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Abstract
We study finite groups with rational valued non-linear characters and obtain the structure
of these types of groups with derived subgroup of prime order. In particular, in the case of
the size of derived subgroup of a group is two we conclude that this group is rational if and
only if the group is a direct product of an extraspecial 2-group with an elementary abelian
2-group.
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1 Introduction

Let us call a finite group G rational group or Q-group if every character χ ∈ Irr(G) is
rational valued. We also call it is Q1-group whenever every non-linear irreducible character
is rational-valued.

Elementary results on Q1-groups are collected in the paper [3]. In particular, they char-
acterized Q1-groups by their vanishing-off subgroup, as introduced in [6]. In [8] authors
investigated the structure of Frobenius Q1-groups. Basmaji studied metabelian Q1-groups
[1]. Especially, he achieved some facts about Q1-groups with cyclic derived subgroup.
Motivated by [1, 7–9], we classify Q1-groups with derived subgroup of prime order.

Throughout the paper we consider finite groups, and we employ the following notation
and terminology:

The semi-direct product of group K with group H is denoted by K : H . A ∗ B is the
central product of groups A and B, i.e., A ∗ B = AB with [A, B] = 1, where [A, B] is the
commutator of A and B. The symbol Zn denotes a cyclic group of order n. For a prime p

and a non-negative integer n, the symbol E(pn) denotes the elementary abelian p-group of
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order pn, p a prime number; Q8 and D8 are employed to denote the quaternion and dihedral
group of order 8, respectively.

The main results of this work are the following

Theorem 1.1 Suppose that G is aQ1-group and its derived subgroup G′ is of order 2. Then
G ∼= (A1∗A2∗. . .∗An)×E(2m), whereAi , 1 ≤ i ≤ n, is isomorphic to one of the following

(i) 〈a, b | a4 = b4 = 1, ab = a3〉;
(ii) 〈a, b, c | a4 = b4 = c2 = 1, [a, c] = [b, c] = 1, [a, b] = c〉;
(iii) 〈a, b, c | a4 = b2 = c2 = 1, [a, c] = [b, c] = 1, [a, b] = c〉;
(iv) Q8;
(v) D8.

Theorem 1.2 Suppose that G is a Q1-group such that |G′| = p, where p is an odd prime.
Then G is a Q1-group if and only if one the following occurs

(i) G ∼= (Zp : Zp−1) × E(2n)

(ii) G ∼= (Zp : Z2(p−1)) × E(2n)

2 A Review and Preliminary Results

We review some facts about rational groups. Let G be a finite group. Let nl(G) denote the
set of non-linear irreducible characters of G.

An element x ∈ G is called rational if χ(x) ∈ Q for every χ ∈ Irr(G). Also, χ ∈ Irr(G)

is called a rational character if χ(x) ∈ Q for every x ∈ G.

Lemma 2.1 ([5, p.11] and [4, p.31]) A finite group G is a Q-group if and only if for
every x ∈ G of order n the elements x and xm are conjugate in G, whenever (m, n) = 1.
Equivalently, NG(〈x〉)/CG(〈x〉) ∼= Aut(〈x〉) for each x ∈ G.

Theorems 2.2 and 2.5 can be found in [3].

Theorem 2.2 Let G be a non-abelian Q1-group. Then the following are true:

(1) |G| is even.
(2) A quotient of G is a Q1-group.
(3) Z(G) is an elementary abelian 2-group.

Definition 2.3 The vanishing-off subgroup of a non-abelian finite group G is defined as
follows:

V (G) = 〈g ∈ G | ∃χ ∈ nl(G) : χ(g) 
= 0〉.

We need to the following facts about V (G).

Lemma 2.4 ([6]) If G is a non-abelian finite group, then G′ and Z(G) are subgroups of
V (G).

Theorem 2.5 Let G be a non-abelian finite group. Then G is a Q1-group if and only if
every element of V (G) is a rational element.
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The following result about metabelian Q1-groups which is proved in [1], is the base of
this article.

Proposition 2.6 Let G be a finite metabelian Q1-group and assume that G′ is a cyclic
subgroup. Then, |G′| is a prime or |G′| divides 12. Furthermore, If |G′| = p, where p is an
odd prime, then |G| = 2tp(p − 1); if |G′| ∈ {2, 4}, then |G| = 2t , and if |G′| ∈ {6, 12}
then |G| = 2t · 3.

Let us recall the following fact from [2].

