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Abstract

We show that the order type of the simplest version of a hammock for string algebras lies in
the class of finite description linear orders—the smallest class of linear orders containing 0,
1, and that is closed under isomorphisms, finite order sum, anti-lexicographic product with
o and w*, and shuffle of finite subsets—using condensation (localization) of linear orders as
a tool. We also introduce two finite subsets of the set of bands and use them to describe the
location of left N-strings in the completion of hammocks.
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1 Introduction

Let A be a string algebra over an algebraically closed field K. Brenner [2] introduced cer-
tain partially ordered sets known as hammocks to study factorization of maps between finite
dimensional indecomposable right A-modules. The simplest version of hammocks intro-
duced by Schroer [10, § 3] in the context of string algebras are bounded discrete linear
orders—this is the only type of hammock we will deal with in this paper. We compute the
order type of a hammock for A in terms of some standard order types, thus generalizing (one
direction of) the main result of Sardar and the second author from [11] that only dealt with
the case when A is domestic.

The algebra A is domestic if and only if there are only finitely many bands for it. These
bands are vertices of a finitary combinatorial gadget known as the bridge quiver [10, § 4]—its
slight modification was used for the explicit computation of the order type in the domestic
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case. To extend the concept of a (finitary) bridge quiver to the non-domestic setting, a finite
subset [3, Theorem 3.1.6] of the set of bands was introduced in [3, Definition 3.1.1], whose
elements are called prime bands. We partition the set of bands using an equivalence relation
in such a way that each equivalence class contains at least one prime band to obtain a finite
set QB2 of equivalence classes that is equipped with a natural reachability partial order
<. We classify the elements of QB? as domestic or non-domestic depending on whether
the equivalence class is finite or infinite. The existence of a non-domestic element in QB2
characterizes the non-domesticity of the algebra A. In this regard, the study of non-domestic
string algebras is a combination of domestic and meta-|_J-cyclic string algebras ([3, § 3.4]),
where the latter type of algebras are characterized as those with QB? consisting only of
non-domestic elements such that no two distinct elements are <-related.

Let radp denote the radical of the category of finite length right A-modules. Schroer
characterized [10, Theorem 2] domestic string algebras as those whose radical is nilpotent.
In fact, when A is domestic, he showed that radi'(”"'z) = 0, where n is the maximum length
of a path in its bridge quiver, bypassing the computation of the order types of hammocks. It
is conjectured [3, Conjecture 4.4.1] that the stable rank of a non-domestic string algebra is
strictly bounded above by w?. The results in this paper, especially those in § 11,12, will be
used in a future work to settle this conjecture in the affirmative.

Yet another characterization of a non-domestic (string) algebra was given by Prest [6,
Proposition 0.6] in terms of the existence of a factorizable system in its radical-such a
factorizable system is indexed by a bounded interval in rationals with non-empty interior.

To explain the main result of the paper, we need to set up some order-theoretic notations
and conventions, for which we mostly follow Rosenstein [8]. The notations N and N stand
for the sets of natural numbers and positive natural numbers respectively. For n € N, the
notation n stands for the order type of the finite linear order with n elements. The notation w
stands for the order type of N, o* for its dual, ¢ for the order type of the set of integers, 1 for
the order type of rationals, A for the order type of reals and ¢ for the order type of irrationals.
For linear orders L and L;, the notations L + Ly and L - L, stand for their order sum and
their anti-lexicographic product respectively. The notation Zie( 1.<) Li stands for the order
sum of linear orders L; indexed by a (possibly infinite) linear order (/, <). A linear order
(L, <) is said to be scattered if there is no embedding of 7 in it. An element a in a linear
order (L, <) is said to be an immediate predecessor (resp. successor) of b € L ifa < b
(resp. b < a) and there is no element ¢ € L such thata < ¢ < b (resp. b < ¢ < a). A linear
order (L, <) is said to be discrete if each element except the minimum, if it exists, has an
immediate predecessor and each element except the maximum, if it exists, has an immediate
SUCCessor.

In a model-theoretic study of linear orders, Léuchli and Leonard [5] introduced two classes
Moy C M of linear orders (see [8, Definitions 7.6, 7.19]) to understand graded versions of
elementary equivalence described via Ehrenfeucht-Fraissé games. The class M is a subclass
of the class of scattered linear orders whereas each linear order in M\ My is not scattered. The
class M appeared in [11] as the class LOg, of finitely presented linear orders. Its subclass
dLO}I} consisting of bounded discrete finitely presented linear orders was characterized as
the class of order types of hammocks for domestic string algebras [11, Theorem 12.15].

The main result of this paper (Theorem 11.9) shows that the order type of a hammock for
a (non-domestic) string algebra lies in a subclass of the class M of Lauchli and Leonard.
We will refer to the orders in M as finite description linear orders, and thus use a more
suggestive notation LOgq instead of M; its subclass consisting of bounded discrete orders
will be denoted by dLO%d1 .Each finite description order is constructed using only finitely many
order-theoretic operations on a fixed finite set of linear orders (Definition 2.3). However, in
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contrast to the domestic case, we do not expect that every linear order in dLO%d1 is isomorphic
to a hammock for a string algebra (Question 11.13).

The technique used to prove the main theorem is “recursive reconstruction” (Lemma
2.4) of a hammock—to explain this method better we need the concept of condensation. A
condensation of a linear order L is a monotone surjective map ¢ : L — L’. When a linear
order is thought of as a (small) category then each of its condensations is equivalent to its
localization with respect to an appropriate choice of weak equivalences. It is possible to
reconstruct L from the knowledge of L’ and all fibers of the map ¢ as

L= Z c_l(x).

xelL’

If L is the hammock under consideration, we choose a suitable B € OB? to define a split
condensationcg : L — Lginsuchawaythat Lg € dLOtld1 ,each fiber of cg is itself a hammock
(Lemma 7.8) and there are only finitely many distinct order types of fibers. Depending on
whether B is domestic or non-domestic, the condensed order Lg is isomorphic to a finite order
sum of copies of @ + w* or w + ¢ - n + w* respectively (Corollary 11.8). Finiteness of QB2
helps to inductively prove that the fibers of cg are indeed in dLO}dl. The “finite description”
of the order type of hammock needs several other supporting finiteness results sprinkled
throughout the paper (Corollaries 4.7, 6.7, 6.10, Remark 10.2 and Propositions 11.1, 11.4).

We show in Corollary 9.4 that for an element in Lg, the condensation of its immediate
successor (resp. predecessor) in L is its immediate successor (resp. predecessor) in Lg. We
also identify a subset of L that is in bijection with its finite condensation (see [8, § 4.2])—such
a subset is finite if and only if B is domestic. In case B is non-domestic, we further identify
its cofinite subset, the elements of which will be called B-centers, whose order type (as a
suborder of L) is n (Corollary 11.5).

The completion of the hammock is obtained by adding to it the so-called left N-strings
(Proposition 4.11). Recall that every left N-string in a domestic string algebra is almost
periodic [7, Proposition 2]; this statement fails in a non-domestic string algebra. Each interval
in the hammock isomorphic to w or w* contributes to the completion an almost periodic left
N-string of the form *°bu, where u is a string and b is a special type of prime band (Definition
8.4). The remaining left N-strings, which also include some almost periodic left N-strings,
occupy irrational locations in A (Proposition 12.8).

Though Theorem 11.9 generalizes the backward direction of [11, Theorem 12.15], which
computes the order type of hammocks for domestic string algebras, the former employs a
recursive algorithm and thus is computationally more complex than the latter.

A finite dimensional /C-algebra that is presented as a bound quiver algebra has only a finite
amount of data. We believe that for such algebras if one identifies a finite poset that plays the
same role as QB for string algebras then the method of “condensation away from" elements
of this poset could be used to recursively reconstruct hammocks. The class LOgq seems to
be the natural class of countably infinite linear orders which admit description using only a
finite amount of data.

Theorem 11.9 is the key ingredient in the proof of [13, Theorem 1] where Srivastava and
the first two authors show that the stable rank of a special biserial algebra—an ordinal that
measures the complexity of factorizations in the module category—is strictly bounded above
by w?, thereby settling [3, Conjecture 4.4.1] in the affirmative. An interested reader is also
referred to [12, Theorem «] for an alternate shorter proof of Theorem 11.9 by Srivastava and
the second author that uses finite automata.

The rest of the paper is organized as follows. The class LOgq of finite description linear
orders is defined in § 2; the highlight of this section is the recursive reconstruction lemma
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(Lemma 2.4). After describing the completion of a linear order in § 3, completions of some
orders in dLO}(} are computed. The notations and conventions for string algebras are set
up in § 4 and the finiteness of the poset (QB?, <) is proved in § 5. Before describing the
condensation operator cg in § 7, the condensed hammock is introduced in § 6. Lemma 7.8
helps to decompose a hammock as an order sum of smaller hammocks, which enables setting
up the induction for the computation of the order type. After introducing two special subsets
of the set of prime bands in § 8, the description of the immediate neighbours of strings in the
condensed hammock is completed in § 9. The definition and classification of B-centers into
finitely many classes is achieved in § 10. Combining all tools gathered thus far, the main result
is proved in § 11, where the potential impossibility of its converse is also discussed. Finally,
in § 12, based on the description of the completion of the hammock from Proposition 4.11,
the set of left N-strings is classified into three classes and their locations in the completion
are described.

2 Finite Description Linear Orders

We introduced basic notations, conventions and operations on linear orders in § 1. We need two
more finitary operations defined on linear orders. If L1 and L, are non-empty linear orders,
define L + L to be the linear order obtained by identifying in L + L, the maximum element
of L; with the minimum element of L, if they both exist; otherwise setting L1 + Ly :=
L1+ L,.

The other finitary operation is that of the shuffle of a finite set of linear orders, which we
recall below from [8] for the convenience of the reader. This operation will be used in the
construction of finite description linear orders.

Cantor proved that 7 is the only countably infinite dense linear ordering without maximum
and minimum elements up to isomorphism (see [8, Theorem 2.8]). The technique used to
prove this result is known as the back-and-forth method, which can also be used to prove the
following.

Proposition 2.1 [8, Theorems 7.11, 7.13] For each n € w, there is a partition of 1 into sets
{D; | 1 <i < n} such that each D; is dense in n. Such a partition is unique in the following
sense: If (A, <) and (A’, <') are countable, unbounded, dense linear orders, A is partitioned
into n subsets {D; | 1 < i < n} each of which is dense in A, and A’ is partitioned into n
subsets {le | 1 < i < n} each of which is dense in A’ then there is an order isomorphism
f (A, <) = (A, <) such that f(D;) = D for each 1 <i < n.

The uniqueness of the partition described in the above result enables us to combine the data
of a finite set of linear orders into a single linear order as described below.

Definition 2.2 [8, Definition 7.14] Let n € N. Suppose L1, - -, L, is a finite set of linear
orders. If n € NT,let {Dy, - - -, D,} be a partition of 5 guaranteed by Proposition 2.1, where
each D; is dense in 1. Define the shuffle, denoted E, of linear orders L1, --- , L, as

0 ifn =0,

Zien L}, where L, = L; wheni € D; otherwise.

E(Lls"' aLﬂ) ::{

The shuffle operator is a generalization of anti-lexicographic product with 5, i.e., E(L1) =
L - n, and it ignores repetitions, 0 and permutations, i.e.,

(L1, Ly, Ly, -, Ly) = E(L1, Ly, -+, Lp) = E(L1, Lo, -+, Ly, 0)
E(Lx1y, Lz, » Lzm))

1
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for a permutation 7 of {1, 2, --- , n}.
Sincen +1+4+n =n, forany 1 < j < n, we also get

E(L1, Ly, -+, L)+ Lj+E(L1, Lo, -+, Ly) = E(L1, Lo, -+, Ly). 2.1
If Lj = Lj1 + Lj; then using - ¢ = n and the above identity we get
(Ljp+ &Ly, La,-++ ,Ly) + Lj1) - & = 8(Ly, Lo, -+, Ly). (2.2)

Definition 2.3 [8, Definition 7.19] The class LOyq of finite description linear orders is defined
as the smallest subclass of linear orders closed under isomorphisms such that

1. 0,1 € LOgq;

2. if Ly, Ly € LOgq then L| 4+ Ly € LOxq;

3. if L € LOg then L - w, L - * € LOgyq;

4. if Ly, Ly,---,L, € LOg forn € N* then E(L, Ly, ---, L,) € LOg.

The class LOy;, of finitely presented linear orders is the subclass of LOgq whose definition

omits clause (4) in the above. The notation dLOgq denotes the subclass of LOgg containing

only discrete linear orders. The class dLOgq of discrete finite description linear orders can be

further partitioned into four subclasses, viz. dLOg, for i, j € {0, 1}, where L € dLOg; only

if it has i minimum elements and j maximum elements. In particular, dLO}d1 is the class of

bounded discrete finite description linear orders. The orders (w + E(¢, ¢, -+ - ¢) + w*) for
———

n times
n € N form a simple family of examples of orders in dLO%(}. We similarly partition dLOfp
into four subclasses.

‘We will use the method of recursive reconstruction described in the introduction to con-
struct complex orders in dLO}d]. An indispensable tool to prove the main result (Theorem
11.9) is the following lemma which shows that, under suitable conditions, if L admits a
condensationc : L — (w+ E(¢, Z, -+ - &) + w*) with fibers in dLO}d1 then L € dLOH.

————

n times

Lemma2.4 Fixn € N. Givenany (n+2) functions Lj : { — dLO}C{,forj e{0,1,---,n+
1}, satisfying
e Lo(—k) = L,41(k) = 0 forevery k > 0

o foreach j €{0,1,--- ,n}, there exists; > O and p; > O such that L(sj + p; +k) =
Lj(sj + k) foreveryk € N;
e foreach j € {1,--- ,n+ 1}, there exists} < Oandp} > 0 such thazLj(s} —p;. —k) =
L (s} — k) for every k € N,
we have

L:=Y Lo+ EQ L1 Y La() + Y Lyp1(k) € dLOK.

ket ke¢ ket keg
Proof Set
H = ZLo(k) = Lo0)+---+ Lo(so — 1) + (Lo(so) +--- + Lo(so + po — 1)) - w,
ke¢

Ri= " Luci(k) = (Lusi (5hy = Phpy + D+ Lugi(spy ) - o
ket

+Lp1(sy + D+ 4+ Ly (0),
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and foreach 1 < j <n,

Mj =Y Ljk) = (Lj(s)—pjj+1) 0"+ +Lj(s})
kec

+Lj(s+ D+ + Ljsj =D+ (LjGs)+--+LjGsj+pj— 1) o

It is trivially seen that H € dLOllé) ,R € dLO?d1 and M; € dLO?é) foreach 1 < j < n. Hence
it follows that L = H + E(M,, --- , M) + R € dLO}/. o

Corollary 2.5 Using the notations of the above proposition, if we have n = 0 and the images
of Lo and Ly lie in dLOy, then L € dLOg).

3 Completions of Linear Orders

Recall from [8, Definition 2.19] that a linear order L is complete if each of its suborders
that is bounded above has a least upper bound. Completeness of a linear order is an order-
theoretic property, i.e., it is preserved and reflected by order isomorphisms [8, Lemma 2.21].
A Dedekind cut [8, Definition 2.22] of a linear order L is a pair (X, Y') of non-empty intervals
of L whose union is L such that each element of X precedes every element of Y. A Dedekind
cut (X,Y) is called a gap in L if X does not have a maximum element and Y does not
have a minimum element. Denote the set of all gaps of L by G(L). An equivalent criterion
[8, Lemma 2.23] for a linear order L to be complete is that L is Dedekind complete, i.e.,
G(L) =40.

