is a c.e. subset of S’?:g and ((W; UU) ﬂR%j) UX; = W;UU;. We have
WU | W) = (U | W) VE WU | Uy) = B(U | W, U0 = W(U | (W; UD) A RS ) UX) = ¥(U | (W; U
U)NRY ;) VA 21, where z; = ¥(U | X;) € A(7/(2N)). By Lemma 8, for some m € N and some d € D;,
RS, C [(W;UU)NRY )., € RS ,US) U, and since U (U|[(W;UU)NRY J1.,) = (U|(W;UU)NRY ), we
conclude that A(n'd) = U(U| RS ;) <& U(U|(W;0U)NRY ;) < W(U|RY,US)T M UU) = A(n'd) V=" a2,
where 2y = U(U | SPT M UU) = MA@/ (A(L,j +m))) € A (2N)). Thus A(n'd) V&° zy <57 (U | W) <2
An'd) VE° xp VET 25, Now, A(7/(2N)) is an ideal in the distributive lattice £¢; so there is 3 € A(7/(2N))
such that U(U | W;) = A(n'd) V&" x3. Let d’ € N so that 23 = \(1/(2d')), and for some j' > j, 2d' € Dj:.
Eventually we arrive at W(U | W;) = A(n'u, (d,2d")) € pA. O

LEMMA 10. For ¢,d € N, if 5/c £~ 7/d then A(/c) £~ A(1/'d).

Proof. We handle two cases.

Case 1. Either n/c ¢ 1/(2N) and n'd € 7/ (2N), or n'c <*' n/d if n'¢’ € y/(2N) and 5'¢ <*" 7/'c for any
¢ € N. Let k be large enough so that ¢,d € Dy. If \('c) <*° A(1/d), then Y(U|R?,) < U(U|R],), and
by the property of a W-operator, there is e € N such that Rg,k C 6., 0c(RY ) C Ry, and for any = € Rg,k,
r €U & 0,(x) € U. Assume m > max{k,e}. If ¢ <., v, (d, A(c,m)), then n'c <& n/d V= 1/ (A(c,m)), and
since n'c &' n/'d, we have d € i/ (2N) = ¢ € i/ (2N) and 7/ (A(c,m)) £~ 1/d, which contradicts our choice.
Suppose A is an atom in D, such that ¢ € A and u}(d, A(c,m)) € A. Let F = (A, ..., Ao;Cm,...,c1) be
a good frame of length m satisfying A € A,,. Since A(c,m) ¢ A, it follows that AN 2N = & and F is a
frame of kind I. By Lemma 5, towers with F are constructed only at finitely many steps. Let

Q1= U{P € p(c, k,T7) : tower T7 is defined and is final}.

Then Q1 C R, Q1 € Q7, and Qs NRY , = 2.

Suppose t is a sufficiently large step such that by this step, J7 is defined for any i so that if the tower
ever collapses, then it has already collapsed, and if it does not, then it exists and is final. Assume t; > tg is
large enough so that Q; C 6% and all numbers in (Q1 U6.(Q1)) N U have been enumerated into U before
step t1. If we appeal to the description of stage II we see that a tower with F will be constructed at a step
t > t1 such that ¢/(t) = (F, k, ¢, €), which is a contradiction with the choice of #.

Case 2. The previous case fails. For some ¢ € N, we then have /¢’ € 7/ (2N), /¢ <*" #'c, and
e £ n'd. For A(n'c) £*° A(n/'d), it suffices to show that A(n'c’) £*° A(n/d) since A('¢’) <*° A(1/c).
Assume the contrary.

We have \(n/c’) <*° A\(n'd) = (U | Ry ;) for some i € N such that d € D;. Hence there is e € N for
which W C R} ; and A('¢’) = (U |W,). In the Kleene numbering, every set has infinitely many numbers.

