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Abstract

Let p be a an odd prime and let G be a finite p-group with cyclic commutator subgroup
G’. We prove that the exponent and the abelianization of the centralizer of G’ in G are
determined by the group algebra of G over any field of characteristic p. If, additionally, G
is 2-generated then almost all the numerical invariants determining G up to isomorphism
are determined by the same group algebras; as a consequence the isomorphism type of the
centralizer of G’ is determined. These claims are known to be false for p = 2.

Keywords Finite p-groups - Modular group algebra - Invariants -
Modular isomorphism problem
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1 Introduction

Let G be a group, R a commutative ring and let RG denote the group ring of G with
coefficients in R. The problem of describing how much information about the group G is
carried by the group algebra RG has a long tradition in mathematics, with applications in
particular to the representation of groups and in general to group theory; cf. [7, 8, 10, 11,
18, 31-33, 39, 42, 43, 48]. The last question can be rewritten more compactly as:

Which group invariants of G are algebra invariants of RG?
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By a group invariant of G we understand a feature of G that is shared with any group iso-
morphic to G while an algebra invariant is a feature that is shared with any group H with
the property that RG and RH are isomorphic as R-algebras. For instance, the cardinality
of G can be expressed as the R-rank of RG and is thus an algebra invariant of RG. More-
over, the group G is abelian if and only if RG is a commutative ring, i.e. the property of
being abelian is an algebra invariant of RG. The ultimate version of the above question is
the Isomorphism Problem which asks for the determination of pairs (G, R) for which the
isomorphism type of G is an algebra invariant of RG:

Isomorphism Problem for group algebras: Given a commutative ring R and two
groups G and H, does RG and RH being isomorphic as R-algebras imply that the
groups G and H are isomorphic? In symbols,

RG=Z=RH — G=H?

The answer to this question is a function of the ring R: for instance, it is easily shown that
any two non-isomorphic finite abelian groups of the same order have isomorphic group rings
with complex coefficients. However, by a seminal result of G. Higman [18], if G and H are
non-isomorphic abelian groups then ZG’ and ZH are not isomorphic. More surprisingly,
there even exist two non-isomorphic finite metabelian groups G and H such that kG and k H
are isomorphic for every field k [12]. Nonetheless, the Isomorphism Problem has a positive
solution for R = Z and G and H metabelian [48]. This extends Higman’s result for abelian
groups [18] and has been followed by positive results for more families of groups, such as
nilpotent groups [35] and supersolvable groups [24]. These early results yielded to strong
expectations that the Isomorphism Problem for integral group rings (R = Z and G, H
finite) would have a positive solution until Hertweck’s construction of two non-isomorphic
finite groups with isomorphic integral group rings [17]. Among the classical variations of
the Isomorphism Problem, the one that remained unanswered the longest deals with the case
where R is a field of positive characteristic p and G and H are p-groups, formally:

Modular Isomorphism Problem: Given a field k of characteristic p > 0 and two
finite p-groups G and H, are kG and kH isomorphic as k-algebras if and only if G
and H are isomorphic as groups?

The contributions to this problem are numerous, including positive solutions for specific
families of p-groups and the uncovering of algebra invariants in this context; cf. [1-4, 6,
13-15, 19, 20, 22, 25, 27-30, 34, 36, 38, 40, 41, 45-47, 49]. The first negative solution to
the Modular Isomorphism Problem was given recently in the form of a series of pairs of non
isomorphic 2-groups G, , and H, , which are 2-generated and have cyclic commutator
subgroup satisfying kG, , = kH,, , for every n > m > 2 and every field k of characteristic
2 [16]. However, if p is odd then the Modular Isomorphism Problem is still open, even in
the class of 2-generated groups with cyclic commutator subgroup. The aim of this paper
is to investigate this class of groups from the point of view of algebra invariants and to
demonstrate a substantial difference between the cases p = 2 and p > 2 within this class.
For example, if G’ denotes the commutator subgroup of G, our first result shows that both
the exponent of C;(G’) and the isomorphism types of C;(G')/G’ and C5(G')/Cg(G'Y
are algebra invariants of kG provided G’ is cyclic and p is odd; cf. Theorem A. Note that,
on the contrary, for every choice of n > m > 2, the groups G, , and Hy, , satisfy neither
of the points (1)-(2)-(3) from Theorem A.
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Theorem A Let k be a field of odd characteristic p and let G and H be finite p-groups. If
G’ is cyclic and kG = kH then the following hold:

(1) Cg(G’) and Cyx(H') have the same exponent.
() Cg(G)/G" =Cy(H')/H'.
(3) Cg(G")/Cs(G'Y =Cy(H")/Cu(H).

Our next results concern 2-generated p-groups with cyclic commutator subgroup. In
order to present them we introduce some numerical invariants of these groups. Since the
Modular Isomorphism Problem has a positive solution for abelian groups [13] we only
consider non-abelian groups. To this end, let G be a 2-generated non-abelian p-group, that
is, G’ is non-trivial and G is generated by exactly 2 elements. A basis of G is then a pair
(b1, by) of elements of G such that

G/G' = (b1G') x (b2G’) and |b,G'| divides |b; G'|.
Moreover, we define
O(G) = min ex{(|1b1CG (G')|. |b2CG (G|, —|b1], —|b2]) : (b1, b2) is a basis of G},

where minjex refers to the minimum with respect to the lexicographic order. The following
result implies that if G’ is cyclic then so is H' and O(G) is an algebra invariant of kG.

Theorem B Let k be a field of odd characteristic p and let G and H be finite p-groups
with kG = kH. If G is 2-generated and G’ is cyclic, then H is 2-generated, H' is cyclic
and O(G) = O(H).

Observe that the hypothesis that p is odd in Theorem B is necessary because
O(Gmn) = (2,2, 2", =2") # (2,1, =2", =2") = O(Hp,n).

This shows again a clear contrast between odd and even characteristic.

For any p-group G that is 2-generated and for which G’ is cyclic, the vector O(G) can
essentially be extended to a vector inv(G) = (p, m,ny, na, o1, 02,01, 02, 0’1, 0’2, Ui, up)
of numerical invariants characterizing the isomorphism class of G; cf. Section 3 and [5].
It is well known that the first four entries p, m, n; and ny of inv(G) are algebra invari-
ants of kG. However, the sixth entry is not determined by the modular group algebra
because inv(G,, ,) = (2,2,n,m,—1,—-1,0,0,0,0, 1, 1) is different from inv(H,, ,) =
2,2,n,m,—1,1,0,0,0,0, 1, 1). Note that, for p > 2, one always has 01 = 0 = 1
and therefore the counterexample from [16] does not have a direct equivalent in odd
characteristic. We will see that Theorem B is actually equivalent to the following.

Theorem C Let k be a field of odd characteristic p and let G be a finite non-abelian p-
group. If G is 2-generated with G’ cyclic then all but the last 2 entries of inv(G) are algebra
invariants of kG.

In other words, Theorem C ensures that, for p > 2, the first 10 entries of inv(G) are
determined by the modular group algebra kG of G over any field k of characteristic p.
Unfortunately we have not been able to decide whether the last two entries of inv(G) are
algebra invariants of kG. The smallest groups for which Theorem C does not solve the
Modular Isomorphism Problem occur for (n1, n2, m, 01, 02,0,05) = (3,2,2,0,1,1, 1),
in which case up = 1 and u; € {1, ..., p — 1}. That is, the last parameters yield p — 1
non-isomorphic 2-generated p-groups with cyclic commutator subgroup. In a paper in
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preparation, we develop new techniques (different from those presented in this paper) to
prove that, for this special case and many others, # is actually also an algebra invariant
of kG. Theorem C enables us, however, to improve Theorem A in the 2-generated case by
showing that the isomorphism type of C (G’) is an algebra invariant of kG:

Corollary D Let k be a field of odd characteristic p and let G be a finite 2-generated
p-group with G’ cyclic. Then the isomorphism type of Cg(G’) is an algebra invariant of
kG.

The following corollary also follows from Theorem C (see Section 2 for the definition
of the type invariants of a p-group).

Corollary E Let k be a field of odd characteristic p and let G be a finite 2-generated
p-group with G’ cyclic. Then the type invariants of G are algebra invariants of kG.

