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Abstract

We investigate Conjecture 1.5 introduced by Barker and Gelvin (J. Gr. Theory 25, 973-995
2022), which says that any source algebra of a p-block (p is a prime) of a finite group has the
unit group containing a basis stabilized by the left and right actions of the defect group. We
will reduce this conjecture to a similar statement about the bases of the hyperfocal subalgebras
in the source algebras. We will also show that such unital bases of source algebras of two
p-blocks, stabilized by the left and right actions of the defect group, are transported through
basic Morita equivalences.
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1 Introduction

Let € be a complete local noetherian commutative ring with identity element and with an
algebraically closed residue field k of prime characteristic p. We understand any &-module
and any algebra over ¢ to be finitely generated and free over &. Any 0-algebra A which
we consider has an identity element 1 and the group of units is denoted by A*. A basis for
an algebra over O is an 0-basis as an ¢-module. Such a basis is said to be unital if every
element is unital.
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In this paper we consider G to be a finite group such that p divides the order of G and
we assume familiarity with: the theory of G-algebras, Brauer maps, Brauer pairs, pointed
groups, (almost-)source algebras, as in [7], [8] and [15]. For notations and results with respect
to fusion systems we follow [1] or the algebraic approach given by David Craven in his
book [2].

Let b be a block idempotent of &G with defect group D (a p-subgroup of G) and [/ €
(0Gb)P be a primitive idempotent such that BrgG(l ) # 0. We shall use the notation A :=
[OGl; it is an interior D-algebra called the source algebra of b. The source algebra A has
a D x D-stable basis on which D x 1 and 1 x D act freely. Following [3, Section 6] this
means that A is a bifree bipermutation D-algebra. In the same paper the authors explore the
following conjecture.

Conjecture 1.1 ([3, Conjecture 1.5]) For any block idempotent b of &G, any source algebra
A of 0Gb has a unital D x D-stable basis.

We will reduce this conjecture to a conjecture on hyperfocal subalgebras. For any subgroup
R of D there is a unique block eg of kCg (R) such that Br§ % (I)eg # 0. Fixing (D, ep), a
maximal (0G, b, G)-Brauer pair, we define a saturated fusion system which we denote by
F = F(D,ep)(OG, b, G), the saturated fusion system of A on D, associated with b and
given by the (G, b, G)-Brauer pairs included in (D, ep).

The hyperfocal subgroup of a block was introduced by Puig [11] and, in the language of
fusion systems, is defined by

hyp(Z) :=< upu™")|R < D,u € R, ¢ € OP(Autz (R)) >

It is an important invariant of a block, since a block is nilpotent if and only if its hyperfocal
subgroup is trivial. Let D be a normal subgroup of D containing hyp(.%). By [11, Theorem
1.8] there exists a unique (up to (AP)*- -conjugacy) D-stable, unitary subalgebra A of A
(called the hyperfocal subalgebra with respect to D)suchthat A = A Q@5 5 D, see 2 for the
general case. The hyperfocal subalgebra A is a D-interior D-algebraZ satisfying AN DI = DI
and 1; =14 =1. Set D= D/ﬁ and consider the subgroup D x? D of D x D, which is
recalled in 2 and below Conjecture 1.2. According to [11, 4.1] the hyperfocal subalgebra A
is a direct summand of A as O[D %D D]-module, hence A has a D x© D-stable basis. With
the above notations we launch the following conjecture.

Conjecture 1.2 For any source algebra A =[0Gl of any block b with defect group D there
is a normal subgroup Din D contalnmg hyp(%), such that the hyperfocal subalgebra A with

respect to D has a unital D x? D-stable basis.

In Section 2 we extend some results of [3, Sections 2, 4] from G-interior algebras to N -interior
G-algebras; in this section we consider N to be a normal subgroup of G, A is an N-interior
G-algebra (see [11, Section 2]), and G := G/N is the factor group. The elements of G are
denoted by x = x N, x € G. Then A ®y G is the crossed product, which is also a G-interior
algebra, see 2.2 for more details. It follows that A ® y G is also an ¢[G x G]-module. The
subgroup

GxGG = {w vi=70uveG)

of G x G is introduced in [11, 2.5.2] and is the pullback of the natural map G — G
with itself. The next proposition is an important technical result which is proved in
Proposition 2.2.
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Proposition 1.3 (Proposition 2.2) Let A be an N -interior G-algebra. If A has a unital G xG
G-stable basis then A @ y G has a unital G x G-stable basis.

Since the source algebra A is a direct summand of G as O[D x D D1]-module, A inherits
a D x? D-stable basis on which D x 1 and 1 x D act freely. So A has a basis which we
call D—bifree, see 2. An immediate consequence of Proposition 1.3 (with A, N, G replaced
by A,D,D, respectively) is the following theorem.

Theorem 1.4 With the above notations if b is a block of €' G with source algebra A verifying
Conjecture 1.2 then A verifies Conjecture 1.1.