A completion of L [8, Definition 2.31], denoted C(L), is a complete linear order contain-
ing L such that no proper suborder of C(L) containing L is complete. A completion C(L)
of L exists, the construction of one involves “filling up” its gaps (see the proof of [8, The-
orem 2.32(1)]), and is unique up to order isomorphism [8, Theorem 2.32(2)]. The set G(L)
being a subset of C(L) inherits an order structure from C(L).

In order to identify a gap (X, Y) of a linear order L, it suffices to find a cofinal sequence
of elements of X and a coinitial sequence of elements of Y, where X’ C X is cofinal in X if
for every a € X, there is b € X’ such that @ < b, and dually, Y’ is said to be coinitial in Y if
for every a € Y, there is b € Y’ such that b < a.

Example 3.1 It is trivial to note that C(w) = w, C(0*) = w*, C(¢) = ¢. Moreover, reals
are constructed as the completion of n using cofinal/coinitial sequences, i.e., C(n) = A.

We will use the technique of finding cofinal/coinitial sequences to compute the completion
of certain linear orders in Propositions 4.11 and 12.4.

The main goal of this section is to compute the completions of two classes of order
types in dLOtld1 which are important in the context of this paper, namely (o + ©*) - n and
(w+ E() +0*) - n= (w+ ¢ -1+ w*). The computation of the completion of the former
class of order types is easy.

Example3.2 C((w + w*) -n) = (0 + 1 + ©*) - n.

Given n € N and non-empty linear orders Ly, --- , L,, recall the construction of the
shuffle E(Lq, - -+, L,) from Definition 2.2. Using those notations, it is easily verified that
the following four types of Dedekind cuts are elements in G(E (L1, - - -, Ly)).
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Gl. (X, e(—o0rp)n@ Lr» Xrero.cong Ly) forro e R\ Q;
G2. 3 ! relro.00)NQ L)) forrg € D; if L; does not have a minimum;
G3. (2 re(—o0,r01n0 Lrs 2-re(rg,00nQ L)) forrg € D; if L; does not have a maximum;

G4 (X e(—corpna Lr + L L+ X, c.00na L) forro € Dy if (L}, L3) € G(L ).

re(—o0,rp)NQ L;‘ ’

The following result says that in fact these are all the gaps.

Proposition 3.3 Given n € NV and non-empty linear orders Ly, --- , L,, if (X,Y) €
G(E(Ly, -+, Lp)) then (X, Y) is of one of the four types listed above.

Proof Define a map proj : >, g L, — Q by proj(x) = rif x € L. Thusif (X,Y) €
G(E(Ly, -+, Ly)) then proj(X) U proj(Y) = Q and r; < rp whenever r; € proj(X) and
ry € proj(Y). Hence proj(X) N proj(Y) is either empty or singleton. If proj(X) N proj(¥Y) =
{ro} for some ro € Q then (X N L’,O, Yn L;O) isagapin L; ; this gap is of the form described
in G4.

Now assume that proj(X) N proj(Y) = . There are three cases.

/.
ro?

e If proj(X) does not have a maximum element and proj(Y) does not have a minimum
element then there exists rg € R \ Q such that r; < ro < rp for every r; € proj(X) and
every 1o € proj(Y). This gap is of the form described in G1.

e If proj(X) has a maximum element, say ro, then (X, Y) is a gap if and only if L;o does
not have a maximum element. This gap is of the form described in G2.

e If proj(Y) has a minimum element, say rg, then (X, Y) is a gap if and only if L}O does
not have a minimum element. This gap is of the form described in G3. O

As a consequence, we have the following result, which computes the completion of
E(Ly, -+, Ly).

Corollary 3.4 Given n € N and non-empty linear orders Ly, - - - , L,, using notations of
Definition 2.2,
1+CLy)+1 D; ] jefl,2,---,n},
CEWLY, - L) =T, where T, = {1 T CHD T T € D Jorsome & "
e 1 otherwise.

Using the standard embedding of 1 in A, we compute the completion of a standard order
type in dLOJ.

Corollary 3.5 Suppose O := w + ¢ - n+ w*. Then

1+¢+1 ifren,
1 otherwise.

C(O)éw—i—l—i—(ZT,)—l—l—l—w*, whereT,:{

rea

This result will be useful in §12 along with the partition of G(O) into three subsets given
below.

GT(O) := {x € G(O) | x is minimum of G(O) or x is maximum of T, when r € n},
G7(0) :={x € G(O) | x is maximum of G(O) or x is minimum of 7, when r € n},

G%(0) =GO\ (T(O)UG(0)) =T, | r € V}.
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4 Fundamentals of String Algebras

Fix an algebraically closed field IC. A string algebra is a K-algebra A := KQ/(p) presented
as a certain quotient of the path algebra of a finite quiver Q = (Qo, Q1, s, t), where Qo is a
finite set of vertices, Q1 is a finite set of arrows, and s, t : Q1 — Qg are the source and target
functions respectively, by the ideal generated by a set p of monomial relations. For technical
reasons, we also choose and fix a pair of maps o,¢ : Q1 — {1, —1} satisfying certain
conditions. We will always use small roman letters v, w possibly with numerical subscripts

to denote the vertices and a, b, ¢, d, - - - possibly with numerical subscripts to denote arrows
of the quiver. Let us denote by Q, the collection, for each b; € @i, the corresponding
capital roman letter B; with the same subscript. We will use Greek letters «, 8, y, - - - with

numerical subscripts to denote syllables, i.e., elements of Q1 U Q. We treat the syllable
B; as the inverse of the arrow b;, and set s(B;) := t(b;) and #(B;) := s(b;). The reader
is referred to [3, § 2.1] for the definition of a string algebra as well as for notations and
conventions associated with certain combinatorial entities called strings and bands.

We use the notation St(A) to denote the set of strings for A. Strings are read from right
to left. For example, if t = a3 then o is the first syllable of ¢ and «3 is the last syllable
of r. For strings ¢ and 1), we say that ¢ is a left substring (resp. proper left substring) of v,
denoted r T, v (resp. r C; y) if y = ux for some (resp. positive length) string u. Dually say
that ¢ is a right substring (resp. proper right substring) of vy, denoted r T, y (resp. ¢ C, v) if
n = ru for some (resp. positive length) string u. Given a string r, denote by |x| the length of
the string g, i.e., the number of syllables in it.

Suppose ¢ € St(A) and x| > 0. Its sign, denoted 6(x) € {1, —1}, is defined by 6(x) = 1
if and only if the first syllable of ¢ is inverse. To identify if ¢ has any sign changes, we define

1 if all syllables of ¢ are inverse,
8(x) := § —1 if all syllables of ¢ are direct,

0 otherwise.

We use the notation Ba(A) to denote the set of bands up to a cyclic permutation of its
syllables. Note that we work with the convention that the first syllable of a band is inverse
while the last syllable is direct. Let QOBa be a fixed set of representatives in Ba(A). Call a
cyclic permutation of an element in Qg“ acycle. Denote the set of all cycles in A by Cyc(A).

Associated tor € St(A) there is a finite-dimensional indecomposable module M (), called
the string module, such that for distinct strings g, 1, we have M (r) = M (y) if and only if
r=n""

For any v € Qy, let S(v) := M(1¢,1)) be the associated simple module. Further, let
P(v) and I(v) be the projective cover and the injective envelope of S(v) respectively. Let
fv denote the composition P(v) — S(v) < I(v). Motivated by [2], Schroer [10, § 3]
introduced the hammock poset H (v) whose underlying set consists of (isomorphism classes

of) triples (N, g, h), where P (v) £ N i) I(v) is a factorization of f; through a string
module N. The order < on H (v) is defined by (N, g,h) < (N, g’, h’) if and only if g’
factors through g. Dropping the reference to the maps from (N, g, h) € H(v), the element
N = M@ = M@ Y of H(v) can be thought of as the pair (xq, rp) of strings, where
un € {1, z;_l},s(xl) = t(rp) = v and &(rp) = 1. The image of the left (resp. right)
projection map (rq,x;) — &; (resp. (r1,x) — Ip) on H(v) is a linear order, denoted
(H;(v), <1) (resp. (H,(v), <,)). More generally, replacing S(v) := 1(,,1) by M(xy) for a
string 1, in the above discussion, we can define left and right hammocks of the string ry—these
are the central objects of study in this paper.
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Definition 4.1 The left and right hammock sets of the string r are defined as
Hi(rg) :={r € St(A) | r=ug, for some string u}, H,(ro) :={r € St(A) | r=rou for some string u}.

The left hammock H;(xj) can be equipped with a linear order <;, where for r, v € H;(zg)
we have ¢ <; y if one of the following holds:

e 1 = uar for some stringuand o € Q;
e 1 = vfy for some string v and S € Q1;
e r=vpwandh = uatv for some o € Q7 , B € Q1 and strings u, v, tv.

-1

The ordering <, on H,(xy) is defined as ¢ <, pifand only if r = < p~!in (H (pgl), <7).

We will only study the left hammock in this paper—the dual results will hold for the right
hammock.

For r,9 € Hj(xy), denote by ¢ m; y the maximal common left substring of ¢ and y. If
r = to(z My v) with [to]| > O then define O(x | y) := O(tv) and 5(x | v) := (10).

Almost all strings in the left hammock have an immediate successor as well as an imme-
diate predecessor.

Proposition 4.2 [9, § 2.5] The linear order (H;(xy), <) is a bounded discrete linear order.
Its minimum element, denoted m_1(xo), is the longest string in Hj(xy) satisfying either
d(m_1(xg) | ro) = —1 or m_1(xg) = ro, whereas its maximum element is the longest
string, denoted M (ry), satisfying either (MM (o) | rog) = 1 or M (xy) = ¥o-

For r € H;(x(), the notations /(x) and I(x) were introduced in [3, § 2.4] by comparing the
length of ¢ with that of its immediate successor and predecessor. If the immediate successor
of ¢ is longer than ¢ then there exists an inverse syllable « such that oy is a string, and the
immediate successor of ¢ is the string /(r) := wayr, where tv is the longest string satisfying
either [to| = 0 or 6(tv) = —1 such that toay is a string. On the other hand, if the immediate
predecessor of ¢ is longer than ¢ then there exists a direct syllable 8 such that By is a string,
and the immediate predecessor of 1 is the string /(x) := 1o’ Br, where w’ is the longest string
satisfying either |r’| = 0 or §(tv’) = 1 such that ro’ By is a string.

The next result shows that intervals in hammocks contain a unique “pivotal” string.

Proposition 4.3 Given a non-empty interval I in (H;(xo), <i), there is a unique string u in
I with minimal length. Moreover, I € Hj(u).

Proof Since {|r| : r € I} is a non-empty subset of N, it has a minimum, say m. If possible,
let u; <; up be strings in [ such that |uj| = |upy| = m. Then u; <; u; M; up <; up and
|ug My up| < m. Since [ is an interval, uy M; up € I, a contradiction to the minimality of m,
thus showing that / contains a unique string u with [u| = m.

For ¢ € I, the string r M; u lies between u and ¢, and hence in /. Therefore, m < |[x;u| <
|u| = m. Since u is the unique string with minimal length in 7, we conclude that x m; u = u,
ie,ull;r. ]

The hammock Hj(ry) can be expressed as Hj(zg) = H,_1 (o) + Hl1 (xp), where

H (ro) == {r € Hi(xo) | eithery = rgor6(x | ro) = i}

is a bounded discrete linear suborder of H;(xy) with minimum element m; (r,) and maximum
element M, (rq). It is easily noted that N _; (xrg) = my(xg) = ro-
Smaller left hammocks can be embedded in bigger hammocks as intervals.
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Remark 4.4 If y(# 1) € Hli (ro) then H;(y) is an interval in Hli (xo)-

The concept of H-equivalence was introducedin [11, § 4] to identify when two left hammocks
are isomorphic. Say that two strings ¢ and y are H-equivalent, denoted r =g ), if for every
string u, ur € St(A) if and only if up € St(A). Indeed, if r =gy b then (H;(r), <;) =
(H;(n), <;1). As aconsequence of [11, Proposition 4.4], a criterion for testing H-equivalence,
we note a useful observation that we will use without mention.

Remark 4.5 If ¢, y are strings with §(y) = O such that yg is a string then y =g yr. As a
consequence, if 3 is a string such that 3v is a string then 3y is a string.

Some finiteness results are the key to the proof of the main theorem which states that
(Hj (x9), <)) € dLO}(}. Recall the definition of a prime band.

Definition 4.6 [3, Definition 3.1.1] A band b € Ba(A) is called a prime band if none of its
cyclic permutations can be written by - - - bpb; for some k > 1 where each b; € Cyc(A);
otherwise it is called composite.

It was shown in [3, Theorem 3.1.6] that there are only finitely many prime bands in
Ba(A). Also recall from [3, Proposition 3.1.7] that there are only finitely many band-free
strings in any string algebra, i.e., those which do not contain a cycle as a substring. Call a
string y = 39 € Hli (xo) band-free relative to (rg, i) if 3 is band-free. The following is an
immediate consequence of [3, Proposition 3.1.7].

Corollary 4.7 There are only finitely many band-free strings relative to (ry, i).

We end this section by mentioning a basic result about bands, which shows that a band
b has exactly |b| distinct cyclic permutations. If t = «,, - - - @2 is a finite power of cyclic
permutation of aband, call 1 <k <naperiodofritk=nory =y - 10y - 1.

Proposition 4.8 [4, Lemma 1] Let ¢ be a finite power of a cyclic permutation of a band and
p and q be periods of t such that p + q < |r| + gcd(p, q). Then gcd(p, q) is a period of .

Corollary 4.9 Ifb € Cyc(A) is such that b = ay,...a1 then oty -+ - 10y -+ - Q] 7 Ay -+ - A
forany 1l <r <n.

Proof Ifnot,then r is a period of b. Since |b| is also a period of b, we have that gcd (|b|, r) =: t

is a period of b by Proposition 4.8. Therefore, we get that a, - - - ¢y = (0t - - - a1)|b|/’, a
contradiction to the fact that b is a primitive cyclic string. O

Recall from [3, § 2.1] that a left N-string is a sequence of syllables - - - «3a201 such that
each oy, - - - ey is a string. Call o; the i syllable of r. Denote the set of left N-strings by
N-St(A). A left N-string of the form *°bu for some cyclic string b and some finite string u is
called an almost periodic string.

Definition 4.10 Say a sequence (x,),>1 of strings in H;(xq) is convergent if there is y €
N-St(A) such that

(1) |x,| = coasn — oo;
(2) there is a sequence {ny | k € N*} such that the kth syllables of y and r,, are identical for
n = ng.

Clearly the limit of a convergent sequence is unique, and we write lim, o £, = .
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If l/-l\l(po) is the extension of H;(x() by all the left N-strings containing r, as a left substring,
it is readily noted that the ordering <; can be extended to a linear order on H;(x).

Proposition 4.11 The linear order (FII (xo), <1) is the completion of (H;(xy), <i)-

Proof Suppose 3 is a left N-string in I-/I\l(;o). Set X :={re H(y) |lr</3tand Y :={p €
Hi(ro) | 3 </ v}. Then clearly m_;(xy) € X, 9 (xg) € Y and H;(ry) = X U Y. Moreover,
r<;yforeachy € X andy € Y. Thus (X, Y) is a Dedekind cut in H;(xy). We show that
(X, 7) is actually a gap in H;(xq).