The paper is organized as follows. In Section 2 we establish the notation, recall some
known facts about the Modular Isomorphism Problem and prove a key lemma which we
refer to as the Transfer Lemma (Lemma 2.6). In Section 3 we recall the classification of
finite 2-generated p-groups with cyclic commutator subgroup from [5] in the specific case
where p > 2. Additionally, we prove a series of results about these groups which will be
used in the next and final section to prove the main results of the paper.

2 Notation and Preliminaries

In this section, we introduce the notation that will be used throughout this paper. We also
collect some classical results on the Modular Isomorphism Problem that will be useful in
the coming sections, as well as a new criterion for the transfer of ideals between modular
group algebras; cf. Lemma 2.6.

Throughout the paper, p will denote a prime number, k a field of characteristic p and G
and H finite p-groups. The modular group algebra of G over k is denoted by kG and the
augmentation ideal of kG is denoted by I(G). It is a classical result that I(G) is also the
Jacobson ideal of kG. For every normal subgroup N of G, we write I(N; G) for the relative
augmentation ideal I[(N)kG.

We let <|ex denote the lexicographic order on tuples of integers of the same length. Then
minjex and maxjex stand for minimum and maximum with respect to <jex. For a non-zero
integer n, let v,(n) denote the p-adic valuation of n, that is, the greatest integer ¢ such
that p’ divides n. Moreover, set v,(0) = +o0. For coprime integers m and n, write 0,, ()
for the multiplicative order of n modulo m, i.e. the smallest non-negative integer k with
n* = 1 mod m. Given non-zero integers s, t and n with n > 0 we set

n—1
S(sln):Zsi and T (s,t|n)= Z st
i=0

O<i<j<n

The last notation allows us, in some cases, to compactly express powering of products in
a group G. For instance, if g,h € G and r, s, n are integers with n > 0 then, writing
a=1[h,gl=h"tg" hg, we get the following identities:

if g = h~'gh = g" then (hg)" = h"gS"M, (2.1)
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if a® = a” and a” = a* then (gh)" = g"h"a” 1. (2.2)

The next lemma describes elementary properties of the operators S and 7 that are collected
in Lemmas 8.2 and 8.3 of [5].

Lemma 2.1 Let p be an odd prime number and let n > 0 and s, t be integers satisfying
s =t =1 mod p. Then the following hold:

(D) vp(s"—1) = vp(s—D+v, (), V(S (s | 1) = v, (n) and o (s) = pm¥On=vpls=1),
@) ifvy(s — 1) =a and p™~¢ divides n then S (s | n) = n mod p™.
3) T (s, t]p") =0mod p".

Lemma 2.2 Let p be an odd prime number and m and r be integers withm > Q0 andr = 1
mod p. Then for every integer 0 < x < p™ there is a unique integer 0 <y < p™ such that
S(@r|y)=x mod p™.

Proof Letx and y be integers withO < x < y. ThenS (r | y)=S (r | x) =r*S @ |y —x)
and hence from Lemma 2.1(1) it follows that S (r | x) = S(r | y) mod p™ if and only
if x = y mod p™. This shows that S (r | -) induces an injective, thus bijective, map
Z/p™Z — 7/ p™Z. Then the result follows immediately. O

The group theoretic notation we use is mostly standard. For an arbitrary group G, let
|G| denote its order, Z(G) its center, {y;(G)}i>1 its lower central series, G’ = y2(G), its
commutator subgroup, exp(G) its exponent and d(G) = min{|X|: X € G and G = (X)},
its minimum number of generators. Moreover, if g € G and X € G then |g| denotes the
order of g and Cg (X) the centralizer of X in G. We write X both for internal and external
direct products of groups. For n > 1, we denote by C,, the cyclic group of order n.

Let now G be a finite p-group and let p¢ = exp(G). For every 0 < n < e we define the
following subgroups of G:

2.(G) = <g eG:gh = 1> and U, (G) = <gP” ‘g€ G>.
If N is a normal subgroup of G, we also write
Q,,(G:N):<geG:gf’” eN),
that is, ©2,,(G : N) is the only subgroup of G containing N such that
Q,(G:N)/N =Q,(G/N).

The group G is said to be regular if for every g, h € G there existcy, ..., cx € {g, h)’ such
that (gh)? = gf”h”c{7 e c,f, in other words

(gh)? = g”h? mod U1 ((g, h)").

It is well known that if p is odd and G’ is cyclic then G is regular, while this is not the
case for p = 2; cf. [21, Satz II1.10.2, Satz II1.10.3(a)]. Moreover, if G is regular, [21,
Hauptsatz I11.10.5, Satz I11.10.7] ensure that the following hold:

* Q,(G)={geG:g" =1}and U,(G) = {g"" : g € G},
* |Q,(G)]-0,(G)|=1|G|forevery 0 <n <e.

For every n > 1 and G regular we define w, by means of

P = Q2 (G)/ 2n-1(G)| = [Up—1(G)/Bn(G)|
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and remark that w; > wr > ... > w, > 0. Following [21, § III.10] we set w(G) = w and,
for1 <i < w(G), we define

e ={1<n<e:w,>i}l

It follows that e = e1 > ex > ... > e, (G) and the entries of the list (ey, ..., e, (G)) are
called the type invariants of G.
The Jennings series (D,,(G)),>1 of the p-group G is defined by

Du(G)={geG:g—1€lG) )= [] U;0n(G) 2.3)

ipJ>n

The Jennings series is also known as the Brauer-Jennings-Zassenhaus series or the Lazard
series or the dimension subgroup series of kG (see [32, Section 11.1] for details). A property
of these series that we will use is that, for abelian groups, the orders of the terms completely
determine the structure of the group. For more on the Jennings series, see for instance [43,
Section II1.1], [26, Section 4] and [28, Section 2.3].

The next proposition and lemma collect some well-known results which will be used
throughout the paper.

Proposition 2.3 Let k be a field of positive characteristic p and let G be a finite p-group.
Then the following statements hold:

(1) If H is a finite p-group and ¢ : kG — kH is an isomorphism of k-algebras then
¢((G"; G)) =1(H'; H) and ¢(I(Z(G)G'; G)) = (Z(H)H'; H).
(2) The following group invariants of G are algebra invariants of kG :

(@) The isomorphism type of G/ G’.

(b) The exponent of G.

(c) The isomorphism type of the consecutive quotients D;(G)/D;j+1(G) and
D;(G")/D;+1(G’) of the Jennings series of G and G'.

(d) The minimum number of generators d(G) of G and d(G') of G'.

(e) The isomorphism types of Z(G) N G" and Z(G) /Z(G) N G'.

(3) The Modular Isomorphism Problem has a positive solution in the following cases:

(a) G is abelian.
(b) G is metacyclic.
(¢) G is 2-generated of class 2 and p is odd.

Lemma 2.4 Let k be a field of characteristic p > 0, let G and H be finite p-groups and
let Lg and Ly be normal subgroups of G and H, respectively. Assume that there is an
isomorphism ¢ : kG — kH such that ¢ I(Lg; G)) = I(Ly; H). Then, for each i > 1,
there is an isomorphism of groups

D;(Lg)/Di+1(Lg) =Di(Lp)/Diy1(Ly).

Remark 2.5 Although all the statements of Proposition 2.3 are well known, some of them
appear in the literature with the assumption that k = IF,, the field with p elements, and the
proof of others is hidden inside proofs of other statements. We add a few words so that the
reader can track the results in the literature.
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The proof of (1) can be found inside the proof of [6, Theorem 2.(ii)]. Statements (a) and
(b) from (2) are proven in [42, 47], [39, 47] and [23], respectively. The statement in (2)(c)
for the Jenning series of G is proved in [32, Lemma 14.2.7(i)] while the statement for G’
is proved for k = IF;, in [1, Lemma 2] and it can be generalized to arbitrary k using the
argument from [32, Lemma 14.2.7(i)]. Observe that the two statements in (2)(c) also follow
from Lemma 2.4 specialized to Lg = G and Lg = G’, respectively. Statement (2)(d) is
a consequence of (2)(c) because [D(G) : D2(G)] = p¥9. In [39, Theorem 6.11] point
(2)(e) is stated for k = I, but its proof can be easily generalized to hold for any k.

Statement (3)(a) is proven in [13, Theorem 2] while statements (b) and (c) of (3) are
proven for k = F), in [1, 41] and [4], respectively. The latter proofs generalize gracefully
for any k. Note that the analogue of (3)(c) for p = 2 appears in [4] for k = [F», but the proof
does not generalize to arbitrary k.