Section 3 has two subsections and we start by recalling the concept of a category on a
p-group, see [6]. In Subsections 3.1 and 3.2 we introduce some subcategories on a p-group,
by considering morphisms which are the identity morphisms on factor groups. These results
are needed to give the next main result of our paper, where we obtain some cases of blocks
for which Conjecture 1.2 is true. If ¢ € Mor(.%) then A(¢) is the twisted diagonal subgroup
of D x D with respect to ¢, that is

A(p) = {(¢(u), u)lu € dom(¢)}.

Applying the results of Subsection 3.1 we define the subcategory .7, ; , of .7, on the p-
group D, which has as objects all subgroups in D and as morphisms all maps ¢ € Mor(.%)
such that A(¢) < D xP D. In Subsection 3.2 we will define the categories Ngn . (R), on

the p-groups Np(R), where R is a subgroup of D.If R = D the subcategory N:gzD 5y (D) of
Z 1 b p has as objects all subgroups of D. Forany Ry, Ry < D,amorphism¢ : Rj — R in

NyD by (D) is amorphism ¢ € HomgzD by (R1, R>) which extends to some automorphism
¢’ € Aut 7, DD(D). The following theorem extends [3, Proposition 1.6].

Theorem 1.5 Let b be block idempotent G with defect group D, with A = 1O Gl the source
algebra of b, and F be the saturated fusion system of A on D. Let D be a normal subgroup
of D such that hyp(F) < D and A be the hyperfocal subalgebra with respect to D. If
Fpubp = N,gDX[)D (D) then A has a unital D xP D-stable basis.

As a consequence of Theorems 1.4, 1.5 and Proposition 3.2 (iv) we obtain the following
corollary.

Corollary 1.6 Let b be block idempotent O'G having a defect group D, with source algebra
A and with saturated fusion system .7 of A on D.

(i) If all the assumptions of Theorem 1.5 are satisfied then the source algebra A verifies
Conjecture 1.1;
(ii) If we choose D = D then Theorem 1.5 becomes [3, Proposition 1.6];
(iii) If b is a nilpotent block then its source algebra A verifies Conjecture 1.1.

Statement (iii) of the above corollary is straightforward, we just want to emphasize a
method which is based on the techniques in [3].

For the rest of the section, we consider another finite group H and a block idempotent
b of 0H with defect group E. Let I’ € (0HbP)F be a primitive idempotent such that
BrgH (I’) # 0. Similar to the case of the block algebra b, we shall use the notations: A’ :=
IO HLI is the source algebra of b, for any subgroup Q in E the block e’Q is the unique block

of kCy (Q) such that BrgH(l/)e’Q # 0, .’ is the saturated fusion of A" on E, etc. Basic
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Morita equivalences between blocks were introduced by Puig in [13], see also [14, Corollary
3.6]. It is a Morita equivalence between the block algebras which respects the local structure
of the blocks and can be characterized by the existence of some algebra embedding between
interior algebras obtained using the source algebras of the blocks. In Section 5 we will recall
more details about basic Morita equivalences and we will prove the second main result of
this paper.

Theorem 1.7 Let b, b’ be block idempotents as above such that O Gb is basic Morita equiv-
alentto OHD'. If A has a unital D x D-stable basis then A’ has a unital E x E-stable basis.
Inertial blocks were introduced by Puig in [12]. An inertial block is a block which is basic
Morita equivalent to its Brauer correspondent.

Corollary 1.8 Any inertial block verifies Conjecture 1.1.

It is known that ep is a nilpotent block of kCs (D) with defect group Z(D) and that
ep remains a block of kNg (D, ep) with the same maximal (Ng (D, ep), ep, Ng(D, ep))-
Brauer pair (D, ep). The fusion system of ep is #(p ;) (kNG(D, ep), ep, NG (D, ep)). By
[1, Chapter IV, Proposition 3.8], if we use the language of fusion systems, we can verify thatin
fact #(p.ep)(kNG(D, ep), ep, Ng(D, ep)) is Ng (D), the normalizer fusion subsystem of
D in .#,see[2, Definition 4.26 (ii)]. In fact, if b is an inertial block then the block algebra 0 Gb
is basic Morita equivalent with the block algebra & Ng (D, ep)ép, where ép denotes the block
idempotent of ONg (D, ep) lifting the block idempotent ep of kNg(D, ep). Obviously,
Corollary 1.8 can be quickly obtained as a consequence of Corollary 1.6 (ii), more precisely
[3, Proposition 1.6], since basic Morita equivalences preserve the fusion systems.

In Section 4 we will give the proof of Theorem 1.5. Section 5 is devoted to the proof of
the fact that unital stable bases of source algebras are transported between blocks which are
basic Morita equivalent, Theorem 1.7.

