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Abstract

We develop a comprehensive theory of algebras over a field which are locally both finite
dimensional and central simple. We generalize fundamental concepts of the theory of finite
dimensional central simple algebras, and introduce supernatural matrix algebras, the super-
natural degree and matrix degree, and so on. We define a Brauer monoid, whose unique
maximal subgroup is the classical Brauer group, and show that once infinite dimensional
division algebras exist over the field, they are abundant.

Mathematics Subject Classification (2010) Primary 16D30 - Secondary 16K20, 12E15

1 Introduction

Finite dimensional central simple algebras over a field are a classical topic, which interacts
with several current research trends, and is being actively studied by many authors. Numer-
ous textbooks are available ([11, 16, 19, 29, 31]; also see the list of open problems [4]).
However, with very few exceptions, the class of algebras which only locally belong to this
class has been ignored. In this paper, a property holds locally if every finitely generated
subalgebra is contained in a subalgebra with this property.

Let F be a field. An F-algebra is central if its center is equal to F. In this paper
we develop the theory of algebras over a field, which locally are central simple of finite
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dimension. These are “locally Azumaya F-algebras”: every finite dimensional subspace is
contained in an Azumaya F-subalgebra.

Let Cj denote the class of such algebras. We observe that every algebra A € Cj can
be presented as an injective direct limit of a directed system of finite dimensional central
simple algebras. We find it useful to keep track of the order type of the directed system,
which invites some notions from order theory, most prominently cofinality of subsets.

Let C}; denote the class of F-algebras which are direct limits of a system of finite dimen-
sional and central simple algebras indexed by the directed set I". This class is a monoid with
respect to the tensor product, and is closed under countable direct limits if I" is infinite and
every initial segment is finite. Infinite tensor products serve as an interesting example.

We assume familiarity with the basics of the finite dimensional theory, including the
degree, splitting fields and the double centralizer, as well as standard properties of the
Brauer group, whose elements are finite dimensional central simple algebras modulo
matrices, with the tensor product operation.

One of the main themes of the paper is that while the basic invariants of finite dimen-
sional algebras are natural numbers, such as the degree and index, for locally finite algebras
the appropriate notions require supernatural numbers (such as 2 - 5% or the product of all
primes). We develop supernatural matrices, a supernatural degree, a supernatural matrix
degree and a supernatural dimension of fields (supernatural matrices over C appear in the
theory of C*-algebras as “hyperfinite algebras”, see [12]). All these combine well with
primary decomposition, which is fundamental in the finite dimensional theory.

Countably generated algebras which are locally finite dimensional and central simple
compose the class C%. The p-primary component of C has a particularly nice structure,
of a semigroup with a zero element, which is the supernatural matrix algebra M e (F).
Absorption by this algebra gives the monoid its distinct flavor. Using the primary decompo-
sition (which was proven by Koethe [20] for division algebras in C), we obtain a precise
description of algebras in C%.

Finite dimensional central simple algebras are Brauer equivalent if they are isomorphic,
give or take finite matrices. Similarly, countably generated locally finite central simple
algebras are Brauer equivalent if they are isomorphic, give or take locally finite super-
natural matrices. This leads to the “countable Brauer monoid” Br®(F) of the equivalence
classes, which decomposes as an infinite product of p-primary monoids, each containing
the respective p-part of the Brauer group as its unique maximal subgroup.

The quotient of the countable Brauer monoid by the action of the Brauer group is the
semigroup of countably generated locally finite central simple algebras, up to finite factors.
This is clearly the right setup in which to study the interactions of countably many finite
dimensional central simple algebras. We show that this semigroup is nil of index 2, and
has no irreducible elements (according to [17], such semigroups “are rarely seen”). We also
show that once this quotient is nonzero, it actually supports an uncountable chain of infinite
dimensional division algebras.

The paper has four parts. Part L. In Section 2 we present the class Cj. of locally finite
central simple algebras, contrasted with some of its close relatives. The local properties
invite a presentation of the algebras as direct limits over directed sets. The directed sets
filter C, as a union of the sub-classes C I, ranging over all directed sets I". In Section 4 we
observe that every C}; is closed under the tensor product. Interactions between the directed
sets, such as completeness and cofinality, are discussed with their corresponding monoids
C}; in Section 5.
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Since all algebras in C. are simple, Artinian algebras of Cj, are isomorphic to matrices
over a unique division algebras. In Section 6 we observe that this underlying division alge-
bra is in Cj, and has the same order type as the original algebra. The degree, which is a
fundamental invariant in the finite case, is defined with supernatural values in Section 7.

Part II. A significant portion of the paper is devoted to the class C of locally finite
central simple algebras which are countably generated. In Section 9 we discuss their pre-
sentation as direct limits. In particular we show that such an algebra is uniquely determined
by its finite dimensional central simple subalgebras. Other diverse classes of examples, that
of infinite and countable tensor products, are presented in Section 10. Indeed, infinite ten-
sor products are the most accessible example. In Section 17 we construct an infinite crossed
product which is also a locally matrix algebra, but is not an infinite tensor product.

The double centralizer theorem provides ample decompositions of of finite dimen-
sional as tensor products. After establishing a somewhat technical description of morphisms
between algebras in Cj‘p’ in Section 11, we can show in Section 12 that the double centralizer
theorem fails quite often; in fact, every factor subalgebra is also present as a pathological
subalgebra. In this context, it is interesting to note that Barsotti [5] constructed a proper
endomorphism for every division algebra D € C%, and used this to build an algebra in Cp
containing D, which is not countably generated.

In Section 13 we define Sylow subalgebras, which lead to existence and uniqueness of
primary decomposition for the algebras in C.

In Section 14 we study Clifford algebras of infinite dimensional nonsingular quadratic
spaces. Such algebras are always in C,. We compute the centralizer of a Clifford subal-
gebra, which provides an easy example where the centralizer of a central subalgebra is not
necessarily central.

Part III. In order to obtain an underlying division algebra for non-Artinian algebras, we
develop supernatural matrices in Section 15. In Section 16 we introduce the supernatural
matrix degree. This leads to a classification of countably-generated algebras in Cj, as a
unique supernatural matrix algebra over a unique division algebra of minimal degree. It is
then easy to show in Section 19 that the only idempotents in C are supernatural matrix
algebras, with certain infinite supernatural matrices as zero elements.

Part IV. In the final part of the paper we study the countable Brauer monoid, defined
by declaring algebras in C% to be equivalent if they are isomorphic up to locally finite
supernatural matrix algebras. For comparison, Morita equivalence is shown in Section 20
to be isomorphism up to finite matrix algebras. We show in Section 21 that in each primary
component, the Brauer group is the subgroup of invertible elements in the countable Brauer
monoid. In Section 22 we focus on the infinite part of the countable Brauer monoid, which
is obtained by taking the quotient of the countable Brauer monoid with respect to the Brauer
group action. Each primary component is a nil semigroup of index 2, with no irreducible
elements. In particular, if there are (infinite) countably dimensional division algebra which
are locally finite, then there is a continuum of division algebras which are inequivalent under
tensoring with finite dimensional algebras (22.6). Section 23 is devoted to countable tensor
products over special fields: each primary component is finite over a local or global field,
and some interesting observations can be made when F has finite Brauer dimension.

Finally, in Section 24, we study restriction and splitting fields, and show that every
infinite dimensional subfield of an algebra of infinite prime-power degree splits the algebra.

We are indebted to an anonymous referee, who carefully read the paper and suggested
numerous improvements to its presentation.
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Part|. Local Properties and Direct Limits

2 Local Properties and Direct Limits

Our algebras and morphisms are always over a fixed field F, and unital. We begin the
discussion with some general comments on algebras defined by local conditions. Let P
be any class of algebras. We say that an algebra A is locally-P if every finitely generated
subalgebra of A is contained in some P C A such that P € P. We do not assume a-priori
that P is finitely generated, although this will be the case most often. For example, one can
stipulate that all algebras in P are finitely generated. A finitely generated locally-P algebra
is of course P.

Recall that a directed set is a partially ordered set in which every finite subset is bounded.
Our direct limits (“colimits” in the categorical sense) are always taken over a directed set,
which may vary. We say that a direct limit 1'11)1A » is injective if all the morphisms A, — A,/
are injective. More details on direct limits are recalled in Section 4.

Proposition 2.1 Let P be any class of algebras. Any injective direct limit of a system of
algebras from P, is locally-P.

Proof Consider an injective direct limit A = h_r)n A, where the A; € P.Let S € Abea
finite set. Every element of s € § is contained in some A;,, and by definition of the directed
set, there is A such that A, < A for all s; but then F[S] C Ajy, since the maps A — Aj are
injective. O

Proposition 2.2 Let P be a class of finitely generated algebras. An algebra is locally-P if
and only if it is an injective direct limit of a system of algebras from P.

Proof Assume A is locally-P. Every algebra is an (injective) direct limit of its finitely gen-
erated (unital) subalgebras. Since every such subalgebra is contained in an algebra from P,
which is finitely generated, the subsystem of the subalgebras P C A such that P € P is
cofinal. Therefore, A is a direct limit of its subalgebras from P. The other direction holds
by Proposition 2.1. O

Proposition 2.3 Let P be a class of algebras. The class of locally-P algebras is closed
under injective direct limits.

Proof Let A = li_r)nA » be an injective direct limit of locally-P algebras A,. By Proposition
2.1, A is locally-(locally-P). But this just means every finitely generated subalgebra is con-

tained in a locally-P subalgebra, and is therefore contained in a subalgebra from P; so A is
locally-P. O
3 Locally Finite and Central Simple Algebras

An algebra A (over F) is central if its center is equal to F. Throughout this paper, we are
concerned with the following class of algebras:
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Definition 3.1 An algebra over F is locally central simple and finite dimensional if every
finitely generated subalgebra is contained in a central simple subalgebra which is finite
dimensional over F. The class of such algebras is denoted by C..

Notice that we require finite dimension over F. This should be compared to another
interesting class, of locally simple-and-PI-algebras (not to be confused with simple alge-
bras which are locally PI). Kaplansky proved that simple PI algebras are finite over their
center [18], and thus simple Artinian. Therefore, a locally simple-PI algebra is locally
simple-Artinian. There is a famous example due to J.C. McConnell (unpublished) of a
non-algebraic locally PI division ring, which is thus locally simple-PI, but is not PI. Our
assumption is stronger, that the dimension of finitely generated subalgebras is finite over F,
so in particular the algebra must be algebraic. Locally PI division rings are called “weakly
locally finite” in [9], also see [8]. Division algebras in which every subalgebra generated by
two elements is finite dimensional are studied in [10].

Every direct limit of simple algebras is injective, so by Proposition 2.2, we have:

Corollary 3.2 An algebra is in C, if and only if it is a direct limit of finite dimensional.
To get started, we state the obvious

Remark 3.3 A finite dimensional algebra over F is in Cj if and only if it is simple and
central.

Remark 3.4 A direct limit of division algebras is a division algebra.
We also have by Proposition 2.3 that
Corollary 3.5 The class Cy, is closed under direct limits.

Proposition 3.6 A locally central algebra is central; and a locally simple algebra is simple.
In particular, any algebra A € Cp, is central and simple.

Proof Let A be a locally central algebra. Let z € Cent(A). By definition z € Aq for some
central Ag C A, so obviously z € Cent(Ag) = F. Now let A be a locally simple algebra. Let
0 # I<A.Let0O # a € I. Thena € Ag for some simple subalgebra Ag, anda € INAg<lAo,
showing that 1 € I N Ay C 1. O

Remark 3.7 Algebras in Cp are von Neumann regular (since the class of von Neumann
regular algebras is closed under direct limits).

4 Direct Limits and Tensor Products

On several occasions below it will become necessary to follow explicit morphisms. Towards
this end we recall an elaborate notation for direct limits, as follows. A directed set is an
ordered set (A, <) such that for every A, 1 € A there is A” € A such that A, 2" < 1", A
directed system of algebras and morphisms is a set {Ay, ©yy }, indexed by a directed set
", such that ¢, : A),— A, satisfy the standard compatibility condition. We further assume
that the maps are unital, and since the algebras are simple, all morphisms are injective.
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558 T.Bar-On et al.

The direct limit {A, (py} = H_r)nF{Ay, (pyy/} is an algebra A with morphisms ¢, : A, —A
which happen to be embeddings. It is customary to omit some or all the maps and write
A=Ilim {A,,¢,,}orA=1lim A,.

—T —T

4.1 Morphisms

Let {A, <py} = h'_r)nF{Ay, ‘Pw’} be a direct limit of algebras. We occasionally apply the
categorical definition of the direct limit, as follows.

Remark 4.1 (1) Let R be any algebra, and I' a directed set. A system of morphisms
{ fy :A],—>R} is compatible if it satisfies the condition f,/ o ¢,,» = f, for every
y < y’. A compatible system defines a morphism f :h'_I)nAV—>R such that f o

@y = fy; since every element of A is of the form ¢, (x) for some y € I' and
x € A, this condition in fact defines f. Moreover, if all the f,, are injective, then so
is f.

(2) More generally, let «:I'—=A be a map of directed sets, and let {A, (p],} =
lim {A). 0, } and {B, s} = lim  {Bs. s} be direct limits over I" and A, respec-
tively. A system of morphisms { fy :AV—>B(X(V)} is compatible if it satisfies the
condition f,/ o @, = Ya ey © fy forevery y <y’ inT'. A compatible system
defines a morph.ism. f: li_r)nFAy.—> h_r)nABg such that f o ¢, = Yu(y) o f,. Again, if
all the f, are injective, then sois f.

(3) When A =T and « is the identity in (2), we denote f = ll_II)l fr-

4.2 Tensor Products

The tensor product is of fundamental importance in the theory of finite dimensional central
simple algebras. We show in this subsection that C is closed under tensor products.

Remark 4.2 [3, Exer. 2.20] The tensor product commutes with direct limits.

More precisely, given a direct limit {A, (py} = l'gl)lAy and an algebra B, the morphisms
1®¢,:B&A, — B ®h—l>nrAV are compatible, and the map 1'1)11(1 ®wy) :li_n)lr(B ®Ay)
— B ®li_r)nFAy defined as in Remark 4.1. (1), is an isomorphism.

Let I', A be directed sets. The direct product I' x A is ordered by setting (y,§) <
(y',8) if both y < y’ and § < &, and becomes a directed set. Let {Cyg,
(py(;’yfg/} be a system of algebras over I' x A. If y < y/, there is a morphism
Yyy = li_n)lA(py,;,y/,; :1'£1>1AC3/5—>h'_n)1ACyr,; defined by Remark 4.1. (3). The system

{li_r)nACyg, Oyy! }, indexed by T', is compatible, and has its own direct limit li_r)nrl'i)nACyg.
Proposition 4.3 (e.g. [30, Cor 13.3]) h—r>nr><ACV‘3 = li_r)nr li_rr)lA Cys.
Corollary 4.4 1i_r)nr li_r)nA Cys = li_rr)lA li_r)nr Cys.

The double limit applies to tensor product, as follows. Let I and A be directed sets,

and let A = li_n)lr{Ay, @yy} and B = lim {Bs, ¢sy} be direct limits over them. By
lglrxA(AV ® Bj) we mean the direct limit of the system l'gl)lFXA {Ay ® Bs, ¢y ®<p55/}.

@ Springer



Locally Finite Central Simple Algebras 559

Proposition 4.5 The class C. is closed under tensor products.

Proof Write A = h_r)n A, and B = lim , Bs where A,, B are finite dimensional and
central simple. By Remarks 4.3 and 4.2,

A®FB = (li_n;lAy)®B

r

= li_n>1(Ay ®B)

r
= lim(4, ®limB;)

r A
= lim(lim(A, ® Bs))

r A
= lim (4, @ By).

'xA
which is a direct limit of finite dimensional central simple algebras. O

Furthermore, F is the identity element with respect to the tensor product operation.
Notice that C, is not a monoid, being a proper class in the set-theoretic sense.

4.3 Cofinality

Given a system {Ay, goyy/} of algebras and morphisms over I, its restriction to a subset
Iy C T is the obvious subsystem with y, ¥’ € T'y.

Lemma 4.6 Let " be a directed set and 'y C T a directed subset. For any injective directed
system {Ay, (pyy/} over I", we have that h—n>1r0AV C li_IlQFAV'

Proof Let {A’, go;/] = li_r)nFOAy and {A, ¢, } = lim A, . The system of maps ¢ : A, —A

is compatible, and its limit over I'g induces a map f : A’— A, which is injective. O

Recall that a subset Iy C T is cofinal if for every y € T there is ¥’ € T’y such that
y < y’. (A cofinal subset of a directed set is itself directed).

