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Abstract

In this note, we consider the twisted Yangians Y(gy) associated with the orthogonal and
symplectic Lie algebras gy = o, spy. First, we introduce a certain subalgebra A.(gy) of
the double Yangian for gl at the level ¢ € C, which contains the centrally extended Y (gy) at
the level ¢ as well as its vacuum module M. (gy). Next, we employ its structure to construct
examples of quasi modules for the quantum affine vertex algebra V,(gly) associated with
the Yang R-matrix. Finally, we use the description of the center of V. (gl ) to obtain explicit
formulae for families of central elements for a certain completion of A.(gy) and invariants
of Mc(gn)-
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1 Introduction

The twisted Yangians are certain subalgebras of the Yangian for gly which are associated
with the orthogonal and symplectic Lie algebras. They were introduced and studied by G.
Olshanskiin [17]. Later on, their properties were further investigated by A. Molev, M. Nazarov
and G. Olshanski [15]. In particular, the Sklyanin determinant, which is a twisted analogue
of the quantum determinant for the Yangian for gl,, was defined and studied in [15, 17]; see
also the papers [7, 11-13]. It was named after E. K. Sklyanin in recognition of his work [19],
where the new type of determinant for a certain class of reflection algebras was introduced.
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For more information on twisted Yangians and the Sklyanin determinant see the book by A.
Molev [14].

The goal of this paper is to establish a connection between the quantum vertex algebra
theory and the twisted Yangians for gy = oy, spy. In contrast with the Etingof—-Kazhdan
construction, which can be used to associate quantum vertex algebras with the double Yan-
gians of classical types [1, 2], the vertex operators coming from the twisted Yangians no
longer possess the S-locality property, a quantum analogue of the locality of vertex opera-
tors. Thus, we were only able to employ the structure of twisted Yangians to construct families
of quasi modules for Etingof—Kazhdan’s quantum vertex algebra V. (gl ) [2] associated with
the Yang R-matrix. We should say that the notion of quasi module, which was introduced by
H.-S. Li [10], presents a generalization of the vertex algebra module.

Our construction goes in parallel with the construction of quasi V. (gl )-modules asso-
ciated with reflection algebras [9], which is to be expected given the numerous similarities
between the properties of these two classes of algebras. We start by introducing a certain
subalgebra A.(gy) of the double Yangian for gl at the level ¢ € C, which contains both
the suitably defined central extension of the twisted Yangian Y (gy) at the level c as well as
its vacuum module M (gy). The action of A.(gy) is then used to equip the C[[A]]-module
of M.(gn) with the structure of quasi V».(gly)-module so that, in particular, the action of
the twisted Yangian resembles the annihilation operators. In addition, we show that a certain
wide class of A.(gy)-modules, the so-called restricted modules, is naturally equipped with
the structure of quasi V. (gly)-module.

Finally, as an application, we combine the corresponding quasi module maps with the
description of the center of V».(gly), as given by N. Jing, A. Molev, F. Yang and the first
author [5], to obtain explicit formulae for families of central elements of the completed
algebra K(.(g ~) and invariants of the quasi module M. (gy). At the critical level 2¢ = —N,
we recover large families of central elements and invariants parametrized by certain Young
diagrams, while at the noncritical level 2c # —N, we obtain a vertex operator-theoretic
interpretation of the Sklyanin determinant.

2 Preliminaries

In this section, we recall the double Yangian for gl and Etingof—Kazhdan’s construction of
the quantum affine vertex algebra associated with the Yang R-matrix.

2.1 Double Yangian for gly

Let N > 2 be an integer and % a formal parameter. The Yang R-matrix over the commutative
ring C[[A]] is defined by

Ruy=1-"1p, 2.1
Here 1 denotes the identity and P the permutation operator on C¥ ® CV, i.e. we have
N N
1= Zei[(@e./‘j and P = Ze;j@)eji, 2.2)
ij=1 i,j=1
where e;; are matrix units. Note that P"" = P, where t, is the transposition e,; > ey,
applied on the n-th tensor factor. The R-matrix (2.1) satisfies the Yang—Baxter equation
Ri2(u) Ri3(u + v) Rp3(v) = Ro3(v) Ri3(u +v) Rio(u). (2.3)
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Let g(u) be the unique series in 1 4 u~'C[[u~']] such that g(u + N) = g(u)(1 —u~?).
Then the R-matrix R(u) = g(u/h)R(u) satisfies the crossing symmetry relation,

(Rw)™") R +hN) =1, 2.4)
where R(u)! denotes the transposed R-matrix R(u)"" = R(u)2, and the unitarity relation,
Rw) R(—u) = 1, (2.5)

see, e.g., [5, Sect. 2] for more details.
The double Yangian DY (gly) for gly is defined as the associative algebra over C[[A]]

generated by the central element C and the elements tl.(jir), where i, j = 1,..., N and
r=1,2,...; see, e.g., [4]. Its defining relations are given by

R(u—v) Ti(w) Ta(v) = Ta(v) T1 () R(u — v), (2.6)

R(u—v) T;" ) T, (v) = T,  (v) T, () R(u — v), (2.7)

R(u—v+hC/2) Ti(w) T, (v) = T, (v) T1 () R(u — v — hC/2). (2.8)

The matrices 7 («) and T (u) are defined by

N N
T =Y e;®4;w and THw) =) ej@tw),

i,j=1 i,j=1

while its entries, the series #;; () and t; (u), are given by

tl](u)—(sl] +th‘(r) - and tlj(u)_sl] _hzt( r) 171

r=1 r=1

Throughout the paper we use the subscript to indicate a copy of the matrix in the tensor
product algebra (End C Nyem DY (gly), so that, for example, we have

N
Tk(bt) — Z 1®(k—]) ® ejj ® 1®(m_k) ® tlj(u)
i,j=1

In particular, we have k = 1, 2 and m = 2 in the defining relations (2.6)—(2.8).