Finally, Lemma 2.4 is proven for k = F, in [39, Lemma 6.26] and the proof can be
easily generalized to hold for any field of characteristic p.

We close this section with a lemma that we will make use of to obtain new group algebra
invariants from old ones. A version of this lemma, specialized for Nr = I’ and with a
different proof, appears in [37].

Lemma 2.6 (Transfer Lemma) Let p be a prime number and G and H finite p-groups.
For T € {G, H} let Ny be a subgroup of T containing T. If k is a field of characteristic
pand ¢ : kG — kH is a ring isomorphism such that ¢ I(Ng; G)) = I(Ny; H) then
d(I(2(G : Ng); G)) = I1(2(H : Ny); H) for every positive integer t.

Proof FixI' € {G, H}. As I"/Nr is abelian we have Q,(I" : Nr) = {g € I : g”t € Nr}.
Then, if t > 2 we have Q;(I" : Nr) = Q1(T" : Q;—1(I" : Nr)) and hence we assume without
loss of generality that 1 = 1. For brevity write Lr = Q1(I" : Nr) and we will prove that
¢ (Lg; G)) =I1(Lu, H).

Let tr : kI' — kT be the ring homomorphism extending the identity on I" and the Frobe-
nius map x — x” on k. Moreover, for a normal subgroup K of I', let 7 : kI' — k(I'/K)
denote the natural projection with kermx = I(K; I"). As I'/Nr is abelian, the assignment
g +— g? on T induces a ring homomorphism Ar : k(I'/Nr) — k(G{(I'/Nr)). We denote
by or the k-linear map extending the restriction of Ar to I'/Nr. By the definition of L1
and the hypothesis ¢ (I(Ng; G)) = I(Ng; H), we have that or induces an isomorphism
or : k(I'/Lr) — k(U1(I'/Nr)) and ¢ induces anisomorphismds :k(G/Ng) — k(H/Npg)
making the following diagram commute:

K(G/Lg) — %= k(B1(G/Ng))

TLG oG -
NG AG
kG — k(G/Ng) — k(U1(G/Ng))

L

KH —1 k(H/Ny) LN k(G1(H/Nn))

e

k(H/Ly) —"= k(G1(H/Nn))
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As ¢ is a bijection, then so is ¢. Moreover, each 6 is bijective and each tr is injective, thus
we have

¢»(I(Lg; G)) = ¢(kermy ) = ¢ (ker(tg 0 6 o L))
= ¢(ker(Ag omng)) = ker(Ay omyy,)
= ker(ty o6y oy, ) =ker(ny,) =I(Ly; H),

as desired. O

3 Finite 2-generated p-groups with Cyclic Commutator and p Odd

In this section | p is an odd prime number. | We start by recalling the classification of non-

abelian 2-generated p-groups with cyclic commutator subgroup from [5]. Each such group
G is showed to be uniquely determined, up to isomorphism, by an integral vector!

inv(G) = (p,m,n1,na, 1, 1,01, 02, 0, 05, uy, uz)

of length 12 whose entries are determined as described below. The first four are straightfor-
ward and satisfy:

|Gl = p",
* G/G' ZCpn x Cyny withny = np > 1.

To continue, we define a basis of G to be a pair (b1, by) of elements of G such that G/ G’ =
<b1G’) X <b2G’> and |b;G’| = p"i. Let BB denote the set of bases of G. Moreover, for every
g € G,leto(g) € Zx>¢ be such that p°®) is the order of gCs(G’) in G/C(G’), in symbols
p°® = |gC;(G")|. Equivalently, o(g) = m — v, (r(g) — 1), where r(g) denotes the unique
integer satisfying 2 < r(g) < p™ + 1 and a8 = a’® for each a € G'. Define:

®  (01,02) = minex{(o(b1), 0(b2)) : (b1, b2) € B} and

m—oy : .
F= 14 p" 0 and 1= 1;5,512 + ifoz > on; G.1)
i , otherwise.
Let now B, = B, (G) be the set consisting of all bases (b1, ;) of G with the property that,
for every a € G’ and i = 1,2, one has abi = g"i, equivalently, r(b;) = r; mod p™. The
set B, is not empty as proved in [5, Proposition 2.3(5)]. For every b = (b1, by) € B, let
o' (b) = (0} (b), 05(b)) and u(b) = (uz(b), u1 (b)) be defined by

/ i X mfo;(b) L
prita® = b, b = [by, b1 P and 1 <u;(b) <p"%®. (32
Define subsequently:

(0}, 05) = maxiex{0’(b) : b € B} and
®  (uz,ur) = minex{u(b) : b € B, with o' (b) = (0}, 0})}.

We have described how the entries of inv(G) are computed directly as structural invariants
of G. Conversely, for a list of non-negative integers I = (p, m, ny, n»,01, 02, 0’1, o’z,ul, us),

IThe classification in [5] is performed for all primes p and for p = 2 the fifth and sixth entries of inv(G)
may also be —1.
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defining r and r; as in Eq. 3.1, the group Gy is defined as
G = (bl,bz,a = by bil | = Lab =a" b =a?" " (i =1, 2>>.

Denoting by [G] the isomorphism class of a group G, the main result of [5] for p odd takes
the following form.

Theorem 3.1 The maps [G] — inv(G) and I > [G;] define mutually inverse bijections
between the isomorphism classes of 2-generated non-abelian groups of odd prime-power
order and the set of lists of integers (p, m,ny,na, o1, 03, 0’1, 0’2, uy, up) satisfying the
following conditions.

(1) pisprimeandn; > ny > 1.
(2 0<o0;i<m,0=<0, <m—ojandp{ujfori=1,2.
(3) One of the following conditions holds:

(@) o1 =0ando| <0, <0} +o0y+n;—ny.
(b) 02 =0 <oy, ny <njandoy+min(0,n| —ny —o1) <0y <o} +ny —na.
(©) 0<o0y <o) <o0ory+n;—nyando) <0 <oy +n;—na.

4 or+ 0/1 < m < njy and one of the following conditions hold:

(@ o1+0)<m=<ny.
(b) 2m —o01 —0),=ny <manduy =1 mod p™~"2.
(5) 1 <uy < p", where a; = min(o}, 02 + min(n; — ny + 0 — 05, 0)).
(6) One of the following conditions holds:
@ 1<u;<p*
(@) 0102 #0,n1—ny+0]—05, =0 < ay, 1+p™ <uy <2p®,andu; =1 mod p;

where
0, ifor = 0;
ap = {min(oy, 05, 05 — 0} + max(0, o1 +ny —ny)), ifor=0<oy;
min(o; — 02, 05 — 0)), otherwise.

In the remainder of the section, G denotes a finite non-abelian 2-generated p-group
with cyclic commutator subgroup, with invariant vector

inv(G) = (p,m,n1,n2, 1, 1,01, 02, 01, 0y, u, uz).

and associated ry and ry as in Eq. 3.1.

Thanks to Theorem 3.1(2) and Lemma 2.1(1) we have
vp(ri —1)=m—o0; >0fori =1,2. 3.3)
The following two lemmas are Lemma 2.2 and Lemma 4.2 from [5].
Lemma 3.2 Let b = (b1, by) be a basis of G. Then (0(by), o(b2)) = (01, 02) if and only if
one of the following conditions holds:

1) o(by) =0.
2) 0=o0(by) <o(by) andny < nj.
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B) 0< o) <o) <o(by) +ny —ny.

Lemma 3.3 Let b € B,. Then o' (b) = (0}, 05) if and only if the following conditions hold:
(1) Ifor = 0then 0| (b) < 05(b) < 0y (b) + 02+ n| —na.

(2) Ifoy =0 < oy then 0 (b) + min(0, n; — ny — 01) < 04(b) < 0} (b) + ny —na.
(3) Ifor0a # 0then 0| (b) < 0,(b) < 0}(b) +ny —no.

For the following result, recall from the introduction that

0(6) = nl%ixn{(lblcc(G/)l, 1b2CG (G, —|b1l, —1b2]) | (b1, b2) € BY.

Lemma 3.4 The following equality holds: O(G) = (p°', p°2, —p”"""/l, —p”2+0/2).