Lemma 4.7 Let " be a directed set and Ty € I a cofinal subset. Let {Ay, <pyy/} be an
injective directed system of algebras over I'. Thenlim |, A, =1lim_A,.
—> Ty —T

Proof Continuing the proof of Lemma 4.6, the map f is onto because for every y there is
some yy € [ such that g, (Ay) € ¢y, (Ay,) = (fopy )(Ay) C f(A)),andsoA CA’. O

5 The Classes Cf

For a directed set T, let C}; denote the class of direct limits of the form A = li_r)nFAy,
over the given set I', where the A, are finite dimensional and central simple algebras, as
always. For example, letting 1 = {0} denote the singleton, we have that C},, is the class of
finite dimensional central simple algebras. If I’ = I'” as partially ordered sets, then clearly
ch=cl.
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5.1 Tensor Productin C}
We can now refine Proposition 4.5.

Proposition 5.1 For every directed system T,

limA, ®lmB, =lim(A, ®B,). (1)
r r r

In particular, C; is closed under the tensor product.

Proof As we have seen in Proposition 4.5,

limA, ®limB, = lim (4, ® B,

r r I'xT
but the diagonal subsystem {(y,y): y € I'} is cofinal in I x I', so by Lemma 4.7,
lim. (Ay ®By) =lim.(Ay ®By). =

Corollary 5.2 C}. are monoids contained in C,.

5.2 Changing the Directed Set

Let I be a directed set. Recall the right order topology on I', whose basis is composed of
the sets we denote as [y, ") = {y’ el y< y’}. A subset A C T is open if whenever
8§ <y el and$ € A, we have that y € A. Similarly, a subset A C T is cofinal if and only
if it is dense in this topology.

We say that a subdirected set A is complete in I" if for every y € T, the set (—A, y] =
{6 € A: § <y} iseither empty or has a maximum.

Example 5.3 (1) Every open subset A C I' is complete, because if (—A, y] is not empty
then necessarily ¥ € A is the maximum.

(2) LetI be adirected set, and let y € I'. Then the open subset [y, I') is cofinal in I'.

(3) For directed sets I', A and fixed o € A, I' x {§p} is complete in ' x A. Indeed, we
require that every non-empty (—(I" x {§o}), (v, §)] will have a maximum. If 89 £ &
this set is empty, and if §o < & then (—(I" x {éo}), (y,8)] = (—TI, y] x {80} has a
maximum (y, 8p).

We need the following generalization of Proposition 4.3.

Proposition 5.4 Let T be a directed set. Let A be a directed set, with an order-preserving

map I'— P(A) taking each y € T to a directed subset A, C A, such that A = Uyer Ay

Let {As, gss'} be a system of algebras and morphisms indexed by A. For y < y’ there is

a natural morphismlim . As—1lim . Ay. Taking the limit over T', we get an isomorphism
— A, Ay

h—I>nyEF(h—r>nAy Ag) = lim,  As.

Proposition 5.5 Let A and T" be directed sets.

(1) IfA C T iscompleteinT, then C? C C};.
(2) IfACTiscofinalinT, then C& 2 C};.
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(3) IfA C T is cofinal and complete in T, then C& = CII;.
(4) If there is an order-preserving surjection A—T, then C? 2 C;.

Proof (1) If A € T is open, the proof is straightforward: given a direct limit 11_11)1 AAg,
we can set A, = F for every y € I" which is not in A, with the obvious morphisms

A,— A, for every y, y’ which are not both in A. Then h_rr)l A, =lim AA
In the general case we apply Proposition 5.4 with the same I’ and A, and with
Ay = (A, y], which are directed by assumption. Clearly (J, e Ay 2 Usea As =
A. Given a direct limit lim . As with finite dimensional central simple algebras As, for
every y € I', either A, is empty, in which case li_r)n8< A5 = lim A, Asisequalto F; or

A, has a maximum Jy, in which case the limit is lim A5 = 11m A,g As,, which
—8<
is finite dimensional. Therefore, lim_, A5 = lim (hm Ag) 1s a limit over I" of
—>8eA —yel"—4

finite dimensional central simple algebras.

(2) Follows from Lemma 4.7.

(3) Mutual inclusion.

(4) Let m:A—T be the given projection. Given a system of finite dimensional cen-
tral simple algebras {A,, ¢,,/} indexed by I" such that A = limA,, the system

{An(g), O (8)m(8) }, indexed by A, has the same limit.
O

Corollary 5.6 For every two directed sets ', A we have that C;, CI% - C;XA.

Proof Standard copies of I', A are complete in I' x A by Example 5.3. (3). O
Recall that C; is the monoid of finite dimensional central simple algebras.

Corollary 5.7 If a directed set T is bounded then it has a maximum and C%. = C }p

Proof The embedding of the singleton to the maximum point is both cofinal and complete.
O

5.3 Being Properlyin C}

We say that an algebra A is properly in C; if it can be presented as a direct limit
A= 11_1’1)1 ElWA), of finite dimensional central simple algebras, such that A, C A, (proper
Y

inclusions) whenever y < y’.

For any algebra A € C,. we define X to be the set of finite dimensional central simple
subalgebras of A, ordered by inclusion, so this is a directed set precisely because A is locally
both finite dimensional and central simple. Clearly A = h_I)n AgeTs Ap, and X is the largest

directed set I" for which A is properly in C};.

Proposition 5.8 Let I' be a directed set and A € C};. Then there is a cofinal subset T° C
4, with an order-preserving surjection T—T'0, such that A is properly in C};O.

Proof A presentation {A, ¢, } = lim A, over I, where A, are finite dimensional central
simple algebras, induces an order-preserving map 7 : '— X defined by y — ¢, (A,).
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Let I'° be the image of this map. Since A is the limit over I' of the A, ,every Ag € Xy is
contained in some ¢, (A,) (y € I'),s0 Ag < A, in X4 and 'Y is cofinal. O

More precisely, the proof yields:

Proposition 5.9 An algebra A € Cy, is properly in C}; if and only if T is isomorphic to a
cofinal subset of L4.

5.4 The Heightof T

We propose a trichotomy of directed sets according to height, as follows. The height of a
directed set I', denoted ht(I"), is finite if there is no order-preserving injection w—TI"; the
height is w if there is an injection w—I" but there is no injection @ 4+ 1—T'; and the height
is > o if there is an injection w + 1—=T".

Proposition 5.10 Let I' be a directed set. If there is any algebra A which is properly in C};,
then ht(I') < w.

Proof Let A = H_r)nFAy be a proper presentation. Then the function I'—N defined by
y + dim A,, is strictly increasing, so @ + 1 cannot embed in I" because it does not embed
in N. O

Remark 5.11 If a directed set I' has finite height, then it is bounded and therefore has a
maximal element; thus C; = C}p.

The bounded case is uninteresting by Corollary 5.7. Everything interesting happens in
the Goldilocks zone of ht(I") = w.

Remark 5.12 If ht(I') = w then C$ C CE. Indeed, in this case there are embeddings w—T",
and the image of every such map is complete because of the height.

6 Artinian Algebrasin C,

After defining factors, to become more useful later on, we derive an analog of Artin-
Wedderburn structure theorem for the classes C};.

Definition 6.1 Let A € C,. We call a subalgebra B € Cj a factor of A if there is a

subalgebra B’ € C. of A, such that the natural homomorphism B @ B’ —> A, defined by
b®Db' — bb', is an isomorphism.

Necessarily in this case, B’ is contained in the centralizer C (B). Since A = B ® B/, and
since B is central, it follows immediately that B’ = Cx (B), and B’ itself is a factor of A. In
particular Ca (Ca (B)) = B.

By the double centralizer theorem, if A is finite dimensional, every central simple sub-
algebra is a factor. However, as we will see in Section 12 below, this is far from being the
case in general.
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Remark 6.2 If B, B’ € C,. then both are factors of BQB'.

Finite dimensional central simple algebras By are characterized by the fact that whenever
Bo— R, and R is any algebra, then R = By @ Cr(By) [15, Theorem V.11.2]. We refine this
characterization in Proposition 6.3. Pathological behavior of infinite central simple algebras
in this context is exhibited in Section 12.

Proposition 6.3 Every finite dimensional central simple subalgebra of an algebra A € C
is a factor.

More precisely, ifA € C; and By C A is a finite dimensional central simple subalgebra,
then C4(Bo) € Ck. and A = By ® Ca(By).

Proof Write A = limFAy where A, are finite dimensional central simple subalgebras.
There is some yy € I' such that By C A,,,. By Lemma 4.7 applied to Example 5.3, we may
assume Yy is the minimal element of I' (preserving the assumption that A € C }; by Propo-
sition 5.5(3), because [yp, I') is confinal and complete). In particular, for every y € I,
By € A,. Therefore, for every y € I', A, = By ®CAy (Bp), and if y < y’, the mor-
phism A, — A,/ restricts to a morphism Cy, (Bo)—>CAV, (Bo) in a compatible manner. By
Remark 4.2,

A =limA, =1im(Bo ®Ca, (Bo)) = Bo ®lim Cy, (Bo).
r r r

It remains to show that Cp (By) = H_I)III, Ca, (Bo), which is obvious. In particular Ca (Bg) €
CcL. O

Proposition 6.4 (Skolem-Noether for C) Let A € Cp. Every isomorphism between finite
dimensional central simple subalgebras of A is induced by conjugation.

Proof Let By, By € A be isomorphic subalgebras. There is a finite dimensional central
simple algebra B C A containing both By and B;. By Skolem-Noether for B, there is
b € B* inducing the given isomorphism, and clearly b € A*. O

We thus have matrix cancellation in C, (see [22]):

Corollary 6.5 Let B, B’ be arbitrary algebras. If M, (B) = M, (B’) € CL, then B= B’
and this algebra is in C;.

Proof Apply Propositions 6.4 and 6.3. O

Theorem 6.6 Every Artinian algebra in C}; is a (finite) matrix algebra over a division
algebra from CF..

Proof Since A is simple Artinian, we can write A = M,,(D) for a unique division ring D
and unique n. By Corollary 6.5, D € C;. O
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7 Supernatural Numbers and the Degree

Recall that the degree of a central simple algebra is the square root of the dimension. This
is a fundamental invariant, but natural numbers cannot serve as degrees when the dimen-
sion is infinite. Moreover, the lattice of natural numbers (without zero), with respect to the
divisibility relation, is not complete. Both issues are resolved by moving to supernatural
numbers.

Definition 7.1 A supernatural number is a formal product n = I1p*», where the product
ranges over all the prime numbers p, and each «), is a finite natural number or infinity. (If
all ¢, are finite and almost all o), = 0 we recover the natural numbers.)

Supernatural numbers can be multiplied, by setting p*° p® = p for every . Multiplica-
tion then defines the divisibility relation, which is a weak order relation (namely transitive,
reflexive and antisymmetric). As with natural numbers, the divisibility relation defines the
greatest common divisor (gcd) and the least common multiple (Icm). Unlike the lattice of
natural numbers, the lattice of supernatural numbers is complete: every set of supernatural
numbers has gcd and lem.

Definition 7.2 Let A be an algebra in Cj. The degree of A is defined as the lcm of the
degrees of its finite dimensional central simple subalgebras Ag C A.

In particular, the degree of a finite dimensional central simple algebra,, as defined here,
coincides with the standard degree of the algebra.

Lemma 7.3 For algebras A, B € Cp, if there is an embedding A— B, then degA divides
deg B.

Proof Every finite dimensional central simple subalgebra of A is also a subalgebra of B.
O

Proposition 7.4 Let A = limA, where A, € Cp. Then deg(A) = lem{deg(4,)}.

Proof On one hand every A, is a subalgebra of A, so lcm{deg(Ay)} divides deg(A). On
the other hand, every finite dimensional (central simple) subalgebra of A is a subalgebra of
some A, so its degree divides deg(A,). O

In particular,

Corollary 7.5 Let A = l'l)nAy where A, are finite dimensional central simple algebras.

Then deg(A) = lem{,/[A, : F1}.

If we express A € Cj as a direct limit of its finite dimensional subalgebras, Corol-
lary 7.5 repeats the definition of the degree; at the same time this proposition gives an
explicit formula for the degree, applicable for any presentation of A as a direct limit.

Proposition 7.6 For every A, B € Cp, deg(A ® B) = deg(A) deg(B)
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Proof Writing A = limFAy and B = lim ABs for finite dimensional central simple algebras
Ay, Bs, and following the proof of Proposition 4.5, we have that
deg(A®B) = lem, s{deg(4, ® B;)}

= lem,, s{deg(A,) deg(Bs)}

= lem,, {lem; {deg(A,) deg(Bs)}}

= lem, {deg(A,) - lcms{deg(Bs)} }

= lcmy {deg(A,)} - lcms{deg(Bs)}

= deg(A) - deg(B). 0

Remark 7.7 If A = h_rr)lAA is of infinite dimension, then the dimensions dim A, are
unbounded.

Otherwise let Ay, be of maximal dimension among the components; for every A there
is an algebra A, containing copies of both A; and Aj,, but Ay, = A;, by maximality, so
Ay € A;,and A C A;,, contrary to assumption.

Corollary 7.8 Ifdeg(A) is finite then dim(A) is finite as well.

Part Il. Countably Generated Locally Central Simple Algebras

8 Countably Generated Algerbas

Recall that the first infinite ordinal, w, is a directed set. In the next several sections we
develop the theory of C%, namely algebras which are the direct limits over w of finite
dimensional central simple algebras. We have shown in Section 5.3 that C%. is the minimal
class which properly hosts infinite dimensional algebras from C.

Proposition 8.1 An algebra A € Cy, is in C{ if and only if it is countably generated.

Proof Let A be countably generated algebra which locally is finite dimensional and cen-
tral simple over F. Write A = F[x1, X2, ...]. By assumption, for every n there is a finite
dimensional central simple subalgebra A, < A such that A,_; € A, and x,, € A,. The

embeddings A,_;<— A, define a directed system whose limit is A. On the other hand, if
A= li_II)IwAn, then A is countably generated since each A, is finitely generated. O

As a refinement of Corollary 3.5, we have:

Proposition 8.2 The class C%. is closed under countable direct limits (namely direct limits
over a countable directed set).

Proof A countable direct limit of countably generated algebras is countably generated. [

An algebra over F is countably generated if and only if it has countable dimension. This
property passes down to subalgebras, so we have:

Corollary 8.3 Suppose A, B € C, where A—~B and B € C{. Then A € C% as well.
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9 Filtrations of Countably Generated Algebras
9.1 Filtered Algebras

The main technical feature of direct limits over w is that all arrows into A, factor through
a single object, namely A,_;. This basic observation allows us to give concrete presenta-
tions of countably generated algebras and their subalgebras. Let A € C%. A sequence of
finite dimensional central simple algebras Aj— A>— --- such that A = hl)nA,, is called a
filtration of A. By definition, every algebra if C{ can be filtered.

Let {A,} and {B,} be filtrations of A and B, respectively. A homomorphism of algebras
u : A—B (necessarily an embedding) is a homomorphism of filtered algebras if ;1(A,) C
B,.

Proposition 9.1 Let i1 : B—A be an embedding of algebras in C%. For any filtration of B
there is a filtration of A with respect to which p is an embedding of filtered algebras.

Proof Let {B,} be a filtration of B. Let {A,} be arbitrary filtration of A. For every n,
choose m,, > my_1 such that u(B,) € A,;,. Replace the chain A, by the cofinal chain
Ap = Apy,— . O

Leta = {Aq, A, ...} be a filtration of A. Then ™ = {A,, A3, ...} is also a filtration
of A.

Proposition 9.2 Let A € C{. For any endomorphism (1 :A—A there is filtration o of A
such that i : (A, o)— (A, a™) is an embedding of filtered algebras.

Proof Let {A;} be any filtration of A. Take A; = A}. For every n > 0, let A, be a finite
dimensional central simple algebra containing both ©(A,) and A,’l 1 So u(A,) € Ay41 by
construction, and at the same time A = h_I)nA;l C 1'1_n>1An CA. O

The advantage of an endomorphism w : (A, «)— (A, a™) of filtered algebras is that the
restriction of p to each component A, is by Skolem-Noether a conjugation by an element
from the next component A,. This was used by Barsotti [5] to prove that every division
algebra A € C§ of infinite dimension has endomorphisms which are not onto.

An important property of algebras A € C% is that if such an algebra embeds in some
B € Cj; locally, then it embeds there globally:

Proposition 9.3 Let A € C{ and B € C.. The following are equivalent:

(1) There is an embedding A~ B.

(2) Every finite dimensional central simple subalgebra of A embeds in B.

(3) There is a filtration {A,} of A such that every A, B (where we do not assume the
maps are compatible).

Proof (1) = (2) = (3) are obvious. We prove that (3) = (1). Consider a

filtration {A,} of A, so there is a chain of maps, A i> A> ﬁ) -+, defining a directed

system {A,, fu,} by composition.