If Ly, L, are two subgroups in some finite group L and x € L wedenotebycy : L1 — Lo
the conjugation homomorphism induced by x, when L < L, and *L; := xLx~'. If
h : M — N is a map between two sets and M, is a subset of M we denote by hy,, the
restriction map of & to M. Sometimes, for the preciseness of our notations we introduce the
multiplication "-" in the interior of various relations, we omit this most of the time; may
signify the multiplication in a group or the action of a group on a module.

"o

2 N-Interior G-Algebras and Stable Unital Bases

In this section we consider N to be a normal subgroup of G and A is an N-interior G-algebra.
This means that A is an ¢-algebra endowed with two group homomorphisms oa : N — A*
and T : G — Autgy (A), (where Auty (A) is the group of O-algebra automorphisms of A)
which satisfy

*m-a)y="n-"a,"a=n-a-n"";

here we used the notations
g =1(x)@a), n=xnx""n-a=oal@)n, a -n=noxa),
foranyx € G,n € N,a € A;

2.1 We denote by A ®y G the corresponding crossed product considered as a G-interior
algebra, namely A @y G := A ®pn OG endowed with the associative operation

(@a®x)d ®@x)=a(d) @ xx',
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forany a,a’ € A, x, x’ € G. The structural map of A ® y G as a G-interior algebra is given
by
oaanG 1 G —> (AQN G)*, oagyc(X) = 1A ®x,

for any x € G. Note thatif n € N then
oaenG(n) =1a-n® lg =o0a(n) ® 1g.

A®y Gisa G-graded algebra, with the identity component A ~ A ® 1, see [4, 2.1].
2.2 Recall the next subgroup of G x G, which is introduced in [11, 2.5.2],
G x0G = {(u,v)i=v,u,ve G

Denoting by A(G) the diagonal subgroup of G x G it is easy to verify that (N x N)A(G)
is a normal subgroup of G x ¢G. Moreover if N = 1then G x G = A(G).
Since A is an N-interior algebra, A has a structure of an [N x N]-module given by

(u,v)a =u -a'v_l,‘v’u,v € N,Va € A.
Moreover, A is an 0[G x G G]-module with the action
(u,v)a = wv N -Ya="a - wv ",

for any (u,v) € G x GG, a € A. Note that A ® v G is an 0[G %G G]-module and A is a
direct summand of A ® G as O[G x¢ G]-modules.

Remark 2.3 Let L be any finite group. Let B be an [ L x L]-module with €2 an L x L-stable
O-basis and w € 2. We shall use the notation

Npxr(w) = {(u, v)|(u, v)o = w,u,v € B}.

The next theorem has the similar proof to [3, Theorem 2.4] adapted to N-interior G-algebras.
We prefer to give some details of the proof, for explicitness, even though our proof is almost
a verbatim translation.

Theorem 2.1 Let A be an N-interior G-algebra. Then A has a unital G xG G-stable basis
if and only if A has a G x© G-stable basis Q such that for any o € Q the group Ngyag@)
fixes an element of A*.

Proof The implication from left to right is clear.
For the other implication, assume Q2 is a G x G G-stable basis such that, for any o € €,
the group N, ¢ (w) fixes an element of A*. Let T' be a system of representatives of the

G xY G-orbits in . For any w € T, we choose f(w) € AX N AN6x66) We extend this
choice to a well-defined map, still denoted by

[iQ—=>A" f((x, yw) = (x, ) f(o),

forany (x,y) € G XG G,weT.
For all " € Q the following equality

NGXGG((U/) = NGXGG(f(a)/)) (1)
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208 T. Coconet, C.-C. Todea

is true, since if @’ = (x, y)w € , with (x,y) € G %G G,w e T, then
Ngyig(F@)) = Ng 66 (f ((x, Do) = TINg 66 (f (@)
= NG 66(@) = Ng i@
Applying (1) and the arguments of [3, Lemma 2.2, Lemma 2.3], we are done. 0 We will

show that stable unital bases are transported from A to A @y G.

Proposition 2.2 Let A be an N-interior G-algebra. If A has a unital G xG G-stable basis
then A @y G has a unital G x G-stable basis.

Proof Let 2 be a unital G xC G-stable basis of A and § C G be a system of representatives
of the left cosets of N in G. It is clear that

%’::UQ@NM

uesS

is an ¢-basis of basis of A @y G. If w ® u € £ then
@ et ) =Lels=>""@Heu Hweu.
For G x G-stability, we consider the elements

x,y)eGxG,0oQue B,weQues.

1

Then, there is a unique u’ € S such that xuy™' = nu’, for some n € N. It follows

@M@ =1a@0@eu)ls®y "
= w@xuy ' =Fon @ u' = ((x,n ' No @ u),
which is in 2, since (x,n"'x) € G x G G. The first equality in the above identity is given by

the action of G x G on A ® y G, see 2. Thus, % is a unital G x G-stable basisof AQy G. O
For the rest of the section we assume that G is a p-group.