Therefore we may assume that e > i. By Lemma 7, R) , = [RZ;i]EeuSg:;. Since [S’gy’ffi]ge = Sg,’f*i, we have
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Ry USy ™ = [RG;'USy -, USye = [RY ), USg e and Wen(RG USy™") = Wen([R) )., USy:)) = We.
Consequently W, C Rg,e U Sg:f_i.

By Lemma 8, Ry, , C [(W. UU)NRY ., € R}, U S?:(TH U U for some m € N and some d’ € D.. We
claim that n/d’ € 7/(2N). Indeed, let n/d’ ¢ 1/(2N). The first inclusion implies A(n'd’) = (U | Ry, ) <
YU |(W.UU)NRY ) <5 W(U|We) = A(n'c’), whence n'd’ <* /¢ by the first case, and we are led to a
contradiction.

Since Ry, C RY,, WenN Ry, € WenRY, C W.UU)NRY, C Ry USYI™ UU in view of
the second inclusion. Let k be large enough so that d’ =, A(d’,e + k). Then it is not hard to see that
R0/7e = S’g;iﬂ UD. Thus W, C (W, ﬂR&e)US’gy’f*i - Sg;fgjl USlojénH UUUSg:ffi. Hence all elements of W,
not lying in U belong to the bases of final towers of height less than or equal to e + max{m, k}, so that W, C
Sg:ermax{m’k}JrlUU. By Lemma 7, we obtain A\(n'¢’) = U(U|W.) <*° A\(17 (A(d, e+max{m, k})). Since \ in
the restriction to 7/(2N) is an isomorphic ideal embedding, we have ¢’ <*" 7/ (A(d, e+max{m, k}) <* n'd,
which contradicts the initial assumption. O

Lemmas 9 and 10 show that A is a morphism from the semilattice £’ to the semilattice L°.

LEMMA 11. If (L, n) = (£*,0) then the set U is simple, and if (£,n) = (L, x) then U is hypersimple.

Proof. Let n = 0. For U to be simple, it suffices to show that for any ¢ € N such that Y; is infinite and
consists of singletons, y C U for some y € Y.

Assume the contrary, letting ¢ be the least natural number such that Y; is infinite, consists of singletons,
and [ JY; NU = &. Going over the description of stage IV, it is easy to see that all elements of the set | JY;
lie in the bases of final towers of height less than ¢, in which case the set |JY; N Qg will be infinite and
will not contain elements of U for some good frame F of length less than i. Hence @« is infinite and F is a
frame of kind II. Let Y = {j : JYi N base(T7 ) # @}. For all j such that base(T]) U = @, j ¢ Mg; so Y
is an infinite c.e. subset of N\ Mg. This, together with the simplicity of Mg, leads us to a contradiction.

The second case is similar to the first, but is more complicated. Let n = x. For U to be hypersimple,
it suffices to show that for any ¢ € N such that Y; is infinite, y C U for some y € Y;. Suppose the contrary,
letting 7 be the least natural number such that Y; is infinite and y € U for any y € Y;. Let § be the set of
all good frames of length less than ¢ and Q = | J{Q7 : F € §}. Addressing the description of stage IV, it is
easy to see that yNQ € U for any y € Y;.

Before the proof of Lemma 5, we noted that sets Qg, for any F € §, are c.e., and so therefore is Q. We
prove that the set @ is in fact computable. We describe an algorithm which, given any x € N, allows the
question whether x € @ to be answered within finitely many steps. Let € N be given. Then the number
z will fall into the base of some tower of height m at some step ¢'. Let ¢; and h(i,t) be as in the proof of
Lemma 6. We wait for a step ¢ > max{t,t;} such that h(i,t) > m. If z turns out to have been rejected by
this step, then = & Q. If not, then x is in the base of some tower, which cannot have collapsed at stage III
at the expense of transformation at a lesser level than ¢. If this tower is of height at least ¢ then x may no
longer fall into @. If it is of height less than ¢ then we wait for a step after which the towers of height less
than i do not collapse, and if z fails to have fallen into D by that moment, then x € Q.