Since the set {v € St(A) : 8(v) # 0} is finite, there are infinitely many inverse as
well as direct syllables in 3. Hence X1 = {¢ € Hf (o) |z 7 3,0G | v) = 1} and
Yi'={ye Hli (xo) | v 7 3,0(3 | ) = —1} are infinite subsets of X and Y respectively.

Letr € X and to := ;3. Sincer <; 3, we have r <; v <; 3. Hence 6(3 | tv) = 1 which
implies to € X ;. This shows that X is an infinite cofinal subset of X, which implies that X
does not have a maximum. A dual argument shows that Y is a coinitial subset of Y, and thus
Y does not have a minimum. This completes the proof that (X, Y) is a gap in H;(xg).

Conversely, suppose (X, Y) is a gap in H;(zg). Since X # ¢ and X is unbounded above,
[8, Theorem 3.36] guarantees the existence of a countably infinite monotone increasing
sequence (r,)nee in X that is cofinal in X. Dually we can argue the existence of a countably
infinite monotone decreasing sequence (1),,),ee in Y that is coinitial in Y. Then [x,, v,,] 2
[?n+17 1Jn+1] and mnew[xn’ 9,1 =0.

For each n € w, Proposition 4.3 guarantees the existence of the unique minimal length
string 3, € [r,.9,] such that 3, T; 3,,1. Since ()¢, [tn. v,] = @, for each ny € w there
is a least ngy1 > ni such that, ¢ [x,,,,. 9y, |- Hence 3, T 3,,,,- Thus |3,| — oo as
n — oo, which together with 3, &, 3,,| foreach n € w ensures that (3,,),c« 1S a convergent
sequence with a left N-string, say 3, as its limit. Clearly ¢, <; 3 <; 9, foreachn € w.

Letr € X. Since (), [t 0,1 = @, there is some k € w such that ¢ ¢ [r;, v ]. Thus
t <1 ¥ <7 3. Dually we can show that 3 <; y foreachy € Y.

If 3/ <; 3" are two distinct left N-strings satisfying ¢ <; 3’ <; pand ¢ <; 37 <; vy for
eachy € Xandy e Y, then3 <; 3 M 3" <;3”,and hence 3’ ;3" € Hi(xg) \ (X UY),a
contradiction. Thus associated to each gap (X, Y) in H;(x() there is a unique left N-string 3
satisfying r <; 3 <; pforeachyr € X and y € Y. If (X1, Y1) and (X3, Y>) are distinct gaps
then it is routine to verify that the left N-strings associated to these gaps are distinct. O

5 A Finite Poset

A finite combinatorial gadget known as the bridge quiver was introduced in [3, § 3.2] for all
string algebras. The finite set of prime bands plays the role of the vertex set for the bridge
quiver.
Definition 5.1 [3, Definition 3.2.1] For prime bands by, b, say that a finite string u is a weak
bridge by — b if it is band-free and if the word bpub; is a string. Say that a weak bridge
by el by is a bridge if there is no prime band b and weak bridges b ﬂ) band b ﬁ) by
such that one of the following holds:

e u=1uuy, |ur| > 0,up > 0;

o u=uju, [uj| > 0,u) > 0,u; = vju), uy = uju| and b = uju).
Denote by Q?a and é?a the set of all bridges and weak bridges between prime bands in Qg’a
respectively. The quiver with vertex set consisting of only prime bands in an and arrow set
Q'lga (resp. @‘?a) is called the bridge quiver (resp. the weak bridge quiver).
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Recall from [3, Lemma 3.3.4] that all strings can be generated by paths in (an appropriate
extended) bridge quiver. The property which distinguishes a non-domestic string algebra
from a domestic string algebra is the existence of a meta-band, i.e., a directed cycle in its
bridge quiver [3, Proposition 3.4.2]. A generalised meta-band defined below captures the
complete essence of a building block of a string algebra.

Definition 5.2 A generalised meta-band (GMB, for short), denoted B, is a strongly connected
component of the bridge quiver.

Call a GMB B domestic if B has only one vertex and non-domestic otherwise. Note that
a string algebra A is non-domestic if and only if there is a non-domestic GMB in its bridge
quiver (cf. [3, Proposition 3.4.2]).

Recall the definition of generation of strings from paths in the bridge quiver from [3,
§ 3.3]. Call a string B-cycle if it lies in Cyc(A) and is generated by a path in B. Denote the
set of all B-cycles by Cyc(B) and set Ba(B) := QOBa N Cyc(B). For B € QB2 call a string 1 to
be band-free with respect to B if there does not exist b € Cyc(B) and strings 1, ), such that
n = nyby;.

Define a relation < on the set an of bands by declaring by < by if there is a string u
such that bouby is a string. This relation is clearly reflexive and transitive.

Proposition 5.3 The relation < defined above is anti-symmetric if and only if the string
algebra A is domestic.

Proof Suppose the relation < is anti-symmetric. If possible, let the string algebra be non-
domestic. By [3, Proposition 3.4.2], A contains a meta-band. There are two cases.

If the length of the meta-band exceeds 1 then consider two distinct prime bands bj and
by in that meta-band. The definition of a meta-band ensures the existence of strings u and v
such that boub; and bjvb; are strings. This violates that < is anti-symmetric.

On the other hand, if the meta-band is a non-trivial bridge b i b then, by [3, Proposi-
tion 3.4.1], we have that b is a vertex of a meta-band containing at least two prime bands.
The rest of the argument is similar to that in the previous paragraph.

Conversely, suppose < is not anti-symmetric. Then there are distinct bands by and by
and strings u and v such that boub; and bjvb, are strings. Now the strings nbzub]f for
k > 1 contain an infinite family of cyclic permutations of distinct bands, proving that A is
non-domestic. O

Say that by ~ by if by < by and by < by, and set QB2 .= an/ ~. Note that by ~ by if
and only if there is a GMB B such that b, by € Ba(B). Hence we will denote the elements
of QB using B, possibly with decoration. Borrowing the adjectives for a GMB, if B € QB2
and card(B) = 1, then say that B is domestic, otherwise say that it is non-domestic.

By appropriate manipulation of cyclic permutations, it is trivial to note the following. Let
by, b2, b), b5 € Cyc(A) such that b and b} are cyclic permutations of b; and by respectively.
If byub is a string for some string u then b5 b is a string for some string v. Therefore we
can extend the relation < on the set Cyc(A) such that for any by, by € an, we have by < by
if and only if b} < b where b} and b}, are cyclic permutations of b; and b, respectively.

Call a string B-extendable if it is a substring of a power of a B-cycle. Denote the set of all
B-extendable strings by Ext(B). Any B-extendable string is reachable from another one-we
will use the next remark stating this without mention.

Remark 5.4 Let 1y, 1, € Ext(B). Then there exists a string u such that rour; € Ext(B). To
see this, note from the definition of a B-extendable string, there exist strings up, up such that
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uir; = b} and upr, = b5 for some B-cycles by and by. Since by ~ by, there exist strings
o1, v such that b{'v2b5 01 = uixvuE, 0 is a power of a B-cycle.

Proposition 5.5 Ifb € an is composite then there is by € an with |b1| < |b| such that
b~ b

Proof If b € an is composite then there is a cyclic permutation b’ of b which can be
written as b = by - -- b} for some k > 1 and cyclic permutations b’ of b; € QF?. It is then
straightforward to note that [b}| < |b'| = [b] and b; ~ b} ~ b’ ~ b. |

This simple result has an immediate consequence.
Corollary 5.6 IfB € QB2 then B contains a prime band.

Proof Let b € Ba(B). If b is prime then we are done. Otherwise, by Proposition 5.5, there
exists by € an such that |by| < |b] and b; = b. If by is a prime band then we are
done. Otherwise, we repeat the process on by to get by € an such that |by| < |b;| and

by ~ by. Thus we get a sequence of bands by, by, --- such that b ~ b; ~ by ~ --- and
[b| > |b1| > |b2| > ---. Since |b] is finite, this process has to terminate after finitely many
steps, thereby giving us a prime band in B. O

Since [3, Theorem 3.1.6] gives that there are only finitely many prime bands, the above
corollary yields the following finiteness result.

Proposition 5.7 The poset (QB?, <) is a finite poset.

For a fixed string r( and parity i € {1, —1}, say that a band b is reachable from (x, i)
if there is a string u such that buy, € Hli (xg)- If by &~ by then b is reachable from (x(, i)
if and only if by is reachable from (xy, 7). Hence the subset Q?a(;co) of OB of elements
reachable from (rg, i) is also finite. Say that B € OB is minimal for (xg, i) if it is a minimal
element of (QIB“ (xrg), X). Since every finite poset contains a minimal element, the existence
of a minimal B for the pair (x(, i) is guaranteed.

Example 5.8 Consider the string algebra I'g in Fig. 1. There are four elements in Q‘fa (ap),
namely By = {b| B4b3 B>}, B> containing bands d; D, and d3 D4, B3 containing bands ez E> Eq,
84G3g2G1 and k1 K7, and By = {m|M>}. Here By and B4 are domestic; whereas B, and Bj
are non-domestic. We have By < B, and B3 < By as the only order relations in (Qll321 (ap), <).
Only By and B3 are minimal for (ag, 1).

6 Some Finiteness Results

We introduce some sets of strings in a hammock that are close to an element of Q?a (rp) and
show under a suitable condition that some subsets of those sets are finite.

Given B € OB? and Jj € {—1, 1}, the following set captures the strings which “touch” B
with sign j.

St;j(B) := {r € St(A) | by is a string for some b € Cyc(B) such that 6(b) = j}.

Further set
St(B):=St;(B) U St_;(B), Sty(B):=St;(B) NSt_;(B).
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Fig. 1 I'g with p = {a3ay, asas, byay, asby, cby, dyc, dady, d3dy, azes, e3 f, fga, g2h1, kah2, g3, magq,
pka, e1 p}

If Be QP%(x) then set

St} (xo, i5 B):=St; (B)NH (xo), St(xo, i; B):=St(B)NH] (xo) and Stw1 (xg. i; B) := St (B)NH/ (xo).

Now we close the above sets of strings under left substrings. For j € {1, —1}, define
§j(B) = {r € St(A) | uxr € St(B) for some string u with 6(u) = j},
St(B) := St;(B) U St_;(B) and Sty (B) := St;(B) N St_; (B).
Further if B € Q?a (¥p) then set
Sti(xo, i3B) := {r € Hj (x) | ur € St(B) U {M; (xg)) for some string u with 6(u) = 1} U {IM; (xo)},

St_i(xo, i3 B) == {r € H} (xg) | ur € St(B) U {m; (xo)} for some string u with 6(u) = —1} U {m; (xo)},
St(xg, i5 B) := Sti(xg. i3 B) USt_(xo, i; B) and Stuq (o, i3 B) :=St1 (xg, i5 B) N St_1(xg, i; B).

When we use the notations St} (xy, i; B) and St j(x, i; B) then we implicitly assume that
B e QPi(x).

It is trivial to note that St;(B) € St j(B) for any j € {—1, 1}. The following remarks are
straightforward yet useful.

Remark 6.1 For any r € Hli (xp), r € St (rg,i; B) if and only if ¢ € St (B) or r C; O (xo)-
Dually, for any ¢ € Hli (xg),r € Sty (xg,i; B)ifand only if ¢ € St_i(B) orr C; m; (xp)-

Remark 6.2 If ¢ € St(B) and nC;rtheny e §9(IIU)(B)'
Remark 6.3 If r € St(xg, i;B), p =y rand v € Hj (xo) then v € Sty (xo. i: B).
Proposition 6.4 If ¢ € Sty(xy,i;B), y € St_(xg,i;B) and x <; y then ¢ € St;(B) and

n e St_i(B).
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Proof 1f possible, let @ ¢ St (B). Then Remark 6.1 implies r &; M, (xg)-

Ifrg = M;i(xg) theni = —1 and r = ry = M, (), which contradicts the existence of
D>t

Therefore assume that ry C; 9 (xo). This together with ¢ <; vy implies that y = ooy for
some strings to, v with §(v) = 1. Since y € Sty (xg,i; B) and r C; vy, Remark 6.3 implies
that ¢ € gg(mp (xg,1;B) = Sty (xg, i; B). Since ryp = m;(xy) C; v, we have y € St(B) by
Remark 6.1. Now r C; b together with Remark 6.2 implies that ¢ € Sty(yr)(B) = Sti(B),
a contradiction to our assumption. Therefore ¢ € St;(B). Similarly, we can show that 1) €
St_1(B). O

In general, St(x, i; B) could be very large compared to St(xo, i; B), but it is possible to
control this difference when B is minimal for (x, i).

Proposition 6.5 ForB € Q%% and j € {1, 1}, ifr € St;(B) \ St;(B) then ¢ is band-free with
respect to B.

Proof 1If possible, let r = r,byr; for some strings ry, 1, and b € Cyc(B). Since ¢ € §,~(B),
there exist a string u and by € Cyc(B) with 6(bju) = j such that bjug, by, is a string. Now
b, by € Cyc(B) implies that there is a string v such that bvb; is a string. Since 6(b) = 5(by) =
0, we have that bvbux, b is a string implying that r,bobju is a power of a B-cycle. This gives
t = 1pbry € St;(B), which is a contradiction. ]

Corollary 6.6 IfB € QB isminimalfor (xy, i), j € {—1, 1} andx € St;(x¢, i; B)\St; (xo, i; B)
then ¢ is band-free relative to (g, i).

Proof Lety € §j (xo, i3 B)\ St (zg, i; B). In view of Remark 6.1, there are three cases. Since
SO (xg) | ro) # 0, if £ &; M, (x) then ¢ is band-free relative to (rg, i). A dual argument
works when r &; m; (xg).

Finally, if ¢ € §j (B) then there exist a string u and by € Cyc(B) with 8(bju) = j such
that bjuy is a string. If possible, let r = r, by, for some strings ry, r, and b € Cyc(A) such
that ro T r. Then bjug, by is a string, which gives b < by. Since B is minimal for (x, i),
we get b &~ by, a contradiction to Proposition 6.5. O

Recall from Corollary 4.7 that there are finitely many strings in H, li (ro) which are band-free
relative to (rg, i). A simple set theoretic manipulation yields

St(xg, 5 B) \ St(xo, is B) € (Sti(xo, i3 B) \ St1(xg, i; B)) U (St_1(xg, i5 B) \ St_i(xo, i3 B)).
Therefore we get the following consequence of Corollary 6.6.
Corollary 6.7 IfB € QB is minimal for (xy, i) then the set St(x, i; B) \ St(xo. i; B) is finite.

Examgle 6.8 Continuing with Example 5.8, recall that By andE3 are minimal for (ag, 1). We
have St(ap, 1; By) \ St(agp, 1; B1) = {ao, A1ag, azA1ap} and St(ao, 1; B3) \ St(ao, 1; B3) =
{ao, Arap}.

We prove yet one more conditional finiteness result.

Proposition 6.9 Suppose B € QPB? is domestic and minimal for (xo, 7). If x € Sty (xg,i; B)
then ¢ is band-free relative to (xrg, i).
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Proof Since 9; (ry) and m; (ro) are band-free relative to (¢, i), in view of Remark 6.1, it is
enough to assume that r € Sty;(B) N Hli (xo)-

If possible, let r = r,bx; for b € Cyc(A) and strings ry, r, such that ry &; r;. Since
I € St41(B), there exist strings u and v with 6(bju) = —6(bjv) such that bjux,br; and
bjox, by are strings, where by is the unique element in B since B is domestic. This gives
b < by, which further implies that b ~ b; since B is minimal for (x(, 7). Moreover, B is
domestic implies that b is a cyclic permutation of bj. Then ®bjug,b = b = byor,b,
which implies 6(bju) = 6(b;v), a contradiction. O

Again by the finiteness of the set of band-free strings, we have the following corollary.