Proof For every g € G let r(g) be the unique integer 2 < r(g) < p™ + 1 such that
a8 = a"® for every a in G'. From Lemma 2.1(1) it follows that
p°® = |gCa (G| = p" @D = o u(r(g)) forall g € G. (3.4)

In particular, if b € B, and i = 1, 2, then o(b;) = 0;. Thus the first two entries of O(G) are
p°! and p?2. To deal with the remaining two entries, fix two bases b = (b1, b;) and b’ =
(b}, b}) of G with b’ € B, and such that O(G) = (|b1C(G")|, |b2C6 (G|, —|bi], —|ba])
and o'(b') = (0], 03). In particular, we have |b;Cs(G")| = |b;C(G")| = p®. Moreover,
il = p"itoi® and b} = p" i Thus (—p"+A®), —pnta®)) = (—|by], —|ba]) <iex
(—p™Mtor, —pmto) or equivalently o (b) >ex (0}, 05). On the other hand, the two auto-
morphisms of G’ given by a — a” and a — a” have order pY%. Since Aut(G’) is cyclic,
there exist integers x1 and x2, both coprime to p, such that b” = (b}', b)*) € B,. Thus
pni+o,f(b”) — |bl{ﬂ'| = |bi| = pn,-+0,f(b) and hence o' (b) = 0’ (") <iex (0}, 0). We conclude
that o’ (b) = (0}, 04) and hence O(G) = (p®', p®, —p™1T01, —p"+o), O

In the remainder of the section let b = (by, by) € B, be a fixed basis of G such that
o' (b) = (0}, 0) and denote a = [by, b1].

Then the following hold:
lal = p™.  16;G'| = p"., |6;Ca(G)|=p* |bi|=p"T and &’ =a". (35)

In particular, every element of G is of the form b} b; a*® for some integers x, y, z. Moreover,
it follows from Egs. 2.1 and 2.2 that, for every non-negative integer e, one has

(b)lcb;aZ)pe _ bTPeb;PeaS(rlIx)S(rz\y)T(r'l‘,rév\p€)+zs(rfr2"\p€), (3.6)
[a¢, b{bya’] = a*"12 D), 3.7
[bibya®, by] = a®2WT1=1) (3.8)
[b{bYa®, by] = a~ ST +e2=D), (3.9)

The next lemma describes some characteristic features of G.

Lemma 3.5 The following statements hold:

(1) Z(G)NG' = <apmax<ol.02)>.
(2) exp(G) = pmax(mi+o}natol)
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and the class of G is 1 + [$—‘

(3) Ifi > 2theny;(G) = <ap(i m—max(01,07)

—2)(m—max(01,02)) >

Proof (1) Let w be a non-negative integer. As v,(r; — 1) = m — o; and abi = a't | we
have that a?” € Z(G) if and only if, for each i € {1, 2}, one has w + m — o; > m. Then
Z(G)NG = <ap‘“*“(”“"2)>.

(2) Let e = max(n| + 0}, n2 + 05). By Eq. 3.5, we have that exp(G) > p° so we
show that G,(G) = 1. To this end, note that e > m as a consequence of Theorem 3.13.1
and thus U,(G’) = 1. Now regularity yields that p¢-th powering induces a homomorphism
G/G' — G and so, as a consequence of Eq. 3.5, we get U,(G) = 1.

(3) We work by induction on i and, as the base case i = 2 is clear, we assume that i > 2
and the claim holds for i — 1. In other words, write f = (i — 3)(m — max(o1, 02)) so that

Vie1(G) = (an ) It follows then from Eq. 3.7 that

Vi(G) = <[apf7 b1l [a” | b2]> - (apfm—l), ap'f(r2—1)> - (apf min(rl—l,rz—1>>_
We conclude by computing
vp(pf min(r; — 1,7 — 1)) = f +m — max(o1, 02) = (i —2)(m — max(o1, 02)).
O
Since each S (r; | —) induces a bijection Z/p™7Z — Z/p™Z (see Lemma 2.2) there are
unique integers 1 < §; < p°! and 1 < §, < p?? satisfying the following congruences:
S (1‘2 | 81pm_”1) =1-—r; mod p™, (3.10)

S (r1 182p™) rg'pmwl =r,—1 mod p". (3.11)
Moreover, Eq. 3.1 and Lemma 2.1(1) yield that p does not divide §;6>.

Lemma 3.6 The following hold:
81=8=1, if o1 = 0;
1=68 if o1 . (3.12)
81 +86 =0 mod p?2, otherwise.
Proof Assume first that o; = 0, implying that §; = 1,7y =14+ p™ andrp = 1 + p"~°2.
Then Lemma 2.1(1)-(2) implies

SLp"T? =S8 ("1 | 5217"1702) ré)mﬂ)l =r—1=p""% mod p"

. ()1 —()2
and hence §;, = 1. Suppose now that o1 > 0, which ensures that 01 > 07 and r, = rlp

As a consequence, we have v, (r — 1) = m — 03 > v, (r1 — 1) = m — 01. Moreover, by the
definition of the §;’s, there are integers A and u such that S (r2 | 61 pm_"l) =1—ri+1p"

m—oq . . ..
and S (ry | $2p™2) rg”” =rp — 1 + up™. Then the following identities hold:
(81+52)p17l_02 _ 6217”1—()2 6117”1_()]
r -1=r Iy -1
)n*(}z )n*l)l m*(}l
— (erP _ 1)}"31’) + rglp -1

= (n=DS(r1182p"77) rglpwol + (2= DS (r2 | 81p"™")
= p"(uri =) +A(r2—1)) =0 mod p¥" .

We have shown that p”* = 0 y2m—o; (r1) divides (81 + 82)p™ 2 and hence §; + 8, = 0
mod p?2, as desired. O
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p”l pm pnl*OZ . .
by ,b;, b a), ifor =0;

7511)111—02 8 pm—()]

Lemma 3.7 One has Z(G) = m m
bf ,bg . by b, a>, otherwise.

Proof Letg = b} bg a® be an arbitrary element of G with x, y, z € Z. We characterize when
g € Z(G) in terms of conditions on the exponents x, y, z. For this, note that Eqs. 3.8 and
3.9 ensure that g = by b; a* € Z(G) if and only if the following congruences hold:

S@r2ly) =z(1—r1) mod p", (3.13)
S| x) r%' = z(rp —1) mod p™. 3.14)

szmfoZ 8]p”170
1 b2

m m
In particular, the elements bf , bé’ andc =b ' @ are all central. Let

m—ojp

WI*OZ .
d— bf a, if o1 =0;
a, otherwise.

—§1p"02 §
b] 1P bzlp
By Eq. 3.12 we have (bf'", bg'",d> - <bf'", ", c) C Z(G).If oy = 0 and g = bjbya’ €
Z(G) then it follows from Eq. 3.1 that Eq. 3.13 is equivalent to y = 0 mod p™ and hence
Eq. 3.14 is equivalent to x = zp"~°2 mod p™. Thus g € (b{’"’ b d> and hence Z(G) =
<bfm , bé’m, d), as desired.

min(m,ny)

Suppose otherwise that o7 > 0 and define B = <b§nH1 >, N = bf and f :

Z(G) — B/N by f(b’l‘bgaz) = ng. The map f is well defined because, on the one hand
if b)l‘b;aZ = b{bja" then y = v mod p"? and hence b;N = by N; and on the other hand
if b)l‘bgaz € ;Z(G) then Eq. 3.13 ensures that m — o1 = v,(r1 — 1) < S (2 | y) = vp(y)
and hence b% € B.

We claim that ker f = <b{7 " s bé’ " s ab” ) The inclusion from right to left is clear. Assume
g = b’fb%’az € ker f. If m < n, this implies that p” divides y. Then from Eq. 3.13 and
Lemma 2.1(1) we have that v,(z) > o1 and hence from Eq. 3.14 we deduce that v, (x) >
m — 03 + 01 > m. This shows that g € <bfm, bgm,al’"‘ > as desired. Suppose now that

m > ny. Then g = bja® for some integers x and z and hence again from Eq. 3.13 we
deduce that v,(z) > o1 and from Eq. 3.14 we conclude that v,(x) > m — 02 + 01 > m.

Therefore, again g € (bf " bgm, aP”! ) and the claim is proven.