Recall that the h-adic topology on an arbitrary C[[A#]]-module V is the topology generated
by the basis v + 1"V, v € V, n € Z=o. We shall often write V}, to indicate that the C[[4]]-
module V is h-adically completed. For example, if W is a C[[k]]-module, then V = W[z~ an
(resp. V.= W((z))n) denotes the C[[#]]-module of all power series ZreZ a,z" in V such
that ¢, — 0 when r — —oo with respect to the i-adic topology.

The Yangian Y(gly) (resp. the dual Yangian Y1 (gly)) is the subalgebra of DY (gly)
generated by the elements t(j) (resp. t] )) wherei,j =1,...,N,r =1,2,.... For any
¢ € C we denote by DY (gly) the double Yangian at the level ¢, i.e. the quotient of the
algebra DY (gl ) by the ideal generated by C — c. The vacuum module V. (gly) at the level
¢ over the double Yangian is defined as the k-adic completion of the quotient of the algebra
DY (gly) by its left ideal generated by the elements t(J) i,j=1,...,N,r =1,2,....
The Poincaré—Birkhoff-Witt theorem for the double Yangian, see [5, Thm. 2.2] or [16, Thm.
15.3], implies that the vacuum module is isomorphic, as a C[[2]]-module, with the h-adically
completed dual Yangian.
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2.2 Quantum Affine Vertex Algebra

Let n and m be positive integers. For the families of variables u = (uy,...,u,) and
v = (vy,...,Vy) and the variable z define the formal power series with coefficients in
(End CV)®" @ (End CV)®™" by

R, (ulv]2) = ]'[ ]"[ Rij(z+ui —vj_p). (2.9)
i=l,...,n j=n+1,..,n+m

R, (ulv]z) = ]'[ ]"[ Rij(z+ui +vjp). (2.10)
i=l,...n j=n+1,..,n+m

where the arrows indicate the order of the factors. Moreover, we use the superscript ¢ to
denote the product of transposed R-matrices, e.g.,

Ry vl =[] [T RjGc+ui+vin. (2.11)

The series R,ifn (u|v|z) and an (u|v|z) which employ the original (non-normalized) Yang R-
matrix (2.1) are introduced analogously. In (2.9)—(2.11), as well as in the rest of the paper, we
use the common expansion convention, where the expressions of the form (a1 z1+. . .+anzn ),
witha; € C,a; # 0andk < 0, are expanded in negative powers of the variable which appears

on the left. Hence, for example, we have
_ 1 2 1 ) _
@ - = *Z(*) 7 *Z(*) =(—n+zm)"
2 zg N2l 22 sy \22
Consider the following operators on (End CM)®" @ V.(gl N):

Ton@lz) = T\ (2 +ur) ... T, (2 + up) and Timy(ulz) = Ti(z + u) ... Tu(z + tn).

(2.12)
Using defining relations (2.6)—(2.8), one can verify the equalities from [2, Subsect. 2.1.2],
R (upvlz — w) TP @l TP wlw) = TP 0lw) TP ) RI2 (ulvlz — w), (2.13)
R)Z (ulvlz — w) T3 (ul2) T (vlw) = T wlw) Ty (ul2) R, (ulvlz — w), (2.14)
R (ulvlz —w+ he/) T wl) TP wlw) = THE wlw) 73 UlD)R vz — w — he/2),
(2.15)
where the superscripts 1, 2, 3 indicate the tensor product factors as follows:
1 2 3
———
(EndCV)®" @ (EndCM)®" @V, (gly) . (2.16)

In (2.9)—(2.11) and (2.12), we sometimes omit the variable z and then write, e.g.,

— «—

Th ) = 1] () ... T,  (uy) and R,llfn(uh)):‘l_[ | [1 Rijei—vin.

2.17)
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For example, the identity in (2.13) with omitted variables z and w takes the form

Ry ) TP T2 ) = TP ) T P a R, ).

nm [n]

Finally, we recall Etingof—Kazhdan’s construction [2, Thm. 2.3]:

Theorem 2.1 Forany ¢ € C there exists a unique structure of quantum vertex algebra on the
Cl[h]1]-module V. (gly) such that the vacuum vector is the unit 1 € V.(gly) and the vertex
operator map is given by

Y(T[:](“) 1.z) = [n](”|1) Tim(ulz 4+ he/2)7 L (2.18)

3 Quasi Modules for the Quantum Affine Vertex Algebra

In this section, we employ the twisted Yangians associated with the orthogonal and symplectic
Lie algebras gy = oy, spy to introduce certain subalgebras A.(gy) of the double Yangian
DY.(gly). Using these subalgebras we construct a family of quasi V.(gly)-modules and
investigate their connection with the representation theory of A.(gn).

3.1 Twisted Yangians

We follow [14, Ch. 2] to define (slightly modified) twisted Yangians. In addition, we introduce
another family of related algebras which resemble dual Yangians. Let G = (g;;) lN j=1 bea
nonsingular complex matrix satisfying G' = £G. If G is symmetric (resp. antisymmetric),
denote by gy the orthogonal Lie algebra oy (resp. the symplectic Lie algebra spy ), where
in the antisymmetric case N is even. Note that gy coincides with the fixed point subalgebra
of the automorphism o of gl given by

o(A)=—-G'A"G forall A e gly. (3.1
Consider the series
STw)=TT(w)GT™(—u) and Su) =T+ hc) G T (—u). (3.2)

They can be written in the form

N N
stuy =) ¢ij ®s;;(u) and S(u) = > e ®sij(w),
ij=1 i,j=1

where the matrix entries are given by

s;;(u)_g,]—th( D=1 and sij () = gij —I—th(r) -

r=1

for some elements v € Yt (gly) and s(r) € Y(gly). The series (3.2) satisfy

ST (—u) = £S*w) + % (8T @) = ST (-w), 3.3)