Let §1 = {F € § : F is a frame of kind I} and F1 = {F € § : F is a frame of kind ITI}. Suppose
Q1 = U{Qg :F e 31} and Qq = U{Qf,t :F e 311}- Then @ = Q1 U Q- By Lemma 5, the set Qr is
finite, so that y N Qu € U for almost all y € Y;. Put gy = {F1,...,Fx}, Q' = {*(,j): L € [1,k], j € N},
Q" ={c*(l,j) : 1 € [1,k], j € Mg,}, and for every finite X C Qi1, let j(X) be a finite subset of Q' equal to
{A(,7): (Fz e X)(x € base(i]'?l))}. Assume Y = {jlyNQu) :y €Y, yNQu € U}. Then Y is a c.e. set
of finite subsets of Q" and (Y is infinite. The infinity of | JY allows us to choose an infinite c.e. set Y C Y
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so that z1 N ze = @ for any 21,20 € Y. For all [ € [1,k] and j € N, we have base(i]'?l) ZU = je Mg;so
z\ Q" # @ for any z € Y’'. However, the fact that the set My, is hypersimple for every I € [1, k] implies
that @'\ Q" is hyperimmune. Contradiction. O

Thus A is a morphism not only in £¢, but in £ as well.

LEMMA 12. The mapping A is a &morphism from (L', 7’) to (L, 7).

Proof. It suffices to show that there exists a computable sequence {Z4}4en of c.e. sets such that for
any d € N, the following conditions hold:

(1) A('d) = deg, ,(Za);
(2) if n = o then Zj; is simple and cofinite;
(3) if n = x then Z; is hypersimple and cofinite.

We show how to enumerate the set Z; given d. Let d € N and i be the least natural number such that
d € D;. Suppose § is the set of all frames of length less than i. For every H C §, let

min{h(§,t): S € H} if H# @,

hi(H,t) =
t otherwise;
hG,t):GeF\HY if H#G,
AP LTS CCORC R AV A
0 otherwise;
RH = (D U U{P at a step t there are hy(H,t) > k > ¢ and a tower
T=(Pg,...,Po;0k,.-.,p0) such that P € p(d,i,T)} U {O}) N
{r eN: (Tt eN)(z < hi(H1))};
UH = Uu{zeN:(3teN)(z<ho(H, 1))}

Note that ¢ is computed uniformly in D, § is computed uniformly in ¢, and h; and hy are computable
functions in both arguments; hence R¥ and U are computed uniformly in d and in H.

Let H} be as in the proof of Lemma 6. It is easy to see that if H = H}, then R¥ =* R} ; and U =* U;
if HC H}, then U = N; if H 5 H}, then the set R is finite. Thus U(U" | R") is equal to ¥(U | R} ;) for
H = H}, and to L. for H # H}, so that \(n'd) = \/Le{\IJ(UH | Rf): H C §}. [In defining a W-operator
(see the text before Lemma 5), we fixed U; this factor, however, is incidental: the value (... | ...) may
well be similarly defined for an arbitrary first component.]

Note that for any H C §, 0 € U and R¥ # @. Let p"(t) be a computable (in both arguments)
function with pp = R¥. Suppose ¢*!(t) is a function such that

= 1° if 3s < t)(p"(s) =" (1)),
pf(t) otherwise.

Put ZH = {z € N : ¢fl(z) € UH}. Since U C U, UH is simple or cofinite (hypersimple or cofinite) by
Lemma 11; hence the corresponding property holds also for Z#. Furthermore, deg,,(Z%) = U(UH | RH).
It remains to put Zy = @{Z% : H C §}. O

Thus, for pairs (£°,0) and (L"*, x), the statement formulated at the beginning of the present section
holds true, proving Theorem 3. We are left to handle the case (L,n) = (X,&). Recall that we are dealing
with 0’-decidable numberings of the set {s1,..., s,}, for some fixed n > 2. Assume that the conditions of

184



our statement hold for (L,n) = (X, &), and that ¢ is an embedding of the ideal n/(2N) into X given by the
function f.