Corollary 6.10 If B € QB2 is domestic and minimal for (xo, i) then the set Sty (xy, i; B) is
finite.

Example 6.11 Continuing with Example 5.8, recall that By is domestic and minimal for
(ap, 1). The string a3 A1 ag is the only element in Sty (ao, 1; By). On the other hand, B3 is non-
domestic and minimal for (ag, 1), and we have E»E;(e3E2E()"AsAag € Sty (ag, 1; B3)
for every n € N.

Proposition 6.12 Let B € OB pe minimal for (xq, i). Then §i1(?0, i; B) is bounded as a
suborder of (Hj (x), <1).

Proof Firstnotethatyy € {9M; (o), m; (ry)}. Withoutloss of generality, assume that m; (ry) </
M, (xo). Then rg = M, (xo) if and only if i = —1.

Ifi = —1 then clearly ry = 9 (xg) € Sty (xg, i; B). On the other hand, since B is minimal
for (xg, i), there is b € Ba(B) and a string u such that buy, € Hli (xg), which gives ry €
St_1(xg,i; B). Hence r( € Sty (zy, i; B). On the other hand, we have 6 (bug, | m; (xo)) = 1.
Hence there is a left substring of m; (r) that lies in Sty (xg, i; B). Since §(m; (xrg) | rg) = —1,
the longest such left substring will be the least element of St (xy, i; B).

If i = 1 then rg = m;(xg) is the lower bound. An argument dual to the above paragraph
provides the upper bound. O

7 The Condensation Operator cg

Recall the concept of condensation from § 2. In this section, we define a specific condensation
operator cg on a hammock which helps in breaking it into smaller hammocks.

Note that xy € {m;(xy), M; (xo)} S St(xg. i; B) and r, appears as a left substring of every
string in Hli (xo)- Therefore every string in Hli (ro) has a left substring in §(;0, i; B). Now we
use this observation to define the localization/condensation of a string in a hammock with
respect to B.

Definition 7.1 If B € Q?"l (rp) then define the B-condensation map
cg  Hj (xo) — St(xo, i; B)
by associating to each ¢ € Hli (xo) its longest left substring in §(;0, i;B).

Remark 7.2 Note that if r, y € St(xo, i; B) then {z, b} < cg([x, v]) = [r, p] N St(xo, i3 B). As
a consequence, the map cg is surjective. Also for any ¢ € H| (xy), we have cg(¢) = r if and
only if x € St(xy, i; B).
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Now define a function gg : H; (xg) — {—1,0, 1} by

0 ifcg(r) € Ste1(xo.i:B),
() == 11  ifcg(r) € Sty(xg,i; B) \ St_1(xp, i: B),
—1 ifcg(x) € St_1(xg, i; B) \ Sti(xg, i; B).

Remark 7.3 For each ¢ € Hli (xo) \ §(1c0, i;B), we have cg(r) C; r. If ¢g(r) = 0 and
acg(r) T ¢ for some syllable « then acg(r) € ﬁ(;o, i; B) since cg(r) € ﬁ@(a)(g;o, i; B). This
is a contradiction to the definition of cg(r), and hence g (r) # 0.

Take the convention HIO(\)) = {p}.

If y € St(ro, i; B) then y € H, " (). On the other hand, if ¥ € H/ (xg) \ St(xo, i; B)
and j := O(zr | cg(r)) then the definition of cg(r) ensures that cg(yr) ¢ §j (xo, i; B). Thus
v (r) = @p(ce(r)) = —j. We document this observation in the following result.

Proposition 7.4 Ifr € H (xo) thent € H, **® (cs(1)).

The function ¢g is defined in such a way that the following statement is true. This will be
the key to showing that the algorithm to compute the order type of a hammock terminates
after finitely many steps.

Remark 7.5 Foreachy e §(ch, i; B), we have H[_‘OB(U)(U) ﬂ§(p0, i;B) = {n}.

—s(D)
Hl

Proposition 7.6 If r,y € St(xo,i;B) and x <; v then for each ¥’ € () and v’ €

HlﬂpB(m(U) we havet’ <; v'.

Proof Tty T by thent ©; y Ty v’ for each v’ € H, ™ (). Hence 6(n' | 1) = 0(n | 1) = 1.
Moreover, since r C; ) € §(;0, i; B), we conclude that ¢g(r) # —1. If ¢g(r) = O then
the conclusion holds. On the other hand, if ¢g(x) = 1 then 6(¢' | t) = —1 foreach 1/ €

Hl_%m @ \ {z}. Hence 8(v' | /) = 6(v' | r) = 1, and hence the conclusion.
A dual argument can be given when ¢ 7 v. o
Finally when ¢ and t are incomparable then ;v € St41(B). The arguments in the above

two paragraphs then give thaty’ <; tm;y <; v/ foreachy’ € was ® (r)andy’ € Hf(ps(m ),
and thus the conclusion follows. O

As a consequence, we get that certain hammocks are disjoint.

Corollary 7.7 Ift, 1 € St(xg, i3 B) and ¥ <; v then H, **® ) 0 H, D () = 0.

The following is the main result of this section which serves as an ingredient for the main
theorem of this paper (Theorem 11.9). Loosely speaking, this result states that any hammock
can be broken down into smaller hammocks when we localize/condense the hammock away
from B € Q?a (xo)- This result gives a recursive algorithm to compute the order type of a
hammock.

Lemma7.8 SupposeB e Q?a(;o). Then

Ha). <= Y. @™ Pw. <.
recs(Hj (X))
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Proof Recall from Remark 7.2 that cg(H/ (xg)) = St(xo,i;B). For any r € H/(x;) and
j € {1,0, —1}, Remark 4.4 gives that H/ (r) is an interval in Hli (xo)- Hence

Hew> | #H*™Pw.
recg(H (Xy))

The inclusion in the other direction is provided by Proposition 7.4 while Corollary 7.7 ensures
that the union on the right-hand side is disjoint. Finally, Proposition 7.6 ensures that the above
bijection is indeed an order isomorphism. O

8 Neighbours of Strings in B-condensation

This section is devoted to defining operators £g and ¢g on St(B), which when restricted to
St(xg, i; B) help us to find the immediate neighbours of strings in it. En route, we define two
subsets Ba; (B) and Baj(B) of the set of prime bands in B and see that the limit of the sequence
of such iterated immediate successors (resp. predecessors) are almost periodic strings of the
form *°buyg, where b € Ba;(B) (resp. Ba;(B)).

Recall from [3, § 3] that a syllable « is an exit syllable of a band b if there is a cyclic
permutation b’ of b such that ob’ is a string but « is distinct from the first syllable of b’. Also

recall that exit of a bridge b E) b, is the first syllable in *°byub; from the right where the

strings *°boub; and *°b; differ. Slightly modifying the former, we introduce an exit of a
band below.

Definition 8.1 Given a band b, say that a pair (8, b’) is an exir of b if B is a syllable and b’
is a cyclic permutation of b such that b’ is a string but A6’ Z; b2

It is trivial to note that if (8, b) is an exit of a band b then S is an exit syllable of b. There
are some exits of a B-band for a non-domestic B € QB?; the signs of the corresponding exit
syllables are important in the computation of the order type of hammocks.

Definition 8.2 If B € QB2 and b € Ba(B), say that an exit (8, b') of b is a non-domestic exit
if Bb’ € Ext(B).

Remark 8.3 For non-domestic B € QB2 and b € Ba(B) there is b’ € Ba(B) such that b £b.
Let u be a string such that b'ub € Ext(B). Then *°b’ub b, and hence b has a non-domestic
exit.

Definition 8.4 Denote by Ba;(B) the set of all B-bands having no non-domestic exit (8, b’)
with 8 € Q1. Dually, denote by Baj(B) the set of all B-bands having no non-domestic exits
(B, ') with B € Q7.

Example 8.5 Continuing from Example 5.8, we have Ba;(B3) = {e3e2E1, g4G322G1} and
Baj(B3) = {k1 K2}

In view of Remark 8.3, itis trivial to note that if B is non-domestic then Ba; (B)N\Ba;(B) = @.
We show in Corollary 8.26 and Corollary 8.28 that the sets Ba; (B) and Ba;(B) are non-empty
and finite.

The following proposition is key to defining the operator £g.

Proposition 8.6 Ify € Sty (B) then there exists vy € Sty (B) such thatr C; 9y & 1(x).
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Proof 1If possible, assume that for each ¢ [; ) T; I(r) we have y ¢ St;(B). Let b € Cyc(B)
such that by is a string and 6(b) = 1. Let 3 := brm; I(x). As0(b) = 1, we getr ; 3 &7 ().
Thus by our assumption 3 ¢ Stj(B). This implies that 3 # bg. Since r ; 3 T; by, for
an appropriate cyclic permutation b’ of b, b'3 is a string. Moreover, 3 ¢ St;(B) implies that
6(b") = —1. Therefore a3 =; br, where @ € Q1 is the first syllable of b". Since r C; 3 = [(x)
we get a3 T; [(x), which contradicts that 3 = bx 1y [(p). O

Definition 8.7 Define £g : St;(B) — St;(B) by choosing £g(r) to be the maximal (possibly
equal) left substring of /(z) such that £g(zr) € Sty (B).

Remark 8.8 For any r € St;(B), we have £g(¢) ¢ St_;(B).

For ¢ € St;(B) we inductively define the powers of the function £g by Eg(;) := ¢ and
Kg“ (v) := Lg(£§(v)) forn € N. Since £} (r) C; K’é“ (v) for each n we get that lim,, _, o, £§(r)
is a left N-string. Denote this limit by (1, £g) ().

The following remark notes that if || > O then £g(xr) depends only on the last syllable of 1.
As a consequence, the image of the function ¢ restricted to Sty (zg, i; B) lies in Sty (xq, i; B).

Remark 8.9 If or, an € St;(B) for some @ € Q; U QF, then £g(ar) = uoy if and only
if £5(ay) = uay. Furthermore, if £ () exists then £§(L(;(a),e(a))) exXists and £f(a) =
(L (t(@), @)t

Proposition 8.10 Forr € Sty (B), we have (1, £g)(x) = *bux for some band b and string u.

Proof Define a function f : Nt — Q; U Q| such that f (k) is the last syllable of E’g (r). As
Q1 U Q is finite, there exist m,n € NT such that f(m) = f(m + n). In view of the fact
that Z’é(m) ] Zé“(m) for any to € Sty (B), let pr := £ (x) and 3yx := Zg’*" (r), where 3 is a
string with |3] > 0. As £5(¢) and Z’é”'" (r) have the same last syllable, Remark 8.9 together
with induction yields that E'é”k" (x) = 3*vr for every k € N. Since 3* is a string for every
k € N, 3 is a finite power of cyclic permutation of a band, say b. Since (1, €g)(r) = *3vr,
we get (1, £g)(r) = *°by'r for some string v’. O

Example 8.11 Recall from Example 5.8 that e3 E; E is a band that lies in B3. For Ay Ajag €
St(B3), a routine computation yields (1, £g,)(A2A1a0) = *(e3E2E1)A2A1ap.

The conclusion of Proposition 8.10 is similar to the hypothesis of [3, Proposition 3.4.5], whose
proof used the concept of /-strings. However, a statement about /-strings [3, Remark 3.4.4]
that was used in the proof is erroneous as demonstrated by Example 8.12. Nevertheless, it
does not render [3, Proposition 3.4.5] false, as it can still be proven using techniques similar
to those in the proof of Proposition 8.21.

Example 8.12 Consider the string algebra I' from Fig. 2. For appropriate j € {1, —1}, we
have
(1,1)(1 v, j)) = *(cbaEbafcbD).

Here Ebafcb, DcbaEDb and fcbDcb are [-strings with the same first syllable and same
length.

Motivated by the concept of [-strings introduced in [3, § 3.4], now we define £g-strings to
prove similar results where / is replaced with £g.

Definition 8.13 A string u is an £g-string if §(u) = 0 and u C (1, £g)(1(y,;)) for some
1(,),1') € St (B).
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f

TN
U1 V2 v
X] J«b/
U3

Fig.2 I" with p = {ce, da, ef, fd, cbaf, fcba}

Remark 8.14 If £5(x) = upr, where y and u are strings with |u| > 0, then #(u) = 1 if and
only if there exists 0 < k < n such that Z’é(;ﬁ) = nr.

Proposition 8.15 Let r € St{(B) and £5(x) = ux for some string uw and n € N. Then there
existb € Cyc(B), m e NT and a € Q7 such that au &; b™ and 6™y is a string.

Proof For each n € N, let u,r := £5(1). Let o, € Q7 satisfy au,r 5 Z’é“(;). We will
prove the result by induction on 7.

For n = 0, we have £5(xr) = ¢. Since ¢ € St|(B), there is b € Cyc(B) with 6(b) = 1 such
that by is a string. Taking « to be the first syllable of b proves the statement.

For n > 0, by induction hypothesis, there exists b € Cyc(B) and m € NT such that
Ay—1uy—1 57 6™ and 6™y is a string. Let u, := yo,_ju,—; such that if [y| > O then
8(y) = —1. There are two cases.

e Suppose |y| > 0. Let b be a cyclic permutation of b such that ,,—ju,—; &, b'. Since
u,xr € Sty(B), there is by € Cyc(B) such that 8(by) = 1 and bou,r = bapa,— 11,11
is a string. Since 8(y) = —1 and a1 € Q] we get that bynb' is a string. Since
by, by € Cyc(B) we get that byroby is a string for some string . Thus wbyyb]" is a
power of a B-cycle and a,u, T twoboyb!'. Let b’ be a B-cycle such that for some &, b*
is a cyclic permutation of wbonb} and a1, = Y11 5 b'k. Since 6(y) = —1
and () = 1 we get §(a,uy,) = S(aphay—1u,) = 0. Thus a,u, 5 6" and b’k; is a
string.

e If |y| = 0 then u, 5; b™. Let wou, := b"™ for some string . Let « be the first syllable
of bro. By Remark 8.8, we have w,r ¢ St_;(B). Therefore o € O and prtl satisfy the
conditions of the conclusion.

This completes the proof. O

Corollary 8.16 If¢ € St;(B) and uny ; (1, £g)(x) for some strings u and v) then there exists
b € Cyc(B) such that by is a string and u =; b™ for some m € N7,

Corollary 8.17 Ifu is an £g-string then u € Ext(B).

Proposition 8.18 If r and oy are £g-strings for some o € Q1 U Q_1 theny € St_1(B) if and
onlyifa € Q.

Proof Suppose r € St_(B). Since ay is an £g-string, there exist a stringy, n € NT, v € Q¢
and j € {1, —1} such that axy C; €' (1)) and €5 ' (1w, j)) T7 10 1 a1, j))- Let
u = Kg_](l(v,j)). Hence 9y T; £g(u). Since ry € St_;(B), there exists b € Cyc(B) with
0(b) = —1 such that byry is a string. Let B be the first syllable of b. Then g € Q; gives
Bry &1 Lg(w). Let 3 := £g(u) My bry. Since u ; Bry &y 3 Ty bry and u <; €g(u) <; bry,
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we get that ry C; 3 £; bry for some y € Q. This shows that 3 € St;(B). Since By ; 3
we get Bry & £g(u). Thus Bry 5 ZEH(I(W-)), which givesa = B € Q.