2.4 We adopt the following notations, see [3]. The set J(G) is the set of all group isomor-
phisms ¢ such that dom(¢) and cod(¢) are subgroups in G. For ¢ € J(G) recall that A(¢),
the twisted diagonal subgroup with respect to ¢, is the subgroup of G x G formed by the
pairs (¢ («), u) when u runs in dom(¢). Moreover

Jo66(G) = (91¢ € 3(G), A@) < G x° G},

L ={LIL<GxSG, LANx1)=(,1)=LnxN)).

Letg € TJGX@G (G). We denote by A(¢) = AA@®) /Ker(Br‘Z(q))) the Brauer quotient with
respect to A(¢). Recall that

AL@ — (4 € Al(p (), u)a = a, forany u € dom(¢)}
and that

Briy) : AS® — A2@ /[ 5™ AP 4 j(0)A2@
L=<A(¢)

is the canonical surjective map, called the Brauer map, see [7, Definition 5.4.10 ]. The next
lemma is straightforward and for its proof we introduce the following notations for the first
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and second projection of a direct product of groups. For any finite groups L, L, we denote
the first and second projection by

miLlyxLy— Li,m(x,y)=x, 7' :Li xLy— Ly, 7' (x,y) =y,
for any (x,y) € Ly x L.

Lemma 2.3 There is a bijection F : JGXGG(G) — & given by F(¢) = A(¢p), for any
¢ € C‘GXGG(G)'

Proof The above correspondence F is a well-defined map since
AP NG x ) =0xG)NA@) =1, 1.

Let
Fo: % — J35,66(G), Fo(L) = ¢r,

with ¢y : /(L) — 7 (L) defined by ¢ () = v, where if u € 7/(L) there is (v,u) € L
such that 7' (v, u) = u.

(F o Fo)(L) = F(¢r) = A(pr) = {(¢r.(w), w)|u € dom(¢p)} = 7 (L) x n'(L) = L.

(Fo o F)(¢) = Fo(A(9)) = pag) = ¢-
o

Remark 2.5 Note that the above lemma is true in a more general context. Let K be a subgroup
of G x G. We consider the following notations:

Jk(G) :={pl¢p € J(G), A(p) < K},
Yk ={LIL<K,LN(Gx1)={,1)=LnNn( xG)}.
Then, similar arguments as above give a bijection between Jx (G) and Zx.If K = G %0 G

then Jx (G) = J;,65(0), KN(G x1) =N x 1and Zx is Z.

26 Let Q2 be a G_XG G-set. We say that Q is N-bifree if N x 1 and 1 x N (which are
subgroups of G x¢ G) act freely on 2.

Lemma2.4 Let Q be a G xC G-set. Then S is N-bifree if and only if for any w € Q2 there
is¢p e JGXGG(G) such that Ng 6@ = A(9).

Proof Fix w € Q. For the left to right implication, since €2 is N-bifree it follows
Ngoog@ NN x 1) =(1x NN, 66w = (1, 1),

hence NGX@G(a)) € . By Lemma 2.3, there is ¢ € JGX@G(G) such that NGX@G(a)) =

A(9).
For the right to left implication, let (u1, 1), (u2,1) € N x 1 be such that (u;, Do =
(u2, Dw. It follows that (uz_lul, 1) € N, .65(@), hence there is ¢ € J 5, 6(G) such that

(y 'ur, 1) € A@). o

Theorem 2.5 Let A be an N-interior G-algebra, admitting an N -bifree G X G G-stable basis.
The following statements are equivalent:
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210 T. Coconet, C.-C. Todea

(a) given ¢ € J; 6 (G) such that A(¢) # O then A* MA@ £ ¢;
(b) A has a unital G xY G-stable basis.
Proof Let Q be G xC G-stable basis.
First we assume (a) is true and that Q2 is also N-bifree, with wg € Q2. Using Theorem 2.1,

we will show that N g (wo) fixes a unit of A. By Lemma 2.4, there is ¢ € J;, 6,(G)
such that NGXGG(“’O) = A(¢), hence

Q2@ = @Noxd6 @ 1 g,
By [15, Proposition 27.6 (a)] we obtain that A(¢) has as k-basis the set

{Br} (4 (@) € Q4@)}.

It follows that A(¢) # 0 and then using statement (a), we obtain A* N ANGXGG(Q)O) #* 0,
which is what we need.

Now, we assume the validity of statement (b) and let ¢ € J; 5 (G) satisfy A(¢) # 0.
We assume €2 is also unital. It follows

B £ QAP = QX NQAP c AX NALD,

If we take N = G in the next proposition we recover [3, Lemma 4.1].