The idea behind the proof is as follows. First we build towers, employing an effective construction
similar to the construction for the previous case (slightly modified toward simplification), and then we
define a numbering that assumes equal values on the bases of the constructed towers, using an oracle 0.
We describe changes in the steps of the construction.

Step 0 remains unchanged. For ¢ + 1, stage I remains unchanged. At stage 11, for every frame F with a
current module less than or equal to ¢, a new tower is constructed iff either F is a frame of kind II, or &F is
a frame of kind I and no tower with this frame exists. Therefore the function ¢’ is no longer used. Stage
IIT is almost the same as in the previous construction, the deviation being that condition (5) is neglected
in verifying the possibility for transforming towers (since U is no longer available). Stage IV is missing.

With all steps of the construction completed, we are faced, as above, with the c.e. sets D and Q.
(Moreover, as shown in Lemma 11, Qg are even computable.) Note that towers now collapse at stages
I and III only. If F is a good frame of kind II then the set Q& is infinite, and if F is a good frame of
kind T then Qg consists of the base of one unique tower. Using the oracle 0’, we can, for z € N arbitrary,
effectively from = determine whether or not x € D, and for x ¢ D, find F and ¢ such that x belongs to the
base of a final tower T7.

We define a sequence {1, }zen of 0’-decidable numberings so that for any x € 7/~ (n/(2N)), pz = p(n'z),
and for some 0'-computable function p, jzy = Sp(z,4) With all 2,y € N. Let the functions g and g; be as in
the definition of sets M, at page 175. Put 11,¢*(y, 2) = Vf(2g, (2,02(y,2)))¥ for any z,y, z € N (the numberings
Vm, for m € N, are as introduced in defining £ at the beginning of Sec. 2). Verification of all the requisite
properties is a simple matter.

At the moment, we define a 0’-decidable numbering 7. For z € D, put 72 = s1. For z in the base of a
final tower of kind II, we find a frame F and i € N such that = € base(T7), and then put 7o = ()t (for
definition of v(¥F), see Lemma 7). Further, assume that T1, T3, ... are all final towers of kind I, arranged in
order in which they are constructed. (This sequence may turn out to be finite or even empty in the case
where the ideal n’(2N) coincides with the entire semilattice £’.) It remains to determine the value of a
numbering 7 on the bases of the towers in the sequence. For this, we use a step-by-step construction which
is effective with oracle 0’. At step ¢, we define the value 7z for all = € base(73). Our construction requires
that we introduce a list into which natural numbers will be entered.

Step t. We seek a least e < ¢ not in the list, such that either + € 06, and 6.(z) € base(T:) for some
x € [J{base(T;) : ¢ < t}, or y € §6. and the value 76.(y) is already defined for some y € base(7T;). If e
is found, then we define 7 at all elements of the set base(J;) in a similar way, so that 7z is distinct from
T0c(z) for some z € 66, N[ J{base(T;) : ¢ < t}, and then enter e into the list and pass to the next step. If e
is not found, then we pass to the next step at once.

We have finished to define 7. Clearly, 7 is 0’-decidable. For any c.e. set A C N, the value of a ¥-operator
U (7| A) is defined thus: if A = @ then U(r|A) = Lx; otherwise, (7| A) is equal to an equivalence class of
numberings containing the numbering (7op)®v, , where v, is a decidable numbering for the set {s1,...,s,}
(i.e., one presenting an element L of the semilattice X) and p is a computable function such that pp = A.
(It is easy to verify that our definition does not depend on the choice of p.) We say that an equivalence
relation on N is consistent with T if 7 assumes the same value on any two equivalent numbers. It is a simple
matter to check that all properties of (U | ...) listed before Lemma 5 are preserved for (7 | ...), with

obvious replacements of terms and necessary amendments.
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Using the notation above, it is easy to formulate and prove an analog of Lemma 5, with deg,,(Mg)
replaced by an equivalence class of the numbering ji,(). (In view of the above modification of the second
stage, the proof becomes virtually obvious.) As above, we introduce equivalences € and &; consistent with
7, and sets Ry, and ngil’m? For these, Lemma 6 (its proof being absolutely similar) and an analog of
Lemma 7 (its proof being similar, with obvious amendments) hold true. The analog of Lemma 7 allows us
to correctly determine a homomorphism A of the semilattice L’ into the semilattice X. As above, but based
on the obvious equality ¥(7 | D) = Ly, we show that A\ extends ¢.