Lemma 2.7 Let G be a minimal non-abelian p-group. Then |G′| = p and G is one the
following groups

(i) G ∼= 〈a, b | apm = bpn = 1, ab = a1+pm−1〉, where 2 ≤ m and 1 ≤ n;
(ii) G ∼= 〈a, b, c | apm = bpn = c2 = 1, [a, c] = [b, c] = 1, [a, b] = c〉 and if p = 2,

then 2 < m + n;
(iii) G ∼= Q8.

Proposition 2.8 Let G be a minimal non-abelian p-group. If G is a Q1-group, then one of
the following holds

(1) G ∼= 〈a, b | a4 = b4 = 1, ab = a3〉;
(2) G ∼= 〈a, b, c | a4 = b4 = c2 = 1, [a, c] = [b, c] = 1, [a, b] = c〉;
(3) G ∼= 〈a, b, c | a4 = b2 = c2 = 1, [a, c] = [b, c] = 1, [a, b] = c〉;
(4) G ∼= Q8;
(5) G ∼= D8.

Proof Theorem 2.2 forces p = 2. Suppose that G is isomorphic to case (i) in Lemma 2.7.

Then (a2)
b = (ab)

2 = a2+2m = a2. This implies a2 ∈ Z(G). Since Z(G) is an elementary
abelian subgroup, a2 must be an involution or trivial. Therefore a is an involution or is of

order 4. On the other hand, ab2 = (ab)
b = a9 = a. Thus b2 ∈ Z(G). Therefore, a, b are

also an involution or of order 4. But 2 ≤ m, thus o(a) = 4. If o(b) = 4, then we have the
case (1) and if b is an involution, then we have the case (5).

Now, we consider the case (i) in Lemma 2.7. We have (a2)
b = (ab)

2 = (ac)2 = a2c2 =
a2. Similarly in the previous case, o(a) = 2 or 4. On the other hand, ab2 = (ab)

b = (ac)b =
abcb = ac2 = a. Therefore, a, b are involutions or o(b) = 4. With condition 2 < m + n,
either m = n = 2 which is case (2) or m = 2 and n = 1 which is case (3).

3 Proof of Theorems

Let’s start with a reminder of a lemma.

Lemma 3.1 [6, Lemma 2.1] Let g be an element of a group G. Then the following are
equivalent

(1) χ(g) = 0 for all χ ∈ nl(G).
(2) |CG(g)| = |G : G′|.
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We say g ∈ G is an anti-central element of G if g satisfies one of the equivalent
conditions of Lemma 3.1.

Proposition 3.2 Let G = A ∗ B, where A and B are subgroups of G such that A′ ⊆ B and
|A′| = |B ′| = 2. If A and B are Q1-groups, then G is also a Q1-group with |G′| = 2.

Proof Simply from A′ ⊆ B, we conclude that |G′| = 2. Now, we prove that G is a Q1-
group.

First, we show that if g = ab ∈ V (G), where a ∈ A and b ∈ B, then a ∈ V (A) and
b ∈ V (B). We consider two cases:

case(i) g is not an anti-central element. So, χ0(g) 
= 0 for some χ0 ∈ Irr(G). By Lemma
3.1, |CG(g)| 
= |G : G′| = |G|/2. Since |G|/2 = |G : G′| ≤ |CG(g)|, g ∈
Z(G). Now, let c ∈ A. Thus cab = cg = gc = abc = acb. Therefore, a ∈ Z(A).
By [6, Lemma 2.4], there exist χ1 ∈ Irr(A) such that χ1(a) 
= 0. Similarly, there
exist a χ2 ∈ Irr(B) such that χ2(b) 
= 0. Consequently, a, b are generators of
V (A) and V (B), respectively.

case(ii) g is an anti-central element. Thus g = g1g2 . . . gn, where gi for 1 ≤ i ≤ n,
are generators of V (G). Suppose that for 1 ≤ i ≤ n, gi = aibi . Then
g = a1 . . . anb1 . . . bn. Therefore a = a1 . . . an and b = b1 . . . bn. By case(i),
a1, . . . , an and b1, . . . , bn are generators of V (A) and V (B), respectively. Thus
a ∈ V (A) and b ∈ V (B).

Now, let g = ab ∈ G and g ∈ V (G). Then, by Theorem 2.5 and above cases a and b

are rational in G. Suppose o(g) = n and m be a positive integers such that (m, n) = 1.
Thus m is an odd integer. Therefore m is prime to o(a) and o(b). Therefore, by Lemma 2.1,
there exists h, k ∈ G such that ah = am and bk = bm. Hence, by the properties of central
product, we have ghk = (ab)hk = ahbk = ambm = gm. This implies that g is a rational
element in G and hence G is a Q1-group.