Proposition 2.6 Let A be an N-interior G-algebra. Let U,,, V, be pointed groups on A,
where U,V < G. Let ¢ € EGX(;G(G) be such that dom(¢p) = V, cod(¢p) = U and choose
i €, j € v.The following statements are equivalent:

(a) there exists r € A* such that (p(W)v™1) - V(ir) = rj, foranyv € V;

(b) there exists € iAY®) j and s’ € jAA(‘f’_l)i suchthati = ss' and j = s's.

Moreover, the above equivalent conditions do not depend on the choices of i and j.

Proof Assume (a) holds and let s = irj, s’ = jr~'i. Since "j = i is equivalent to rj = ir

and to jr_l =r~1i, we get

s=irj=rj=ir, & =jr i=jr =r71
and, moreover
ss' = Grj)Grly =i () i=i
§'s = Grtitrj) = j- (i) j = .
The relation given in (a)

@™ -ir) =rj, 2)

for any v € V, is equivalent to s € iA*® j. We shall prove that relation (2) is equivalent to
s' € jJAAO D} thatis
(¢~ G- (rh =r7li,

for all u € U. Indeed, when v runs through V, the element u = ¢ (v) runs through U and,
we have

v -Yin=rj & ') 2Vr (g H =) <=
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D Or=jupv7h) = rli=jup )T = = O D v 0T
= =0 ) e rTli= ) P0G
= rli=¢~ w1,
Assume (b) and since
i=ss,j=ys's,
by [15, Exercise 3.2] there is ¢ € A* such thati = gjg~'. Then

/

ri=s+0a—igla—j), r=s+Us—j)g "(Ia—10)
verifies rr’ = 15 and 15 = r'r. Furthermore, for any v € V relation (2) is verified, because
ir=s, s=rj, (¢p(v),v)s=s,

by our assumptions. O

3 Subcategories of Fusion Systems Induced by Factor Groups

We need the concept of a category .% on a p-group introduced by Linckelmann in [6, Defi-
nition 1.1]; that is, .Z is a category on the p-group D if it is a category whose objects are the
subgroups of D and whose morphisms are the injective group homomorphisms satisfying:

e the inclusions are morphisms of .#;

e for any ¢ € Homg# (R{, R2), R1, Ry < D, the induced isomorphism R; = ¢(R;) and
its inverse are morphisms in .%;

e the composition of morphisms in .% is the usual composition of group homomorphisms.

A subcategory & of F on the p-subgroup Di of D is a subcategory which is itself a
category on the p-group D;. In this section, if otherwise not stated, we denote by .# a fusion
system on a p-group D. Itis a category on the p-group D, in which the set of objects consists
of the subgroups of D and the morphisms are given by the set of certain injective group
homomorphisms, such that .#p (D) € .# and other axioms are satisfied, see [2, Definition
1.34]. Here .#p (D) is the subcategory of .# with the same objects as .# and whose morphisms
are the group homomorphisms induced by conjugation in D. Any fusion system like .7 is
called saturated [2, Definition 1.37] if other two axioms are satisfied.

Let D be anormal subgroup of D and as in the Introduction we use the notation D := D/D.
The subgroup D’ is the commutator subgroup of D.

3.1 Subcategories

In Proposition 3.1 (i) we will show that our next definition makes sense.
Definition 3.1 We define a subcategory %, 5, of # by:

(i) Ob(F ), 5p) = Ob(F);
(ii) for any R;, Ry < D, the morphisms set is

Homz . (Ri. Ry):={p € Homz (R Ry)|A(¢) < D x” DJ.
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212 T. Coconet, C.-C. Todea

In the above definition, the subset of isomorphisms in %, 5 ,,, with domain R; and codo-
main R, is clearly

{¢ € Homg (R, Ro)|p € I, 5,(D)}-
Recall that the focal subgroup of a fusion system % is
foc(Z) =< upu )[R < D,u € R, ¢ € Autz(R) > .

Proposition 3.1 (i) 7, 5, is a subcategory of F on the p-group D;
(ii) If the commutator subgroup D' of D is included in D then F b p IS afusion subsystem
of F; ~
(iii) Assume F is saturated. If foc(F) < D then F,_p, = F;
(iv) IfD = lthen 7, 5, = Fa), where Fa(p) is the subcategory of F on the p-group
D, whose morphisms consist of inclusion maps.

Proof (i) Itis clear that . DD p 18 included in % and that the inclusions are in .% DxD D
The second axiom of the definition of a category on a p-group, which is reminded
at the beginning of this section, is straightforward. We only verify that if we take
(f) € Homgnxbn(Rz, R3), lﬂ € HOII],(;?DXED(RI, Rz) with Ri,R,,R3 < D, then
poy e Homg;zDXDD(Rl, R3). Clearly, ¢ o ¥ € Hom# (R1, R3) and, for any u € Ry,
we have

ul W) = @Y w) (W)~ $W W) € D,
which is what we need.