By assumption there is an embedding i; : Aj— B; where B; C B is a finite dimensional
central simple subalgebra. Fix an automorphism | : B — B1. We define automorphisms 7,
of B, by induction. Suppose 7, is defined. Let B, be a finite dimensional central simple
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subalgebra of B, which is large enough so that B, € B,4; and there is an embedding
int+1:An+1— Buy1. Let j, : By— By denote the inclusion map. Consider the diagram

int1 Tn+1
Al‘t+]9 Bn+l RS Bn+]

fn\JA jnj
in TTn

An( Bl’l Bn

The subalgebras i,+1fn(A,) and j,m,i,(A,) are isomorphic simple subalgebras
of B,4+1, so by the Skolem-Neother theorem there is an (inner) automorphism
Tn41: Bpg1— Bp41 such that w41 0 iy © fy = Ju o m, o ip. The system of maps
Ty © it Ap— By, is thus compatible, and the map h_I)n (7, o i,,):h'_n)l{A,,, fnn/}—>li_r)n B,
defined by Remark 4.1. (3) is injective. By Lemma 4.6, h_rr)l B, € B, so we are done. O

Corollary 9.4 Let A and B be algebras in C¢ with filtrations {A,} and { By}, respectively.
If there are embeddings A, — B, for every n, then there is an embedding A— B.

In particular, the objects participating in the direct limit li_r)nAn determine the limit:

Proposition 9.5 Let A, Ay, - -- be finite dimensional central simple algebras such that
for every n, A, can be embedded into A,41. All direct limits li_r)nwAn (regardless of the
morphisms A,— A,+1) are isomorphic to each other.

Proof This is a special case of Corollary 9.4: in the proof of Proposition 9.3 we take B, =
A, and since the i, : A;,— A, are now isomorphisms, so are the compositions 7, o i,, and
the limit 121)1 (7, 0 i) is an isomorphism. O

We can generalize this to a direct limit of algebras in C§.

Proposition 9.6 The direct limit of a chain A\—Az— - - - of algebras in C%. is independent
of the morphisms of the chain.

Proof Let w,, u, : Ay—A, 41 be two given chains. Given a presentation A, = lim_ A,
where A,,, are finite dimensional central simple algebras (and where the presentation
for n = 1 is arbitrary), the proof of Proposition 9.1 provides a presentation A, ;| =
li_r>nmAn+1,m such that both w(A,) € Ayg1,m and M/(Anm) C Ansim-

Now A = @)l{An, Wan'} = li—n>1(n,m)ew><w{A”m’ I} by Proposition 4.3, which is equal

to li_r)nnew{Am,, Inn} because the diagonal is cofinal. Likewise A’ = l'il)l{An, LL;M,} =

li_n)lnew {A,,,,, T }, but the diagonal limits are isomorphic by Proposition 9.5. O

However, in Example 16.11 below we show that over uncountable directed sets, direct
limits of finite dimensional central simple algebras strictly depend on the morphism.

9.2 Isomorphismsin C¢
Let Aj—Ay— --- be a filtration of some A € C‘;. For an increasing sequence ny <
ny < ---, we say that A,, —A,,— --- (with the induced arrows) is a subfiltration. The

natural map 1'£>nA,,,,—>1'£r)1A,~, defined as the identity on the components in the left-hand
side, induces by Lemma 4.7 an isomorphism of the algebras.
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We say that two filtered algebra A and B are quasi-isomorphic if the filtrations have
infinitely many common components. As we have seen, both algebras are isomorphic (as
algebras) to the direct limit over the intersection of the filtrations.

Proposition 9.7 Let A and B be filtered algebras in C which are isomorphic as algebras,
then there is a filtered algebra C which is quasi-isomorphic to both.

Proof Let (A, {A,}) and (B, {B,}) be two filtered algebra, with an isomorphism f : A—B.
Define a chain of algebras C, by taking C; = Ay; for odd k, Cy is one of the algebras
A, and we take Cr41 to be an algebra B, containing f(Cy); for even k, Cy is one of the
algebras B,,, and we take Cy to be an algebra A, containing f ~1(Cy). In this manner, the
chain C1<>Cy< - - - has infinitely many common components both with Aj<>Ar— - --
and By By~ - -+ (with the same maps C,,— C,, 42 as in the original series), C = hl)an
is quasi-isomorphic to both (A, {A,}) and (B, {B,}). O

Proposition 9.7 holds for any countable direct limit of finite dimensional algebras.
However in the following ‘“Kantor-Schroder-Bernstein type” theorem, we need to apply
Proposition 9.5, which does rely on the Skolem-Noether property:

Proposition 9.8 Let A, B € C%. If there are embeddings A— B and B=—A then A = B.

Proof Write A = li_r)nA,, and B = li_r)nB,, where A,, B, are finite dimensional central

simple algebras. Let f:A—B and f’:B—A be the given embeddings. As in Proposition
9.7, we define a series of algebras C,, by taking C; = Ay, then Ci4 is one of the algebras
By, containing f(Cy) when k is odd, and Ci| is one of the algebras A, containing f’(Cy)
when k is even. Let C = 1lim Cy. All the components Co; 41 participate in the series defining
A (albeit with different morphisms). By Proposition 9.5, A = h_r)nC2,+1 = C. For the same
reason, B = 1i_n)1C2, =C. O

Combining this fact with Proposition 9.3, we conclude:
Corollary 9.9 AnalgebraA € C{ is completely determined by its finite dimensional central
simple subalgebras.
10 Infinite Tensor Products
We define a general tensor product suitable for our needs, and then specialize to the case of a
countable set. In Section 17 we construct locally finite dimensional central simple algebras
which are not infinite tensor products.
10.1 Infinite Tensor Products
Let I be any (unordered) set of indices, and let A; be arbitrary algebras, i € I. For a

finite subset Iy C I, ®;cy,A; denotes the tensor product, with the obvious embeddings
RieryAi— ®ier, A; for finite Ip C 1. We then define the infinite tensor product (over /)

®1Ai = lim(®icrAi),
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where the direct limit is over the directed set P<“([I) of finite subsets of I, ordered by
inclusion.

Proposition 10.1 The class C, is closed under infinite tensor products.

Proof Indeed, C is closed under finite tensor products by Proposition 4.5, and under direct
limits by Corollary 3.5. O

Example 10.2 (Koethe, [20]) Let I be an arbitrary set. Fix a natural number n. Let «;, §;
be indeterminates over a field k with a primitive nth root of unity p of order n, and suppose
F = k({a;, Bi : i € I}) is the transcendental field extension. Let (o, §) = Flx,y: x" =
a, y' = B, yx = pxy] denote be the symbol algebra of degree n over F, which is central

simple. Then D = ), («;, Bi)» is a division algebra, which is (properly) in Cf:m([ ).
Remark 10.3 Let I, I’ be disjoint sets. Let A; (i € I) and A/ (i’ € I’) be algebras. Then

®M,A,» o ®1Ai ® ®1,Ai,.

Indeed, by Proposition 5.1 for the directed set P~ (1 U I'),

®[UI/Ai = lim (A ®B;)
Ioe P<¢(I1UI")

E( lim ®i€1Ai>® lim  ®;epAi
IyeP=o(D) IjeP=o)

14

X),4® ), A
Similarly, we have:
Remark 10.4 1f A;, B; are algebras indexed by a set 7, then
Qi @B) = Qa0 QB
Indeed, by Proposition 5.1 for the directed set P~“(I),

), (A @ B) = lim (®icry (A; @ Bi))
= lim (®ieryAi) @ (Rier, Bi))

= 1im (®ren Ar) @M (®ier, Bi) = Q)Ai @ K)B:.
For any subset Jo € J we use the shorthand notation | J Jo = (U, -

Proposition 10.5 Let J be a set of disjoint sets I € J; and suppose an algebra A; is given
foranyi e JJ =U;c; I. Then

®IEJ(®1Ai) = UJAi'
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Proof

®161(®1Ai) = ®1 ; lmo A

€
IpeP<o(l)

lirg ®1e10 lim * Az
JoeP<e(J) lpeP<e(I)
In Proposition 5.4 we take I’ = P=®(J) and A = P~%(|J J); and for each finite Jy C J,
we take A j; = P<“(|J Jo), so that UJoSJ P=?(JJo) = P=?(JJ) = A.ForeachI € J
we let B = );;Ai. For every finite Iy € | J J we set Aj, = );; A; with the obvious
morphisms Aj,— Ay, when Ip S 1.

By Remark 10.3, lim Ap = ®ieU LA = ®reyyBi, s0 by Proposition 5.4,

— 10€P<“’(U Jo)
X, Q4 = &, B
= lim  (®eyBr)

JoeP=2(J)
= 12? ( 11_11)1 Ay
JoePZ0(J) IyeP<((J Jo)

iely

= lim A
—
IeP<e(JJ)

1

UJAi O

Corollary 10.6 Let A; € Cp be algebras with factors B; C A; (see Definition 6.1), where
i ranges over an index set 1. Then Q) B; is a factor of QA;. Indeed, write A; = B; ;.

Then @;A; = (Q;Bi) ®(&Q),;C).

Corollary 10.7 Let A; € Cp be algebras, where i ranges over an index set I. For every
subset I' C I, Q) A; is a factor of @, A;. Indeed, @Q;A; = (R Ai) ®(®1\1,Ai).

This leads to the following (compare to Proposition 8.3):

Proposition 10.8 [fA C B € Cllj- where A is an infinite tensor product of finite dimensional
central simple algebras, then A € CII;.

Proof Write A = @Q;A; and B = li_r)any, where the A; and B, are finite dimensional
central simple algebras. We define p:I'—P=<?(I) by u(y) = {i € I: A; € B, }; this
is well defined because ); c M(V)A,' € By, and B, is finite dimensional. Moreover, for
every finite In € I, Q) 1, Ai s finitely generated and thus contained in some B,,, whence

Io € w(y). This shows that Im(x) is cofinal in P<(I),s0A € Cp " < ¢ < Ck
by Proposition 5.5, items (2) and (4). O

Let us describe the infinite tensor product of arbitrary algebras from C. We say that a
directed set I' is pointed if it has an initial element. When considering a class C}; we may
always assume that I" is pointed, because {—oo} U I, with the obvious order, is a directed

set in which I is cofinal and complete. By Proposition 5.5. (3), C}; = CJ{,;OO}UF.
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Let 7 be an arbitrary set and let I'; be pointed directed sets for every i € I.

Definition 10.9 Let I'; be pointed directed sets. For f € [, ., let

iel
supp(f) ={i e I: f(i) # —o0}

be the support of f. The direct sum ), ; I'; is the set of functions f € [[;; I'i with
finite support. The direct sum is ordered by the product order. This is clearly a directed set.
If I is finite then ) ,; Iy = [[,¢; Ti-

Proposition 10.10 Let I be an arbitrary set and T'; directed sets (i € I). Let A; € C;i. We

may assume each T'; is pointed. Then @) ;A; € C? s
Infact, Q;c;Ai = li_r)nfEZ F,-Af where Ay = ®jesupp()Ai, f() and A; = li_r)nF[Al-y‘

Proof For each i write A; = hl)nF‘A,-},, where A;, are finite dimensional cen-
tral simple algebras. For f € Y I; we set Ay = ®esupp(f)Ai f(i), with the
obvious inclusions A=Ay if f < f'. Now @;A; = ®i€’(h—1>nyieFiAin) =

h—r>nloeP<"’(1)h—r>nf€Zi€,0 r, RicrAi fi) = h—r>nf€Z A by Proposition 5.4. O

Example 10.11 Let I be an arbitrary set. For each i € [ let I'; = 1, the one-point directed
set. Then ), g 1= P=“(I). If A; (i € I) are finite dimensional central simple algebras,

then QA; € C;l = C;Kw(l) by definition, in accordance with Proposition 10.10.
We also know that limits and tensor products commute:

Proposition 10.12 Let I be a directed system, and I an index set. Let A,, ; be algebras, such
that for every i € I, the system {Ay,,- } is endowed with compatible morphisms A, ;j— A, ;,
so that AY) = lim A, ; are defined. Then

—>yell ’

&, timay.) =1im &), Ay.i.
r r

Proof By Corollary 4.4, and since direct limit commutes with finite tensor products, we
have that

im @) Ay = lim lim  X) Ay,
— RS - = iely "
r I IpeP<e(I)

= lim 1im@) A,

— iel
IpeP<e(I) T
= lim ) limA,;
— iely—> ’
IpeP<(I) r
= @), limAy.i
1 T O
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10.2 Countable Tensor Products

Let us specialize to the case where the index set I is w. The set {{1,...,n}: n € w} is
cofinal in P =“(w), so by Proposition 4.7, the countable tensor product
lim (41 @ - @A) 2)
lew

is equal to X, A;. Being more convenient, we will use the characterization (2) for infinite
tensor products over w. Since the infinite tensor product is independent of the order of the
components, so is the countable tensor product.

Proposition 10.13 (Koethe, [20]) Every algebra A € C{ has the form A = QR A, where
A, are finite dimensional central simple algebras.

Proof Write A = h_r)nA;, where A| € A}, C ... are finite dimensional central simple
algebras. Since A;, C A, 41 is central simple, the double centralizer theorem gives a decom-
position A’ 4= Al, ® Ay for a finite dimensional central simple algebra A, 41, so by
induction A}, = A; ® - -+ ® A, and by definition ILIQA;; = Q,An- O

Proposition 10.14 Let A be a directed set of height ht(A) = w. Then there is a cofinal
isomorphic copy of A in w x A.

Proof Fix an unbounded countable chain A < Ay < --- in A. Defineamapz: A — o x A
by A = (sup{i: A; < A}, A), where sup @ = 0, which is well defined because the chain is
unbounded. Let (n, A) € w x A. There is A’ € A such that A, A, < A/, and then (n, 1) <
t(\). O

Recall that by Proposition 5.10, a directed set I" has height @ once there is even one
infinite-dimensional algebra which is properly in C };

Proposition 10.15 Let T' be a directed set with height ht(I') = w. Consider a system
(A, fuw) indexed by w, such that each A, € CL%, and assume there are presentations
A, = 1'£>nrAny such that fu,(Apy) S Ay for every y € T'and n < n'. Then
lim A, € C}.

—>w

Proof By Remark 4.3, li_rr)lwA,, = hl)nw]i_r>nFA,,y = ll_r)nw Ay, which can be presented as

xI'
a limit over I" by Proposition 10.14. O

Theorem 10.16 The class CII,: is closed under countable tensor products, provided that
ht(I") = w.

Proof Let A1, As,... € C};, and write A; = li_n’)lFA,'y with finite components. The count-
able tensor product ), A, is a direct limit of the finite tensor products A; ® - - - @ A,,, each
of which can be expressed as li_r)nF(A 1y ® -+ ® Ay, ) by Proposition 5.1. The components
of this limit are preserved by the maps A ® --- ®A,—A1 ® --- ®A,, so Proposition
10.15 applies and the limit is in C};. O
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Of particular interest in Theorem 10.16 is the case ' = w, for which we provide an
explicit formula. Suppose A®) = li_r)nA,- » are direct limits in C%. Then

Q) AV =lim (A ® - ® Aum,) 3)
n
for every increasing series m; < my < - --.

Proposition 10.17 Let A}, Ay, ... € C - The degree of the countable tensor product is

deg(Q) A =[] deg@n)
i=1

(where an infinite product of supernatural numbers is defined in the obvious manner).

Proof By Proposition 7.4,
deg(Q), Ai) = deg(lim (A1 ® -+ @A)

LEW

i 00
= lem{deg(A1 ® - - ®Aj)} =lem; [ [ degA; = [ [ deg(A ).
j=1 j=1 O

11 Subalgebrasin C¢

By definition and by Proposition 9.1, every morphism B<— A between algebras in C% is the
limit of an infinite commuting diagram of the form

Ay An+1 e
0
Bn Bn+] e

where the entries are finite dimensional central simple algebras. We wish to refine this
description to take into account Proposition 10.13, which presents an algebra in C% as a
countable tensor product.

11.1 Explicit Presentation for Subalgebras

Example 11.1 Let C, and D, be finite dimensional central simple algebras (n = 1,2, ...),
and let

Yn:Cp —> Dypy1 ®Cpy1 Q)
be embeddings (we call this our data). We set:
(1) B= li_r)an, with
B,=D1®---®D,
with the natural embeddings B, B, ® D41 = By+1;
2) A= h'_I)n{A,,, oy}, where

An=BrL®Cn =Di®--- ®Dn®cn
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197 @y
Apt1=D1® -+ ®Dp ®(Dny1 ®Crp1) —

_>A7L:Dl®"'®Dn®Cn

—>Bn:D1®®Dn

Bn+1 =D1®---®D, ®Dn+1

Fig.1 The algebras Q) D,, <> (Cp, Dy; ¥,) defined in Example 11.1

and the maps o, : A,— A, +1 are defined by composing

1®Yn
n:An=B,9C, ——= B, ®D;1+1QCyy1 = Apt1 .