We finally show that Z(G) = <bf m, bg m, c>. To this end, observe that B/N is generated
by f(c), as p does not divide §;. This together with the claim and the fact that f is a
group homomorphism implies that Z(G) = (c, ker f) = <be ,bé’ ,al’™, c). To complete
the proof we show that a?’! € (bf m,bgm, c>. To this end, observe that the group H =

0) m—02

m—oy m—oj| . 2m—01—0 m— P —
<bf by, a) is regular and that H' = <a’7 i 12>. Indeed, [a, b] "]=a"1 1

m—oy m—op

P M — 1 M —0 m—o0
[a, bg 1 =ad> ! and [bé7 ,bf 1= aS(rlp"=2)S(r2lp ]), and these three

pZm—ol —0p .
elements generate the same subgroup (a since

0 m—oy

-0y

vp(rf)" -1 = vp(rfm_o] -1 =v,(S (r1 | p'"f”Z) S (r2 | p’”"’l)) =2m — 01 — 0.
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2m—o1—0o 0 2m—c . . 0
As (@ TP = @™ = 1, from the regularity of H it follows that ¢?”' =
m—op+0o] n o . . .
b?zp bg‘p a?”'. Now 07 > 0 implies m — 0, + 07 > m and so the proof is
complete. O

Lemma 3.8 Let t = m — max(01, 02). Then the following hold:

m—op

1) 1ZGNG'| = p 2G)G = a b b """ bE" " and G/2(GIG = Cpr x .

()2 .
a, b, by "), if o1 = 0;

(2) C(G) =G Z(G)G) = o o1-0
! a, bf l,blp : 2b2_1>, otherwise.
(3) Co(G") =V (G. )
4) Ifo, =0 then exp(Cg(G")) = p"t,

(5) If o2 = 0 then exp(Cg(G')) = p™X(i+oy=ornato)

Proof (1) This is a direct consequence of Lemma 3.5(1) and Lemma 3.7.
2)Letg = b“]‘b;az be an arbitrary element of G. Then Eq. 3.7 yields that g € Cg(G') if

and only if a1 = 1.1f 0; = 0 then the last equality holds if and only if (1 + p™~?2) —
1 = 0 mod p™, equivalently if p?2 divides y. So

o1 =0 implies Cg(G') = (a, by, b ). (3.15)

Suppose now that oy > 0. Thenr; = 1+ p™ % and r, = rfalioz yielding that [a, g] =

m—oy\x+yp®l ~02 . .
qUp" TR 1 A opn (1 + p™=91) = p°', we have that g € C(G') if and only if
x 4+ yp°7°2 = 0 mod p°!, that is there exists an integer v with x = —yp?17%2 4+ vp°l. We
have proven that

o1 > 0 implies Ca(G') = {a, b, b]" 07"} (3.16)

To conclude, let L = U,(G : Z(G)G’). By (1), Egs. 3.15 and 3.16 we have that C5(G’) € L
and G/Cg(G) = G/L = Cpm-+ and therefore C;(G') = L.

(3) The group G’ being cyclic, U,,—;(G") = 2,(G’) and so (2) and the regularity of G
yield that U, (L") = [L, G;(L)] € [L,Z(G)G'] = 1, thatis L' € ,(G’) = U,,_(G’). For
the other inclusion, it suffices to observe that

(b1, b5”1). if 0 = 0;

Ot (G =(a?"") = o b
m—t < > [bfl,(bf] 2

by ! )]> , otherwise.

(4)-(5) Assume that 07 = 0. Then we have by € C5(G’) and |b;| = p”'+0/1 , from which
we derive exp(G) > p™T1. Let now e = nj + 0}. Then Theorem 3.1(3)-(4) yields that
m < e and ny + 0’2 — 02 < e. It follows from Egs. 3.5, 3.6 and Lemma 2.1(1)-(3) that

(b7} a?)P" = 1 for every x, y, z € Z. We have shown that exp(Ca(G')) = p"1+°i. A
similar argument works when 0, = 0 < 0;. O

In the following lemma, Soc(G’) denotes the socle of G'. We remark that Soc(G’) =
(ap"H ) because G’ is cyclic of order p™ and m > 1.
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Lemma 3.9 WriLeE = G/Soc(G’) and assume thatm > 2. Then G is a non-abelian group
and one has inv(G) = (p,m — 1,ny,no, 1, 1,51,52,5’1,5’2,51,ﬁ2) where:

o; = max(0,0; — 1), fori =1,2;

., o}, ifor =0, 0 <min(0}, 02) and 0y = 0 + 02 +ny —ny;
0] =

! max(0, 0] — 1), otherwise;

-, :0’2, ifop =0, ny—ny <o1and0 < o), =0 +ny —ny —oy;
02:

max(0, 05 — 1), otherwise.

Proof That the first four entries of inv(G) are p,m — 1,n1 and n, is obvious. Since we are

dealing with two groups G and G, in this proof we distinguish B, = B,.(G) and B, (G).
Let g denote the natural image in G of an element g € G. Then r(g) is the unique integer

in the interval [2, p™~! 4 1] that is congruent to r(g) modulo p"~1. By Eq. 3.4 we have

m—1—o(b;) = vp(r(b;) — 1) =m — max(l, 0;).

Hence o(@ zimaf((), 0; — 1) and thus Ifmma 3.2 yields that 0; = max(0,0; — 1).
Moreover, b = (b1, b;) is an element of B, (G). Note that the following hold:

L Eipw;—l _ ?’:’i:‘l =L ifoj£0 Elpwfz _ ?P’“] #1, ifo] > 1
b/ #1 ifo =0 bl #1, ifo] =1

Therefore we derive that o] (b) = log,, |b;| — n; = max(0, 0} — 1).

To finish the proof we distinguish three cases according to Lemma 3.3 and search for
some b € B, (G) satisfying the corresponding conditions in the lemma. Then Lemma 3.3
will guarantee that o; = of (l;,-) for i = 1,2. In most cases b already satisfies the desired
conditions and hence, in such cases, we take b = b and hence 5; = ol’. (E) = max(0, 0§ —1).
Otherwise we modify slightly b to obtain the desired b.

Case 1. Suppose first that o1 = 0. By Theorem 3.1(3) we have

0] <0y <oi+or+n —ny

and hence 0} (b) = max(0,0] — 1) < max(0,0, — 1) < 05(b). Moreover, unless 0 <
min(o}, 02) and 05 = o] + 02 + ni — na, we also have 05(b) < 0{(b) + 02 + n| — na.
As 01 = 0, the conditions in Lemma 3.3 hold for 5 = b and hence we have 0; = ol(b) =
max(0, o] — 1), as desired. Assume now that 0 < min(o/, 02) and 0, = 0| + 02+ ny —ny.
Then 0} (b) = 0] — 1, 05(b) = 05, — 1 and 03 = 02(b) = 02 — 1 and hence b does not satisfy

the hypotheses of Lemma 3.3. Then we take b = ®15%" , B5), which belongs to B,(G)
because [bjpﬂ2 ,a] = 1. Using Eq. 3.6, the regularity of G and m < n{ we compute

A ] —ph1+0; m—o! _pni+oy—1 m—ol, _ pna+oh—0)—1
prt_pptie it o op _ =p"%p
Y =B by T =a” by =a’ b

/
mfolfl

/

m—o

— 1
—gP +p

and hence |b;| = p™1°1 so that 0] (b) = o}, 0’2(5) = 0} — 1 and we conclude from Lemma
3.3 that 0] = o} and 0, = o), — 1. This yields the desired conclusion because in this case
ny —ny >0 =o0pand 0y > 0} > 0.

Case 2. Suppose that 0o = 0 < 01 so that Theorem 3.1(3) ensures

0’1 + min(0,n; —np —o1) < 0’2 < 0’1 +ny —no.
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Assume first that ny —ny > o1. Then we have ny —ny > o0y and 0| < 0}, < 0] +n; —n
and consequently also 0} (b) < 05(b) < 0| (b)+n1—n». Hence 0; = 0/ (b) = max(0, o} —1).

Suppose now that ny — ny < oj7. Then by Theorem 3.1(3) we have 0 < n; — ny.
If oy = 0oroy > o) +ny —ny— op then we also have o0} (b) + min(0,n; — ny —
01) < 04(b) < 0[(b) + ni — ny and again we have 0; = o/(b) = max(0,0, — 1).
Assume now that 0 < o, = 0| + ny — ny — oy. It follows that o) > 0 and hence
0y (b) + min(0, n; — ny — 01(b)) = o} + min(0,n; — ny — 01) > 0h(b) — 1 = 04(D).
Therefore Lemma 3.3 yields o'(b) # @'. In this case we take the basis b = (b1, b} " by),
which again belongs to the set B,(G) because [b/ ” ,a] = 1. Then 0} (b) = 0o} — 1 and

o1—1 01—1

itk=8(r1 | p~ 1) S| I)T(rf Sy p”z) +S (rf oy p”z) then Lemma 2.1
and Theorem 3.1(4) imply v, (k) > ny > m + 0. Using Eq. 3.6 we get

—po1—1_ n m—1-o m—o,
By b =ar PR

Therefore |Bf01 1Ezl = p"2%% and we conclude that o} b) = o) —1, 0/2(13) = 0}, and hence
0} = 0| — 1 and 0}, = 0}.