S'(—u — he) = £Su) + (S(u) — S(—u — he)), (3.4)
2 he
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368 S.Kozi¢ and M. Serti¢

where the plus (resp. minus) sign corresponds to the symmetric case gy = oy (resp. anti-
symmetric case gy = spp ). Indeed, both identities are easily verified using (2.6) and (2.7).
Furthermore, the relations (2.6)—(2.8), along with the equality

Ru—v)Gi R (—u —v)Gy =G R (—u —v) G1 R(u — v) 3.5)
from [14, Lemma 2.4.1], imply the identities

R(u—v) S ) R'(—u —v) S5 (v) = S (v) R (—u — v) S} () R(u — v), (3.6)
R(u —v) S1(u) R'(—u — v — he) S2(v) = S2(v) R (—u — v — he) Sy(u) R(u — v), (3.7)
R(u — v +3he/2) S1(u) R (—u — v + he/2) S5 (v)

= S;(v)ﬁ’(—u — v —3hc/2) S1(u) R(u — v — hc/2). (3.8)

Let A.(gn) be the subalgebra of the double Yangian DY .(gly) at the level ¢ generated by

o withi, j=1,...,Nandr =1,2,.... Next,let Y* (gn) (resp. Ye(gn))
be the subalgebra of the dual Yangian YT (gly) (resp. the Yangian Y(gly)) generated by
the elements si(j_r) (resp. sl-(;) ) with r > 1. Finally, let M (gn) be the A.(gy)-submodule
of Vc(gly) generated by the vacuum vector 1. Note that M/ (gn) coincides with Y+(gn)
as a C[[h]]-module. We define the vacuum module M.(gy) for the algebra A.(gy) as the
h-adic completion of {v € Ve(gly) : h"v € M..(gn) for some n > 0}. By the definition, the
induced topology on M. (gy) from V. (gly) coincides with the #-adic topology of M (gn);
cf. [10, Lemma 3.5]. Moreover, M. (gy) is topologically free.

the elements s

Remark 3.1 The algebra Yo (gy) ath = 1 becomes the (ordinary) twisted Yangian associated
with the Lie algebra gy over the complex field; cf. [15, Sect. 3] or [14, Ch. 2].

Remark 3.2 The definition of algebra A, (gy) gives rise to the natural question whether (3.3),
(3.4) and (3.6)—(3.8) are precisely its defining relations, which we plan to investigate in the
continuation of this study. Motivated by such a result for the twisted Yangian [15, Thm. 3.8],
one might expect a positive answer.

) — —r. Tt defines the ascend-

Consider the degree operator on YT (gl ) given by deg tl.(j_r
ing filtration over the dual Yangian such that the corresponding graded algebra gr Y1 (gly)
is isomorphic to the universal enveloping algebra U (gly ® t_](C[t_]]) ®c CI[[h]]. The

corresponding isomorphism is defined by the assignments
i e @t 3.9)
where t_i(]fr) denote the images of the elements tl.(j*r)
gr YT (gly); see [5, Sect. 2.2] for more details.
Relations (3.3) imply that the algebra Y " (gy) is generated by the elements

in the corresponding component of

s i and  sSPU iz for =12 (3.10)
in the symmetric case gy = oy, and by the elements

(=20 i>j and sC¥FD

TR ij , I>] for r=12,... (3.11)
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_r)

in the antisymmetric case gy = spy. Let us write Ei(j for the images of the elements st

ij
in the corresponding graded algebra gr Y* (gy). Using (3.2) we can compute the images of
the generators (3.10) and (3.11) under the isomorphism (3.9), thus getting

N N
570 Y e @t (=) e @1 (3.12)
k=1 k=1

Consider the twisted polynomial current Lie algebra
(@ly ®t7'Cl'D7 ={A@) e gly ®17'Clt7'] 1 0 (AQ) = A(-1)},

where the involutive automorphism o is given by (3.1). Its elements are polynomials in r ! of
the form ), _( Ax ® #* such that their even (resp. odd) coefficients Ay; (resp. Az;i+1) belong
to the subalgebra gy (resp. (-1)-eigenspace of o). Thus, the Lie algebra (gly ® ic e
is spanned by the images of Ei(j_r) given by (3.12), so that we have

Proposition 3.3 The restriction of (3.9) gives the isomorphism between the graded algebra
er Y (gn) and the universal enveloping algebra U((gly @ t'C[t~'])?) ®c C[[A]].

The analogous results can be also obtained for the generators of the twisted Yangian; see
[15, Sect. 3] or [14, Ch. 2]. In fact, Proposition 3.3 was established by closely following the
approach from these references.

3.2 Vacuum Module M (gy) as a Quasi V> (gly)-Module

We now present the main result of this section, the construction of the structure of quasi
V2. (gly)-module over M, := M. (gn). More precisely, following the definition of guasi
module for h-adic nonlocal vertex algebra [10, Def. 2.23], we construct the C[[A#]]-module
map

Y, (2): Vac(gly) @ Mce(gn) — Me(gn)((2)n

VW YA ()0 Qw) =Y, (v, 2)w = Zvrwz”*
re’Z

1

which satisfies Y, (1, z)w = w for all w € M.(gn) and possesses the quasi weak asso-
ciativity property: For any positive integer k and elements u, v € Vac(gly), w € M. (gn)
there exists a nonzero polynomial p(xy, x) € C[x1, x2] such that

p(zo + 22, 22)Y . (u, 20 + 22) Y (i, (v, 22)w
— p(zo +22,22)Y Mm, (Y(u, 2000, 2)w € hko(gN)[[zoil, ZEH]]. (3.13)

In order to present the aforementioned result, we need the following notation for the
operators on (End CV)®" @ M (gly), where u = (uy,...,u,) and v = (v, ..., Up),

—

St =TT (SF@+uR (=22 = —wiv) . Ry (22— —up),  (3.14)