Conversely if oy is an £g-string for « € Q1, Corollary 8.17 yields b € Cyc(B) such that
ar C; b. Thus ¢ € St_;(B). m}

Corollary 8.19 For strings r, u, v, if ¢, ux and vy are £g-strings then ux and vy do not fork.

Proof Suppose, if possible, ur and vyr fork. Let 3r := ug r; vr with 6(ox | 3r) = 1 and
O(uxr | 3r) = —1. Since ¢ C 3r T ux, we have that 3x is an £g-string. By Proposition 8.18, we
have that 3¢ € St41(B), a contradiction to the combination of Remarks 8.8 and 8.14. ]

Remark 8.20 If ¢ is an £g-string then there exist b € Ba(B) and a string v such that byu is a
string.

Proposition 8.21 If every cyclic permutation of a band b is an €g-string, then b is a prime
band.

Proof Suppose, if possible, b is a composite band. Then there existn > 1,ay, -+ -, a, € NT,
by, ..., b, € Cyc(A) satisfying b, # by aswellas b; # b, forany j € {1,--- ,n — 1},
and a cyclic permutation b’ of b such that b’ = b" - - - b32b7". The hypothesis implies that
b’ is an £g-string. Note that for v = s(b’) and appropriate j € {1, —1}, by, by, ---,b, €
(H; (1, j)), <1). By Corollary 8.17, by, bz, - - - , b, € Cyc(B).

Claim. If j # k and b by is an £g-string then b; <; by in (H;(1¢v, ), <1).

Proof of the claim. Let vy := by M b;. If §(y) = O then y is an £-string. In view of Corollary
4.9, the strings b7 - b{'b% - b7 and bi* - b{'b" - - bi* fork, which contradicts
Corollary 8.19. Hence §(9) # 0 and, in particular, as §(b;) = (b;) = 0 but §(y) # 0, we
get that b; and b; fork.

Assume, if possible, that we have by <; b;. Letx := b;b; m; b%, so that r is an £g-string.
Then ax C; b;by and Br & b forsomea € Q] and B € Q1. As bf € Ext(B) and Br C; b7,
we have ¢ € St_(B). Further since ay is an £g-string, Proposition 8.18 gives thato € Q1, a
contradiction. This completes the proof of the claim. |

Since b;11b; is an {g-string, it follows from the claim that b; | <; b; for every j €
{1,2,---,n—1}. Using transitivity of <;, we get b,, <; b;. However b; b, being a substring
of a cyclic permutation of b is also an ¢g-string, and hence the claim gives that b; <; by,
which is a contradiction. Therefore n = 1 and a; = 1, which shows that b is prime. |

Corollary 8.22 [f¢ € Sty (B) then (1, £g)(x) = °°bug for some prime B-band b.

Proof By Proposition 8.10, (1, £g)(x) = *°buy for some band b. By Remark 8.9, we have
(1,£8)(1¢r1).exy)) = °°bu. Thus every cyclic permutation of b is an £g-string. But then
Proposition 8.21 gives that b is a prime band. Finally, Corollary 8.17 yields b € Ba(B). O

In fact, the band appearing in Corollary 8.22 is more than just a prime band. We now show
that it lies in Ba; (B).

Proposition 8.23 Ifr € St|(B) and (1, €g)(xr) = *°bug for some band b and a string u then
b € Ba;(B).

Proof The existence of b and u is guaranteed by Proposition 8.10, whereas Corollary 8.22
gives that b € Ba(B). Suppose, if possible, b ¢ Ba;(B). Then there exists an exit (5, b’)

of b such that #(8) = —1. Rewrite *bug as *°b’vx for some string v. Since 8(b') = 1,
Remark 8.14 yields n € N such that £ (r) = b'vr. Since fb’vr € Ext(B) C St(B), we have
b’vr € St_;(B), a contradiction to Remark 8.8. ]
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Example 8.24 Continuing from Example 8.11, indeed e3 E» E; € Ba;(B3) and e3E>E; is a
prime band.

Combining Propositions 8.10, 8.23 and Corollary 8.22, we have the following result.
Corollary 8.25 If ¢ € Sti(B) then (1, £g)(x) = “°bug for some string u and b € Ba;(B).
Since St;(B) # , the above result guarantees the existence of a band in Ba; (B).

Corollary 8.26 IfB € QB2 then Ba;(B) # #.

In fact, we can guarantee that each b € Ba;(B) occurs in the conclusion of Proposition
8.23 for some r.

Proposition 8.27 Ifb € Ba;(B) thenthere existy € St1(B) and a string usuchthat (1, €g)(r) =
puy.

Proof Since b € Ba(B), we have 6(b) = 1 and b € St;(B). Thus by Proposition 8.23,
there exist b; € Ba;(B) and a string u such that (1, £g)(b) = “°bjub. Suppose, if possible,
®biub # °°b. Since b € Ba;(B), we get that 6 (*°bjub | *°b) = 1. Let3b := *°bjubry; *°b.
By Remark 8.14, there exists n > 0 such that £5(b) = 3b. Since 6(*°bjub) = 6(b) = 1, we
get that |31 > 0. Hence n > 0 and, in particular, 3b € St_;(B), a contradiction to Remark
8.8. O

The finiteness of the set Ba;(B) can be concluded from the next result which is obtained
by combining Propositions 8.23 and 8.27.

Corollary 8.28 IfB € QB2 and b € Ba;(B) then b is prime.

Remark 8.29 If B € OB is non-domestic then Ba;(B) N Ba;j(B) = ¥ in view of Remark 8.3.
On the other hand, if B is domestic then Ba;(B) = Ba;j(B) = B.

9 Extending the B-neighbour Operators

In Section 6, we defined sets St ; (o, ; B) for j € {—1, 1} containing strings which eventually

reach B € QBa(;O) We would like to extend the function ¢g on this bigger set, Sty (xo.1; B),
and obtain a result similar to Corollary 8.25.

Proposition 9.1 If ¢ € St;(xg.i; B) \ {9 (xo)} then there exists 3 € Sty (xy. i; B) such that
Y3 B .

Proof If r T; 9M;(xo) then the result holds trivially. So assume ¢ Z; 9% (xy). Then Remark
6.1 yields ¢ € St;(B). If possible, suppose that 1) ¢ St (B) for each r C; v 57 ().

Since ¢ € Sty (B), there are b € Cyc(B) and u € St(A) such that bur € St(A) and
O(bu) = 1. Letj := b2up My L(p). Clearly;, (] b2 ur. As f(bu) = 1, we have r ; 3 5 l(;)
By our assumption, 3 ¢ St (B). Hence@(b ur | 3) = —1.Leta € Q1 besuchthataj C; b2 ug.
Since ¢ [; 3 & I(x), we get a3 T [(r), which contradicts that 3 = bug m; [(x). O

It immediately follows from Proposition 9.1 that r —; cg(/(x)), which motivates the
following definition.

Definition 9.2 Define /g : St;(ro.i; B) \ {M;i(xg)} — Sti(xo.i; B) by ls(x) = cg(l(¥)),

i.e, by choosing /g(r) to be the maximal (possibly equal) left substring of /(r) such that

lg(x) € Sti(xg.i:B). B i i
Similarly, define /g : St—1(xo, i; B) \ {m;(xg)} — St—i1(xo, i; B) by [g(z) := c({(x)).
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Proposition 9.3 If r € Sti(xg.i:B) \ {Mi(x)} then v <; la(x), ¢s(la(x)) = 1 and
H™' () = (&, @)

Proof By the definition of /g(r), it is clear that r <; Ig(¢), Ig(¥) ¢ St (xo, i; B), and hence

es(ls(¥) = 1.
Let3 € (xr,lg(r)). If ¢ Z; 3 then 3 My x = 3 My [(¢). This implies that both ¢ and /(x) lie

on the same side of 3 in the hammock, a contradiction. Hence ¢ C; 3. Since 6(3 | ) = 1,
we get a € Q1 such that Ay C; 3. By definition, Ax &; Ig(r). Hence Axr &; Ig(x) M; 3 and
Os(r) | 3) = 1. If Ig(x) = ¢’ Ar then either |t'| = 0 or §(z') = —1. Therefore we conclude
that /g(r) C; 3, which together with 8(3 | [g(x)) = —1 gives 3 € Hfl(lg(zc)) as required. O

Combining the above with Remark 7.5, we conclude that /g(r) is the immediate successor
of r in St(xy, i; B).

Corollary 9.4 Ift € Sty (xg. i: B) \ {M; (xo)} then (x, ls(x)) N St(xo, i; B) = ¢,

Now we show that the function /g is indeed an extension of the function £g on a larger
domain.

Proposition 9.5 Ifr € Sty (x, i; B) then £g(x) = Ig(y).

Proof Let £g(x) =: 3'r and Ig(x) =: 3t. Since £g(x) € St;(xo, i; B) C St;(xy. i; B), we have
£(x) Ty 3¢ 5; I(x). If 3 = 3’ then there is nothing to prove. Therefore assume that 3’ ; 3.
By Remark 8.9, 1¢q).e)) € St1(B) and £g(1¢(r).ex)) = 3'. Then Corollary 8.17 yields
b € Cyc(B) such that 3’ C; b" for some n € N,

Since 3'b is a string, 0(3) = 1 and 6(3 | 3/) = —1, we get that 3b is a string. Since
3 003 S l(aq.eqy)) we get 8(3) = 0. As 3r € Sty (xg. i; B), there is b’ € Cyc(B) and a
string u such that b'u3r € St(A) and 6(b'u) = 1. Furthermore, 8(3) = 0 gives that b'uzb is a
string. Thus 3buzb’u is a power of a B-cycle, 6 (3bnb'u) = 1 and (3byb’u); is a string. Hence
3 € Sty (B). Since 6(3) = 0, we have 3r € St;(B). Since 3r T; [(z), we get a contradiction to
the definition of £g(x). ]

Forr € St (xo, 7; B) we inductively define the powers of the function /g by 18(;) :=rand
lg“(;) = Ig(lz(v)) for n € N, if Ig(r) # 9M;(xy). Note that /g (r) exists for each n if and
only ifr € St; (B). Whenever this happens, using /g (x) C; l§+1 (r) we get that lim,, _, o [g (¥)
is a left N-string; denote this limit by (1, Ig) (r).

Remark 9.6 If [ (x) = ung, where y and u are strings with [u| > 0, then 6 (u) = 1 if and only
if there exists 0 < k < n such that lé (r) = nr.

The proof of the following result is along similar lines as the proof of Proposition 8.10.

Proposition 9.7 If ¢ € St;(xy.i; B) N St;(B) then (1,13)(x) = *bux for some band b and
some String .

However the band b obtained above might not be a B-band as is evident from the following
example.

Example 9.8 Continuing from Example 5.8, for ag € Sti(ao. 1; B2) N St;(By), we have
(1, Ig,)(ap) = °°(b1Bsb3 Ba)brasaz Avap, but by B4b3 By ¢ By.

This issue is resolved if B is minimal for (xg, ).
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Proposition 9.9 Suppose B is minimal for (x, i). Ifx € Sty (xo, i; BYNSt; (B) then (1, Ig) (x) =
Xbug for some b € Ba;(B) and some string .

Proof By Corollary 6.7, we have that [g(x) € Sti(x¢,i; B) for some n € N. Therefore
(1,18)(®) = (1, g) (U5 (¥)) = (1, £g)(I5 (), where the last equality follows from Proposition
9.5. The conclusion is then immediate from Corollary 8.25.

We end this section with a useful result that will be used to prove the density of some special
strings called B-centers in Proposition 10.12.

Proposition 9.10 Suppose B € Q?a(;co) is non-domestic and minimal for (ry,i). If t €
Sty (xg, i5 B) and v € St_y(xy, i; B) such that x <; v then (1, 1g)(x) <; (1. Ig)(n).

Proof Proposition 6.4 gives ¢ € St;(B) and y € St_;(B). In view of Proposition 9.9, let
(1,1g)(¥) =: *®byusrand (1, [g)(y) =: *bouyy, where by € Ba;(B), by € Baj(B) and up, up
are strings. Since Ba;(B) N Baj(B) = @, we get that b; is not a cyclic permutation of by,
which implies *°bjuiz = ®boupy. Let to := ®bjujz r; *bouzy so that w € Sty (B). If
6(>bujx | ) = 1 then Remark 9.6 yields n € N* such that I (r) = w, a contradiction to
Proposition 9.3. Hence 0 (*°bju;z | w) = —1, which completes the proof. O

10 B-centers

Given B € OP2, the presence of some special strings in St4(xg, i; B), which we shall
call B-centers, characterizes non-domesticity of B. The suborder of such strings is a dense
linear order, and it is responsible for the shuffle structure (see clause (4) of Definition 2.3)
in the hammocks for non-domestic string algebras. The absence of B-centers in domestic
string algebras (Proposition 10.11) thus prohibits domestic string algebras to have a shuffle
structure.

To define B-centers, we need a notion called B-equivalence which guarantees that the
maximal scattered intervals in St(x, i; B) around B-centers are canonically isomorphic.

Definition 10.1 Let B € QlBa(;O). Two strings ¢ and v in St41(xg, i; B) are said to be B-
equivalent, denoted ¢ =g 1), if there exist distinct syllables « and 8 such that ay, Sr, oy and
By are strings.

It is trivial to note that =g is an equivalence relation on St (¢, i; B). The following remark
notes that there are finitely many =g-classes.

Remark 10.2 Associated to each string ¢ of a B-equivalence class there is a unique pair
(a, B) € Q1 x Q for which ar and By are strings. Therefore the assignment of each B-
equivalence class to its corresponding pair in Q1 X Q| is injective. Since Q1 x Q7 is finite
in every string algebra, we have that there are finitely many B-equivalence classes.

Example 10.3 Recall from Example 5.8 that B3 € Qlfa(ao) is non-domestic. There are three
Bs-equivalence classes in Sty (ao, 1; B) with strings E1A2A a9, G1FE2E1AyA a0, kihy
H1GFE,E|1AA ag as their representatives.

The notion of B-equivalence is strictly weaker than H-equivalence as demonstrated in
Example 10.4. However, these notions coincide in the case of gentle string algebras.
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Example 10.4 Consider the string algebra I’ from Fig. 3. Choose j € {1, —1} such that
f1s,j) is a string. There is only one non-domestic B € Qlial(l(us,j))- Consider the strings
f. feDf € Ste1(1vs, jy, —1;B). Since cf, cfeDf, Df, DfeDf are strings, we have f =g
feDf.Onthe other hand, f #y feDf since acf is a string but acfeDf is not.

Proposition 10.5 Let B € Q?a(;o). The following statements are equivalent for a string
r € St11(xo, I3 B).

(1) There exists b’ € Cyc(B) such that b't € St11(xy,i; B) and b't =g 1.

(2) There exist strings ¥y, 1, and b’ € Cyc(B) such that t = 11, 120'r; € St41(xo, i; B),
bt =p rand b’ € Ext(B).

(3) There exist strings 3, u such that §(3) = 0, 3 € Ext(B), 3u € Sty (xg, i; B) and 3u =p .

(4) There exists a syllable y € Sty1(B) such that 1))y is a string, ay, By € Ext(B)
for distinct syllables a, B such that ayx, Br € St(A).

Proof (1) = (2): This is immediate as we can take r; = ¢ and r, = 1y, j) for appropriate
(v, j) such that 1, j)z; is a string.

(2) = (3): Take 3 = r,b" and u = r;. Since b’ is a cyclic permutation of a band and
b’ T, 3, we have §(3) = 0. Moreover, 3u = 1,b't; =g t.