(i) Since (i) holds, we only verify thatif ¢, : Ry — Ry, where*R; < Rp < D,x € D, is
the conjugation map, then ¢, € HomyDXDD(Rl, R»). Let x be an element of D such
that *R; < Ry < D. For any u € R; the following equality holds

uleyw)=u"xux""' =", x]e D' <D,
hence ¢, € HomyD hD(Rl’ Ry).
(iii) Clearly .7 pxbp S Z. By Alperin’s Fusion Theorem [8, Theorem 8.2.8] it is enough

to show that Aut & (R) C Auth [)D(R)’ where R < D; for this let ¢ € Autz (R) and
u € R.Itis clear that ~
u" ' (u) € foc(F) < D,

hence the conclusion. )
(iv) Since D = 1 we know that D x? D = A(D).

3.2 Normalizer Subcategories

Let R be a subgroup of D. Statement (i) of Propostion 3.2 assures us that the following
definition makes sense.

Definition 3.2 The normalizer subcategory N,;;DX [)D(R) is the subcategory of 7, 5,

defined by:

(i) Ob(Nz ; (R) = (RilRi < Np(R)};

(ii) for any Ry, R, < Np(R), a morphism ¢ : Ry — R in N’?Dxf’p(R) is a morphism
¢ € HomyDXDD(Rl, R») which extends to some ¢’ € Hom,gzDX[)D(RRl, RR») such
that ¢'|g(R) = R.
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As a consequence of Definitions 3.1, 3.2 and Proposition 3.1 we obtain the next proposition.

Proposition 3.2 (i) Ng;?D bp (R) is a subcategory of 7, 5, on the p-group Np(R);
(ii) If If the commutator subgroup D' of D is included in D then N,)@D [)D(R) is a fusion
subsystem of F;
(iii) Assume F is saturated. Iffoc(/) < D then N/ (R) Nz (R), the usual nor-

malizer fusion system of R in F, see [2, Deﬁnmon 4 26 (ii)];
(iv) If D =1and R = D then NJA([»(D) FAD)-

4 Proof of Theorem 1.5

For the proof of Theorem 1.5 we need to recall in the following remark what is Puig’s notion
of "isofusion" between pointed groups.

Remark 4.1 Let A be an N-interior G-algebra, where N is a normal subgroup of G. Let
U,, V,bepointed groupson A, where U, V < Gandleti € u, j € v.Amap¢ € SGX@G(G)
(withdom(¢) = V, cod(¢) = U) for which thereisr € A* suchthat (¢ (v)v—")-V(ir) = rj,
forany v € V, is called and A-isofusion. The set of A-isofusions is denoted by Fa (V,, Uy,),
see[11,2.2.1]. When U,, = V,,, thenotation FA (V,) := Fa(V,, U,) is used. In the particular
case in which N = G and A is a G-interior algebra we have that ¢ € F (V) if and only if
¢ : V — V is a group isomorphism for which there is € A* such that ¢ (v)j =" (vj), for
anyveV.

Recall that in the statement of Theorem 1.5 we considered: b to be block idempotent G

with defect group D; the idempotent [ € (& Gb)P to be a primitive idempotent such that
BrgG (1) # 0; A =[0Gl denotes the source algebra of b and .% the saturated fusion system
of Aon D.Let D bea normal subgroup of D such that hyp(%#) < D and A be the hyperfocal
subalgebra with respect to D. Let Ap be the point {ala~'|a € ((¢Gb)P)*}, which is the
unique point of D on 0Gb associated with (D, ep). Applying Remark 4.1 to the D-interior
algebra ¢ Gb we obtain the set of isofusions FgyGp(D;,p).
Proof We will show that if .7 DxPD
already know that, since A is a direct summand of &G as an O|D %D D]-module, A has a
D xP D-stable basis which is D-bifree, see 2. By Theorem 2.5 (with A, N, G replaced by
A, D, D, respectively) we need to verify that, given ¢ € J,) 5 ,,(D) such that A(¢) # 0,
then A* N A®) 5 . ) i

Let¢p: Ry — Ry, ¢ € JDX[)D(D) such that A(¢) # 0. Now A is a direct summand of
A as 0[D xP D]-modules, hence A(qb) is a direct summand of A(¢). It follows A(¢) # 0O,
hence Q2@ £ @, for some D x D-stable basis of A. Applying [3, Theorem 7.2] we obtain
¢ € Hom,; (R], R»). Next, since .# = Ng}:D DD(D), it follows that there is
v :RD— RQD in . such that

Y(D)=D. Y, = ¢.
So there is Y € Autg (D) such that
Vi, =@, u 'Y e D,

= Ng/:D DD(D) then A has a D xP D-stable basis. We

DxDPp
Dp
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forany u € D.