Sty (ulz) = 1_[ (Si(z + u,-)ﬁ;,-_'_l(—Zz —u; —ujy1 —he) .. .ﬁ;n(—Zz — U — Uy — hc)) .

i=l1,...,n

@ Springer



370 S.Kozi¢ and M. Serti¢

As before, S[j;] (u) and Sp,j(u) stand for the analogous expressions with the variable z
omitted; recall (2.17). Using Yang—Baxter equation (2.3) and relations (3.5)—(3.8) one easily
verifies the following equalities for operators on (End CMN)®" @ (End CM)®" @ M(gn):

Ry (ulvlz — w) 1% (ul2) Rip (—ul — v| — z — w) S{3 (v|w)

=nm [m]
=SB wlw) R (—ul — v — 2 — w) ST wlz) RY (ulv)z — w), (3.15)
Rym (ulv]z — w) S} (ul2) Ry2(—u| — v| — 2 — w — he) Sfpy(v]w)
= SZ3 (vlw) RLZ(—u| — v| — 2 — w — he) SLul2) RyZ (ulv]z — w), (3.16)

=12 —t12
Ry (ulv]z = w + 3he/2) SE3ul2) Ry (=] = v| — 2 — w + he/2) SiE (wlw)
—t12 —I12
= s;}f(mw)g;m (—u| —v| =z — w — 3he/2) S (ul2) Ry, (ulvlz — w — he/2),
(3.17)

where the meaning of superscripts 1, 2, 3 is the same as in (2.16). The next theorem is the
main result in this section. It is proved in Subsection 3.3 below.

Theorem 3.4 For any ¢ € C there exists a unique structure of quasi Va.(gly)-module on the
vacuum module M. (gn) such that

Yo, (T ) 1, 2) = Sphyw]2) Sy (ulz + he/2) ™" (3.18)

Remark 3.5 The expression for the module map in (3.18) is motivated by the quantum current
commutation relation from [18]. In this particular case it takes the following form: For any
integer n > 1 there exists an integer » > 0 such that the equality

(u? —v®)" R(u — v) L1(u) R(u — v+ 2he) " Lo (v)
= W — v Ly) R — u+2hc) ' L1w) R(v — u)
holds modulo A" with £(u) = Y, (Tf,(0) 1, u).
We now derive a simple consequence of the proof of Theorem 3.4. An A.(gy)-module
M is said to be restricted if it is topologically free as a C[[2]]-module and the action of S(z)
on M belongs to End CVN @ Hom(M, M[z~'15). The argument from the proof of Lemma

3.8 shows that M (gy) is a restricted module. One can easily prove that on any restricted
A, (gny)-module M for any m > 1 we have

Spm(ulz) € (End CNY)®™ @ Hom(M, Mz~ 1[[uy, ..., unllh).

This is due to the fact that for any n > 1 the coefficients of the powers of u in R (—2z —u)
and S(z + u)w, where w € M, are polynomials in z~! when regarded modulo /. Thus the
proof of the next corollary goes in parallel with the proof of Theorem 3.4.

Corollary 3.6 Let M be a restricted A.(gn)-module. There exists a unique structure of quasi
Voo (gly)-module on M such that

Yur (Th () 1, 2) = Sphy (u]2) Spy (el + he/2)~L.

3.3 Proof of Theorem 3.4

The proof of Theorem 3.4 is divided in three lemmas which verify the requirements imposed
by the definition of quasi module, as given in Subsection 3.2. Even though their proofs go
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in parallel with the proof of [9, Thm. 2.7], we provide most of the details in order to take
care of the variations which occur in this setting. Throughout the proof, we use the ordered
product notation, where the subscript of the product symbol determines the order of the tensor
factors. More specifically, for any elements a = ) _; al(’) ® aé') andb =3, b?’ ' ® béj ) of
EndC" @ End C" we write

@), () () (@) () @) @) 7.(J)
a-b:Ea by ® by'a and a~b:§b a,’ ®a,’b,y".
LR - 1 71 2 2 RL - 1 1 2 72

i,] t.J

Using this notation we can express the crossing symmetry property (2.4) as

ﬁ(u)*lmj(u + hN) :E(u)*‘R-Lk(u +hN) =1. (3.19)

Lemma3.7 Formula (3.18), together with Y pq, (1, 2) = 1 pm,(gy), defines a unique C[[h]]-
module map Vc(gly) ® Mc(gn) — Mc(gn)[[zE1].

Proof The coefficients of the matrix entries of T[:] (u) 1 with n > 0 span an h-adically dense
CI[h]]-submodule of V. (gly), so (3.18) uniquely determines the quasi module map. Hence
it remains to verify that the quasi module map is well-defined by (3.18). It is sufficient to
show that it maps the ideal of relations (2.7) to itself. Indeed, by the Poincaré—Birkhoff—Witt
theorem for the double Yangian [5, Thm. 2.2], the dual Yangian coincides with the algebra
(=r)

defined by the generators ¢

relations given by (2.7).
First, we introduce some notation and establish some Yang—Baxter-like identities which we

shall use in the later stage of the proof. Let n > 2 be an arbitrary integerand u = (uy, ..., uy)

a family of variables. Forall i, j = 1, ..., n such thati # j we write

,where r > 1l andi,j = 1,..., N, subject to the defining

~

— —t —t
R,‘j = Rij(u,- — I/tj), R,‘j = RU(—ZZ —Uuj; — uj), R,’j = Rij(—2z —Uuj —uj — 2hc).