The arrows defining A, B are presented in the commutative diagram of Fig. 1.
Notation 11.2 Given the data of Example 11.1 we denote
(Cna Dn§ ‘/fn) = h_n)l{(Dl Q- ®Dn) ®Cns 1 ®1//n} = @;{Anv O[n}-

Moreover, an embedding 1y : QD,— (Cp, Dp; ¥y,) is defined by the inclusions B, =
(Dl & - ®Dn)<_)(Dl Q- ®Dn)®cn = A,.

We can now describe any pair of algebras B C A in C%.

Proposition 11.3 Let B C A be algebras in C@. Then there is data for Example 11.1
such that A = (Cy, Dp; ), B = @Dy, and the inclusion is given by the left inclusions
B,—B, ®C, = A,. Moreover in this case A = QE,, where E1 = A| and E, 4 is the
centralizer of Y, (Cp) in D11 @ Cpyy 1.

Proof By Proposition 9.1 we can write A = li_I)nA,, and B = h_r)nB,, where B, C A, are
finite dimensional central simple algebras, and there is a chain of embeddings A, — A, +1
inducing the embeddings B,— B,1 (throughout, n > 1). Let C, = Cy,(B,) be the cen-
tralizers. Also let D,y = Cg,,,(By), so we can decompose Byt = By @ Dpt1. We
formally set A = By = Cop = F and D; = Bj. The formula for B, then follows, and
B = ®D,. Now the embedding &, : A, = B, ® C,—> B, ® (D41 ® Cpp41) restricts to the
identity on B,, so it is determined by the embedding of the centralizer C,, = Cy, (B,) in
the centralizer Cy,,,(Bn) = Dy+1 ® Cpt1. The isomorphism C, ® Eyy1—> Dyt @ Cypy
extends ¥ : C,—> Dpy1 @ Cryq-

Finally, C4,.,(An) = Cp,.,®Ci (Cn) = Eny1, 50 Ay = Ay ® Ejyq, and setting
Ey = A; we have by induction A, = E;® --- Q@ E,. Thus, applying Proposition 9.5,
A= QE;. O

Remark 11.4 The presentation of B € A by the data of Example 11.1 has two advan-
tages: B has a natural description, and the embedding 7y : B— A is natural; however, the
construction of A is ‘twisted” by the maps v/,,. We can straighten this out by considering
Al = E| ® - - ® E, with the natural inclusions, and taking A’ = QE; = H_r)nA;l, which

is isomorphic to A, at the expense of twisting the embedding of B = ) D; into A’. This
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embedding is obtained by choosing embeddings B,— A}, so that (4) commutes, which are
best described by an example:

Bi=D1®Dy®D3®Ds—101919—> D; ® Dy ®D3 ® D1 ®Cy

181818y ——— D1 ®D2®D3; ®C3 QE4

l®l®1/f2_1®14> DI®DyQ®CrQE3QE,

1®¢fl®1®1—> DI®CIQE,QE3QE,

= EIQE,RE;QEy4 .
11.2 Decomposing (C,, Dy; ¥p) as a Tensor Product

As noted above, (Cy,, Dp; ¥n) = QE,. It will be more convenient to obtain decomposi-
tions in terms of the C, and D,, as we now do in two special cases.

Remark 11.5 Let C,, D,, and v, be data for Example 11.1. For any series of embeddings
1//;, . Cn_)DnJrl ®Cn+l7

(Cy, Dy; 1//;1) = (Cy, Dp; ¥n);
this follows from Proposition 9.5. Notice that in general, the subalgebra B = Q) D,, is not
preserved by the isomorphism.

If it is possible to form the limit of the centralizers C,, we obtain the following useful
decompositon:

Proposition 11.6 If there are embeddings C,,— Cp1, then we have the decomposition
(Cm Dy; Ipn) = (®Dn) ®h_rr)1Cn

Proof We may write C,4+1 = C,, ® P,+1, and taking centralizes in (5) we may also identify
Eni1 = Dyy1 ® Pyy1, being the centralizer of C,, in D, 41 ® Cp,41. We can then define
W Ch®Ey1 =Ch®Dyuy1 @Pry1 — Dy 1 ®C @ Pyl = Dy 1 ®Cryr

to be the switching map x®y®1 +— y®x®1 on the intermediate step; thus
wn(Ch,®F) € F ®Cy41. Recall that ¢, : C,—C,, @ E,, 1 is the left inclusion. Recall that
in Proposition 11.3, B = 121’)18” = @D, where B, = D| ® --- ® D,,. Tt follows that the
map

1® n
By ®Cp —> By, ®Cp ® Ent1 ——> By @ Dyt @ Cni1 = Bpy1 @Cup

decomposes as a tensor product of the natural embedding B, B,+; and an embedding
wylc, : Ch— Cpy1. Therefore,

(Cy, Dp; wp) = h_I)n(Bn RCu, 1 @wyty) = h_r>an ®li_f)ncn = B®1i_r>nC,,.
But by Remark 11.5, (Cy,, Dy; ¥,) = (Cy, Dy wp). (I

Let us consider the other extreme case:

Proposition 11.7 If there are embeddings C,— Dy then (Cy, Dp; ¥) = QDy,.
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Proof By assumption there are isomorphisms 6, :C, ® E,+1— D, 11 ® C,4+1 such that
0,(Ch ® F) € Dy4+1 ® F. Consider the algebra A = (C,,, Dy; 6,). Then

(1 ®6utn)An = (1 ®60,1,) (B, ®Cy)
(1 ®9n)(Bn ®Cn ®F) = Bn ®9n(cn ®F)
- Bn ®Dn+l QF = Bn+1 QF.

So the series interlace, and in this situation B = li_II)lB,H_ 1= li_r)nAn = A; in other words 7y

is onto.
But now given any ,, we have that (C,, Dy; ¥) = (Cp, Dy; 6,) = @Dy by
Remark 11.5. O

12 Centralizers

The double centralizer theorem and the Skolem-Noether theorem are amongst the most
basic tools in the theory of finite dimensional central simple algebras. The double centralizer
in fact characterizes finite dimensional central simple algebras [15, Thm V.11.2] (as quoted
in Section 6), so it is important to understand to what extent it fails in our class of algebras.
We analyze subalgebras in C% to the extent that we can explicitly compute centralizers,
which we use to give counterexamples to both theorems. Moreover, in Example 14.9 we
present a central subalgebra whose centralizer is not central.

12.1 Computing Centralizers

Let Af € Ay C --- be arbitrary algebras, and B, C A, subalgebras. Let A = [ J A, and
B = J B,,. Then

Ca®B) =|_J (") Ca, (Bu). (6)

n m=>n

easily proved by mutual inclusion.
We need to generalize this formula to cover direct limits.

Proposition 12.1 Let B, C A, be algebras with maps f, : An— A1 such that f,(B,) C
Byii. Let A = limA, and B = limB,. For n < n' set fuy = fw_10--+0 fn. Let
C, = Cy,(By), and define
Cr={xeCp: (V0 =n)fuy(x) € Cr}. (7
Then {C;‘,‘, f,m/lc;;} is a subsystem of {A,,, fun}, and
Ca(B) = h_r)n Cr.

Proof First we verify that f,,,,(Cy;) € C), whenn < n’. Indeed, let x € C;; and letn” > n’.
Then fypr fan' (X) = fupr (x) € Cpr by assumption. The limit C* = 1'11)1{(:;;‘, fun'} is thus
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a well defined subalgebra of A. Since A = | J ¢, (A,) and B = | J ¢, (B,,), we have by Eq. 6
that

Ca®) = | () Copam (@n(Bn))

n m>n

= J ) #n(Ca, (Bw)

n m>n

= J [ @no fm)Cn)

n m>n

=Jen (ﬂ fny(cm)) =Jen(cp) = .

m>n
12.2 Separating Conjugates

In order to compute C, in our setup, we need a lemma on intersection of conjugate
subalgebras.

Lemma 12.2 Let T, T’ be central simple algebras. Let agy, ay, .. ., a; € T be elements such
that Flay,...,ax) = T and ag = 1, and let by, by, ..., by € T' be linearly independent
inT'. Ift = a; ®b; is invertible, then the subalgebras t (T ® FYt~Yand T ® F intersect
triviallyin T T’

Proof The equation ¢ (x ® Dl = y®1 implies Y (a;x — ya;) ®b; = 0, so a;x = ya; for
each i, and in particular y = x € Cr(Flay,...,ax]) = F. O

For the rest of this section we assume the base field F is infinite.

Lemma 12.3 Let T, T’ be finite dimensional central simple algebras over F, such that
T’ # F. Then there is an invertible element t € T Q@ T' such that the conjugate subalgebras
(T ®F)t~" and T ®F intersect trivially in T T’

Proof Take ap = 1 and let a1, ap be generators of T (such a pair always exists by e.g. [15,
Theorem VII.3]). The Zariski-open set

U= [(bl»b2, b3) e T™: Za,- ®b; is invertible}
is non-empty because (1, 0, 0) € U. The Zariski-open set
U' = {(bl, by, b3) € T™: {by, by, b3} are linearly independent]

is also non-empty because dim 7’ > 4. So U, U’ are dense in T3, and therefore have non-
empty intersection. Choose (b1, by, b3) € U NU’, thent = Y a; ®b; is invertible and
H(TRF)'N(T'®F)=F®F by Lemma 12.2. O
12.3 Centralizersin C¢

We apply Proposition 12.1 to the algebras B € A considered in the previous section.
Using Proposition 11.3, fix data C,,, D,, and v, for Example 11.1, and let A = (C,,, Dy; ¥,)
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be the resulting algebra with the subalgebra B = 1i_r>nB,1 = @D,. In this notation, the
formula in Proposition 12.1 presents Cg(A) as a limit li)nC,;k where

Cr={xeCp: (V' =n)ay_1- - anx) € Cp},

as we replace the f,, of Eq. 7 by o, : A, —>A,+1. But for x € Cy, o (x) = ¥, (x), so
imposing the first out of the infinitely many conditions defining C;¥ (namely the condition
forn’ = n + 1), we have that

C;lk CxeCy: Ynx) € FRCyt1}

We construct a situation where C;; are trivial, and moreover such that Proposition 11.6
applies and provides an explicit presentation for A as a tensor product.

Proposition 12.4 Let P,, D, be finite dimensional central simple algebras, such that
all D, # F (except possibly for Di). Set C, = P1® --- @ P,. Then there are maps
Yy 2 Cp—> Dyy1 ® Cyy1 such that the image of wy : @ Dp—A = (Cy, Dy V) has trivial
centralizer in A.

Proof Denote E, = D, ® P,. In Corollary 11.6 we defined
Wy Ch®E; 1 =C®Dp11®Pry1 —> D1 ®C, Q@ Pyt = Dyp1 ®Cryg

by switching the two left components. Thus w,(C, ® F) = FQ(C, QF) € F ®Cj41.
Since D,y; # F, Lemma 12.3 shows that there are invertible elements 7, €
Dy 41 ®Cprqq with the property that #,(F ® Cy41)t, I intersects F Q@ Cpy1 trivially. We
take ¥, = ¥, o w,, where y;(z) = tzt~ ! is the conjugation map. Then ¥,,(C, ® F) <
Vi, (F ® Cpq1) which intersects F ® C,1 trivially, showing that C;¥ = F. It follows that
CA(B)zli_r>nC;f:F. O

Definition 12.5 We say that a proper subalgebra B of a central algebra A is pathological if
Ca (B) = F (equivalently, by taking centralizers back and forth, if CA (Ca (B)) = A).

Theorem 12.6 Let A € C{. Every infinite dimensional factor B of A is isomorphic to either
A or to a pathological subalgebra.

Proof Let C = C4(B) which is in Cj, by the definition of a factor. Then B, C € C% by
Corollary 8.3, and we may write A = B®C.

By Proposition 10.13 there are decompositions B = KD, and C = Q) P, as countable
tensor products of finite dimensional components. We may assume all D,, # F using the
following argument. Since deg(B) is infinite, D, # F infinitely often. Choose an injection
f from Z = {n: D, = F} to the complement {n: D, # F}. For every n € Z, replace the
algebras P, Py, by F, P, ® Py, respectively. Then remove Z from the set of indices
over which @D, and Q) P, are computed, retaining the same algebras B and C, when now
we always have D,, # F, as asserted.

Let C, = P1®--- ®P,, so that there are embeddings C,<—C,4+1. By Proposition
12.4, v, can be chosen so that the image of the map 7y :B = QD,— (Cp, Dy; Yn)
has trivial centralizer. But we already established in Proposition 11.6 that there is an
isomorphism g : (Cp, Dy ¥)— Q D, @ @Q P, which carries 7y (B) into a subalgebra
umry(B) € B®C = A, with trivial centralizer. If B Z A, then necessarily umy (B) is a
proper subalgebra, isomorphic to B, which is pathological by construction. O
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In order for Theorem 12.6 to produce a true pathological subalgebra, we need to ensure
that B is not isomorphic to A, for example by imposing the condition that deg(B) # deg(A),
or that B is a division algebra and A is not. We classify factors which are isomorphic to the
whole algebra in Proposition 19.3 below, and show in Theorem 19.7 that for every infinite
dimensional A € C¢ there is an isomorphism between proper subalgebras which cannot
be extended to A. Example 14.11 is an explicit pathological subalgebra, in the context of
Clifford algebras.

Remark 12.7 1f B C A is a factor, then Cp (Ca (B)) = B.

Let A € C%. For any subalgebraB C A, B C CA(CA(B)) C A. As we have seen, every
infinite dimensional factor B, for which Ca (Ca (B)) = B, is isomorphic to a pathological
subalgebra B’, for which Ca (Ca (B’)) = A. We show that many other cases appear between
these two extremities.

Proposition 12.8 Let A € CP and A’ a factor. Every infinite dimensional factor B of A’ is
isomorphic to a subalgebra B’ C A such that C4(Cy(B")) = A'.

Proof We may decompose A = A’®A” and A’ = B®C. By Theorem 12.6 B is isomor-
phic to a subalgebra B’ € A" with C4/(B’) = F. But then CA(B') = Cprgp7(B'QF) =
Cy(B)YRA" = FRA” = A”,and CA(CA(B')) = CA(A”) = A, O

Dimensions of pathological subalgebras are used later on to construct a direct limit of
matrix algebras which is not an infinite tensor product (see Remark 17.9).

13 Sylow Subalgebras and Primary Decomposition

In this section we define a notion of Sylow subalgebras for algebras in C. Every finite
dimensional central simple algebra decomposes uniquely as a tensor product of components
of prime-power degree. We show that this fact generalizes to C%, where we allow degree
p°°, and countable tensor products. This was proved by Koethe [20] for division algebras.

13.1 p-Algebras

Fix a prime p. We say that an algebra A € C, (finite or infinite) is a p-algebra if its degree
is a p-power. Notice that by definition every p-algebra is locally finite and central simple.
(Traditionally the term p-algebra refers to finite dimensional central simple algebras over a
field of characteristic p, whose degree [2] or index [16] are a power of p; we are indifferent

to the characteristic throughout the paper).

Proposition 13.1 A direct limit of p-algebras is a p-algebra.

Proof This is a direct consequence of Proposition 7.4. O

Corollary 132 Let A € Cp. Every p-subalgebra of A is contained in a maximal
p-subalgebra.
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Indeed, Proposition 13.1 allows us to apply Zorn’s lemma, since the union over a chain
of subalgebras is its direct limit. By Propositions 7.6 and 13.1 we also have:

Corollary 13.3 An infinite tensor product of p-algebras is a p-algebra.
We move to study p-subalgebras which are “locally maximal”.
13.2 Sylow Subalgebras

LetA = 111)1 {Ay, yy } be a direct limit of the system {Ay, goyyr} index by a directed set I".
A system of subalgebras is composed of subalgebras B, C A, for each y € T', such that
the maps ¢, : A, — A,/ restrict to maps B, — B, for every y < y’. (Not to be confused
with the notion of a subsystem of algebras, which refers to a system of algebras defined on
a directed subset of I"). The direct limit 1'21)13), of a system of subalgebras is defined, and

there is a natural embedding lim B, <1lim A,,.
— —

Definition 13.4 Let A € Cp. A subalgebra A° C A is a p-Sylow subalgebra of
A if there is a presentation of A as a direct limit A = li_r)n{Ay, @y} with A, finite

dimensional and central simple, and a system of subalgebras {A;’,} of {Ay, <pw/} whose

components Aj, are maximal p-subalgebras of the respective algebras A,, such that
A° = lil)lA;

Notice that if A is a finite dimensional central simple algebra, then its Sylow subalgebras
are precisely the subalgebras of maximal p-power degree, and (by Skolem-Noether) they
are all conjugate to each other.

Remark 13.5 By Proposition 13.1, every p-Sylow subalgebra is a p-algebra.

We do not know if Sylow subalgebras exist in general. We do prove below the existence
of Sylow subalgebras for some classes of algebras.