(3) = (4): Since §(3) = 0, we have 3] > 0. Take y to be the last syllable of 3. Since
3u € Sta1(xo, i; B), there exist b}, b € Cyc(B) with6(b}) = 1 = —6(b}) such that b} 3u and
b53u are strings. Let the first syllables of b} and b} be o and S respectively. Since 3 € Ext(B),
there exists b’ € Cyc(B) such that b = tv3 for some string tv and n € N. Let v be a string
such that b’vb] is a string. Since §(3) = 0 and 3b" and b3 are strings, we conclude that 3b’'vb’
is a power of a cyclic permutation of a B-band. Since the last syllable of 3 is y and the first
syllable of b is «, it follows that oy € Ext(B). Similarly we can show that 8y € Ext(B).

(4) = (1): Without loss of generality, let 6(y) = 6(«) = —0(B). There are two cases.

Case 1: Either [t] = 0 or 0(y’) = 0(y), where Y’ is the last syllable of .

Since By € Ext(B), there is b’ € Cyc(B) and n € N such that yro = b™ for some string
tv. Further, since oy € Ext(B), there exists a string to’ such that @y to’b’ is a string. Since the
first syllable of b" is 8 and 6(b") = —6(y), we get that y10'b’ is a power of a B-cycle, say b”,
such that by and Bb"¢ are strings.

Case 2: 9(y') = —0(y), where ' is the last syllable of .

Since ay € Ext(B), there exists b’ € Cyc(B) and n € N* such that ytva = b” for some
string tv. Since the first syllable of b’ is «, and thus 6(b’) = —6(y’), we get that b’z is a
string. Further since the last syllable of b’ is y, and 6 (y) = —6(8) we get that 8b’ is a string.
Since §(b") = 0, it follows that Bbz is a string too, thus completing the proof. O

(%) Vg
/n x / X

g

Fig.3 T/ with p = {bf, cd, ge, ag, acfe)}
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Definition 10.6 Say that ¢ € Sty (rg, i; B) is a B-center if it satisfies one of the equivalent
conditions of Proposition 10.5. Denote the set of all B-centers by Cent(xg, i; B).

The following example shows that Cent(x, i; B) can be a proper subset of St41(xg, i; B).

Example 10.7 Consider the string algebra I'” from Fig. 4. There is a unique non-domestic
Be QE‘} (ay) with apa; € Sty1(ay, —1; B) \ Cent(a;, —1; B).

Remark 10.8 In view of Remark 8.9, if r =g ) and (1, Ig)(r) = *°bug for some b € Ba;(B)
and string u then (1, Ig) () = *buy.

Given ¢ € Cent(xg,i; B), we say that ¢ is the center of the interval I(;O,I-;B)(;) =
((1,18)(x), (1, Ig)(x)) in the hammock (Hli (ro), <7). The following result shows that two
intervals of the above form are canonically isomorphic if and only if their centers are B-
equivalent.

Proposition 10.9 Suppose r,y € Cent(xy, i;B). If vt = vy then for any string u, ux €
Zx,.i:3) (@) if and only if uy € Zx,.i:8)(h)

Proof Sincey € St (B), Corollary 8.25 and Proposition 9.5 together give (1, Ig)(r) = *®bu;z
for some string u; and b € Ba;(B). Then Remark 10.8 gives (1, /g)(y) = *°bu;y. Suppose
ur € Z,.i:B) (r). Without loss of generality, we can assume that |[u| > 0 and O(u) = 1
so that ux € (zr, ®bu;p). If uy is a string then ugr € (r, *°bujr) immediately implies upy €
(9, *°buyy). Hence it remains to show that uy is a string. There are two possibilities.

Since *°buyy is a left N-string, if u ; *°bu; then uy is a string.

If uand *°bu, fork then let 3 := ury *°buy. Since 6(*°bu;) = 6(u) = 1, we have |3| > 0.
Thus by the above paragraph, 3v is a string. As u <; *°buy, we get that «3 T; u for some
a € Q1. Since 0(3) = 1, 3y is a string and é(a3) = 0, we get that uy is a string. O

Now we show the existence of B-centers when B is non-domestic using Remark 8.3.

Proposition 10.10 Ler ¢ € H[i (o), b € Ba(B) and (B, b') be a non-domestic exit of b with
0(B) = L. If b'x € H; (ro) then b’y € Cent(xo, i; B).

Proof Since 6(B) = 1 we have 6((6)%c | b'r) = —1. Since b’ € Ext(B), there exists
b” € Cyc(B) such that b’ =; b”. So for an appropriate cyclic permutation b”’ of b”, we have
that b”'b'y is a string with 6(b"") = 6(B) = 1 thus showing bt € St;(x, i; B). Also b'b't is
a string with 6(b") = —1 which gives b’ € St_1 (o, i; B). Finally, since §(b’) = 0 we have
b'b'r =g b'z. In view of Proposition 10.5(1), we conclude that b'r € Cent(z, i; B). O

g
Fig.4 T with p = {fay, db, ge, hd, bg, ch, dazac, ef b}
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Contrary to the above result, there are no B-centers for any domestic B € oBa,

Proposition 10.11 [fB € Q?a (xo) is domestic then Cent(xg, i; B) = 0.

Proof If possible, let y € Cent(xg, i; B). Then Proposition 10.5(1) yields b’ € Cyc(B) such
that b’y € Sty1(xg, i; B) and b’y =g 1. Since b’y € Sty (xy, i; B) there exists b” € Cyc(B)
with 0(6") = —6(b”) such that b”by is a string. Since b’, b” € Ext(B), b'ub” is a string for
some string u. Since B is domestic and ub”b’ is a mixed cyclic string, we get ub”b’ = b/ for
some n € NT and a cyclic permutation by of b’. In view of Corollary 4.9, we get b’ = by,
which gives a contradiction to 6(b") = —0(b"). O

We end this section with the following proposition, which is the key to investigating the
order type of the set of B-centers.

Proposition 10.12 Suppose B € QlBa(;O) is non-domestic and minimal for (xy, 1), andy <; v
for some t € St (xg,i;B)andy € §_1(;0, i3 B). Then for any 3 € Cent(xy, i; B) there exists
3’ € Cent(x, i; B) such that 3’ =g 3 and (1, 1) (x) < 3’ <i (1, 1) ().

Proof Proposition 9.10 gives (1,1g)(x) <; (1,Ig)(y). Let w = (1,Ig)(x) m; (1, Ig)(y).
Proposition 10.5(3) gives the existence of strings 3y, 3, such that §(3,) = 0, 3, € Ext(B),
3231 € Sta1(xo, 3 B) and 331 =8 3.

In view of Proposition 9.9, let (1, [g)(x) = *°bu;r for some b € Ba;(B) and some string
uy. Since 6(*®buir | w) = —1, there exists n € NT such that (b"uix | o) = —1. As
b € Ba;(B), consider an exit (8, b") of b. There exists a string u ; b such that B6'ub is
a string. Since Bb’, 3, € Ext(B), there exists a string v such that 3,086 is a string. Now
8(b") = 0 implies 3’ := 3,08b'ub™uz is a string, 3’ € St1;(xy,i; B) and 3’ =g 3. Since
O(6"ur | w) = —1, we get 6(3 | w) = —1. Also 6(B) = 1 implies 6( ®bur | 3) = —1.
Therefore we have (1, Ig)(¥) <; 3’ <; o <; (1, Ig)(y) to complete the proof. O

11 Computation of the Order Type of Hammocks

So far we have collected most of the ingredients to prove the main result (Theorem 11.9),
whose proof we finish in this section. Furthermore, we prove a partial converse followed by
a discussion about the potential impossibility of the converse in its full generality.

Since there are finitely many strings that are band-free relative to (g, i), recall from
Corollary 6.6 that if B € QB? is minimal for (x(, i) then there are finitely many strings in
St (o, 1; B) \ St;(r, i; B) foreach j € {—1, 1}. A simple set theoretic manipulation yields

St1 (80, i3 B)\Ste1 (x0, i3 B) S (Sti(xg, i3 B)\Sti (xo, i3 B)U(St-1(xo, i B)\St-1(¥o, i3 B)),

and thus Sty (xo, i; B) \ St1(xg, i; B) is finite. The following proposition shows that the set
St41(xg, i; B) \ Cent(xy, i; B) is also finite when B is minimal for (xq, ).

Proposition 11.1 IfB € QB2 is minimal for (xg, 1) andy € Sty1(xg, i; B) \ Cent(xg, i; B) then
t is band-free relative to (xg, i).

Proof If r € Sty (zg, i; B) \ Cent(zg, i; B) such that t = g, by, for some b € Cyc(B), then we
have r =g 1, bzpl, which implies ¢ € Cent(xg, i; B) by Proposition 10.5(2), a contradiction.
This proves that r is band-free with respect to B. As a consequence, if B € QB? is minimal
for (xg, i) then ¢ is band-free relative to (xg, ). ]
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Since
St41(xg, 15 B) \ Cent(xg, i; B) = (Sta1(xo, i; B) \ St (xg, i3 B)) U (Stw1(xo, i3 B) \ Cent(xg, i; B)),

we get that there are finitely many strings in St11(xg. i; B) \ Cent(zy, i; B). This observation
helps us to break the linear order (St(xy, i; B), <;) into finitely many “irreducible” intervals.

Definition 11.2 Let B € QB be minimal for (xo, /). Call aninterval [r, y]in H; (ro) a B-beam
if r, n € Sty (xg, i; B) \ Cent(zg, i5 B), ¥ </ v and (¢, n) N Stx1(xo, i; B) € Cent(xy, i; B).

Since the set St (xg, i; B) \ Cent(xy, i; B) is finite when B € OB is minimal for (xg, 1), we
get that there are finitely many B-beams. Let ng denote the number of B-beams.
If B € QP% is minimal for (xg, i) and vy <; v; < -+ <y 9, i the complete list of

elements in Sty (xg, i; B) \ Cent(xy, i; B) then

(H (50). <1) = [m3(0). Do) + 1002 011 & -+ [0y 12 0] + [0y M), (ILD)

where each (9,041l is a B-beam.
In view of Remark 7.2, we have

(ca(H/ (x)), <) =ca([m; (x), DoDFca([09, 1 D+ - Fea (D515 g DFeBUD,5. M (x0)D.
(11.2)

Example 11.3 Continuing Example 5.8, since B; is minimal for (ag, 1), Equation (11.1) takes
the form

H} (ao) = [ao, ao] + [ao, a3A1ag] + [azArag, Arao) + [Arag, HiG1 FE2E1 Ay Ajag).
(11.3)
and Equation (11.2) takes the form

CB, (Hll (ap))=cs, ([ao, a3 A1ao])+cs, ([azArag, Aragl)+es, ([Arao, HIG 1 FEE1AA ap)).
(11.4)

Proposition 11.4 The sets cg([m; (x), Dol) and ([, M (xo)]) are finite.

Proof Without loss of generality, assume that i = —1. Recall from the proof of Proposition
6.12 that v,,, = rg = M, (xp), and hence card([v,,, M; (xg)]) = 1. On the other hand, the
same proof describes 1), as the longest left substring of m; (zq) that lies in Sty (xg, 15 B).
Hence 3 € cg([m; (xg), ol) if and only if vy &; 3 ©; m; (xo). Since there are only finitely left
substrings of m; (x(), the proof is complete. O

Recall from Remark 10.2 that the set Sty (xg,i; B)/=p is finite. Let kg := card
(Cent(xy, i; B)/=g). Propositions 10.10 and 10.11 together imply that kg = O if and only if
B is domestic.

The next result is a consequence of Proposition 10.12, which computes the order type of
the suborder of B-centers inside a B-beam.

Corollary 11.5 IfB € QB2 is minimal for (xy, i) and [¢, 9] be a B-beam then

(Cent(xg,i;B)N[r,n], <) = E(, 1,---, 1).
—————

kg times
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Proof Since Hli (rp) is countable, the set Cent(xq, i; B) N [r, n] is also countable. If B is
domestic then Proposition 10.11 implies that both sides are empty linear orders. On the other
hand, if B is non-domestic then Proposition 10.10 implies that Cent(x,, i; B) # . Therefore
it suffices to prove that each B-equivalence class of B-centers intersects the beam [r, ] in a
non-empty, unbounded, and dense fashion. Let to € Cent(xy, i; B).

Non-empty: Since ¢ € St; (rp,i;B) and y € St (xo, i; B), Proposition 10.12 applied on
r <; pyields 3 € Cent(xg, i; B) N (¢, y) such that 3 =g .
Unbounded: Let 3 € Cent(xgy, i;B) N (x, n). Since 3 € Sti1(xy, i; B), Proposition 10.12
applied on ¢ <; 3 and 3 <; y guarantees the existence of 3; € Cent(xy, i; B) N
(3. v) and 3, € Cent(xq, i; B) N (z, 3) respectively such that 3; =g 3, =g .
Dense: If 31, 30 € Cent(xy, i; B) N (x, ) then Proposition 10.12 applied on 3; <; 3,
yields 33 € Cent(rg, i; B) N (31, 32) such that 33 =g 1. O

Proposition 11.6 Letr B € 082 be minimal for (g, 0)- Ifr € §1(1c0, i; B) then there exists
D € St (xo, i; B) and n € N such that Iy () = .

Proof In view of Proposition 9.9, let (1, Ig)(r) =: *°buy for some string u and b € Ba;(B).
Consider the shortest string ) € §1(2:0, i; B) such that (1, lg)(y) = *°buz. We claim that
€ St—1(xo i; B).

If y € St_;(B) then we are done. Otherwise, in view of Remark 6.1, we need to show that
n S5 m; (o).

If possible, let ry =; 3 C; v be a string such that 6(y | 3) = 1. Without loss, take 3 to
be the longest such string. Then ) = a3, where o € O and tv satisfies either || = 0 or
d(w) = —1.Clearly 3 € §1(;0, i;B)and 9y C; Ig(3).

If y ; Ig(3) then there exists B € Qg such that Ig(3) IJ; By € St (xg, i; B). Thus
n e §,1(;0, i; B). Since §(Ig(3)) = 0, in view of Remark 6.1, we get Ig(3) € St (B)
implying that y € St_;(B), a contradiction to our assumption. On the other hand, if y = Ig(3)
then (1, /g)(h) = (1, Ig)(3), a contradiction to the minimality of |y|.

Therefore there does not exist any string 3 with rg &; 3 C; y and (9 | 3) = 1, which
gives v C; m; (xo).

Finally, since y C; r and 6({1, lg)(9) | r) = 1, we have [5(9) = r by Remark 8.9. This
completes the proof. O

The proof of Proposition 11.6 and of its dual can be used to define a further condensation
operator o o
Cg : St(xg, i; B) = St1(xg. i; B).

The next result shows that Cp is compatible with the partition given by (11.2).

Proposition 11.7 IfB € oBa g minimal for (xo, i), [x, ] is a B-beam and 3 € cg([x, v]) then
Ce(3) € [r. vl

Proof Without loss of generality, assume that 3 € Sty (o, i; B). Then Proposition 11.6 gives
some n € N such that [5(Cg(3)) = 3. Let tv := Cg(3) for brevity so that o <; 3. We claim
that v € [x, p].

Now ¢g(3) = 0 if and only if tv = 3. On the other hand, if ¢g(3) = 1, then assume the
claim fails, i.e., assume tv <; r <; 3. Then clearly to ; 3. Let v := to M; . There are two
cases.