The Yang-Baxter equation (2.3) and the unitarity property (2.5) imply the following
identities forall 1 < j <k <k+1 <l <n:
Rik+1RjkRjk+1 = Rjr+1RjkRkk+1,  Rik+1RuRk+1 = Rk 4Rk Rirs1,  (3.20)

~ =~ 1

Rkk+1§{+111§;51 = ﬁlglﬁl;:“RkkH, Rkk+l§;kl+1Rjkl = ﬁ;](IRjk+1Rkk+l' (3.21)
Forany k =1, ..., n — 1 defining relation (2.7) for the dual Yangian implies

Rkk+1T[:] (u) = T1+(’41) s Tktl(uk—l)T/:_l(”k+1)Tk+(”k)Tk-:_2(uk+2) cee Tn+(’4n)Rkk+l-
(3.22)
We shall prove that the difference of the left and the right-hand side of (3.22) belongs to
the kernel of Y4, (-, z), which implies the lemma. It is clear from (3.18) that the image of
the left-hand side under Y4, (-, z) is equal to

Rickt1 Sfy (ulz) Spy(ulz + he/2)~ L. (3.23)
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372 S.Kozi¢ and M. Serti¢

As for the right-hand side, using (3.18) again, we find that its image is given by
Pri+1 S[n] @®12) S @® |z 4+ he/2)™" Pogyt Riket, (3.24)

where u® = (uy, ..., up_1, Uk+1s Uks Uk42, - - - » Up) and Py 41 stands for the action of
the permutation operator P on the tensor factors k and k + 1; recall (2.2). By employing the
relation (3.6) and the equalities in (3.20) we find

Rickrr Sy ul2) = Pyt Sfy@®12) Prrst Rexsr (3.25)

Analogously, by using (3.7) and the equalities in (3.21) we obtain
Rigst S (ulz +he/2) 7" = Prggr Spn@®z +he/2) ™" Pegyr Regr. - (3.26)
Finally, from (3.25) and (3.26) we easily see that the expressions in (3.23) and (3.24) coincide,
so that the map Y4, (-, z) is well-defined by (3.18), as required. O

Lemma3.8 For any v € Vo.(gly) and w € M (gn) the series Yaq. (v, 2)w belongs to
M(gn) (), Le. it possesses finitely many negative powers of z modulo h* for all k > 0.

Proof Note that the coefficients of the matrix entries of S fr(vl) .. S,ﬁ (vm) withm > 0 span
an h-adically dense C[[A]]-submodule of M (gy). Furthermore, from

—

S =TT (8 0D R v = vien) - Ry (v = v) (3.27)

one easily shows that the coefficients of the matrix entries of S[’;ﬂ(v) with m > 0 span an
h-adically dense C[[]]-submodule of M (gy). Indeed, we can move all R-matrices to the
left-hand side of (3.27) by using the identity r (u)R'Lﬁt(—u) = 1; recall (2.5). Thus, on the
right-hand side we get Sf’ vy) ... S,J,Q (vm), while the left-hand side is expressed in terms of
S[*,'n](v). Hence the coefficients of the matrix entries of S1+(v1) ... S} (vy) can be expressed

in terms of the coefficients of the matrix entries of S[J,;] (v), as required.
By the preceding discussion, it is sufficient to check that for any integers m,n > 1 the
image of (3.27) under (3.18) belongs to M. (gn)((2)),. Clearly, this image equals

Sii3 (ulz) Spyulz + he/2) 7' SER ). (3.28)

Using relation (3.17), along with the crossing symmetry property (3.19), we rewrite it as

[m]

12
S[j;]‘3(u|z)< m(u|v|z+2hc+h1v) (qu( ul —v| —2) S (v)
X Ry (0] 2) ™ ST (ulz + he/2) T AR, (—ul = v] — 2 = 2he)™ )) (3.29)

Note thatky (3.2) we have S(x)*'1 = G* ® 1. In addition, recall that the normalized
R-matrix R(x) belongs to (End CM®2[x~14,. Therefore, we conclude that for any choice
ofay,...,ay, by, ..., by, k, by regarding the expression in (3.29) modulo

uf' . ufob bk, (3.30)

we obtain only finitely many negative powers of the variable z. Indeed, the negative powers
of z1in (3.29) come from the R-matrices only. However, the expression contains finitely many
R-matrices and each of them produces finitely many negative powers of z modulo (3.30).
Hence the image of Y a4, (-, z) belongs to M (gn)((z))n, as required. O

@ Springer



A Note on Constructing Quasi 373

Lemma 3.9 The map Y, (-, 2) possesses the quasi weak associativity property (3.13).

Proof Consider the second summand in (3.13). Let us apply the vertex operator map Y (-, zp)
of Vo (gly), as defined in (2.18), on the series

T @ T @) @ 1) € End CM)®" ® (End CY)®" @ Vac(gly) © Vac(gly)llu, vll,
(3.3
where u = (uy,...,uy) and v = (v, ..., Up). By using the relation (2.15) at the level 2c,
the crossing symmetry (3.19) and the identity 7 [n] 3(ulzo + he)™'1 = 19" @ 1, we obtain

12 +
TP wlzo) Ty (ulzo + he) ' TP () 1= R (T“3<u|m) T3 ) Ry )
(3.32)

where the terms ﬁ,lli;i are defined by

—12, —12 —12,— —12 _
R, =R, (uvlzo+2hc+hN) and R,. =R, (ulvlzo)~"

nm

Next, we apply the map Y4, (-, z2) to the right-hand side of (3.32). By (3.18) we get
—12,4 -
R (S @lz2 +20) Ry S5 0lz2)
X SB,(vlz2 + he/2) " Row” S{3ulz2 + 20 + he/2) *nm‘) . (3.33)

—l12,+ .
where the terms R, .~ are given by

R =R (—ul—v|—220—20) and Ron” =R (—ul — v — 225 — 20 — 2he) ™!

DNym 2nm
Using relation (3.16) we rearrange the last four factors in (3.33), thus getting

—I12,+ 12,+
R, <S+13(u|22 +20) Ry S+23(U|22)

—12,— _ 12 _
X an S[n] (u|22 +z0 + hC/Z) 4m S[mJ(U|Z2 + hC/Z) 1) .
Finally, we employ relation (3.17) to rewrite this as

—12,
R (S*”(u|zz+m)s (ulza + 20 + he/2) ™!