Case 3. Finally, suppose that 0102 # 0. Theno; =01 —1 > 0o —1 =07 > 0 and
Theorem 3.1(3) guarantees o} < 0}, < 0| +nj —nz. Hence 0} (b) +min(0, n; —ny —01) <
0} (b) < 05(b) < 0 (b) +ni — ny and we get 9} = 0 (b) = max(0, o} — 1. O

4 Proofs of the Main Results

In this section we prove Theorem A, Theorem B and Theorem C. The first one will be
included in Lemma 4.2, which relies on Lemma 4.1. Theorem B is proven shortly after
Lemma 4.2, while Theorem C is a consequence of Lemma 4.3 and 4.4. We conclude
the section by proving Corollary D and Corollary E, here presented as Corollary 4.5 and
Corollary 4.6, respectively.

Lemma 4.1 Let p be an odd prime and let G be a finite p-group with cyclic commutator
subgroup. Write, moreover, |G'| = p™ and |G' N Z(G)| = p'. Then the following hold:

C6(G)={geG:g" €eZ(G)G'} and CG(G) = Up_i(G)).
Moreover, for every subgroup N of G contained in Cg(G’) one has
exp(N) — pmin[n :Dpyn (N):l}.

Proof The abelian case is straightforward so we assume that G’ # 1. By a Theorem of
Cheng [9] the group G can be expressed as a central product

G=HxG;*x---xGs*x A,
where each G; is a 2-generated group of nipotency class 2, the group H is 2-generated with
H' = G’ and A is abelian. For each i = 1,...,s, write G; = (x;, y;) and |G}| = p™i.

Set K = Gy *---%*Gy*xA. As G = H' and [H, G;] = [H, A] = 1 it follows that
Z(H)NH = Z(G)N G’ and CG(G') = Cg(H') = Cy(H)K.LetL = {g € G :
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g”' € Z(G)G'} and note that A C L. Moreover, since each G; is of class 2, we have that
(G = (G}, «f™, 3"} and hence

1
26) = (2, A" " =1, ).

For each i, observe that m; < t < m because G/1 koo ok Gg is contained in Z(G) N G'.
Therefore, for each choice of i, one has U;(G;) € Z(G) and we derive that K C L.
Moreover, it follows from [H, K| = 1 that Z(H)H' € Z(G)G'. Since |Z(H) N H'| = p',
Lemma 3.8(2) yields Cg(G') = Cy(H)K = {h € H : h”" € Z(H)H'}K C L. For the
other inclusion take g = hk € L withh € H and k € K and note thath € HNL € Cy(H')
by Lemma 3.8(2). This shows that Cg(G’) = L.

We now show that Cg(G')' = U,,_;(G'). For this, let g,h € Cg(G'). Then h?' €
G'Z(G) and, as C;(G’) has nilpotency class 2, we have that [g, h]?" = [g,h?'] = 1.
We have proven that C¢(G") € U,,—(G’) while Lemma 3.8(3) ensures that U,,,—;(G") =
Om—1(H') =Cy(H') € Cc(G')".

Finally let N be a subgroup of G such that N € C(G’). Then N has nilpotency class 2,
so that Eq. 2.3 yields D ,» (N) = U, (N) and the result follows. O

The following result is a stronger version of Theorem A.

Theorem 4.2 Let k be a field of odd characteristic p and let G be a finite p-group with
cyclic commutator subgroup. If H is another group with kG and kH isomorphic as k-
algebras then

(a) For every algebra isomorphism ¢ : kG — kH preserving augmentation one has that
¢((CG(G"); G)) = (Cn(H'); H);

(b) Di(C6(G"))/Di+1(C6(G") = Di(CH(G")/Di+1(Cr(H") for everyi > 1;
(©) exp(Cg(G") = exp(Ch(H");

(d) Ce(G)/G'=Cy(H)/H';

(&) Cg(G"/CG(G") =Cu(H"/Cr(H".

Proof Let H be a group such that kG = kH and letI" € {G, H}. It is well known that there
exists an isomorphism kG — k H preserving augmentation (see e.g. the remark on page 63
of [43]). Then H’ is also cyclic as a consequence of Proposition 2.3(2)(d). Moreover, the
number |Z(G)NG'| = p' is an algebra invariant of kG by Proposition 2.3(2)(e). By Lemma
4.1 and Proposition 2.3(1), the hypotheses of Lemma 2.6 hold for L = Cr(I'’) and Nr =
Z()I". Therefore, if ¢ : kG — kH is an algebra isomorphism then ¢ I(Cg(G'); G)) =
I(Cu(H'); H) and hence D;(Cg(G")/Dj+1(C6(G")) = D;(Cu(G"))/Di(Cu(H") by
Lemma 2.4. This implies that the lists of orders of the terms of the Jennings series of
Cg(G') and Cy(H') are equal and, by Lemma 4.1, these groups have the same expo-
nent. Finally, observe that since I(Cg(G'); G)/I(G’; G) = I(C(G')/G'; G/G"), if ¢ :
k(G/G') — k(H/H’) is the isomorphism induced by ¢ then ¢(I(C;(G')/G'; G/G')) =
I(Cy(H')/H'; H/H’). This and the fact that the groups Cg(G’)/G’ and Cy(H')/H' are
both abelian yield, by using the argument in [32, Lemma 14.2.7(ii)], that they are isomor-
phic. Writing p™ = |G’|, Lemma 4.1 ensures that I(Cg(G"); G) = I(G’; G)’" " and
s0 ¢ induces another isomorphism ¢ : k(G/Cg(G')') — k(H/Cg(H')'), and the same
argument yields that C5(G")/Cg(G'Y = Cy(H")/Cy(H') . O
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In the remainder of the section we prove Theorem B, Theorem C, Corollary D and Corol-
lary E. For that we fix a field k of odd characteristic p, a finite 2-generated p-group G
with cyclic commutator subgroup and a group H such that kG = k H. Then, by Proposition
2.3(2)(d), the group H is also 2-generated with a cyclic commutator subgroup. Moreover,
Proposition 2.3(2)(a) yields that, if one of the two groups is abelian, then G = H. We
assume hence without loss of generality that G and H are non-abelian. Now, by Proposition
2.3(2)(a), the first six entries of inv(G) and inv(H ) coincide. Thus we set

inv(l') = (p,m,n1,n2, 1, 1,01, 05, 0,0 ,ul ,ul) forT e {G, H} @.1)

and observe that m > 1. To simplify the notation we denote o' = (o{, 02F ) and o7 =
(o’lr, o’zr). We will prove that 0¥ = o and 0’ = o’f in Lemma 4.3 and Lemma 4.4,
respectively. These results will imply Theorem C. Combining Theorem C with Lemma 3.4,
we will obtain Theorem B.

For the proofs of Lemma 4.3 and 4.4, we argue by induction on m. The induction base
case is covered by Proposition 2.3(3)(c), as well as the case where G has nilpotency class 2.
Because of this, we assume without loss of generality that both G and H are of nilpotency
class greater than 2 and so m > 2: Lemma 3.5(3) implies that 0% # (0,0) and ot # (0, 0).
Additionally we assume that, if G is a 2-generated finite p-group with cyclic commutator
subgroup of cardinality |G’| < p™, then (0, 0'%) is an algebra invariant of kG. Denote
now

T =T/Soc(I"), inv(T) = (p,m—1,n1,n2,1, 1,070, 0,08, ul,ul), o' =(f, o)), oT=(f, o).

By Proposition 2.3(1), if ¢ : kG — kH is an isomorphism of algebras, then

d((G'; G)) = I(H'; H) and, as (G"; G)"""' = L(GH" 'kG = I(Soc(G'NkG =
1(Soc(G"); G), it follows that ¢ (I(Soc(G'); G)) = I(Soc(H'); G). We derive that
kG kH —

kH

G= = =
1(Soc(G"); G) 1(Soc(H'); H)
and the induction hypothesis yields that

00 =0of and 0% =0". 4.2)
As in the previous section, fix b = (b1, by) € B,(I") with o'(b) = o' for " € {G, H}. Thus
b1, by and a = [by, b1] have different meanings depending on whether they are considered
as elements in G or H. The context, however, shall always be clear and any confusion
avoided.