Remark 13.6 The unique Sylow subalgebra of a p-algebra A € Cj is A itself. Indeed,
in any presentation A = 1'1_11)1Ay, the only choice of maximal p-subalgebras A} € Ayis

A =A,.
More generally,

Proposition 13.7 Let P € Cj. be a p-algebra, and C € Cj, an algebra of degree prime to
p. Then P is a Sylow subalgebra of PQC.

Proof Write P = lim_ P, and C = lim , B, where P, , B;s are finite dimensional and cen-
tral simple. Then P®C = li_r)anA(Py ® Bs), as discussed in Section 4.2. Now P, @ F C
P, ® Bs is a directed system of subalgebras, composed of maximal p-subalgebras, so the
limit h—n)lI‘xA(PV RF) = li_I)nA(lE)nF P)) = li_r)nAP = P is a Sylow subalgebra. O

Proposition 13.8 Let A,B € C be algebras. If A° C B and B° C B are p-Sylow
subalgebras, then A° @ B° is a p-Sylow subalgebra of A ® B.

@ Springer



Locally Finite Central Simple Algebras 581

Proof Write A = limFAy and A° = limFA; where A, are finite dimensional cen-

tral simple algebras and A7, are maximal p subalgebraS' and likewise B = lim A B;s and

B° = l'g)nABg’. Then A° ®B° = hmr A A, ® B is a p-Sylow subalgebra of A®QB =

]i—r>nr><AAV ® Bs by definition. O
More generally,

Proposition 13.9 Let A; € Cj. be algebras, where i runs over an arbitrary index set I. If
A? C A; are p-Sylow subalgebras then QA; is a p-Sylow subalgebra of QA .

Proof For each i write A; € cli 7 as adirect limit A; = hm A,y where A? = hmr Aly,

where each A° is a maximal p-subalgebra of A;,. We assume each I'; is pointed (see Def-
inition 10.9). FOI' feXY Ni,weletA; = ® i esupp(f)Ai, (i) and AC} = ®i€supp(f)Azc'),f(i)’

so clearly A 7 is a maximal p-subalgebra of A ;. Now, by Proposition 10.10, QA; =

h_r)nfEZ r; Af c h_r)nf I, Ay = @A, is a p-Sylow subalgebra by definition. O

Recall that by Corollary 10.6, if all the A} are factors, then ®Af is a factor of QA .

Proposition 13.10 Let A € Cy. Every division p-Sylow subalgebra P C A is maximal as a
division p-subalgebra.

Proof Write A = 1imFAy where P = li_r)nFPy and P, C A, are maximal p-subalgebras.
Assume P € Q € A where Q is a division p-subalgebra. Let x € Q. There is y € I" such
that x € A, . Consider the subalgebra P, [x] C A, generated by P, and x. There is a finite
dimensional central simple subalgebra Qg € Q containing P, [x], and since P,[x] is a
division algebra, being a subalgebra of Q, the dimension of P, [x] divides dim Q¢ which is
a p-power. But on the other hand, the maximal p-power dividing dim A, is the dimension
of P,,s0 Py[x] € P, andx € P, CP. (I

It immediately follows that:

Theorem 13.11 Let A € Cy. be a division algebra. Then every p-Sylow subalgebra P C A
is maximal as a p-subalgebra.

In Proposition 18.7 we extend this result to any A  C which does not contain a copy
of M p>® (F ) .

13.3 Sylow Subalgebrasin C¢

Proposition 13.12 Every A € C% has Sylow subalgebras.
Proof For every presentation A = lim {A,, f,}, we can choose maximal p-subalgebras

A; € A, by induction such that fn:)'rl (A}) € A7 41 for every n. (This also follows from
Proposmon Section 10.13SylowTen.) O

Theorem 13.13 Let A € C{. The Sylow subalgebras of A are isomorphic to each other.
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Proof First of all, when we present A = 1i_n>1A,1, each Aj is uniquely determined up to
isomorphism, being a maximal p-subalgebra of A,. By Lemma 9.5, H_r)nAZ is uniquely
determined up to isomorphism.

We need to compare the Sylow subalgebras obtained from presentations of the same
algebra A € C% as different direct limits. By Proposition 9.7, we may assume the two

presentations have the form A = li_I)nAn = li_I)nA,,k, where n; < ny < --- is a series of
natural numbers. But then we may further assume that { Ay } is a subseries of {Ap}. O

Lemma 13.14 Let A € C{ and let P C A be a p-subalgebra. Then there is an embedding
of P into some (and thus every) Sylow subalgebra of A.

Proof Apply Proposition 9.1 to write A = li_n)lA,, and P = li_n)an where P, C A, for every
n. Applying the proof of Proposition 13.12 choose a Sylow subalgebra lil)’lAz of A where
A7 C A, are maximal p-subalgebras.

Since P, € A,, there are embeddings P, A; (not necessarily the ones induced from

the embedding P, € A,). By Proposition 9.4, P<—>1£)n Ap. O

(However, it is not clear if any p-subalgebra is contained in a p-Sylow subalgebra).

Lemma 13.15 Let A, B be algebras in C{ with an embedding A—B. Let A° C A and
B° C B be p-Sylow subalgebras. Then there is an embedding A°— B°.

Proof By Remark 13.5, A° is a p-algebra, so the embedding follows from Lemma 13.14.
O

Proposition 13.16 The degree of a p-Sylow subalgebra of A € C@ is the maximal p-power
dividing deg(A).

Proof Write A = lglwA,,. Let A° be a p-Sylow subalgebra of A. By Remark 13.5, the
degree of A° is a p-power, which divides deg(A) by Proposition 7.3. Suppose deg(A) is
divisible by p“. If « is finite, then for some n, deg(A,) is divisible by p%, and the same
holds for the p-component of A,,. If « is infinite, then for every k, when r is large enough,
deg(A,) is divisible by p*, and the same holds for the p-component of A,,. O

Corollary 13.17 The base field F is a p-Sylow subalgebra of A € C% iff deg(A) is prime
to p.

13.4 Primary Decomposition

If an algebra A € C, can be presented as a (countable) tensor product QA ,, where each A,
is a p-algebra in C, (for distinct primes p), we say that A has a primary decomposition.

Proposition 13.18 IfA = QA is a primary decomposition, then each A, is a p-Sylow
subalgebra.

Proof This is a special case of Proposition 13.7, because for every prime p, the degree of
®P,#pA(”/) is prime to p by Proposition 10.17. O

@ Springer



Locally Finite Central Simple Algebras 583

Theorem 13.19 Let I be an arbitrary set and let A; € Cp fori € I. If each A; has a
primary decomposition, then so does Q);A;.

Proof By assumption, for each i there are p-algebras A;, (for the primes p) such that
A = ®pA,~p. By Proposition 1'0'.5, RA = Q; ®pA,~p = ®p(®1A,~I,), and each
;A is a p-algebra by Proposition 13.3. O

In particular, we have:

Corollary 13.20 An infinite tensor product of finite dimensional central simple algebras
has primary decomposition.

Applying Proposition 10.13 we get:
Corollary 13.21 Every A € C¢ has a primary decomposition.
The primary decomposition of algebras in C% is unique:

Theorem 13.22 (Primary Decomposition Theorem) Every algebra A € C% has a unique
primary decomposition.

Proof Existence is Corollary 13.21. Assume A = QAP = QB where A”) and B»)
are p-algebras in C¢.

For any p, by Proposition 13.18 both A”) and B(” are p-Sylow subalgebras of A , so
they are isomorphic by Theorem 13.13. O

Theorem 13.22 was proved by Koethe for division algebras in [20]. More generally, we
have:

Corollary 13.23 Let A,B € C{, with primary decompositions A = QAP and B =
®B(p). Then A< B if and only if AP <>BP) for every prime p.

Proof By Proposition 13.18, A?”) and B'”) are p-Sylow subalgebras of A and B, respec-
tively. If A<> B then A?)<>B(P) for every p by Lemma 13.15. In the other direction, given
fr: APBP, Qf, = lim(f2® f3® --- ® f,) is an embedding of A in B. O

13.5 Pathological Sylow Subalgebras

The Sylow subalgebra of Proposition 13.7 is a factor. This is far from being true in general.

Theorem 13.24 Let B € C§ be an infinite dimensional p-algebra and F # C € CP, such
that deg(C) is prime to p. Then B is isomorphic to a proper pathological Sylow subalgebra
of BQC.

Proof We follow the notation of Theorem 12.6, and decompose C = @C,. Write
D, = D1 ® --- ®D,. In Theorem 12.6, we construct an embedding B = H_H)lD,f—)A =
(Cyn, Dy Yry) = h_I)n [Dn ®Cy, 1 ®1pnt,,] as a pathological subalgebra, but since deg(C,)

are all prime to p, each component D, is a maximal p-subalgebra of the respective
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component D, ®C,, so B embeds as a Sylow subalgebra, which is proper because
deg(A) = deg(B) deg(C) # deg(B). Now, the isomorphism p: A—B ®C carries B to a
proper pathological Sylow subalgebra. O

Corollary 13.25 Every A € C{¢ with degree divisible by but not equal to p™ has
pathological p-Sylow subalgebras.

Indeed, A has an infinite dimensional factor which is a p-algebra by Primary Decompo-
sition, so we can apply Theorem 13.24.

14 Clifford Algebras

Clifford algebras serve as an important cohomological invariant of finite dimensional non-
singular quadratic forms, with a wide range of applications. In this section we study Clifford
algebras of infinite dimensional nonsingular spaces. We show that these are in Cj, and
demonstrate once more pathological behavior of the centralizers. In particular we provide
an example of a centralizer of a locally finite central simple subalgebra, which is not cen-
tral. For simplicity we assume in this section that charF' # 2, although this is not essential,
see [19, Section 8].

A quadratic space is a pair (V, ¢) in which V is a vector space and g : V— F a quadratic
form. One infinite dimensional example is the direct limit of finite dimensional quadratic
spaces, (V,q) = li_r)n(Vn, qn)- Another example would be a Hilbert space H, with the norm
form g(x) = (x, x)py, stripped of all the topological data; in particular a basis is in the
algebraic sense, and a subspace is not necessarily closed.

Definition 14.1 The Clifford algebra of a quadratic space (V, ¢) is by definition the tensor
algebra @, V ®" of V, modulo the ideal generated by the elements v @ v — g(v), v € V.

Remark 14.2 The natural grading of the tensor algebra induces a Z/2Z-grading of the
Clifford algebra, C1(V, q) = Clo(V, q¢) ® C11(V, g).

Remark 14.3 Assume V is finite dimensional and nonsingular. Then:

(1) The Clifford algebra C1(V, ) is simple, of degree 24mV

(2) The product zy = vy --- v, of the vectors in an arbitrary orthogonal basis of V is
independent of the choice of the basis.

(3) The center of CI(V,q) is equal to F if dimV is even, and to the étale quadratic
extension F[zy]if dim V is odd.

(4) The center of Clg(V, q) is equal to F[zy]if dim V is even, and to F' if dim V is odd.

From the definition it follows that if (V, ¢) is a quadratic space and W C V is a subspace,
then there is a natural embedding C1(W)< CI(V), whose image is the subalgebra of C1(V)
generated by W.

Recall that a quadratic space (V,q) is nonsingular if the radical radV =
{x: (x, V) = 0} equals zero, where (-, -) is the bilinear form associated to gq.

Lemma 14.4 Let V be any quadratic space, and U C V a finite dimensional nonsingular
subspace. Then V. = U @ U+
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Proof Indeed, U N U+ = radU = 0 by assumption. Let ¢: V—U* = Hom(U, F) be
defined by x +— (—, x). Then V /(U + Ul = tV /iU = 0 because (U = U*. O

(The finiteness assumption is essential here: if U is a dense subspace of a Hilbert space
V,thenU + U+ =U < V)

Proposition 14.5 The following are equivalent for an infinite dimensional quadratic space
V., q):

1.V is nonsingular.

2. Every finite dimensional subspace U is contained in a finite dimensional nonsingular

subspace U’ D U.

(V, q) is a direct limit of finite dimensional nonsingular subspaces.

4. Every finite dimensional subspace U is contained in an even dimensional nonsingular
subspace U’ 2 U.

5. (V,q) is a direct limit of even dimensional nonsingular subspaces.

e

Proof (1) = (2): let U be a finite dimensional subspace. If U is nonsingular we are
done, so let 0 # ug € rad U. Since ug ¢ rad V, there is vg € V such that (ug, vg) # 0.
Let U = U + Fuy. It is easy to see that rad U’ C rad U, so we are done by induction
on the dimension of the radical. (2) == (1): by assumption any vector in the radical is
contained in a nonsingular space, and thus must be zero. (2)<=>(3) and (4)<=>(5) similarly
to Proposition 2.2. (4) = (2) is obvious. To prove that (2) = (4), let U € V be an
odd dimensional nonsingular subspace. Write V = U @ U~ using Lemma 14.4. The form
g cannot reduce to zero on the whole subspace U~ because then subspaces of dimension
larger than dim U cannot be embedded in a finite dimensional nonsingular space, so we can
choose an anisotropic x € UL, and then U + Fx is nonsingular. O

Proposition 14.6 Let (W), q;) be a system of nonsingular quadratic spaces. Then
Cl(lim (W ¢1)) = lim CL(W;., g3).

Proof Indeed, let (V,q) = h_n)l (Wi, q»). For each A the map W, —V induces a map
C1(Wy, g.)—CI(V, q), and these maps are compatible. On the other hand every element of
V is in the image of some W)y, so the same holds for the Clifford algebras. (]

Proposition 14.7 Let (V, q) be a nonsingular quadratic space. Then CI(V, q) is in Cp.
Moreover, deg C1(V, q) is a (possibly infinite) power of 2.

Proof By Proposition 14.5 we may write V as a direct limit of even dimensional nonsin-
gular subspaces W,. Now CI(V, q) = h_II)l CL(W3, g,) by Proposition 14.6, which is in Cp,
because each C1(W,, ¢,) is central simple by Remark 14.3. O

14.1 Centralizers of Clifford Subalgebras
Let U be a nonsingular subspace of an arbitrary quadratic space V. We compute the

centralizer of CI(U) in CI(V). We first settle the case where U has an orthogonal
complement.
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Lemma 14.8 Let V. = U L W be an orthogonal sum of quadratic spaces. Then the
centralizer of C1(U) in C1(V) is

Clp(W) if dimU is infinite
Ceiv) (CI(U)) = { Clp(W) + zyClo(W) if dimU is even
Clo(W) + zyCliy(W) if dimU is odd

Proof By decomposing every product of elements from V as a sum of products of elements
from U and W, and using the fact that the former anticommute with the latter, we see that
CI(V) = CI(U)CI(W) = CI(U)Clp(W) & CI(U)Cl (W).

Our goal is to compute the centralizer of Cl(U) in CI(V). By definition, every
element from W anticommutes with every element from U. It follows that Cly(W) com-
mutes with C1(U). Fix a basis B = {u,:t € T} of U (finite or infinite); thus, B* =
{us, - ug, : 11 <tz < -+ <y} isabasis of CI(U). A general element r € CI(V) can be
presented, uniquely, as r = Y fi (g + h;), where fi € B*, gi € Clp(W) and h; € Cl;(W),
where for each i either g; # 0 or h; # 0. We assume this element centralizes C1(U).

For every u € B, the commutator is 0 = [r, u] = [>_ fi(gi + hi), ul = > [fi,ulgi —
(fiu + uf;)h;. Because of the direct decomposition, 0 = > [ fi, ulg; = Y_(fiu + ufi)h;.

Since u is fixed, the expressions [ f;, u] and ( fiu + uf;) are (possibly zero) multiples of
distinct elements from B*, hence they are independent. Therefore for each i either [ f;, u] =
0 or g; = 0; and for each i either fiu + uf; =0orh; =0.

So, for each i, exactly one of g; or h; is zero (because we cannot have fiu — uf; =
fiu + uf; = 0). But this partition is independent of u. So for each i, either fju = uf; for
all u; which is possible if and only if f; = 1 or, when dim U is finite and odd, f; = zy; or

fiu = —uf; for all u, which is possible if and only if dim U is finite and even, and f; = zy.
In particular, r has at most two summands: if dim U is infinite then r = gq; if dim U is
odd, r = g1 + zy g2; and if dim U is even, then » = g1 + zyhy, proving the claim. O

This computation leads to an example of a centralizer of a central simple subalgebra
which is not central:

Example 14.9 Let U, U’ be nonsingular quadratic spaces such that U has infinite dimension
and U’ is odd dimensional. Let V. = U L U’, an orthogonal sum. Then C1(V) € C,
CI1(U) € Cp, is a subalgebra, but the centralizer Ccy(v)(C1(U)) = Cly(U’) is non-central by
Remark 14.3. (4).

Theorem 14.10 Let V be a quadratic space, and U an infinite dimensional nonsingular
subspace. Then

Caivy (CL(U)) = Clo(U™).