_ = —1 512,
X Ry ([0]20 +200) ™ SEB 0]22) oy )™ Ry Sty (vlz2 + he/2)” )

It remains to observe that by the crossing symmetry property (3.19) the R-matrix factors
in the given expression cancel, so that it equals

Pulza + 20) Sy (lza + 20 + he/2) 7' ST (lz2) STy (wlza + he/2) ™. (3.34)

Recall that the expression in (3.34) corresponds to the second summand in (3.13). As for
the first summand, one immediately sees from (3.18) that it is equal to

S lzo + 22) SP lz0 + 22 + he/D T ISER (wlz2) SB (wlzz + he/2)7 . (3.35)

Observe that (3.34) and (3.35) do not coincide as the former should be expanded in
negative powers of z, and the latter in the negative powers of zo. However, let us apply both
(3.34) and (3.35) on an arbitrary element w € M, (gy). By arguing as in the proof of Lemma
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3.8, one checks that there exists » > 0 such that the products of the resulting expressions
with p(zo + 22, z2), where p(xy, y1) = x{ (x1 +x2)", coincide modulo (3.30). Thus the map
Y, (-, 2) satisfies the quasi weak associativity requirement (3. 13).! ]

4 Central Elementsin Kc(gN) and Invariants in M (gn)

In this section, we construct families of central elements of the completed algebras KC (gn)
and invariants of the quasi module M. (gy). Our constructions employ the quasi module
map established by Theorem 3.4. Moreover, they rely on the fusion procedure for the Yang
R-matrix and the explicit formulae for certain families of central elements of the quantum
vertex algebra V.(gly), so we start by briefly recalling these results.

4.1 Fusion Procedure and the Center of V. (gly)

Let us recall the fusion procedure for the Yang R-matrix (2.1) found in [8]; see also [14, Sect.
6.4] for more details. Let v be a Young diagram with n boxes of length less than or equal to N
and let U be a standard v-tableau with entriesin {1, ..., n}. Forany p = 1, ..., n the contents
cp = ¢p(U) of U are defined by ¢, = j — i if p occupies the box (i, j) of U. Let ey be
the primitive idempotent in the group algebra C[&,,] of the symmetric group &,, associated
with ¢/ through the use of the orthonormal Young bases for the irreducible representations
of &,,. The group &,, acts on (C")®" by permuting the tensor factors. Let &, be the image
of ¢;, with respect to this action. By [8], the consecutive evaluations uy = hcy of

—

Ry, ...,up) = 1_[ Rij(u; —uj)

I<i<j<n
are well-defined. Furthermore, the result is proportional to &, ,, i.e. we have

R(uy, ...

=7,&,, A.1)

|
’ n) ui=hcyluo=hcy up=hc,

where 7, stands for the product of all hook lengths of the boxes of v.
Consider the quantum affine vertex algebra at the critical level V_y (gly). Let
uy = Uy, ..., uy), where wup =u-+hcy for k=1,..., n. 4.2)
Due to [5, Thm. 2.4], all coefficients of the series

T (u) = try

..........

where the trace is taken over all n copies of End CV, belong to the center 3(V_y(gly)) of
the quantum vertex algebra V_py (gly). As for the noncritical level ¢ # — N, all coefficients
of the quantum determinant

qdetTr @) = Y sgno - tf @) . tf ) v @ — (N = D)1 e Veghy)llull - (4.3)
oeSy

belong to the center 3(V.(gly)) of the quantum vertex algebra V. (gly); see [5, Prop. 4.10].

! Note that the polynomial p(xy,y1) = x{ (x1 4+ x2)" can not be replaced by the simpler polynomial
q(x1,y1) = xf - In other words, the quasi module map Y o4, (-, z) does not need to satisfy the usual weak
associativity which is obtained from (3.13) by replacing p(zg + z2, z2) with (z9 + z2)".
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4.2 Central Elements of the Completed Algebra Kc(gN)

Letl,forp > 1 be the left ideal of the double Yangian DY (gl ) atthelevel ¢ € C generated
by all elements t ) such that r > p. Following [5], we define the completed double Yangian

DY (gly) at the level c as the h- ad1c completion of the inverse limit lim. — DY (gly)/p.
Finally, we introduce the algebra A (gn) as the h-adic completion of the inverse limit

lim Ac(gn)/(Ac(gn) N 1).

4.2.1 Critical Level

In this subsection, we consider the algebra X_NN/z(gN). For any integer n = 1,..., N
introduce the Laurent series with coefficients in A_y /2 (gn) by

Ay(u) = 01, Eu Sihy () Sy s — AN /)7, (4.4)

.....

where the family of variables u, is given by (4.2). It is worth noting that the action of the
series A, (u) on the vacuum module M_y 2 (gy) is given by

Ay) = Yy, (T (0), u). 4.5

In what follows, we shall often use the arrow at the top of the symbol to indicate that the
factors are arranged in the opposite order, e.g., for R; ntl = R; n+1(; — v) we have

Ry1 (ulv) = Rip1 -+~ Rynt1 and Enl @|v) = Runt1 -+ Ripy1.
In the next lemma u( denotes a single variable while u,, again stands for the family (4.2).