Since D is a defect group of b, we know that Ng(D, ep) = Ng(D;,), hence there is
g € Ng(D;.p)suchthatyy = c,. Thenyr € Fgip(Dyp,) (see [9, Theorem 3.1]); equivalently,
we say that  : D, , — Dj;, is an 0 Gb-isofusion, which also verifies A(yy) < D xP D.
Since [ = 1 is a primitive idempotent of A then i p = {I} is a point of D on A such that

Ap=Ap C Ap,

where 1/, = {I} is considered as a point of D on A. We now apply [9, Proposition 2.14] and
[11, Proposition 4.2] to obtain

Fz(D;5,) = Fa(Dy, ) = Fogp(Dip),

where F; (DXD) and F A(D)‘,D ) are obtained using Remark 4.1; since A is D-interior

D-algebra and A is a D-interior algebra. It follows that ¢ : D; = — Dj is an A-isofusion.
This means that ¥ is an isomorphism lying in J . 5, (D) and satisfying a statement
similar to statement (b) of Proposition 2.6. That is, there are elements

s € (AR = A2 ¢/ ¢ I(AA(‘/’_I))I _ AAW‘),

such that
[ =ss' =¢'s,

thus s € A*. Since A(¢p) € A(Y), we conclude that s € AXNAL®, O

5 Stable Unital Bases Under Basic Morita Equivalences

Recall that we denoted by b a block idempotent of &G with defect group D and by
[ € (OGbh)P a primitive idempotent such that BrgG(l) # 0. We shall keep the nota-
tion A := [OGI. For any subgroup R of D there is a unique block er of kCg(R) such
that Brfc(l)eR # 0. Fixing (D, ep), a maximal (0'G, b, G)-Brauer pair, we denoted by
F = FD.ep)(OG, b, G), the saturated fusion system of A on D, associated with b. Also
recall that we considered in the Introduction another finite group H and a block idempo-
tent b’ of &' H with defect group E. Let I’ € (0HbP')F be a primitive idempotent such that
Br?H (I") # 0. Similar to the case of the block idempotent b, we shall use the notations:
A’ :=I"0HU is the source algebra of b’, for any subgroup Q in E the block e’Q is the unique
block of kC (Q) such that BrgH(l/)e’Q £ 0, #' is the saturated fusion of A’ on E, etc. Let

y = {ala—Ya € ((GGb)P)*} be the point of D on &'Gb which contains /, similarly we
introduce . It follows that D,, is a defect pointed group of G ;) and E, is a defect pointed
group of Hyyy. We denoted by 7, 7’ the first and second projection of a direct product of
groups, see the paragraph before Lemma 2.3.

5.1 Basic Morita equivalences. We recall the characterization of Morita equivalences
between Brauer blocks, see [14, 3.2.1, Theorem 3.2]. If 0Gb is Morita equivalent to
OHD' through an ¢Gb — ¢ Hb'-bimodule M (which can be viewed as an indecompos-
able J[G x H]-module, such that bMb’ = M) then there is a suitable p-subgroup A in
G x H such that

7(A) =D, 7' (A)=E
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and, there is a suitable indecomposable &’ A-module N such that the restriction modules
Resﬁm Gx1N and Resﬁm(] « )N are projective. We shall use the following notations for the
surjective homomorphisms of p-groups

0:A—D,o:=m,, o:A—Eoo =nxa.

We say that OGb is basic Morita equivalent to OHb', see [14, Corollary 3.6], if OGb is
Morita equivalent to & Hb' through a 6Gb — ¢ HD'-bimodule M (with the above notations)
and o (or o) is bijective.

We collect, from various references, the following properties, which will be useful for the
next proofs.

5.2 Properties of basic Morita equivalences. We assume in this Subsection that #Gb is basic
Morita equivalent to @ Hb', through the ©Gb — ¢ Hb'-bimodule M, as in 5.

1) The map o : A — D is an isomorphism if and only if 6’ : A — E is an isomorphism.
We denote by

2»E—>DAi=c0@) !, V:D—>E N =0"o0"!

the induced isomorphisms between the defect groups.
2) There is an embedding of D-interior algebras

fiA—> S®s A 3)
and an embedding of E-interior algebras
[A = 87 ®0 A, “

where S is the &-simple, permutation D-interior algebra End, (N) with the property
S(D) #0.

3) For any R, a subgroup of D, we denote the isomorphic subgroups of E by Q := A'(R).
We denote by .2 < 4 (R) the set of local points of R on A and similarly for Z.Z 4 (Q).
By [13, 7.6.2] there is a bijection between these two sets of local points

LPAR) — LPy(Q) (&)

Moreover, for any R, R, < D, if § € L P4 (Q1) corresponds uniquely to § €
ZLPA(Ry) (respectively, € € L P4 (Q7) corresponds uniquely to € € L2 4(Ry))
through the bijection in (5) then, there is also a bijection induced by (3) and (4) between
the set of isofusions

Fa((R1)s, (R2)e) — Far((Q1)s, (Q2)er)s (6)

see [9, Proposition 2.14] and [5, Lemma 1.17]

4) By [13, Theorem 19.7] we know that if b is basic Morita (hence Rickard) equivalent to
b’ then A" induces an equivalence between the Brauer categories of b and b'. In our case
A : D — E induces an isomorphism of saturated fusion systems

F=F (R.eg) ~ (Q.€p), 0 =N(R) N

Given a pointed group U,, on any G-algebra B, we define the multiplicity of U, denoted
mp(Uy), to be the number of elements of x appearing in a primitive idempotent decom-
position of the identity element of B in the subalgebra BY of U-fixed elements. Given a
second pointed group T; on B with T; < U,,, we denote the relative multiplicity of Ty in U,
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denoted m g (T, Uy,), to be the number of elements of 7 that appear in a primitive idempotent
decomposition of i in the algebra BT, where i is any element of .