We have the following lemma about p-groups with derived subgroup of order p.

Proposition 3.3 [2, Lemma 4.2] Let G be a p-group with |G′| = p. Then G = (A1 ∗ A2 ∗
. . . ∗ An)Z(G), where A1, A2, . . . , An are minimal non-abelian.

We are now ready to prove the first main theorem.

Proof of Theorem 1.1. Let G be a Q1-group with |G′| = 2. Then, it follows from Propo-
sition 3.3 that G = (A1 ∗ A2 ∗ . . . ∗ An)Z(G), where each Ai, 1 ≤ i ≤ n, is
isomorphic to one of the groups which are introduced in Proposition 2.8. Thus, if we set
H = (A1 ∗ A2 ∗ . . . ∗ An) ∩ Z(G), then G = (A1 ∗ A2 ∗ . . . ∗ An) × K , where K ∼= Z(G)

H
.

Since Z(G) is elementary abelian, K is also elementary abelian.
The converse follows obviously from Proposition 3.2. Therefore, we get the proof of

Theorem 1.1.

The following is an immediate consequence of Theorem 1.1.

Corollary 3.4 Suppose G is a group with |G′| = 2. Then G is a Q-group if and only if G

is a direct product of an extraspecial 2-group with an elementary abelian 2-group.
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Now we are going to prove Theorem 1.2. The proof of this theorem was pointed to us by
I.M. Isaacs and is independent of [1].

The following is essential.

Lemma 3.5 Let K 
 G and G/K is abelian. Suppose θ ∈ Irr(K) such that every character
in Irr(G|θ) is rational. If θ is extendible to its stabilizer T in G, then T/K is an elementary
abelian 2-group.

Proof Let χ ∈ Irr(G) lie over θ . By [4, Theorem 6.11], χ = ψG for some character
ψ ∈ Irr(T ) lying over θ . Also by a famous theorem of Gallagher, as ν runs over Irr(T /K),
all of the characters νψ are different and induce different irreducible characters of G, for
more details we refer the reader to [4, Corollary 6.17].

We argue now that T/K is an elementary abelian 2-group. To see this, let ν ∈ Irr(T /K)

and we take σ to be a field automorphism in Galois group of Gal(Q(T )/Q), where Q(T )

is the field which generated by the values of irreducible characters of T . It suffices to show
that νσ = ν. Let μ be an extension of ν. Then

(νψ)G = μχ = (μχ)σ = μσ χ = (νσ ψ)G.

We give the proof only for the second equality which is less trivial as follow. Since μ is an
extension of ν, the restriction of μχ to K is ν

K
χ

K
, and since K is included in the kernel of

ν, so (μχ)
K
is equal to χ

K
and therefore θ is a constituent of (μχ)

K
. Therefore, according

to the assumption of lemma, μχ is rational and consequently, (μχ)σ is equal to μχ .
Finally, it follows that νσ = ν. The proof is complete.

Proof of Theorem 1.2. Suppose that G is a Q1-group and |G′| = p > 2. Let α be a faithful
character of G′, and T be the stabilizer of α in G. It is easy to see that T = CG(G′). Also,
since the irreducible characters of G that lie over α are rational, it follows that all of the
p − 1 faithful linear characters of G′ are conjugate in G, and thus |G : T | = p − 1 and
G/T is cyclic.

On the other hand, since every rational element of odd order belongs to G′, so by [9,
Proposition 2.3], G′ is a Hall subgroup of G. So that, applying Problem 6.18 of [4], α

extends to T . Therefore, by Lemma 3.5, T/G′ is an elementary abelian 2-group. Thus, if
E is a Sylow 2-subgroup of T , then E is elementary abelian and T = G′E. Since T =
CG(G′), we see that the E will centralize G′, and this implies that E is normal in T and
hence characteristic in T , and thus, E is normal in G.

Now, T/E has a complement C/E in G/E, and C/E is cyclic of order p − 1. Then,
G = G′E and G′ meets C trivially. Also, let c generates C modulo E. If c has order p − 1,
then C = E × 〈c〉. Otherwise, 〈c〉 is cyclic of order 2(p − 1) and the result follows.

Corollary 3.6 Suppose G is a finite group with |G′| = p, where p is an odd prime. Then G

is a Q-group if and only if G is a direct product of S3 with an elementary abelian 2-group,
where S3 is the symmetric group on three letters.
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