Lemma 4.1 The following equalities hold on End CN ® (End CY)®" @ A_y2(gn):

<01 <01 46
EuRY, (woluty) = Ry, (oliuy) &, ERY, (woluey) ™ = R 1, uoluy) &, > (40)

<101 <—tOl

01

Eu Ry, (woluy) = Rm (oluw) Eus ERY, (—uol — ) = Ry, (—uol — )&, 4D
2u)=5 [n] (uv)a,, EuSphuy —hN /4™ = S [”](uv —hN/4)7'g,, (4.8)
where the n+ 1 copies of End CV are labeled by 0, . .., n, &y is applied on the tensor factors

1, ..., n and the superscripts indicate the tensor factors as follows:

0 1 2
——— —

EndC" ® (EndCM)®" @ A_y)2(gn) - (4.9)

Proof The identities in (4.6) are proved in [9, Lemma 3.1]. The remaining equalities can be
verified analogously, by using the Yang-Baxter equation (2.3), the fusion procedure (4.1)
and the relations (3.15) and (3.16). O

The next theorem is the main result of this section. As with the similar constructions of
the families of central elements in the completions of the double Yangian and the reflection
algebra, such as [5, Thm. 4.4], [6, Thm. 4.4] and [9, Thm. 3.2], its proof relies on the usual
R-matrix techniques and the fusion procedure for the Yang R-matrix.

Theorem 4.2 All coefficients of A, (1) belong to the center of the algebra K_N/z(gN).
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Proof Let us prove

S(uo) Ay (u) = Ay (u) S(uo). (4.10)
By applying S(u0) to the right-hand side of (4.4) we get
1.0 Eu Souo) Sy (uy) Shiy(uy — AN /4)~". (4.11)

Observe that our notation coincides with (4.9) and, in particular, that the trace is taken
over the tensor factors 1, ..., n while S(u¢) is applied on the 0-th factor. By employing the
unitarity (2.5) and the relation (3.17) we express (4.11) as

.....

01 —01 _
R\, (—ug — 30N /4| —1,) So(uo) Ry, (o + hN /4]u,) S (uwy — hN /4) 1)).(4.12)

Since & is idempotent, the first equality in (4.7) implies

<101
EK =K = E,KE = E,KE for K = Ry, (o +hN/4luy) 4.13)

By using (4.13) we can write (4.12) as

—01 _
tri,..n&u (Rln (uog + hN/4|uv) (55{ Rln(uo —3hN /4|uy) S[Jrn]lz(u,))

01 —
Rtln (—uo +3hN /4| —u,) So(uo)R (uo+hN/4|uv)S 1y — hN /4) 1))
Due to the cyclic property of the trace, this equals to

.....

—01 _ —101
n Eu Ry, (o — 30N /41uy) ™' ST, Ry, (=10 + 38N /4] — 1) So(u0)
—01 _ —1 01
Ry, (o + hN /4uy) S{2uy — AN /8T &Y RY, (uo + N /4uy) &y (4.14)

By the second equality in (4.6) and 55, = &y, we have
2 < T2 2 201 -1
EL=EL=6LE =ELE=ELE, = ELE, for L = Ry, (up — 3hN /4 |u,) "

Therefore, using the cyclic property of the trace, we can write (4.14) as

—01 _
Rln(uo — 31N /Alu,) ™" &y Sy YR, (—uo + 3hN /4] — ) So(uo)

,,,,,

(uo+hN/4|uU)S 1@y — hN/4)715u£1n (uo + hN /4|u,) Ey.

We now employ the first equality in (4.6), the second equality in (4.7) and both equalities
in (4.8) to move the leftmost copy of & to the right, which gives us
<101
try,..., Rln(uo 3hN /4 |uy )’1 n] (uu) R, (—uo+3hN/4|—uy) So (uo)

1n (o + AN /4 |u,) 5. ](uv — hN/DTLERY (o + hN /4 |uy) &,

(4.15)

Using (4.13) and EX = &y we replace 55,1(51,{ by Eu(l? in (4.15). Next, we use the
corresponding equalities from Lemma 4.1 to move the remaining copy of & to the left:

—01 _ —t01

w Ry (o — 30N /4 1uy) " €4S ) Ry (—ug + 30N /4 |—u, ) So (o)
—o1 B <101

Ry, (uo + AN /4|uy) Si2(uwy — AN /S R, (o +hN /4 |uy).

,,,,,
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By the relation (3.16) this coincides with

—01 _ —1 501
tr1,..n Ry, (wo—3hN [Auy) " & 817 0) SL5 =N /47" Ry, (wo+hN /4|uy) So(uo).

.....

Indgfd, the last two terms which appear on the right, Ef,” (—ug + 32N /4| — u,) and
<~

R, (uo+hN/4|uy) cancel because of the crossing symmetry property (2.4). Finally,
we use the cyclic property of the trace and (3.19) to rewrite this as

1, Eu Sihi2 ) Sph @, — AN /47! (i?

,,,,,

1 -1 501
(w0 = 38N /4uy) ™! - R, o + hzv/4|uv>) Sotuo)

so that the commutation relation (4.10) follows. A similar calculation verifies the equality
ST (o) Ay () = Ay (u) ST (uo),

which, together with (4.10), implies the statement of the theorem. O

4.2.2 Noncritical Level

Consider the algebra /NXC (gn) at the noncritical level ¢ € C, ¢ # —N /2. Introduce the family
of variables u_ = (u,u — h,...,u — (N — 1)h) and denote by AW) the action of the anti-
symmetrizer from the group algebra C [ y] on the tensor product space (CV)®N . Let A (u)
be the Laurent series with coefficients in KC (an),

.....