Proof Write U = hl)nUA, a direct limit of even dimensional nonsingular subspaces. By
Lemma 14.4 we have for every A that V = U, L U)f-, so we can apply Lemma 14.8 and get
Caiv)(CLU)) = [ Caw)(ClW,)) = ") Flzu, IClo(U;).

A 2

To compute this intersection, notice that for every A < A’ we have that U, C U, so
U)f- 2 UAJ/- and Clo(Uf-) 2 Clo(U/#) and now the intersection of F[zUk]Clo(Uf-) with
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F[ZUA,]CIO(U)f,-), as subspaces of F[zy,, ZUA,]CIO(U)f,-), is equal to Clo(UAJ-). Therefore
M Flzu, IClo(U;h) = Clo(NU;H) = CL(U) because N U;- = UL. O

Example 14.11 (A pathological Clifford subalgebra) Let U be an infinite dimensional non-
singular subspace of a nonsingular space V. Assume further that U = 0 (for example, U is
a dense subspace of a Hilbert space V). Then CI1(U) is a pathological subalgebra of C1(V),
because Ccyv)(Cl1(U)) = Clp(UL) =Clp(0) = F by the theorem.

Remark 14.12 Let V be a quadratic space, and U an infinite dimensional nonsingular
subspace. Then

Caiv)(Clo(U)) = CL(U™).

The proof is similar to Theorem 14.10, where Lemma 14.8 is replaced by

ClL(W) if dim U is infinite

Caiovy (Clo(U)) =
Ao (C©oWD =10 wy 1 pClw) it dim U is finite

with essentially the same proof.

If U 4+ U~ is a nonsingular subspace (equivalently U, U~ are nonsingular), we obtain a
double centralizer formula:

Cci(vy(Caivy (CLU))) = Ceiv) (Clo(UH)) = CLU).

Part lll. Supernatural Matrices and the Matrix Degree

15 Supernatural Matrices

We define matrix algebras of arbitrary supernatural degree, and study their properties. A
supernatural number is the least common multiple of its (finite) natural divisors, which form
a directed set under the divisibility relation. We can thus define:

Definition 15.1 Let n be a supernatural number. We define the supernatural matrix alge-
bra M (F) = hl)nn‘nMn(F), where the maps M,,(F)—M, (F) for n |n’ are the diagonal
block embeddings a > a®1 =a @ --- B a.

Remark 15.2 By Corollary 7.5, deg My (F) = n.

Although the divisor lattice of n is isomorphic to w only when n = p for a natural
prime p, we always have that My (F) € C% by Proposition 8.1, since being generated by
countably many matrix algebras, My, (F) has countable dimension.

Notice that up to conjugation, the diagonal maps M,,(F)—M,,(F) are forced by the
assumption that the maps are unital: indeed, every embedding M, (F)—M,,(F) takes
M, (F) into a central simple subalgebra, and induces a decomposition via the centralizer, so
n | m and the centralizer is isomorphic to M, /, (F).

Proposition 15.3 For any directed system T of supernatural divisors of n for which n =
IemI", we have that M, (F) = lll)nmerMm(F).
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Proof 1f all the divisors in I are finite, the claim is clear by cofinality. In the general case,
lim Mp(F) = h_II)l M, (F) = lgln‘nMﬂ (F) = My (F) by Corollary 5.4.
m

lim
—>mel’ mel’ — m |
O

The diagonal embeddings are now seen to be immaterial, because by Proposition 9.5
a limit over w is determined by the objects, regardless of the morphisms. However the
assumption that these maps are unital is essential; otherwise we may obtain the algebra of
finite matrices, which is a completely different object.

Example 15.4 The direct limit H_r)nM,,(F) of all finite matrix algebras, under the divisi-

bility order, is the supernatural matrix algebra of the largest supernatural degree, namely
Mpeo3e0500... (F).

Proposition 15.5 For every two supernatural numbers n and m,

M, (F) @Mp (F) = Mum (F).

Proof Denote the sets of divisors of n by I',. Since there is a confinal copy of w in I'y,
Proposition 5.5. Eq. 5.5 shows that C;“ c Co.
By definition
M (F) ®Mm (F) = lim M, (F) @ limM,,(F) = lim (M, (F) @M, (F))
I‘n 1_‘m anI‘m
which is isomorphic to H_rr)lr M, (F) = Mpm(F) by Proposition 9.6. O

In particular, if mn = n (which is the case if and only if m® | n), then

M, (Mn(F)) = Mq(F). ®)

Proposition 15.6 If ni,ny,... are supernatural numbers and n = [[n;, then
QiMy, (F) = My (F).

Proof By Proposition 15.5 and Proposition 15.3, the set of supernatural matrices is closed
under countable tensor products. Therefore )My, (F) is a supernatural matrix algebra,
whose degree is n by Proposition 10.17. We are done by Remark 15.2. O

Proposition 15.7 Let n = []p* be the primary decomposition of n. Then
M, (F) = ®Mpap (F) is the primary decomposition of the algebra.

Proof The isomorphism follows from Proposition 15.6, and since deg(Mep) = p®?, this
is a primary decomposition, which is unique by Theorem 13.22.

A future paper [7] discusses the connection of supernatural matrices with Leavitt pat
algebras [1] and deep matrices [25]. O

16 The Matrix Degree of an Algebra
The matrix degree of a finite dimensional central simple algebra Ag is defined as the

maximal number n such that M, (F)<— Ag. In finite dimension, the matrix degree is
deg(Ap)/ind(Ap), where ind(Ap) is the degree of the underlying division algebra.
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Definition 16.1 For an algebra A in C p» we define the matrix degree degma A as the
supernatural number which is the least common multiple of the matrix degrees of its finite
dimensional central simple subalgebras.

Remark 16.2 For every A € C 7> degmar A | deg A, because the matrix degree divides the
degree for finite dimensional algebras.

Remark 16.3 For algebras A,B € C, if there is an embedding A— B, then degma A
divides degmat B.

The argument proving Proposition 7.4 shows the following as well:

Proposition 16.4 Let A, € C be a directed system of algebras. Then degma (li_r>n Ay) =
lcm{degmm A, }

Example 16.5 degmar Mp(F) = n. Indeed degmat M, (F) = n for any natural number 7, and
since by definition My (F) = li_r)nn |nM” (F), we have that degmae Mp(F) =lcm{n : n| n}=n.

Proposition 16.6 Let A € C, and n a supernatural number. Then M, (F)—A if and only
ifn|degma A.

Proof 1f My (F)— A then n = degma Mn(F) | degmar A by Remark 16.3. In the other direc-
tion, since n | degmat A, there are embeddings M,, (F)— A for every n | n. Since My (F) €

C%, Proposition 9.3 applies and gives an embedding My (F)—A. O

Corollary 16.7 The matrix degree of A is the maximal (supernatural) degree of a matrix
algebra embedded in the A.

16.1 The Opposite Algebra

Notice that if A € C}; then the opposite algebra AP is in C}; as well, as (li_n)er),)Op =
lim A
—T

Proposition 16.8 Let A € C2. Then A @A = M,,(F) where n = (degA)%.

Proof Write A = 1'11)1A,, where A, are finite dimensional central simple subalgebras.

Since for each n we have that A, ®A2p = Mdim 4, (F), Propositions 5.1 and 9.5 show that
ARAT = lim A, ® A} = 1 M, (F) = i Mg 2 (F) = Ma(F). 0

Corollary 16.9 Forany A € Cg, A~>Mgeo(a)2 (F).
In the spirit of Proposition 16.8, we have:

Example 16.10 For A € C%, the algebra A = h_r)nnA ®" is the supernatural matrix algebra
of degree (deg A)*°.
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Indeed, apply Proposition 10.13 to write A = X)A,,, and take n to range over a divisor
series, such as the factorials. By Proposition 10.12 (for I' = I = w),

o0 __ 13 ®n __ 13 ®n
A = 1A = lim(@)A)

n n
in®, 42 = @, A3
n n

®mM(degAm)°°(F) = M]_[(degAm)“’(F) = MdegADO(F)

The following example is a counterpart to Proposition 9.5: while for direct limits
over w only the algebras matter, the morphisms can fundamentally change the limit over
uncountable directed sets.

Example 16.11 LetA € C I' where I is an arbitrary directed set. Write A = li_r)nI,Ay where

A, are finite dimensional central simple algebras. Then A AP = h_rI)lr,(Ay ®A;),p) has
the same dimension as A.

We construct an algebra B which is a limit of the same algebras A, ®A§),p, and is
nevertheless countably dimensional.

Take the objects B, = A, ®A§;p, identified with matrices of the respective dimen-
sions, and whose morphisms are, for each y < 9/, the diagonal matrix embeddings
Byy : By— B, of Definition 15.1. Let B = li_r)n(By, Byyr)-

Consider the supernatural matrix algebra My (F) = hl,“,, | nM,Z(F ), where n = deg(A).
The system of identifications Bj, —Mgim( Ay) (F) foreach y € T', is compatible, and induces
by Remark 4.1. Eq. 4.1 an isomorphism B = M, (F).

16.2 Identifying Division Algebras

Proposition 16.12 Let A € Cy,. Then:

1. A is a division algebra if and only if degma A = 1.
2. A is Artinian if and only if degmat A is finite.

Proof By definition, degmat A = 1 if and only if every finite dimensional central simple
subalgebra of A is a division algebra, if and only if A itself is a division algebra (of arbitrary
dimension).

If degmac A is infinite then M, (F)— A for unbounded values of n, so A cannot be
Artinian. If n = degm, A is finite, then write A = M,,(F) ® B by Corollary 6.5. Clearly
degmat A = n - degmat B, so degmat B = 1 and B is a division algebra, showing that A is
Artinian. O

Let Aj, Ay € Cp. Itis easy to see that
degmar (A1)degmar (A2) | degmat (A1 ®A2).

Equality does not hold in general, even in the finite dimensional case, because of par-
tial splitting (e.g. when some finite dimensional division algebra By satisfies Bp<— A and
By’ A»). However, we do have:

Proposition 16.13 Ler A, A; € CF' If degAi,degA, are co-prime, then
degmat (A1 ®A2) = degma A1 - degmat Az.
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Proof Suppose M, (F)—>A| ®A;. There are finite dimensional B; < A; such that

M, (F)—B1 ® B. Taking n; = gcd(n,degA;) we have that n niny. Since
deg(B;) | deg(A;), we have that M,, (F)— B; and n; | degmat A;, which are co-prime,
showing that n = nny divides degmat A1 - degmat Az. O

Proposition 16.14 Let A; € Cp be algebras of pairwise co-prime degrees. Then
degmat ( ®a,Ai) = l_[ degmatAi-

Proof For any n, degmat (A1 ® -+ - ®A,) = ]_[?’:1 degmat A; by Proposition 16.13, so we
are done by Proposition 16.4. O

Therefore, by Proposition 16.12:

Proposition 16.15 The countable tensor product of division algebras of pairwise co-prime
degrees is also a division algebra.

And in particular:

Proposition 16.16 Assume A € C. has a primary decomposition A = QA p. Then A is a
division algebra if and only if each A, is a division algebra.

We will also need the following easy observation:

Remark 16.17 Let A € Cp. If D € C is a division algebra, then degmy (A®D) =
degmar (A).

17 Split Crossed Products

Let K/ F be an algebraic (but possibly infinite) Galois extension of fields. A subgroup I' C
G = Gal(K/F) of the Galois group is dense with respect to the natural (Krull) topology
[27, Sec. 2.11] if and only if KI' = F. In our context, a split crossed product is an algebra
of the form K[I'], where K is as above and I' € G is dense. The multiplication is defined
by the natural action o -a = o (a) - o (fora e Kando € I').

Remark 17.1 A split crossed product K[I'] is always simple and central over F.

Remark 17.2 The split crossed product K[I'] is locally finite-dimensional if and only if "
is locally finite (as a group).

17.1 Split Crossed Products over Tensor Product Fields

In this subsection we consider the following setup. Let / be an infinite index set. Let
{K;: i € I} be a set of linearly independent finite dimensional Galois extensions of F in a
fixed algebraic closure. For i € I, let G; = Gal(K;/F) be the Galois group. Let K be the
field generated by all the K;; so that K = ),;.;K; is an infinite tensor product (Section
10.1). The full Galois group Gal(K/F) is the direct product G = [ ] G;.

Remark 17.3 We assume henceforth that the order of the G; is bounded.
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Notice that by the restricted Burnside problem [32], G is locally finite if and only if the
exponent of the G; is bounded, which is a weaker condition.

For every finite subset A C I, let K = ®;ex K, let G, = [];; Gi, and let A denote
the split crossed product K;[G,], so that A; = End(K}). In particular we put A; = Ay,
sothat A} = ®;c)A;.

A locally matrix algebra is by definition any direct limit of (finite dimensional) matrix
algebras over F. For example, a supernatural matrix algebra is a locally matrix algebra, and
by Corollary 9.9 the two notions coincide for countably generated algebras. More generally,
an infinite tensor product of matrix algebras, of any cardinality, is also a locally matrix
algebra. In this section we construct a locally matrix algebra which is not an infinite tensor
product.

Proposition 17.4 The (full) split crossed product A = K[G] is a locally matrix algebra. In
particular A € C.

Proof Every finitely generated subalgebra Ag C A is contained in an algebra generated
over F by a finite dimensional subfield K, and a finitely generated subgroup H € G =
[1;c; Gi, which is finite by our assumption that the components G; have bounded order. We
say that i, i’ € I are equivalent if there is an isomorphism G;— G;» which for every h € H
maps the ith entry to the i’th entry. Since we assume the orders of the G; are bounded, there
are only finitely many isomorphism types of the G;, and so there are only finitely many
equivalence classes. We say that a subset of I “covers H” if it intersects each equivalence
class.

We now take a finite set A’ 2 A which is large enough both to cover H and for the map
H— Gal(K,//F) to be injective (both properties are monotone). Refine the equivalence
relation so that no two elements of A’ are equivalent. Under the refined equivalence relation,
eachi ¢ 1 isequivalent to a unique i’ € A". Moreover if i, i’ are equivalent under the refined
relation, the groups G; and G, must be isomorphic. Every element of G,» = Gal(K,//F)
can then be extended to an element of G via a fixed isomorphisms of equivalent components.
Let H' be the subgroup of G extended in this manner from all of Gal(K//F). Then H C
H' = Gy, and Ky [H'] = K;/[Gy] = End(Kj) is a matrix algebra containing A. O

Now consider the subgroup Go = B, ;
denote the subalgebra K[Go] of A = K[G].

G, which is a dense subgroup of G. Let Ag

Proposition 17.5 Ag = &), Ai.

Proof By definition A is the direct limit of the finite dimensional subalgebras K,[G)] =
®;ex Ki[Gi] (for finite A S I), which by definition is the infinite tensor product );;A;.

Remark 17.6 The algebra A has the same matrix degree as A. By controlling the groups
G, it is easy to obtain matrix degree p°> where p is any finite product of primes.

Proposition 17.7 The vector space dimensions are dim(K) = dim(Ag) = |I| and
dim() = 2'1,
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Proof The first claim follows from Proposition 17.5, and the second from G = [],.; G;
being a basis of A over K.

Recall the definition of a pathological subalgebra from Definition 12.5.
Proposition 17.8 Ay is a pathological subalgebra of A.

Proof Anelementa € A has the forma = ), kg, where k, € K and g, € G. For every
k € K, the assumption that 0 = [a, k] = Y_ k, (g, (k) — k) g, forces a € K, and the density
of Go in G then implies a € F. O

Remark 17.9 If C = @ ;C; is an infinite tensor product of finite dimensional central
simple algebras, then every pathological subalgebra has the same dimension as C.

Proof Let {b,} be a basis for a pathological subalgebra C’; for each « let J, € J be a finite
set of indices such that by € @, C;j.Let J' = |J Jy. Then |J’| = |{be}| = dim(C), so if
dim(C’) < dim(C) = |J| there must be some jo ¢ J’, and C}, centralizes C'. O

Comparing Proposition 17.8 with Remark 17.9, we conclude:

Corollary 17.10 The locally matrix algebra A = K[G] cannot be an infinite tensor product
of finite dimensional central simple algebras.

17.2 Split Abelian Crossed Product

As before, let K/ F be an algebraic Galois extension, and G = Gal(K/F'). As mentioned in
Remark 17.2, for K[G] to be locally finite-dimensional, we must assume that G is locally
finite, and in particular torsion. By [27, Cor. 4.3.9], an abelian profinite group is torsion if
and only if it is a direct product of cyclic groups with bounded order.

Corollary 17.11 Assuming G = Gal(K/F) is abelian, the split crossed product K|G] is
in Cp, if and only if G is torsion.

18 Classification of Algebrasin C¢

A supernatural number n = [ | p®? is locally finite if all the «, are finite (so a supernatural
number is finite if and only if it is finitely supported and locally finite). We generalize
Corollary 6.5 for matrices in Cf.