Ifv ;o thento ) 3 givesO(3 | r) =60(3 | v) = —1, a contradiction to ¢ <; 3.
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On the other hand, if v = tv then we have v ; r and v ; 3. Thus o ; ¢ 1y 3.
If x r; 3 = r then Remark 9.6 yields lé(m) = 1 for some k € NT, a contradiction to
Proposition 9.3 as ¢ € St (xo, i;iB). Thus xm; 3 C; r. If x My 3 = 3 then 3 C; ¢ together with
O(r | 3) = —1 implies that 3 € St_(xg, {; B) by Remark 6.3, a contradiction to ¢g(3) = 1.
On the other hand, if  M; 3 C; 3 then to C; ¢ My 3 together with 0(3 | r My 3) = 1 implies
lé (o) = rM3 € Staq(xg, i; B) forsome k € Nt by Remark 9.6, a contradiction to Proposition
9.3.

The definition of a B-beam gives tv € Stg (xg, i; B) N [x, n] = (Cent(zy, i; B) U {r,n}h N
[x, v]. o o

Dually, we can show that if 3 € St_l(mv i;B) we get v € Styi(xg,i;B) N[, y] =
(Cent(xy, i; B) U {r, n}) N [z, n] such that lg(m) = 3 for some n € N. O

Now let us analyze different summands/intervals on the right hand side of Equation (11.2).
The first and the last intervals are finite thanks to Proposition 11.4. Since cg([v;, v;41]) is
the condensation of a B-beam, the minimality of B for (x(, i) allows us to use Propositions
11.6 and 11.7 to conclude that given 3 € cg([n;,n;41]) exactly one of the following is
true: card([3, 30] U [30, 3]) is finite for a unique B-center 3, card([cg(n;), 3]) is finite or
card([3, cg(j41)]) is finite. Finally, Corollary 11.5 describes the order type of B-centers in
a B-beam—such centers are fixed under cg. Combining this discussion with the results in § 9
about the discreteness of B-condensation of the hammock, we compute its order type in the
next result.

Corollary 11.8 Suppose B € QB2 is minimal for (v, i). If [v. v] is a B-beam then
(ca(lt,9]), <) E @+ EE, ¢, -, 0) + o
—
kg times
As a consequence,

(c8(H (x0)), <1) = (@ + B((, ¢, -+, L) + @) - mg.
N e’

kg times

Recall the definition of Zy, ;) (¢) for r € Cent(zy, i; B). If B is minimal for (¢, i), we
can extend this definition to all ¢ € Sty (xg, i; B) as follows:

[m; (z0)» 9 ()] if 0 =k = ng,
[m; (xo), (1, £8)(ho)) if0 =k < ng,
(1, €8) (99), M; (x0)] if0 < k = ng,
(1, €8) (np), (1, €g)(np)) if O < k < ng.

Txyizy () i=

Let ¢g := Cg o cp. It is straightforward to verify that ¢g "o = T(x,.i:8)(¥) for each
t € Sty (xo, i3 B). Thus

Hep)= Y g'O= Y Igus®. (11.5)
reSty (Xy.i:B) TeSta (Xg»isB)

Now we have all the tools necessary for proving the main result of this paper.

Theorem 11.9 Given a string ro and a parity i € {1, —1}, we have (Hli (xg), <1) € dLO}dl.
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Proof The proof is by induction on the size of Q?a(po), which is a finite poset by Proposition
5.7.
Base Step. If Q?a(;o) = () then the strings in Hli (ro) are band-free relative to (xy, i),

implying that H; (r,) is finite in view of Corollary 4.7. Thus HJ (ro) € dLO}
Inductive Step. Assume that Q?a (xg) # ¥ and for any ¢ € St(A) and j € {1, —1} with

card(Q% (1)) < card(QP*(xp)), we have H/ (r) € dLO})
Since Q?a(;o) # ), choose B € OB that is minimal for (xg, i). Then Lemma 7.8 gives

Ha.<n= Y #H P, <.
Tecg(H/ (X))

If r € cg(H] (x0)) € H] (xo) then QE";B@) () € QB4(xy). Moreover, for any such r, we
have B ¢ QB2 () (@) thanks to Remark 7.5, and hence Q]E?pB o® < QP4 (xy). Therefore by
the induction hypothesis, we get Hl_(pB(; ) () € dLO}C{ foreachr € cB(Hli (x0))-

In view of Equation (11.2), Proposition 7.6 and the fact that Hl_(pB(U”)(gp) = H,0 (t)p) =
{np} for each 0 < p < ng, we can write

Hi(o)=Lo+Li+- 4 Lygs1,
where
Sremiqono B V@, <0 ifk=0,
Li = { Srem,  paH " P@. <) if 1<k <np,
S petn,, M, aon "V @, <p) itk =ng+1.

Since a finite order sum of linear orders 1n dLO%(} lies in dLOfd, using the induction
hypothesis and Proposition 11.4, we see that Lo, Lygy1 € dLO . We will use Lemma 2.4
to show that Ly € dLO} for 1 <k < ng.

Proposition 11.7 showed cg([9)g, 911) = [9g, 911 N St(xg, i;B) = (0w + EK, E, -+, ) +

——

kg times
™). Tts proof together with Equation (11.5) helps us to write
Li=Li+1, + L3,
where
-+ —os(l5(Np))
Ly = Tig,i:(00) N 0o, 11 =y H ™ 7 12 (9o)),
new
Ly := Z Zixy,i:8)(©)
LeCent(Xy,i:B)N[Y(.0;]
—ga(3() 7 —¢p (g (X))
= > > oH Y Gy + > H P g |
LeCent(Xy.i:B)N[Y .01 \new*, n#£0 new
+ —eg5 (M) 7
Ly = T i) Nnge 1= > H C0 @Gm))).
new*
Let {r;, -, be a set of representatives of distinct B-equivalence classes of

Cent(xg, i; B)N [0y, v]. Proposition 10.9 states that the order type of the interval Z(y, i:8) (x )

@ Springer



V.Sinha et al.

in Hli (ro) is independent of the choice of the representative ¢ foreach j € {1, - - , kg}. Thus
if L; denotes the order type of Z(y, i:8)(x;), then

Ly = E(Ly, -, Lig).

For any string 3 € cg([99, v11) with ¢g(3) # —1, Proposition 9.9 ensures the existence
of a string u and b € Ba;(B) such that (1, /g)(3) = *°bug. Since 8(b) = 1, Remark 9.6 yields
s’ € Nand p € N* such that I3 (3) = buj and [, " (5) = b%u3 = bl3 (3). Since 8(b) = 0,
we have lg/+p 3) =n lé/ (3). Since b € St;(B), Remark 8.9 and Proposition 9.5 together
imply lg/ﬂ”k(;,) =y l§/+k(5) for each k € N. Since ¢g(/g(3)) = 1 for each ¢ € N*, we
-~ s’ +p+
get H, vy (3))- A dual result can be shown for
3 € cg([Mg, 1] with p(3) # 1. T}Lus we have shown that all the hypotheses of Lemma 2.4
are sgtisﬁed, and hence we getthat Ly = L1+ Lo+ L3 € dLO}dl. A similar argument shows
that L € dLO}d1 for each 1 < k < npg, and this completes the proof. O

k ' +k
@) s’ k ~ g8l Q) 5
Vg ety = by Vg

Example 11.10 We compute the order type of H,1 (ap) from Example 5.8. Continuing from
Example 11.3, recall that By is minimal and domestic for (ap, 1). By domesticity of By, we
have kg, = 0, and thus by Corollary 11.8 we have

e, (lag, azAraol) = Y (I (@)} + Y _{I§ (@3A1a0)} 0 +0*.  (11.6)
kew kew*
Using Lemma 7.8, we obtain
lao, a3Araol=H}(ao)+ Y H'U§ @)+ > H'I§ (asAiao))+H (a3A ).
kew, k#0 kew*, k#0

(11.7)
Note that léf”(ao) =y léf’(ao) forevery k > 0 and 0 < r < 1 with (k,r) # (0,0).

Moreover, H;! (igl (a3A1a0)) = {l'é1 (a3A1a0)} forevery k € o*, k # 0,and H,” ' (Ig, (a0)) =
{lg, (ap)}. Plugging these in Equation (11.7), we get

lao, a3A1ag] = 1+ (1 + H' (3, (a0))) - @ + o™ (11.8)

To compute Hz_l (lé1 (ap)), note that non-domestic B, is the unique element of Qlizi (Zé1 (ap)),
and thus minimal for (/ él (ap), —1).Since kg, = 1,applying Lemma 7.8 to Corollary 11.8 with

the help of the base case of the proof of Theorem 11.9, we get Hfl (l%l (ag)) = w+E(¢) 4w,
so that Equation (11.7) takes the form

[ag, a3A1a0] E1+ A+ 0+ EQ)+0") 0o+ 0" ZE(w+ EQ) +0%) -0+ ow*. (11.9)
Similarly we can obtain
[azAjag, A1ap] = (w + E(@) + 0¥) - 0 + o™, (11.10)

Again applying Lemma 7.8 to the last term of the right-hand side of Equation (11.4), we
obtain

[Arag, HiG1 FE>Ey Ay Arag] ={Aao} +{ArArag)+{E1 Ay Avaoy+ H, ' (E2E1 A2 Ajap)

HFE2E\AyArao)+H, (G1 FE2E1 Ay Avag) +H, ' (H\ G FE2E1 Ay Aya).
(11.11)
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To compute Hz_] (E2E1 Az A ap), note that B3 is non-domestic and minimal for (E2 E1 A2 A}
ag, —1). Recall from Example 10.3 that kg, = 3. It is easy to verify that
L(EyE1ArAvag,—1:83) (G1 FE2 E1 A2 A1a0) =L(E ) Ay Ayag,—1:83) (K1ho H1G1 FE2 E1 Ay Ayag) = ¢,
T(EyEy AsArag.—1:83) (B2 E1es E2 E1 As Arap) = (0 + (0 4 0%) - w).
(11.12)

Using Equations (11.12), Corollary 11.8, and Lemma 7.8, we obtain

H (ErE1AyAra) Z 0+ (. £, 0 + (@ + 0) - o) + 0,
H NG FE2E1ArA1ag) = (0 + 0%) - 0 + B, §, 0 + (0 + 0*) - 0) + o,
H ' (H\G\FE2E1AyA1ap) = w + E(L, ¢, 0* + (0 + 0*) - 0) + o
(11.13)
Plugging Equations (11.13) in Equation (11.11) while using Equation (2.1) we get
[Arag, HHG1FE,E1A2A1a0] E3+ 0w+ B, E, ¥ + (w + a)*) -w) + o*
+1+(@+o") 0+ E(E ¢ o+ (0+0") - o) + o
+o+EE ¢ o'+ (0+ ") o) +of
Zw+E@E L o+ (0+ oY) o)+ o',
(11.14)
Plugging Equations (11.9), (11.10) and (11.14) in Equation (11.3), we obtain
Hll(ao) = (w+EQ)+0) 0o+ 2+0+EEX, L 0+ (0+ o) -w)+o. (11.15)

Since Theorem 11.9 generalizes the backward direction [11, Theorem 12.15] and the latter
has a converse for linear orders in dLOthI, it is natural to ask if the converse to the former
is true. Proposition 11.12 proves a special case of the converse for which the next result is
essential.

Proposition 11.11 Suppose L(# 0) € dLOfp. Then

12

e if L € dLOY), then there exist Ly € dLOg) and Ly € dLO{! U {0} such that L
Li-o*+ Ly;

o if L € dLO}g, then there exist Ly € dLOtl-p1 and Ly € dLO}; U {0} such that L =
Li+ Ly w; and

e if L € dLOY, then there are Ly, Ly € dLOg) and Ly € dLO{} U {0} such that L
L -o*+L)+ L3 o

12

Proof We use the notations and results from [1] to prove the first result; the proofs of the rest
are similar.
Recall from [1, Proposition 5.6] that for any L € LOg, there is (7', s7) € 3ST,, such that
LIN(T, s7) = L. Suppose for n € N* the notation 0" denotes 00 - - - 0. It is easy to note that
‘./—/
n times
L has a minimum if and only if whenever 0" € T for some n € N* then s7(0") # —.
Now if L € dLOY! then choose theleast N(T') € N* suchthatO¥ ") e T and s (0¥ ")) =
—. We use induction on N (T') to obtain required L and L.
Base step (N(7) = 1): Let w be the width of (7', s7). Then L = L} - o* + L), where
L’ == LIN(Ty, s7,) and LY := 3 | <joy LIN(Tk, s7). If L, # 0 then it has a maximum.
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If L/1 has a maximum then by discreteness of L, it also has a minimum. Furthermore, if
L’2 # 0 then it also has a minimum. Thus irrespective of whether L’2 = 0 or not, we can
choose L1 := L and L, := L.

On the other hand, if L, # 0 and L/ does not have a maximum then let x € L} be
any element. Since L’l - * is discrete, x has an immediate successor, say y. Thus we can
write L) = L', 4+ L},, where x is the maximum of L/, and y is the minimum of L/,.
Then L = L} - w* + Ly, = (L), + L)) - o* + (L, + L)), so that Ly := L}, + L/, and
Ly := L, + L}, are as required.

Inductive step (N (T) > 1): Here s7 (0N )~y = . Note that N (EXUDE((T, s7); ON(T)~1y)
< N(T). Moreover, recall from [1, Proposition 6.5] that LIN(EXUDE((T', sT); ONT)—1y)
L. Thus the induction hypothesis applied to EXUDE((T', s7); 0¥ )=1) produces the required
orders L and L. ]

Proposition 11.12 If Lo € dLOg), L € dLOQ) and Ly € dLOY) then there is a non-

domestic string algebra A, a string ry for A and a parity i € {1, —1} such that (Hli (o) <1)
= Lo+ (L) + Lo.

Proof Proposition 11.11 yields Loo, Lot1, Lo, L11, L12, Loo, L1 € dLO}p1 such that
Lo=Loo+Loi-w, Ly =L -w*+Lig+ L2, and Ly = Ly - ®* + Log.

Consider the string algebra I'"”" from Fig. 5, where the forward direction of [11, Theo-
rem 12.15] allows us to choose quivers with relations (Qoo, £00), (Qo1, Po1), (Q20, £20),
(Q21, p21), (Q10, p10)s (10, p10), (Q11, p11) and (Q12, p12) for domestic gentle algebras

such that
'@ = Loo, H ') = Loy,
H'(g) = Lo, H!(R) =L, H'() = L, (11.16)
H/(B) = Ly, and H}' (j2) = Loy.
Since the algebras presented by (Qun, omn) are gentle and p for I'™” consists only of paths
of length 2, we conclude that I'”” is a gentle algebra.
We will show for an appropriate j € {—1, 1} that Hfl (L, j)) = Lo + E(L1) + Lo.

Since I'"” is gentle, for any string u € H[_] (L (v, j)) With [u| > 0, we have u =5 «, where
« is the last syllable of u. Consequently, H;(ut) = Hj().

my
vs — Qo1 Q1o Q1
27 N [,
1 o
k1
Vo Vy ——— Ug V12 —) V13 —r V14

L, ENI NS
O N N

2
Qoo Q20 Vg ——> Vg —— Ug Vg —5 > V17 45— V18
) 1 3
k] Tg l
Q21 g V11 Q12

Fig.5 T with p = {db, ce, f1 f2, j1 f1.lin1, nin2, myji, kaha, lama, noky, tp, x1r, sx3, wt, vs, X3z}
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We have that By = {/1k;J1} and B, = {kzJ> L2} are minimal for (1(y,, j, —1). Choosing
By as minimal for (1, j), —1), we have

H7 L, ) =M1 (L, ) abHa, (o, )= H; @) Ha, (1, )12 LooHa, (1, j)]-

11.17)
Since B is domestic, using Corollary 11.8, we have
o, ([a, 1wy, p)) = D _{I§ (@} + D _{I§ (1, )} = 0 + o™, (11.18)
kew kew*
Applying Lemma 7.8 to the above equation,
la, lwpp) = Y H7'U5 @)+ Y H'I§ (1)) (11.19)
kew,k#0 kew* k#0
Using appropriate H-equivalences, we obtain
[a, Lo, )] = Uit fieBa) + H ' (1) - o + H] (k1) - " + H]'(©) + H] (B) + {a) (1120

= Lo - w4+ Hi(Ny) - 0" + H' (¢) + Ly + 1.