Aw) =t v AN SE o) Sivy -+ he/2)7 (4.16)

Note that u_ = u,, if v is the column diagram with N boxes; recall (4.2). Moreover, we
have AN) = & if U is the unique standard column tableaux with N boxes. In parallel with
the critical level case, we observe that the action of the series A(«) on the vacuum module
M. (gn) is given by

A) =Ym, (qdetTt(0), u). 4.17)

We have the following simple construction of the family of central elements in Ac (gn)-
Proposition 4.3 All coefficients of A(u) belong to the center of the algebra Ac (gn)-

Proof A direct calculation which relies on the properties of the anti-symmetrizer and goes
in parallel with the proof of [14, Thm. 2.5.3] shows that there exists a power series y (1) €
C[u~Y[[/]] such that we have
A) = y(u) qdet Tt (u) qdet T+ (—u + (N — 1)h)
x (qdet T(—u — he/2 4+ (N — Dh) ™! (qdet T (u + 3he/2)) " .
However, it is well-known that the coefficients of these quantum determinants belong to the

center of the double Yangian; see, e.g., [5, PLOp. 2.8]. Thus, we conclude that all coefficients
of A(u) belong to the center of the algebra A.(gy), as required. O
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4.3 Invariants of the Vacuum Module M (gy)

In this section, we present some simple applications of Theorem 4.2 and Proposition 4.3, in
particular, to the submodule of invariants of the vacuum module M (gy), which we define
as

3(Mc(gn)) = {w € Mc(gn) @ Sw)w =G Q@ w}.

Our definition is motivated by the usual notion of a subspace of invariants of the vacuum
module for the universal enveloping algebra of affine Lie algebra; see, e.g., the book by E.
Frenkel [3]. As before, we shall consider the critical and the noncritical level separately. It is
worth noting that for any ¢ € C we have 1 € 3(M,(gny)) as Sw)l =G Q1.

4.3.1 Critical Level

Consider the vacuum module M_y/2(gn) at the critical level ¢ = —N/2. By applying
the series (4.4), whose coefficients belong to the center of the algebra A_ n2(gn),on 1l €
M_n/2(gn) we obtain

M,y () = Ay ()1 € M_y p(gn)[e*']1.
Corollary 4.4 All coefficients of the series M, () belong to 3(M_y2(gn)).
Proof The corollary is a simple consequence of Theorem 4.2. We have
SOMy@) =S A WL =20 SO1I=AwWGR1 =G Ayu)l =G M,(u),

so the coefficients of M, () belong to the submodule of invariants 3(M_y/2(gn))- O

Note that the coefficients of the series M, (1) can be naturally regarded as elements of
the h-adically completed algebra Y (gy)s. This leads to another simple consequence of
Theorem 4.2, which produces commutative subalgebras in Y (gy ).

Corollary 4.5 The coefficients of all series M, (u) € Y™ (gN)h[[uil 1] pairwise commute.
Proof Let v; with i = 1, 2 be partitions with at most N parts. By Theorem 4.2 we have
MV,' () Mvj' (v) = MV[ () AU/ 1= Avj (v) MU,' w1l = Av_,- (v) Av,- ()1

foralli, j =1,2. Since A,, (u) and A, (v) commute, this implies the corollary. ]
Let p and v be partitions which have at most N parts. Theorem 4.2 implies the identity
Ay(u) Ay (v) = Ay, (v) A, (u) for operators on M_y 2 (gn). Hence, by using (4.5) we find

YM,N/Q (Tj(u), Zl) YM,N/Q (T:(v), ZZ) = YM,N/z(T;(U)v ZZ) YM,N/z(Tj;_(u)v Zl)-

(4.18)
This commutation relation can be generalized as follows.
Corollary 4.6 For any two elements a and b of the center 3(V_n(gly)) we have
YMfN/z (aa 11 ) Y./\/lfN/z (bv Z2) = YMfN/z (b, ZZ) Y./\/lfjv/z (a’ 21 ) (4 1 9)
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Proof By [5, Thm. 4.9] and (4.18), there exists a family of topological generators of the

center 3(V_n(gly)) such that their images under the quasi module map (3.18) commute.

However, if the commutativity relation (4.19) holds for all elements a and b of the family of

topological generators of the center, then it holds for all elements of the center as well; see

[9, Prop. 3.4]. Hence the identity (4.19) holds for any a, b € 3(V_n(gly))- O
We conclude this section by the method for constructing invariants of M _y 2 (gn).

Corollary 4.7 Foranya € 3(V_n(gly)) andw € 3(M_n2(gn)) all coefficients of the series
Ym ypla, 2w belong to the submodule of invariants 3(M_y 2(gn)).

Proof As with the proof of Corollary 4.6, we can combine [5, Thm. 4.9], [9, Prop. 3.4] and
(4.18) to conclude that for operators on M _y 2(gn) we have

YM_ypa,2) Sw) = Sw) Ypm yp,(a,z) forall aez(Voy(gly)).
Therefore, for any a € 3(V_n(gly)) and w € 3(M_py,2(gly)) we have
SWYYpm_ypa.Dw=Yprm_y,@2) SWw =Yprm_y,@,)(G@w)=G®Ya_y,a dw.

Hence the coefficients of YM _np (a, z)w belong to 3(M_y,2(gn)), as required. O

4.3.2 Noncritical Level

Consider the vacuum module M. (gy) at the noncritical level ¢ € C, ¢ # —N /2. As with
the critical level case, applying the series (4.16), whose coefficients belong to the center of
Ac(gn),on 1 € M (gy) we obtain a power series

M) = A1 € Mc(@n)[lu™']].
By arguing as in the proof of Corollary 4.4 and using Proposition 4.3 one obtains
Corollary 4.8 All coefficients of the series M(u) belong to 3(M(gn))-

The analogues of Corollaries 4.5, 4.6 and 4.7 for the series Ml(#) can be easily established
as well. However, their proofs now rely on the Proposition 4.3 and the explicit description of
the center 3(V,(gly)) at the noncritical level ¢ # —N, as given by [5, Prop. 4.10].

Remark 4.9 It is worth to single out the following identity for operators on M. (gy):

Y, (qdetT T (0), z) = sdetS™ (z) sdetS(z + he/2) L.
It connects the quantum determinant (4.3) and the Sklyanin determinants,

sdetS* () = try yAMN S (u-) and sdetS () = try v AN Sy (o).

..........

The Sklyanin determinant sdetS™ (u) exhibits similar properties as its more intensively stud-
ied Yangian counterpart sdetS(u); cf. [14, 15, 17].
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