Proposition 18.1 Ler n be a locally finite supernatural number. Let A € C%, and assume
M, (F)—A. Then A = M, (F) QB for some B € C%.
Moreover if n = degmat A then B is a division algebra, which in this case is unique.

Proof Take a primary decomposition A = @A, where A, € C% are p-algebras, and
a primary decomposition Mp(F) = @M yep (F), where the ), are finite by assump-
tion. By Corollary 13.23, Mep (F)=>A, for each prime p, so by Corollary 6.5, A, =
Mper (F) ®B), for some p-algebra B, € Cg. By Remark 104, A = QA, =
QXM (F) @By) = @M pep (F) @ @B, = My (F) ®B, where B = QB,,.
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Now, n-degma (B) | degmat (A), so if degmat (A) = n we are forced to have degm, (B) =
1 because locally finite supernatural numbers cancel, so B is a division algebra by Remark
16.12. It follows that each B, is a division algebra, so A, is Artinian and B, is unique by
Wedderburn-Artin. Finally the B, determine B. O

Theorem 18.2 An algebra A € C@ is a supernatural matrix algebra if and only if
degmat A = degA.

Proof If A = My (F), then degmat A = n = deg A by Example 16.5.

Let us assume A € C% has matrix degree equal to n = deg A. There is a unique decom-
position n = n’'m* where: n’ is locally finite, m is a (possibly infinite) product of distinct
primes, and n’ and m are co-prime. Indeed, n’ is the product of the finite prime-powers in
the primary decomposition of n.

Since My (F)—Mp(F)— A, we have that A = My (F) ® B for some B € C{ by Propo-
sition 18.1. Now ’'m* = n = deg(A) = n’ deg(B), so deg(B) = m™ by cancellation. By
Proposition 16.8, we have that

A—>A®BP =My (F) ®BRB® = My (F) = My (F),

because (m™)% = m®™.
Since n = degma A, we proved that My (F)<— A<M, (F). By Proposition 9.8, this
shows that A = M, (F). O

We immediately obtain:

Proposition 18.3 Every p-algebra in C{ is either

(1)  of the form M, (F) ®D for a unique division algebra D € C$ and a unique finite
p-power n (which is the matrix degree of the algebra); or
(2) the matrix algebra M poc (F).

The only non-Artinian algebra in this class is Moo (F).

Proof Let A be a p-algebra in CP. If n = degma A is finite, then we can decompose
A =M, (F)®D by Corollary 18.1, and D is a division algebra; in particular A is Artinian.
On the other hand, if degma A = p™ = deg A, then A = M« (F) by Theorem 18.2. [

Theorem 18.4 Every A € C% can be uniquely presented as My oo (F) @ D where

® m is a (possibly infinite) product of primes;
® 1’ is alocally finite supernatural number which is prime to m;
® D e C{ is a division algebra whose degree is prime to m.

Proof Fix a primary decomposition A = @A ,, where A, € C{ are p-algebras. For
every prime p write p*» = degma A p, where @, is finite or infinite. Let P be the set of
primes p for which &, is finite. By Proposition 18.3, A, = M« (F) ®D,, for a unique
division p-algebra D), when p € P, and A, = M~ (F) when p ¢ P.Letn’ = [],.p p*
andm = [[,op p,andletD = &, pDp. Now @A), = (Q,cpAp) ®(Q),2pAp) =
(® My (F) @D) @ (R g pMyex (F)) = My (F) @D @ Moo (F).

The uniqueness follows from the condition that deg(D) is prime to the infinite matrix
part; indeed, any division algebra of degree dividing m will be absorbed by My, (F). O
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We say that D is an underlying division algebra for A € C if A = My (F) ®D for
some supernatural matrix algebra My (F).

Corollary 18.5 An algebra A € C% has a unique underlying division algebra of minimal
degree.

A prime p is saturated in A if p® | degmat A. The saturated primes in A are the prime
divisors of m in the presentation of Theorem 18.4.

Corollary 18.6 Let D be the underlying division algebra of minimal degree of a given
algebra A € C9.

The underlying division algebras of A are the algebras of the form D D', where D’
is any division algebra in C$ whose degree is supported on the saturated primes of A
(Proposition 16.15 shows that D @ D’ is indeed a division algebra).

Proposition 18.7 Let A € Cp, and let p be unsaturated. Every p-Sylow subalgebra of A is
a maximal p-subalgebra.

Proof Let p" be the maximal power of p dividing degma, A. Let P C A be a Sylow subalge-
bra. Write A = l'l)nAy. Starting the net sufficiently high, we may assume every A,, contains
M = M (F), and so does its maximal p-subalgebra. Therefore M C P. Let P’ and A’ be
the centralizers of M; since A’ = 11}11(: 4, (M), P’ is a p-Sylow subalgebra of A’. But since
degmar (A) is prime to p, every p-subalgebra of A’ is a division algebra, and by Theorem
13.11 P’ is a maximal p-subalgebra of A’. By Proposition 6.3 we have that P = M Q P/,
which is a now a maximal p-subalgebraof A = M Q A'. O

19 Elements in the Monoid C,‘_."

In this section we inspect the monoid C%, and identify zeros and idempotents. Let ,C
denote the submonoid of C% whose elements are p-algebras. The Primary Decomposition
Theorem 13.22 provides an isomorphism to the direct product

ey =T].C. ©9)
P
We thus solve a basic equation in pC“F’, and then combine the results in C?.

Proposition 19.1 Let A, B € ,,C‘;. ThenA®@B =A ifandonly if B =F or A = My (F).

Proof If B = F then clearly AQB = A, and if A = M (F) then A®B = A by Propo-
sition 18 3, because the matrix degree cannot drop. On the other hand, assume A @ B = A
where B # F. Let By € B be a finite dimensional central simple subalgebra, and let
e = exp(Bp) be the order of [ By] in the Brauer group, so B(;@e is a nontrivial matrix algebra.
For every n, BE*" € B®" € A@B®" = A, 50 degmy A is infinite. O

Corollary 19.2 The monoid ,C}. has a zero element, namely the algebra Mps (F). There

are no nontrivial idempotents. There are no invertible elements other than F (because of
the degree).
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We now consider the same questions in C%..

Proposition 19.3 For algebras A, B € C%, A®B = A if and only if (deg B)*° | degmat A.

Proof Decompose A = @A, and B = @B, Clearly, A®@B = A if and only if for every
prime p we have that A, ® B, = A, which by Proposition 19.1 happens if and only if
whenever B, # F, A, = M (F). Namely, deg(B)>° divides degma A. O

Generalizing the isomorphism (8), we have:
Corollary 19.4 For A € C%, M,(A) = A if and only if p™ | degmar (A).
Let p denote the product of all the natural primes.

Corollary 19.5 The algebra My (F) is the zero element in the monoid C%. The idempo-
tents are all of the form M, (F), for m a product of distinct primes. There are no invertible
elements other than F.

Proposition 19.3 classifies algebras isomorphic to one of their own factors.

Proposition 19.6 An algebra A € C¢ is isomorphic to one of its own proper factors if and
only if A contains Moo (F) for some prime p.

Proof If A is isomorphic to a proper factor of itself, then A = A®B for some F # B €
CP. Take some p | degB, then p*° |degmat A by Proposition 19.3, and M (F)—A by
Proposition 16.6. On the other hand if M« (F) C A then M~ (F) is a factor of A by
primary decomposition, and already M o (F) is isomorphic to its own proper factor because
M, (F) @M oo (F) = Mpeo (F). O

As mentioned in the introduction, Barsotti proved in [5] that every infinite dimensional
division algebra A € C{ is isomorphic to a proper subalgebra. By Proposition 19.6, this
subalgebra cannot be a factor.

We now show that Skolem-Noether’s theorem fails in C§.

Theorem 19.7 For every infinite dimensional A € C% there is an isomorphism between
proper subalgebras in C{ which cannot be extended to A.

Proof Let By # F be a finite dimensional central simple subalgebra. We can decom-
pose A = Byp®B where B is the centralizer. If B = A then we can further decompose
A= By®A = (By®Bp) ®A, and the isomorphism between the two infinite dimen-
sional factors cannot be extended because the centralizers By and Bg® By are not
isomorphic.

Otherwise, B Z A. By Theorem 12.6, B can also be embedded as a pathological subal-
gebra By, and the isomorphism B— B cannot be extended because an automorphism aught
to carry centralizer to centralizer. O
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IV. The Brauer Monoid

20 Morita Equivalence

We show that algebras A,B € C r are Morita equivalent (see e.g. [28, Chapter 4], [21,
Chapter 7]) if and only if they are matrix-equivalent, namely if there are natural numbers
n, m such that M, (A) = M,, (B).

Remark 20.1 For any algebras A, A’ and B, if A and A’ are matrix-equivalent, then so are
A®Band A’ ®B.

We say that an algebra A is a corner in an algebra B if A = eBe for some idempotent
e € B. The following useful criterion follows from [21, Proposition 18.33]:

Remark 20.2 Let R be a simple ring. Every ring S which is Morita-equivalent to R is a
corner in a ring which is matrix-equivalent to R.

Theorem 20.3 Let A € C. An F-algebra B is Morita-equivalent to A if and only if they
are matrix-equivalent.

Proof Assume that A and B are Morita-equivalent. Replacing A by a matrix algebra over
itself, we may assume by Remark 20.2 that B is a corner in A. Let e € A be an idempotent.
There is a Flnite dimensional central simple subalgebra Ag € A such that e € Ag. Using
Proposition 6.3, write A = A9 ®A’ where A" € C.. Now B = eAe = (eApe) @A, but
eApe is Morita equivalent to Ag, and thus matrix-equivalent to it; by Remark 20.1, B is
matrix-equivalent to Ag ® A’ = A. The other direction is trivial. (]

Recall [22, Section 9] that a class of rings is Morita-invariant if, when A is in the class,
so is every algebra Morita equivalent to A.

Corollary 20.4 The class C, is Morita invariant.

Proof The proof of Theorem 20.3 shows that B = egAgep ® A’ where both egAgeg and A’
are in Cp. O

21 The Brauer Monoid

By definition, the elements of the Brauer group over a field are the finite dimensional central
simple algebras up to Morita equivalence, which in this context is referred to as Brauer
equivalence. In this section we introduce a similar structure for algebras in C%. Note that
the algebras here are countably generated.

Definition 21.1 Algebras A,B € C¢ are Brauer equivalent if there are locally finite

supernatural numbers n’, m’ such that A @ My (F) = B @ My (F). As in the finite case, we
denote the class of A by [A].
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This is an equivalence relation because the product of two locally finite supernatural
numbers is locally finite, and for the same reason the product of classes is well defined by
[A] - [B] = [A ®B]. Brauer equivalence is coarser than Morita equivalence, and the two
notions coincide for p-algebras, see Section 21.2 below.

Definition 21.2 The (countable) Brauer monoid Br®(F) is the monoid of equivalence
classes [A], for A € C%, with the tensor product operation.

The equivalence relation of Definition 21.1 reduces to the standard Brauer equivalence
on finite dimensional central simple algebras, so the Brauer group Br(F') naturally embeds
as a submonoid of Br®(F).

Remark 21.3 The term Brauer monoid is used by Haile [13] and others (also see [26] and
[14]) for crossed product algebras arising from 2-cocycles which may obtain zero values;
the Brauer group is the unique maximal subgroup in this monoid.

In combinatorial topology, the term Brauer monoid refers to a semigroup of partitions of
a fixed set of even cardinality, originated in Brauer’s paper [6]. This semigroup has a nice
diagrammatical representation, and is related to representation theory and knot theory, see
for example [23].

In spite of this triple terminological collision, we find the term Brauer monoid, in its new
meaning, natural and suitable.

Why do we insist on n’, m’ in Definition 21.1 being locally finite?

Remark 21.4 Declaring two algebras in A,B ¢ C? to be equivalent if
A @My (F) = BRMn(F) for arbitrary supernatural numbers n and m will be a step too
far, because of the zero element Mpoo (F) of Corollary 19.5, which will collapse all the
algebras to a single class.

21.1 The Underlying Division Algebra

In the Brauer group of finite dimensional algebras, every class has a unique representative
which is the underlying division algebra. For algebras in C%, infinite matrices need to be
taken into account. Indeed, by Theorem 18.4, every algebra A € C% is equivalent to a
unique algebra of the form My« (F) ® D, where m is a product of primes and D € C% is a
division algebra whose degree is prime to m.

Corollary 21.5 For an algebra A € C§. the following are equivalent:

(1) A is Brauer equivalent to a division algebra;
(2) degmat (A) is locally finite;
(3) no proper factor of A is isomorphic to it.

Proof (1) <= (2) is by definition of equivalence, and (2) <= (3) is Proposition 19.6.
O

Theorem 12.6 now reads:

Corollary 21.6 IfA € C{ is Brauer equivalent to a division algebra, then every infinite
dimensional proper factor of A is isomorphic to a pathological subalgebra.
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Fig.2 Primary decomposition

for the Brauer group and monoid Brw ( F ) = H pBrw (F )

[T ,Br(F)

(a3

Br(F) P ,Br(F)

21.2 The Monoid ,Br®(F)

Let us utilize primary decomposition (Section 13.4). Since a locally finite supernatural p-
power is a finite power of p, equivalence of p-algebras in C¥ is defined by adding and
removing finite matrices. Therefore, algebras A, B € C® are Brauer equivalent if and only
if their primary components are matrix-equivalent everywhere.

Let ,Br®(F) < Br®(F) denote the submonoid of (matrix-equivalence) classes of p-
algebras.

Remark 21.7 Whereas finite dimensional central simple algebras have finitely many non-
trivial primary components, the primary decomposition (9) induces an isomorphism of the
countable Brauer monoid to the direct product (and not the direct sum) of its primary sub-
monids. We thus have a commuting diagram of monoids and subgroups, as depicted in
Fig. 2.

Let us now fix a prime p. By Proposition 18.3, every class [A] # [M o (F)] has a unique
underlying division algebra. The degree and matrix degree are not defined on ,Br®(F), but
their finitude is well defined. These two invariants partition the countable Brauer monoid
pB1?(F) into three types, as described in the following table:

Degree Matrix degree representatives

finite finite finite dimensional division algebras
infinite finite infinite dimensional division algebras
infinite infinite M (F)

Since the degree is multiplicative and 1 = [F] has finite degree, every invertible element
has finite degree:

Corollary 21.8 1. ,Br(F) is the group of invertible elements in ,Br®(F).
2. The complement of ,Br(F) is the unique maximal ideal of ,Br® (F).

Moreover, the Brauer group acts on ,Br®(F) by multiplication, and we have:

Proposition 21.9 The action of ,Br(F) on ,B1“(F) preserves the partition into types

pBr¢(F) = ,Br(F) U (,Br?(F) \ (,Br(F) U {0})) U {0}.
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Proof The zero element absorbs by Corollary 19.1. The product of finite classes is clearly
finite. It is also clear that if Ag is a finite dimensional central simple algebra and B is a
division algebra of degree p°, then by Remark 16.17, deg(Ao @ B) = p®°. It remains to
show that Ao ® B is not the zero element. But Agp ® (A9 ®B) = Mgeg(4,) (B), which is
clearly nonzero. O

21.3 Zero Divisors

Every [A] € ,Br® of infinite dimension is a zero divisor. Indeed, by Proposition 16.8,
[A]- [A®P] = [A ®AP] = [Mp (F)] = 0 because deg(A) = p*°.
Even more so, the product of two algebras is zero quite frequently:

Proposition 21.10 Let A = li_n)lAn and B = l'l)an be algebras of infinite degree in I,C“I_i.
Then [A] - [B] = O if and only if the matrix degrees degma: (A, ® By) are unbounded.

Proof A®B ~ 0 if and only if lem{degm,: (A, ® B,)} = degma (A ® B) = p*°, which is
the case if and only if degma (A, ® By,) are unbounded. O

Remark 21.11 For a finite dimensional central simple algebra A, we have
that degma (AR A) > deg(A). Indeed ind(A®A)|ind(A)| deg(A), so
deg(A) | deg(A® A)/ind(A ®A) = degmat (A R A).

Of particular interest is the following:
Corollary 21.12 For every A € ,C} of infinite degree, [A]? = [A]-[A] =0.
Proof Writing A = li_r)nA,l, degmat (A, ® A,) > deg(A,)— o0, using Remark 21.11. O

Corollary 21.13 The idempotents in ,Br®(F) are trivial: 1 = [F] and 0 = [Mp (F)].

22 The Infinite Part of the Brauer Monoid

Proposition 21.9 leads us to consider the countable Brauer monoid ,Br® (F') up to units, and
more generally Br (F) up to units in each primary component. If D, are finite dimensional
central simple algebras for each prime p, we call the product D, primary-finite. (It
should perhaps be called “locally finite” to conform with the terminology for supernatural
numbers and matrices, but this would be confusing in the general context of locally finite
algebras.)