To compute Hl1 (c), note that B; is minimal for (c, 1). Using appropriate H -equivalences, we
have

H'(c) = {cBa}+ H () -0+ H! () - 0* =1+ Hi(n2) -0 + Loy - *.  (11.21)

Note that N| =g n; and therefore H;(N|) = H;(np) = Hfl(Nl), which we now compute.
Let B € Qli% (L(v, j)) be the only non-domestic element with Ba;(B) = {ywV Z} and
Ba;j(B) = {¢TsR}. Since B € OB is minimal for (N, —1) and kg = 1 with 3 := sRgpN;
as a representative for the unique B-equivalence class, it is easy to verify that
I 183 = H(R) - o* + H ' @) + H7' () 0 Z L1 -0* + Lig+ Lz - 0. (11.22)
Using Corollary 11.8 and Lemma 7.8, we get
Hi(ND) = H @) + H ' 0) - 0+ E@w, -1:8/6) + H (1) - (11.23)
ELio+Lin-wo+EL-0"+Lig+Liz-w+ Lo

Using the isomorphism H;(Nj) = Hj(n;) and Equation 2.2 while plugging Equations
(11.20), (11.21) and (11.23) in Equation (11.17), we get
Hi(1w, j)) = Loo + Lot - @+ H/(N1) - @* + 1+ Hi(n2) - 0 + Ly; - @* + Log + 1

= Loo+ Lot - @ + H/(Ny) - (0" + @) + Loy - 0" + Lo

= Lo+(Lio+L12- 0+ E(L11 - 0" +Lio+L1p - w)+L11 - 0") - (0" +w)+Lo

= Lo+ E(L1-o"+Lig+Lia-w)+ L

=Lo+ E(L1)+ Lo.

(11.24)

This completes the proof. O
Question 11.13 Does there exist a non-domestic string algebra A, a string r, for A and a parity

i € {1, —1} such that (Hli(po), <) ZEw+ E(w+ 0" o+, 0"+ (0+ 0*) - o) +o*?

We believe that the answer to the above question is negative; however, currently, we do not
have any methods to show this. In fact, it is an interesting problem to determine the subclass
of dLO}J which consists only of the order types of hammocks for string algebras.
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12 Locating left N-strings in the Completion of a Hammock

This last section is devoted to computing the order type of the completion of the B-
condensation of a hammock and describing the location of some left N-strings therein. As a
consequence, we characterize (Proposition 12.7) some almost periodic left N-strings in terms
of scattered subintervals of the condensations.

Given B € QB we identify two subsets of N-St(A) associated to B.

N-St(B) := {r € N-St(A) | all but finitely many left substrings of ¢ are in St(B)}.
N-St(B) := {r € N-St(A) | all proper left substrings are in St(B)}.

Further set N-St(xo, i; B) := N-St(B) N H/ (xo) and N-St(x, i; B) := N-5t(B) N H; (x,).
The following remarks are straightforward.

Remark 12.1 Note that N-St(B) € N-St(B), and therefore N-St(xy, i; B) € N-St(xo. i; B).
Moreover, it follows from Corollary 6.7 that N-St(zg, i; B) = N-St(x, i; B) if and only if B
is minimal for (xg, ).

Remark12.2 If ¢ € H/(x) \ {ro} and B € Q‘ja(;) then for any j € {—1, 1}, we have
N-St(z, j; B) € N-St(xo. i; B) and N-St(x, j; B) € N-St(z,, i: B).

Now we show that every left N-string in I/-\Ili (ro) liesin N-St(zg, i; B) forsome B € Q?a (xo)-

Proposition 12.3 Given r € H] (xy) \ H] (xo), there exists 3 € Hj(xo) with 3 C; ¢ and
Be Q?a(;o) minimal for (3,6 (x | 3)) such that r € N-St(3,0(x | 3); B).

Proof Since ry C; r and ¢ is a left N-string, there are infinitely many strings v such that vy,
is a string. Therefore by the observation in the base case of the proof of Theorem 11.9, we
have QP%(xy) # 0.

It is trivial to note that if v T; v’ then Q‘fa(n’) anu 1) (©) for each j € {~1.1}.
For each n € N, let r, ; ¢ satisfy |r,| = |rg| 4+ n. Therefore the sequence of sets B, =
Qg&lxn)(xn) satisfies B,+1 C B, for every n € N. Since By is finite, thanks to Proposition
5.7, we get that there is N € N such that B, = By for every n > N. Choose a minimal
element B of By with respect to <. This implies that B is minimal for (xy,6(x | ry)) and
I, € St(xy,0(x | ty): B) forevery n > N.Thus ¢t € N-St(xy, 0 (x | ty); B). Finally, since B
is minimal for (ry, 0(x | y)), it follows from Remark 12.1 that xr € N-St(xy, 0(x | zp); B).
O

Recall from Proposition 4.11 that G (Hli (ro)) = ﬁf @)\ Hli (xo)- Proposition 12.3 together
with Remark 12.2 allows us to describe the latter set in two possible ways.

H} (xo) \ Hj (xo) = U N-St(x. j: B). (12.1)
LeH] (X)\ko}. jel-1.1}.
B is minimal for (g, j)
J=tifr=x,
Hi @)\ H (xg) = | | N-St(x.i:B). (12.2)
BeQP(xy)
Equation (12.1) will be used to locate the position of a left N-string in the extended hammock

Hl (ro), whereas Equation (12.2) is a generalization of [7, Proposition 2] which states that
every left N-string in a domestic string algebra is almost periodic.
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As a consequence of Proposition 12.3, we show that each gap in the hammock Hli (xo)
corresponds to a gap in St(x, j; B) for some ¢ € Hf (rp), aparity j € {—1,1} and B € QBa
minimal for (g, j).

Proposition 12.4 If (X,Y) is a gap in Hli (xo) then there is a string ¢ € Hli (xo), a parity
j €{=1,1} and B € QB minimal for (x, j) such that (X N St(x, j; B), ¥ NSt(x, j; B)) isa
gap in St(z, j; B).

Proof The gap (X, Y)in Hf (xo) corresponds to a unique ) € FI[ (xo) \ Hli (xo) by Proposition
4.11. Further Proposition 12.3 yields ¢ € Hli (ro) such that r ; y and B minimal for (z, 6( |
v) and r € N-St(x, 6(n | r); B).

Lety =: 3rand j := 6(y | p). Since the set {v € St(A) : 6(v) # 0} is finite, there are
infinitely many inverse as well as direct syllables in 3. It is easy to see that the set {vx € St(A) :
vr C; 9,0(y | br) = 1} is a cofinal subset of X N St(z, j; B) having no maximum element
and the set {or € St(A) : by C; v, 0(y | vr) = —1} is a coinitial subset of ¥ N St(x, j; B)
having no minimum element. Therefore we conclude that (X N §(;, jiB),YnN §(p, j:B))
is a gap in g(;, j; B). O

Conversely we show that each gap of St(z, j; B) corresponds to a gap in Hli (xo), where
r€ Hi(x),je{-1,1}andB e Q]Ba(;), with the restriction that j = i if t = x,. Note that
we do not require B to be minimal for (x, j).

Proposition 12.5 Let r € Hj(xy), j € {—1,1} and B € QB%(x). If (X, Y) is a gap in
St(x, j; B) then there exists a unique X' O X and a unique Y' 2 Y such that (X', Y’) is a
gap in Hj (xp).

Proof In view of Proposition 4.11, it suffices to show that there is a unique left N-string v
such that X C {v € Hli(zco) v <;pland Y C {v € Hli(;o) |y <; v}

The technique to get a left N-string y by “filling up” the gap (X, Y) in St(xy, i; B) is
similar to the proof of the converse part of Proposition 4.11, keeping in mind that St(z, j; B)
is closed under substrings in H, ZJ (r), thanks to Remark 6.3. The construction of 1 ensures that
v € N-St(r, j: B).

If 9, and v, are two distinct left N-strings in N-St(z, j; B) then the string H3 = My, lies
in St(x, j; B) and between 1, and b, in (FI} (xo), <1). Therefore ; and v, cannot correspond

to the same gap in St(z, j; B), thus proving the uniqueness of v. O

_Note that the left N-string produced in Proposition 12.5 corresponding to a gap in
St(ro, i; B) lies in N-St(rg, i; B). Conversely, given ¢ € N-St(x, i; B), the technique used
in Proposition 12.4 produces a gap in St(xg, i; B).

Corollary 12.6 Suppose B € QP (x). Then C(St(xy, i; B)) = N-St(xo, i; B) U'St(x, i; B). In
particular, if B is minimal for (v, i) then C(St(xo., i: B)) = N-St(x,, i; B)LSt(x. i: B) thanks
to Remark 12.1.

As a consequence of the above corollary, the map cg : H, li (xg) = §(;t0, i; B) can be extended
to a map flli (xg) — N-§(xo, i;B)yu §(zc0, i; B), which we again denote by cg, where cg(r)

is the longest left (possibly left N-) substring of ¢ that li§S in N—ﬁ(xo, i;Byu §(;0, i;B). As
a consequence, C(St(zy, i; B)) is a condensation of C(H/ (xry)) via the composition

C(H] (xp)) = HJ (xg) = N-St(xo, i; B) USt(xy, i; B) = C(St(xo, i; B)).
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Propositions 12.4 and 12.5 yield bijections
C(Hj (xg) = U C(St(x. j; B) = U C(St@, j; B). (12.3)

TeH (), jel—1,1}, TeH] (xy). je(—1.1},
BEQB“@), Bis minirr_u}l for (%, /),
j=i if E=F, =

Equation (12.3) shows that it is sufficient to study the order type of C (St(r, Jj; B)), where
B € QB2 minimal for (x, j) to understand the position of left N-strings (or equivalently
gaps in Hli (xg)) in the extended hammock f]li (ro)- Henceforth we study the order type of
C (§(;0, i: B)), where B € OP? is minimal for (xg, i), and subsequently the positions of the
left N-strings in it.

The following result is useful in determining the position of an almost periodic left N-string
of a certain form in the extended hammock I-AI,i (xo)-

Proposition 12.7 SupposeB € QlBa(;O) andy € N-St(xq, i; B). Then the following statements
are equivalent.

(1) There exists b € Bql(B) and a string u such that y = *°bug,,.
(2) There exists ¢ € Hf (xg) with ¢t <; v such that cg([z, v)) = o.

Proof By Proposition 12.3, there exists ) ZJ; v € Hli (xp) such that B is minimal for (to, 6 (1 |
tv)) and y € N-St(to, 6(y | tv); B).

(1) = (2). Since § = *°bug, there exists N € NT such that o bNuch Cr .
Since #(b) = 1, Remark 9.6 along with the fact that b € Ba;(B) implies that for each
n >N, lé"(bN ury) = b"ugy for some k, € N. Recall the definition of Cg stated before
Proposition 11.7. The preceding arguments in this proof imply Cg(b™ury) = Cg(b"uxy)
for every n > N. Consequently, (1, lB)(CB(bNu;O)) = *buyy. Remark 7.5 gives that the
interval cg([Cg(bVuzy), *bury)) = w.

(2) = (1). Since r <; y, we have 6(y | r) = 1. Both to and ¢ M; y are left substrings of 1.
Choose 3 C; p with (1 | 3) = 1 suchthatzm;y C; 3and to ; 3. Clearly, r <; 3 <; 1. Since
n € N-St(tv, 0(ny | 0); B), we have 3 € St(tv, 0(y | w); B). Therefore the interval cg([3, 1))
being an infinite suborder of cg ([, n)) is also isomorphic to w. Note that /g (3) <; v for every
n € N, and therefore (1,1g)(3) <; n. If (1,1g)(3) # v then the string 3’ := (1,7g)(3) M b
satisfies (1,1g)(3) <; 3’ <; v, which is a contradiction to cg([3,9)) = w. Therefore y =
(1, 1) (3), which implies y = *°buvj for some b € Ba;(B) and a string v by Proposition 9.9.
Since 3 € Hli (¥o), we have y = *buy, for some string u. O

Now we compute C (§(;0, i: B)) when B € QB? is minimal for (xg, i) and understand the
position of gaps and the form of the left N-strings corresponding to them.

When B is non-domestic and minimal for (g, i), the order type of §(x0, i; B) was com-
puted in Corollary 11.8 to be O := w + ¢ - n + w*. Recall from Corollary 3.5 that

1+¢+1 ifren,
1 otherwise.

C(O)éa)—i—l—i—(ZT,)—i—l—i—w*, where 7, ::{

rei

Recall from the end of § 3 that we partitioned the set G(O) as G(O) = GT(O) UG~ (O) U
G%(0). Along similar lines, we partition the set N-St(xq, 7; B) into three classes as follows.

N-St;(xg, i; B) := {r € N-St(xy, i; B) | t = *°bug for some b € Ba;(B) and some string u},
N-Stj(xp, i; B) := {r € N-St(zp,i;B) | r = *buy, for some b € Baj(B) and some string u},
N-Sto(xo. i; B) := N-St(xg, i; B) \ (N-5t;(x, i3 B) U N-5t;(x. i; B)).
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The following is a straightforward consequence of Corollary 3.5, Proposition 12.7 and its
dual, and describes the positions of all left N-strings in C(St(xg, i; B)).

Proposition 12.8 Let B be non-domestic and minimal for (vo, i). Then using the notations
described above, the order isomorphism N-St(r, i; B) U St(xg, i; B) = C(St(xg,i;B)) =
C(O) restricts to the following order isomorphisms:

N-St;(xo, i5 B) = G¥(0), N-Stj(xo, i3 B) = G (0) and N-Sto(xo, i; B) = G°(0).

Remark 12.9 When B € Q?a(;o) is domestic and b is the unique element of B, then vy €
N-St(xy, i; B) if and only if there exists a string u such that h = *bug,,.

Furthermore, if B is minimal for (g, i), Proposition 6.7 gives that the set N-St(zg, i; B)
is finite. Corollary 12.6 gives that C(St(zy, i; B)) = N-St(xo, i; B) L St(xo, i; B), and hence
G(St (xg, i; B)) = N-St(xg, i; B). In order to understand the location of finitely many elements
of N-St(xg, i; B) in C(§(g0, i; B)), recall from Corollary 1 l‘8that§(¢t0, i;B) = (w+w*) ng.
The completion of the latter is (w + 1+ »*) - ng (Example 3.2), which contains only finitely
many extra points than in ﬁ(;o, i;B).

Finally, Proposition 12.7 and its dual applied to the explicit form of the order type of
C(§(p0, i; B)) gives that each element ) € N-St(x, i; B) is of the form (1, /g)(3) for some
3 € §i1(1c0, i; B) as well as of the form (1, Ig)(3) for some 3’ € §i1(1c0, i; B), which is in
agreement with the fact that Ba;(B) = Ba;(B) = {b} since B is domestic.
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