Proposition 5.1 Let b, b’ be basic Morita equivalent blocks admitting defect pointed groups
groups D, and E,, respectively. Let Ry < D,,, Qs < E, be local pointed groups deter-
mined by the bijection (5). If ms := mgG(Rs, Dy) = ma(Rs) and my :=mgy(Qs, Eyr)
=my (Qg) then ms = mg.

Proof For any subgroup R < D, a decomposition of the idempotent / in (0Gb)R is a
decomposition in AR, We fix

=it +.c.dim+...+ir

a primitive idempotent decomposition of / in AR (of length r). Denote by ; the sum i; +
...+ imy, which is an idempotent in AR; with the terms of /; belonging to 8. Using the
embedding of D-interior algebras given in (3), it follows f(8) C 8, where § is a point of Q
on S®4 A’ and Qy is the unique pointed group on (A")€ which corresponds to Qj, see [10,
Theorem 5.3].
We also fix
U'=ij+...tip, +...+ip

a primitive idempotent decomposition of I’ in (A")€ (of length r’). Denote by /| the sum
i+ + i,’ny, which is an idempotent in (A")?; with the terms of /] belonging to §'.
The map
g: A - S®s A, g(a/) =1s@d

is an injective homomorphism (of Q-algebras), verifying 810 (AHN9) C (S®s ANC. Tt

follows that we can identify A’ with a unital subalgebra of § ®5 A’, (A")€ with a unital
subalgebra of (S ®5 A")2, hence g(I') = 1 ® [’. This means that the idempotent I’ can be
identified with 1 ® !’ through g. In (S ® ¢ A")€¢ we have

Isg o =1@1'=1Q1+...+1®i, =gl +...+g(,)

and
fUnARN = fU) =01 f1) 3)
But f(ly) = f)+...+ f(i_,,”) is a primitive idempotent decomposition in (S ® » AHC,
with f(i1) € 6,..., f(ims) € 8. It follows that the correspondence between Qjz and Qg

forces, using (8), to obtain

g =gy fy) = f).

Then f (/1) is an idempotent which appears in the primitive idempotent decomposition of
gl in (S ®¢ A€, which forces ms < mg.

Analogously, using the embedding (4), see [13, 7.3.3], we obtain my < ms. m]

Finally, we prove that stable unital bases are preserved by basic Morita equivalences.

Proof (of Theorem 1.7) We will show that statement (a) of [3, Theorem 1.2] is true for A’.
Let ¢' : Q1 — Q7 be an F’-isomorphism. Since &Gb is basic Morita equivalent to
OHD' then there is ¢ : Ry — R; an .7 -isomorphism, which corresponds to ¢’ through (7),
where
Ry = A(Q1), Ry = AM(Q2).
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Applying [3, Theorem 1.2, (a)] to ¢ we obtain a bijective correspondence between the local
points € of Ry on OG satisfying (Rz)e < D, and the local points § of R on G satisfying
(R1)s < D, hence a bijection

LPN(Ry) —> LP7(Ry)

The correspondence is such that € <> § if and only if ¢ : (R1)s — (R2)¢ is an A-isofusion.
Furthermore, in the above case

meG((R2)e, Dy) = mgg((R1)s, Dy),

equality that is equivalent to
ma((R2)e) = ma((R1)s) &)

Applying (5) to R; and R, we get
LPA(R) —> LPp(Q1), LPa(Ry) — LP4(Q2),

hence there is a bijective correspondence between 2% 4/ (Q1) and £ 2 4/(Q3), which is
what we need: a bijective correspondence between the local points €’ of Q5 on @' H, satisfying
(Q2)e < E, and the local points 8" of Q1 on OH, satisfying (Q1)s < E, . Recall that, by
(6), we have a bijection between the sets of isofusions

Fo((R1)s, (R2)e) — Fa((QD)s', (Q2)e)s

hence ¢ : (Q1)s — (Q2)¢ is an isofusion.
Finally, applying Proposition 5.1, we obtain

ma((R1)s) =ma((Q1)s) and ma((R2)e) = ma((Q2)e'),
which, using (9), give

mp((Q2)e’) = ma((Q1)s)-
]
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