Lemma 4.3 One has 06 = o".

Proof By means of contradiction assume 0¢ # of! and without loss of generality suppose
09 <ex of . Recall that Z(G)NG’ = Z(H)NH', by Proposition 2.3(2)(e), so Lemma 3.5(1)
implies max{o{’, 0§} = max{of!, 0#'}. Combining this with Theorem 3.1(3) it follows that
ny < ny, for otherwise olG = 0{'1 = 0 and the previous maximum equals 02G = 051 .Asa

consequence of Lemma 3.9 and Eq. 4.2 we get that

max(0, 0f — 1) = 0,-6 = o = max(0, 0¥ —1).

Then either {00, off} = {0, 1} or {0F, 0¥} = {0, 1}, equivalently either (o, o) = (0, 1)

or olc = O]H and (026, 05’) = (0, 1). Moreover, by Theorem 3.1(3), we have that for each
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I' e {G, H} eitherol; =0, orog =0< 0{ or0 < o{ —02F < ny — nyp. Hence one of the
following conditions holds:

(1) 0% =(0,1)and o = (1, 0);
(2) 0% = (01,0) and o = (01, 1) with 1 <0y < 1 +ny —ny.
We will prove in both cases that Z(G)G'/G’ and Z(H)H'/H’ have different exponent
which, in view of Proposition 2.3(2) (e), is not compatible with kG = kH.
(1) First assume 0° = (0, 1) and o = (1, 0). Then, applying Lemma 3.7, we have
2G) = (b 0" o) and Z(H) = (b 88" 0,7 a).
It follows in particular that
7(G)/Z(G) N G' = Z(G)G' /G = <bf"H G’> x (bg’"’ G’> = C oy w1 X Cppaon,
Z(H)/Z(H) N H = Z(H)H'/H' = (bf'"G’) x (b2 1 G) = Cppy-m X C oy,

and, as ny < ny, the exponent of Z(G)/Z(G) N G’ is p’”_m'H while the exponent of
Z(H)/Z(H) N H'is p™ ™,
(2) Assume 0% = (01,0) and 0¥ = (01, 1) with 1 < 01 < 1 +ny — ny. It follows from
Lemma 3.7 that
2G) = (p" o8 67" " a) and Z(H) = (b1 b

m m—1

_ pin—oj
b7 57 a)
and therefore we also have

m—oy

ZG)ZUG NG =22GIG /G = ("G} x (B " G') = Cppion x Cproion,

m—1_  m—o|

Z(H)/Z(H) N H' =~ Z(H)H'/H' = <b1” b? G/> x (bg

m-oy+l _\
G ) 2 C oyt X C iyt

As 01 < ny — ny, the exponent of Z(G)/Z(G) N G’ is n; — m, and the exponent of
Z(H)/Z(H) N H'is ny —m + 1. This concludes the proof.

O

In light of Lemma 4.3, until the end of the section we write 0% =ofl = (01, 02).

G _ /H

Lemma 4.4 One has o’ o

Proof By means of contradiction we assume that 0'C # o'H and without loss of generality

we also assume that ¢ <jex o', In particular G 2 H and hence Proposition 2.3(3)(b)
/G /H

yields that G and H are not metacyclic. It follows that max(o’lG, 057, 0", 0’2H ) < m and,
as a consequence of Lemma 3.9 and Eq. 4.2, one of the following holds:
() ot = 0’20 + 1 and exactly one of the following holds:
(@) 0’2G =0, (b)oy=0, n—ny <o ando’zG = O’IG +n; —ny—oy.
(2) o = 0/C + 1 and exactly one of the following holds:
(@) o) =0, (b)o1 =0, 0 <min(0,%,0p) and 05’ = o[’ + 03 +n1 — ny.
Claim: We can write {i, j} = {1, 2} with 0 = 0; < 0j, 0} = o’jG = o’jH and ogG +1=

0§H. Moreover, if i = 2, we have that n;y — ny < 0;.
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We prove the claim separately for cases (1) and (2). More precisely, in case (1) we will
prove the claim with i = 2 and j = 1 and in case (2) we prove the claim with i = 1 and
j=2.

We first show that O’IG = o/lH . By Proposition 2.3(2)(b) we have exp(G) = exp(H) and
so Lemma 3.5(2) yields that

max(n; —i—o/lG,nz +0’2G) = max(n +0/1H,n2 +0/2H) = max(n +0’1H, n +0/ZG +1).

This implies that such maximum is 7 + o’IG = max(n] + o’lH, ny + 0’26 +1) >n + o’lH.
As 0’9 <1ex 0’7, it follows that o/lG = o’lH . Thus, if the claim fails, one necessarily has
0’2G = 0 and hence 2m — 01 + 0’2G = 2m — 01 > m. From Theorem 3.1(4) we thus derive
m < np. If o’lG > ( then Theorem 3.1(3) yields 0 = 02 < 07 and n; —n, — o7 < 0.
So, when 0/1G > 0, the claim follows. Otherwise, that is if o/lG = 0/2G = 0, we have
P2 < p" = exp(G) = exp(H) = max(p"!, p">*1) and therefore n; > ny + 1. Hence,
using Lemma 3.5(3) and the fact that (pk — 2)(m — max(o1, 02)) +ny —k > np > m for
k > 1, we have

Dy (G) = b{’”?, Dy (H) = (b7, a?""),
ny+ np+1
Dpr211(G) = (bf > Dyt (H) = (bf >
We obtain the following contradiction to Proposition 2.3(2)(c):
D, (G) D, (H)
~ P ~ P ~
CP = = = Cp X CP‘

Dpny1(G)  Dpmyi(H)
Suppose now that (2) holds. If 0’20 #* 0’2H then, by Lemma 3.9, the hypotheses in (1) are

satisfied and from the claim we obtain the contradiction o’lG = o’lH = o’lG + 1. Hence we
have o’zG = 0’2H . Therefore, if the claim fails, we necessarily have 0’¢ = (0, 05) and o’ H —

(1, 03) and hence pmax(itlntoy) — exp(H) = exp(G) = p™¥¥(1:12+0) Therefore nj +
0% = ni < ny 40y = ny + 0/¥ and Theorem 3.1(3) yields 0; = 0. It follows from
0% # (0, 0) that 05 # 0. This finishes the proof of the claim.

Combining the claim with Theorem 3.1(3) we deduce that n; + 0/ > n; + o —ojand

hence, applying (4) and (5) of Lemma 3.8 we have

puite’, T =G;

exp(Cr(I')) = ,
pr USRS TS 2

(4.3)

This yields a contradiction to Lemma 4.2. O

This completes the proof Theorem C. As a consequence, we set 0'¢ = o'l = (0}, 0%)
until the end of this section. The following is the same as Corollary D.

Corollary 4.5 One has C(G') = Cy(H').

Proof By Theorem 4.2(b) we have |D;(Cg(G")/Di+1(Cc(G"))| = |D;(Cg(H'))
/Di+1(Cy (H"))| for each i > 1, hence also |D;(Cs(G"))| = |D;(Cy(H))| for each
i > 1. In order to prove the lemma we will write a presentation for a group A depending
only on p, m, ny, na, 01, 02, 0}, 05 and e, where p¢ = D 10140y (Cr(I'))|, and show that
Cr(I') = Afor T € {G, H}. We rely on the description of Cr(T"’) given in Lemma 3.8(2)

and analyze the different cases listed in Theorem 3.1(3).
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Assume first that o1 = 0. Then Cr(I"") = <b1,b§02,a>, and by Eq. 3.8 and Lemma

T o 0
2.1(2) we have [b;' P 2, b1l = AP Defining

/
m—oy

A =<x,y,z |y, x]1 =27 [z, x] = [z, yl = LxP" =P 1 pP ™ =g 2 7" = >

. ug ul;p02
the assignment (x, y, z) = (b;”, b,

Next assume that 0, = 0 < 0y, so that Cp(I'') = <b‘f"l , b, a). Set

r r . .
, a"1*2) extend to an isomorphism A — Cr(I'').

o1 n—o) ol uy -
A=<x,y,z|[y,X]=z” Jz,x1=1[z,y1=1,x* =zP L yPT =7 7P =1>.
H ”gp()l ”11- ul'al'y - . .
Then the assignment (x, y, z) = (b, ,b,y',a"1"2) induces an isomorphism A —

Cr(I).
Finally assume that 0102 > 0. Then oy < 01 < 02+n1—nz and 0] < 0} < 0| +n1—ny,

and we also have
CF(F/) _ <bf01 ’ b{,olfozbzfl’ a> — (bf

01=02  _1  p®
by b ).