Note that U disappears from the formulation of Lemma 8, since now it is undefined. Namely, we have

LEMMA 8'. Let j € N. Then there exist m € N and d € D; such that R} ; C [W; N R} j]c,
RS ;U SPI

The proof is similar except that all points associated with U (in the definition of a j-dense atom and
so on) are obviously dropped, for the presence of numbers from U in the bases of towers is no longer a
barrier to their transformation. Lemma 9 likewise is valid; the proof is analogous to the previous, relying
on Lemma &', with all points associated with U modified in the natural way. Lemma 10 also remains valid.

LEMMA 10'. For ¢,d € N, if /e %" n/d then \(n/c) £~ A(1/'d).

Proof. We handle the same two cases as were dealt with in the proof of Lemma 10. An argument for
the second case is similar to the above, with obvious modifications associated with the absence of the set
U. We prove the first case.

Let k be large enough so that ¢,d € Dy. Assume A(r/'c) <*° A(n'd). We have W(7|R0 ) <*° W(7|R] ),
and by the property of a W-operator, there is e € N such that R, = 66, 6.(R.,) € Ry, and for any
T € ng, Tx = 70.(x). Since this equality holds for all x € §6., the number e, in defining 7, will never be
entered into the list. Let ¢y > e be a sufficiently large step (in the construction used to define 7) such that
all lesser numbers than e, ever appearing on the list, have been entered before step t3. Suppose that m
is a natural number greater than k£ and than the height of any of the towers Ty, T1,...,T,. As above, let
A be an atom in D, containing ¢ and not containing u}(d, A(c, m)) (which exists in the conditions of the
case under examination) and let F = (A,,, ..., Ao;cm,- .., c1) be a good frame of kind I for which A € A,,.
Assume t; is such that the tower Ty, is constructed on the frame F.

By the choice of m, t; > to. Consequently R, N base(T;,) # @ and Ry, N base(T;,) = &. Let
x € RY, Nbase(T;,). We have z € 60, and 0.(z) & base(Ts,). If 6c(x) either is in D, or belongs to the
base of a final tower of kind II, or is an element of base(T;) for some 4 < 1, then the number e will be
entered into the list at step t1. Otherwise, 8. (z) € base(Ty,) for some t3 > ¢; and e will be entered at step
to. Contradiction. O

Lemma 11 looses its significance. Lemma 12 remains valid. The proof is similar to the previous, with
the following changes: instead of the set Z4, we construct a 0’-decidable numbering (;; instead of the set
UH | we treat a numbering 77 such that for all z € N,

s1  if (3t e N)(z < ho(H, 1)),
T =
Tx otherwise;
the points associated with simplicity, hypersimplicity, and cofiniteness are neglected.
For (X, &), we have thus proved the statement given at the beginning of the present section, completing
Theorem 3. For each of the pairs (L%, o), (L"*, x), and (X, &), we have in fact shown something more.

Remark 1. In the proofs under this section, no use was made of the fact that 7'(2N) is a principal
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ideal. It is not hard to show that for the pair (L, n) € {(L%,a), (L', x), (X, €)}, the statement that we have
proved is equivalent to the following:

Let (£1,71) be any numbered semilattice, (Lg,72) € Qa, and @1 : (L1,1m1) — (Lo, m2) and s : (L1, m1) —

(L,n) be K-morphisms. Then there exists a K-morphism ¢ : (La,12) — (L, 1) such that o = @ o 5.

10.
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