Up to Brauer equivalence, the primary-finite algebras compose [ [ ,Br(F), which is the
unique maximal subgroup of Br®(F).

Definition 22.1 We say that two algebras A, B Cj‘p’ are similar, and write A z B, if there
are primary-finite algebras P, P’ € C% such that A@P = BQP'.

Similarity is an equivalence relation. The similarity class of A € C% is denoted [A]*.
We let S = S8 denote the semigroup of similarity classes of non-primary-finite algebras
A e C{, with the operation [A]* - [B]* = [A ®B]*.
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Similarity ignores locally finite supernatural matrix algebras, and is therefore defined on
the countable Brauer monoid: if A ~ A’ and B ~ B’ are Brauer equivalent, then A = B
if and only if A’ Z B’. We can thus write [A] = [B] when A Z B. We thus have two
projections of monoids,

Cy — Br?(F) — S U {1},
which are defined by gradually forgetting details of the algebra: A — [A] — [A]*. All the
finite dimensional central simple algebras collapse to a single element [1]* in the monoid
SuU{l}.

22.1 Primary Decomposition

As before, there is a primary decomposition S U {1} = [](,S U {1}), where ,S is the
semigroup of similarity classes of the infinite dimensional A € ,C‘. For p-algebras A, B,

A = B if and only if there are finite dimensional central simple algebras P, P’ of prime
power degree, suchthat AQ P =B ® P’.

We may identify ,S U {1} with the quotient space ,Br®(F)/,Br(F), so again there are

projections of monoids
pCp—> pB1?(F) — ,S U {1}.

As Proposition 21.9 shows, ,S U {1} has three “parts”: a unit 1 = [F]* composed of
all the finite dimensional central simple algebras of degree a power of p, a zero element
0 = [Mpe (F)]*, and the similarity classes of infinite dimensional division algebras, up to
finite algebras. As before, the types are characterized by finitude of the degree and matrix
degree.

Since ,S U {1} is ,Br”(F) up to units, notions such as divisibility, ideals or zero divisors
in ,Br®(F) are best studied in ,,S , where we work from now on (so a, b, ¢ denote elements
of ,&). In particular we note that

Remark 22.2 The commutative semigroup ,S is nil of index 2. (Indeed, a®> = 0 for every
a by Corollary 21.12.)

We list some basic observations on divisibility. For a, b € pS , we say that a divides b
and write a | b if there is ¢ € ,S such that b = ac. In other words [A]* divides [B]* when
there are a finite dimensional central simple algebra D and an infinite dimensional algebra
Ce(Cf suchthat B D = A®C.

Remark 22.3 Notice that a fa unless a = 0, because if « = ac then a = ac = ac? =0.1t
follows that the divisibility relation is anti-symmetric (and “almost” irreflexive).

Proposition 22.4 There are no irreducible elements in ,S (i.e. pSz =,5).

Proof Let0 # a € ,S. Let A € a be a central simple algebra. Write A = @) D; where
D; # F are finite dimensional central simple algebras. Then A = (Q)D2;) ® (Q D2it1),
so taking b = [ Q) D2;1* and ¢ = [ @ Da;+11*, we have that a = [A]* = be. O

Every commutative nil-semigroup of index 2 can be imbedded into such a semigroup
without irreducible elements, as proved in [17]. In that paper the authors comment that
“examples of these semigroups are rarely seen”. By Proposition 22.4, ,S is such an
example.
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To see how complicated ,S is, consider subsets of w. We say that I 1" if I’ \ I s finite,
and that 7 = I’ if both IC*I’ and I’C*I. This is an equivalence relation, whose classes are
ordered by the strong order relation C*, defined by declaring that IC*I” when IC*I’ but
4 ;2 I (a strong order relation is transitive, irreflexive and asymmetric). Let [/]* denote the
equivalence class of a subset /. Let P*(w) denote the set of equivalence classes of infinite
sets (so we remove the single class [#]*, composed of all finite subsets). The order relation
C* is defined on P*(w) by setting [I1*C*[I']* when I*C*I"*.

Theorem 22.5 If ,S # 0, then there is an order-preserving injection (P*(w), C")—
(S, D-

Proof Let 0 # a € ,S, and choose a division algebra A € a. Decompose A = &), D;
where the D; are finite dimensional division algebras. Define a map p: P*(w)—,S by

w(IT*) = [Q;c;Dil*. This is well defined, because if 1 Z ' for I,I' € w, then
Rici Di z e Di. If [I1* C*[1']* then up to finite subsets we may assume [ C I’,
with infinite complement, so u(I') = [@,Di1*[[Q,;D;]* = wu(l) because of the
decomposition @, D; = (Q);Di) (R v Di). This shows yu is order-preserving.
Suppose u([I1%) = w([I'7*). Let J = I\ I'"and J' = '\ I.Let B = @, Di, C =
®;Di and C' = @, D;. By assumption B® C £ B®(C/, soif C’ has infinite dimension,
*

we would have that B C®C’' = BRC' ®C' = 0 by Proposition 21.12, contrary to the
fact that BC®C' = @,/ D; is a factor of the division algebra A, and hence itself a

division algebra. This shows J is finite, and J is finite by symmetry, so / = I’. O

The injection is into the set of divisors of a given division algebra (and depends on its
decomposition as a countable tensor product).
Dedekind cuts supply us with an order-preserving embedding of the real line (R, <) into

(P*(Q), ), bya — [fx € Q: a < x}]".

Corollary 22.6 Assume ,S # 0. Then there is a continuum of non-isomorphic division
algebras Dy € C (o € R), such that Dy is a factor of Dg whenever a < B.

22.2 Idealsin S

A subset I C Sis an ideal if ST C I. An ideal of the form Sa is called a principal ideal.
The subset Sa U {a} is an ideal as well. From Remark 22.3 it follows that a ¢ Sa unless
a=0.

Remark 22.7 If a|b # 0 then Sb U {b} C Sa. In particular Sb C Sa and Sb U {b} C
Sa U {a}.

It suffices to prove that Sb U {b} # Sa. By assumption b = ac for some ¢ € S and by
Proposition 22.4 we can write ¢ = ¢/c¢” for ¢/, ¢” € S. Then ac’ € Sa but ac’ ¢ Sb U {b}
because ac’ | b.

22.3 Annihilators
Let us consider the annihilators

ann(a) = {b € ,S: ab =0}
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fora € ,S. Obviously, if a | b then ann(a) C ann(b).
Proposition 22.8 Ifa |b # O then ann(a) C ann(b).

Proof By assumption b = ac for some ¢, and then bc = a2 =0soc € ann(b), but
ac =b # 0soc ¢ ann(a). O

Corollary 22.9 Assume ,S # 0. The linearly ordered continuum of elements of ,S (Corol-
lary 22.6) provides a chain of principal ideals (Remark 22.7) and a chain of annihilators
(Proposition 22.8), both of the cardinality of the continuum.

So we do not have ACC or DCC on principal ideals of annihilators. It should be noted
that the annihilators in S reflect the underlying algebraic structure beyond divisibility:

Proposition 22.10 For any A, B € ,C%, if A~ B then ann([A]*) C ann([B]*).

Proof If [A] - [C] = 0 then p® = degmat (A ®C) | degmar (B ® C) by Proposition 16.3, so
[B] - [C] = 0 as well. O

Since the underlying division algebras can be presented by Proposition 10.13 as count-
able tensor products of finite dimensional division algebras, we need a criterion for such a
product to have infinite matrix degree.

We say that a finite set of division algebras Dy, ..., Dy is deficient if D| ® - - - ® Dy is
not a division algebra.

Proposition 22.11 Let D = {Dy, D, ...} be a countable set of central division algebras of
finite p-power degree. Then Q) pcpD = Mpx (F) if and only if D contains infinitely many
disjoint deficient subsets.

Proof Call a set of subsets T € P (D) a “deficient family” if the elements of T are disjoint
deficient subsets of D. The collection of deficient families is closed under union of chains
(because every element of the union belongs to a member of the chain and is thus a deficient
set; and any two elements belong to a member and are thus disjoint), and by Zorn’s lemma
there is a maximal deficient family 7. By maximality, D — | J T has no deficient set, so any
finite product of algebras from D — | J T is a division algebra, and hence ), U rDisa
division algebra.

For every I € T, degma(® peyD) is divisible by p, but finite because it
divides []; deg(D). Therefore, the matrix degree of ®D€UTD = Qcr(QperD)
is finite or infinite together with 7. In light of the decomposition @pcpD =
(QpeyyrD) ®(Qpg 7 D). we proved that the matrix degree of Q) pep D is infinite if
and only if T is infinite.

This proves a bit more than required: &), D is isomorphic to Moo (F) if and only if
every maximal deficient family is infinite, if and only if some maximal deficient family is
infinite, if and only if there is an infinite deficient family. O

Corollary 22.12 Let A, B € ,C% be division algebras. Then A @ B ~ 0 if and only if there

are decompositions A = QA; and B = QBi, with A;, B; finite dimensional division
algebras, such that no A; ® B; is a division algebra.
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Proof First assume A ®B ~ 0. Decompose A = QA; and B = Q) B;, where A;, B;
are finite dimensional division algebra. Write a = {A, A>,...} and b = {Bj, B2, ...}. By
Proposition 22.11 there are infinitely many disjoint deficient subsets S, S2, ... of a U b.
Each deficient subset must intersect both a and b not trivially. Enumerate the factors A; in
a—USjas Ay, Ap,, .. .; if this set is finite, take A,,, = F for k larger than the size of the
set. Likewise enumerate Bm/l , Bm/2, ....Foreachn,let A), = A,, ® ®A0€aﬂsn Agp; and let
B, = By, ® Qp,cons, Bo- Then A = @A), B= @B, and A}, ® By, is never a division
algebra, being a product over a set containing S,, which is deficient.

In the other direction, given the decompositions as described, we have that

degmat (A ® B) = degma (®(Ai ®B;)) = Hdegmat (A; ®Bj) = p*™. O

Corollary 22.13 For every a,b € ,S, if ab = 0 then there are decompositions a = a’a”
and b = b'b" such that a’'b’ = 0 and a”’b"” = 0.

Proof Choose division algebra representatives A € a and B € b. Decompose A = Q)A;
and B = @B; as in Corollary 22.12. Then [A]* = [@A2T [ @A2+1]%, [B]* =
[ @ B2 [ @Bai+11%, and [ QA2 I* [ @ Bai]* = [ @A2i+11* [ @ Bai+1]1* = 0. O

With this we can improve Proposition 22.4, taking into account that ann(0) = ,S.

Proposition 22.14 For any 0 # a € ,S, there are no irreducible elements in ann(a) (when
considered as a semigroup).

Proof Let b € ann(a). By Corollary 22.13 we can write a = a’a” and b = b'b” where
a'’b’ = 0 and a”"b” = 0. In particular ab’ = ab” = 0, so b, b” € ann(a) and b is not
irreducible there. O

In contrast, a principal ideal ,Sa is the null semigroup, so we conclude with

Corollary 22.15 An annihilator in ,S cannot be a principal ideal.

23 The Brauer Monoid over Special Fields

The p-Brauer dimension of F is defined to be the minimal number d for which
ind(D) | exp(D)? for every finite dimensional central division algebra D of p-power
degree, if this value is finite. The p-Brauer dimension is 1 when the index equals the
exponent, as is the case over local or global fields.

In this section we consider the countable Brauer monoid when F has finite p-Brauer
dimension. Fields with this property are abundant by [24]: every C,, field has finite p-Brauer
dimension (depending on p).

Proposition 23.1 Let F be a field over which the exponent of a finite dimensional divi-

sion algebra of p-power degree is equal to the index. Then the only division algebras of
(supernatural) p-power degree in C, are finite dimensional.

Proof Passing to a subalgebra, we may assume that a counterexample D is countably gener-
ated and thus (Proposition 8.1) in ,C%. But then D = Q) D; where D; are finite dimensional
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and with p|ind(D;), so that ind(D; ® D7) = exp(D1® D) < exp(Dp)exp(D2) =
ind(D;)ind(D;y), contrary to D1 ® D; being a division algebra. O

By the classification obtained in Proposition 18.3, we get that:
Corollary 23.2 Over a field with index=exponent, ,Br® = ,Br U {0}.

In light of the fact that [A]*> = 0 in pBr?, actual exponents makes little sense. But
similarly to the supernatural degree, we can still define

exp(A) = lemy,ca{exp(Ao)}

ranging over finite dimensional central simple algebras.

Proposition 23.3 Over a field of finite p-Brauer dimension d > 1, every infinite
dimensional division algebra in ,C%. has infinite exponent.
Moreover, if D = QD is a division algebra, then the number of D, with exp(Dy) | pN

is at most log(dd—_le)/ log(ddj)-

Proof Assume D = Q) D; is a division algebra, with exp(D;) = p™ where n| < na
--+. By the assumption on F, p" = exp(D;) | ind(D;) | pd"i, so pMTt Hind(D,-)
ind(D; ® --- @ Dy) | p™, so that Zle n; < dn,. We claim that n; > %(%)’_1. Fori =
linfactn; > 1> é. For i = 2 we have that n, > dljnl > d]j because ny + no < dns.
Foreveryr > 2,n, > 7 Y21 n; = 751+ Y0 L4 = L4 ~". Now, if
LG4 < ny < Nthen 1 < log(21 N)/ log(747). O

1A

24 Restriction and Splitting Fields

Having worked so far over a fixed base field, we make some concluding comments on field
extensions. Let K/ F be an extension of fields. In the finite case, extension of scalars induces
the restriction map Br(F)— Br(K), which is a homomorphism (of groups). We can say the
same in the infinite case.

Proposition 24.1 The restriction map resk r : Cp— C is a homomorphism of monoids. It
induces, for every directed set I', a homomorphism resk /r : C;—> C};.

Extension of scalars preserves the degree, and therefore preserves primary decompo-
sition. It carries supernatural matrices to supernatural matrices, and therefore induces a
homomorphism

resk/r : Bt”(F)—Br”(K).

Let us consider algebras in C%, where we have primary decomposition. We say that a
field extension K /F splits an algebra A € C% if K ®F A is a supernatural matrix algebra.
If an algebra splits, then any algebra Brauer equivalent to it splits as well.

For algebras of finite degree, this notion coincides with the standard notion of
splitting. However for an algebra A, of infinite p-power degree, splitting means
K ®r A, =M~ (K), so that resg,/r[A,] = 0 in ,Br®(K). Very possibly, if A is split
by K then some of the primary components are finite dimensional algebras split in the
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usual sense, while others are infinite dimensional algebras that become infinite matrices.
Following Corollary 21.13, we can summarize as follows:

Remark 24.2 The idempotents in Br® (F') are the classes of supernatural matrices. A class
[A] € Br®(F) is split by K if resg,r[A] is an idempotent.

A finite dimensional extension can only increase the matrix degree by a finite amount,
so a finite dimensional field extension can only split finite dimensional division algebras.

Proposition 24.3 Let [A] € ,Br®. Every infinite dimensional subfield K C A splits [A].

Proof Write A = li_II)lAn. We may assume A; € A, € ---. Let K, = KNA,,

which are subfields. We know that K = |JK,, so dim K,—oco. We also know that
K, ® Ay = Miimk, (Ca, (Kn)). So Mdimk, (F) € K, ®A, € K ®A,, which proves that
K ®A = h_rr)l K ® A, has infinite matrix degree. O

So unlike in the finite theory, any infinite dimensional subfield of A splits the algebra;
we do not need to assume it is maximal in one of its representatives.

Question 24.4 LetA € C§. Let K C A be an infinite dimensional subfield. Is K necessarily
maximal in some algebra A’ € [A]?

Notice that any subfield of a locally finite dimensional algebra is algebraic. For a field K
algebraic over F, we define the supernatural dimension dim(K) to be the least common
multiple of the finite dimensions of subfields; this is once again a supernatural number.

Proposition 24.5 Let D € C¢ be a division algebra. If K C D then dim K | degD.

Proof As in Proposition 24.3, write D = li_II)an and let K, = K N D,. Since
dim(K,) | deg(D,) for every n, the relation holds for the least common multiples. O

Similarly, we have:

Proposition 24.6 Let K be a subfield of a division algebraD € C{. Then degma (K ®D) =
dim K.

Proof Again write D = h_r)n D, and let K, = KN D,. Since Cp, (K,) are division algebras,
we have that

degmat (K ® D) = lem{degma (K, ® D)} = lem{dim(K,)} = dim K. O

We can now supply a criterion for splitting.

Theorem 24.7 A subfield K splits a division algebra D € C% if and only if dim K = degD.

Proof We have that degma (K ® D) = dim K by Proposition 24.6 while deg(K ® D) =
deg(D), so we are done by Theorem 18.2. O
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