Let r/ be an integer such that rpr’ = 1 mod p™. By the definition of r, in Eq. 3.1
we have ¥’ = 1 mod p™ % and, as 0y > o0, we also have ¥’ = 1 mod p™ 9.
Applying Eq. 3.9 we get [bz,b{71 2bz_l] = q"S(lP""") and, as a consequence,
that [b) z,bf ! 2b;l] = q"'S(ilp"172)8@20p)  From Lemma 2.1(1)-(2) and ' = 1
mod p™~°! we derive 'S (r1 | p”7%) S (r2 | p®) = r'p° = p°" mod p™, from which
it follows that [62"*, b7 "
that

b;l] =aP”. As Cg(G') is of class at most 2, we have moreover

[bgpoz, (bfol_o2 bz_l)“’] =a?"'¥  foreveryd,e € Z. (4.4)

We construct different A’s depending on whether s = n; —I—o’] —ny —0/2 — 0103 is positive,
negative or zero.
Suppose s > 0 and take o' = ulf - ugps and

— + ”1*0/ — WI*D/
A:<x,y,z|[y,x]zz”"‘,[z,x]:[z,y]z T L e L 1>'

Define additionally We claim that the homomorphism fr : A — Cr(I'/) that is defined
by

r

0] —0) 0) ul

_ r r r
xn—>x1:=(b{7 bzl)"Z, y|—>y1:=bgp, 7271 :=a"

is in fact an isomorphism. Indeed, both a and z have order p™ and Cr(I'')/ {a) = A/ (z) =

Cpni-o1+0y X Cpyny—0y, 80 to prove that fr is an isomorphism we check that x1, y; and z;

satisfy the relations of A. It is clear that [z1, x1] = [z1, y1] = | and regularity grants that

/ /
ny—oy+oy =0 =02 L) .
xl =zf and y{ =z ”.The last relation follows from Eq. 4.4.
In case s < 0 we take ol = ul;ps — uzr,
B e B o pmeerter s ey ety
A={x,y.z|ly,x]=2" [z, x] =z, y] =1, x =z Y =z 2 =1},
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and fT defined as in the previous paragraph. The same argument shows that fr is a group
isomorphism.

. . ro. .
Finally suppose that s = 0 and factorize ulf — ug = wl pt with w' coprime to p.

Observe that (w%, €9) and (w#, ¢H) might be different, nonetheless the following hold:

P° = D040, (Cr (D) = |Gy —0y+0, (Cr ()| =

<apmin(m—n/1 +eF JTI*O/I +0p,n1—01+03} >

As aresult, e = max{o — or, 0] —o02,m —ny +o01 — 03,0} is independent of " € {G, H}.
We now give contructions of A depending on the value of e.
Assume that e = max{o] — 02, m — ny + 01 — 02, 0}. We set

,
0] 1] —o1+o0p 1y —0) '"*"2 m
A=<x,y,z\[y,x]=z” Jzox1 =1z, y1 =1, xF =1,y° =zF *)7F :1>

and select an integer v such that vug =1 mod p™. Then we obtain an isomorphism A —

r o
Cr(T”) by assigning y — b;‘ P2 s a1 and

(A S ) if e = 0;
1 2 4 -
01—0y _ T m—o, —n1+lr+al—02 r .
X = (bf bzla wipt Y2, ife=m—n;+o1 —o0p;
o1=03  —14+ul —ul v, r .
(bf b, R L ife =0} — 0.

Otherwise assume e = o/, — £ > max{o) — 02, m — n; + 01 — 02, 0} and we take
1 1
0 1] —01+o m—e 719 —0 m—o, m
A=<x,y,z|[y,X]=zpl,[z,XJ=[z,y]= LxP T = P PR o 2 g =1>.

Slightly modifying the arguments from the previous paragraph, one easily shows that

01—0) r,r

_ r I jop
x> GV Ty, yes by PT, and zesa" 2

determines an isomorphism A — Cr(I"). O

The following result is the same as Corollary E.

Corollary 4.6 The groups G and H have the same type invariants.

Proof We will express the type invariants solely in terms of (p, m, n1, na, o1, 02, 0’1, 0’2).
The corollary then will follow from Theorem C. The discussion after [44, Theorem 3.1]
guarantees, for I' € {G, H}, that w(I") € {2, 3} and, moreover, w(I") = 2 if and only if I" is
metacyclic, that is if max{o’1 , 0’2} = m. In view of Proposition 2.3(3)(b) we assume without
loss of generality that @ (I") = 3. In this situation, as indicated in [44], the type invariants
satisfy the following properties:

exp(D) = p*i, [T =p9i+2%4 and p% =min{lg|: g € D)\ V(D). (4.5)
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where ¢ (I") = <b{7 , bf , a> is the Frattini subgroup of I" and elr denotes the i-th type invariant
of I'. We claim that the type invariants are given by the following formulae:

ef = max(n| + o, nz + 0}),
eg = n1 + ny + max (0}, 05) — max(n + o}, ny + 05), (4.6)
r

ey =m —max(0}, 0}).

Indeed, by Lemma 3.5(2) the exponent of G is p™x(11+01.m240) g5 Eq. 4.5 yields the first
equality. Moreover the order of G is both p’glr*ezr +€5 and ptmiF2 Therefore it is enough
to prove that e}’ = m —max (o, 0}). For this, let g in ®(I")\ U1 (T"). Then g = b}""' b} " a?,
with 1 < min{sy, s2} and p does not divide zxy. Conversely, every element of such form
belongs to ®(I") \ Uy (I"). Thanks to Eq. 3.6, if pN > |g| then

B . AN N 51 5 ' w2 N\, of P w2 N
L= G gty = b g S Ser T (3 S (7 )
(CX))

Thens; + N > n; fori = 1,2 and, as n1 > m, Lemma 2.1(1)-(3) yields

vp <S(r1 |xp’“)’T(r'lw\\l,r;pYZ |pN)) >s1+N>n>m and v, (zS(rf‘"glr'zvp§2 |pN)) = N.

So S (rfpsl réVPSZ | pN) = ApV, for some integer A = A(x,y, s1, s2), with p not
dividing A. Hence Eq. 4.7 can be rewritten as

r, s +N—n1+m—(/l

. s9+N—ny+m—o.
xuy p 2 2

/
l=a +yu£p‘ 2+ZApN

and eg is the minimum value of N such that there are integers x, y, z, s; and s; satisfying

pixyz, 1<s si+N=>=n;, and

xu{‘psl+N—n1+m—o’l + yugpsz+N—nz+m—o’2 + ZAPN =0 mod p™. (4.8)

If N > m then the conditions hold trivially taking s; and s, large enough, so we look for
values N < m. Then zAp" # 0 mod p™ and hence s; and s» should be taken satisfying
one of the following conditions:

Dsi=n1+0y—m, Qs2=ny+0s—m, @)m<ni+o0|—s1=ny+0,—s.
In the three cases n; < s; + N < n; +0; —m + N and hence N > m — o}. This shows that
N > min(m — o}, m — 05) = m — max (0}, 0})

and hence, in view of the above we assume that max(o’l, 0’2) > 0. It now suffices to prove
that, for N = m — max(o/l, 0/2), there exists integers x, y, z, s1 and s, satisfying Eq. 4.8.
From N < m we conclude that max(o}, 05) > 0. We note, moreover that n; + o > m.
Indeed, if this weren’t the case, we would have n; < m and, applying Theorem 3.1(2)-(4),
thati = 2 and ny = 2m — 01 — 0}, > m — 0,. If 0] > 0}, then the following integers satisfy
Eq. 4.8:

N =m—0], si=n+oj—-m=n;—N >0, sy=nyt+oh>m, x=-1, y=1, z=Bu
with B an integer such that AB = 1 mod p™. Otherwise 05 > 0} and a symmetric
argument shows that for N = m — 0/, the integers

x=1, y=-1, slznl—l—()/lZm, szznz—m+o’2:n2—N>0, 7= Buy
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satisfy Eq. 4.8. This finishes the proof of Eq. 4.6 and hence also of the corollary. O
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