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Abstract

Let G be the infinite dimensional Grassmann algebra over an infinite field F of character-
istic different from two. In this paper we study the differential identities of G with respect
to the action of a finite dimensional Lie algebra L of inner derivations. We explicitly deter-
mine a set of generators of the ideal of differential identities of G. Also in case F is of
characteristic zero, we study the space of multilinear differential identities in n variables as
amodule for the symmetric group S,, and we compute the decomposition of the correspond-
ing character into irreducibles. Finally, we prove that unlike the ordinary case the variety of
differential algebras with L action generated by G has no almost polynomial growth.
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1 Introduction

Let A be an associative algebra over an infinite field F of characteristic p # 2. A well-
established method of studying the growth of the polynomial identities of A is that of
determining some numerical invariants allowing to give a quantitative description (e.g.
[6, 10]). In particular a lot of information for the polynomial identities is carried by
the codimension sequence, ¢,(A), n > 1, and in case F is of characteristic zero, by
the S,-cocharacter sequence, x,(A), n > 1, of the algebra A. Similar sequences are
defined when studying the polynomial identities of algebras with an additional struc-
ture such as group-graded algebras, algebras with an action of a group by automorphism
and anti-automorphism, algebras with an action of a Lie algebra by derivations (e.g.
[3,4,8,9, 15]).
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One of the most interesting questions in this context is to compute the growth of the
codimension sequence of an algebra. Regev in [19] proved that any associative algebra A
satisfying a non trivial polynomial identity has codimensions exponentially bounded. Later
in [14] Kemer showed that such codimensions are either polynomially bounded or grow
exponentially. One of the mostly notable algebras with exponential codimension growth is
the infinite dimensional Grassmann algebra G; in case F is of characteristic zero, Latyshev
in [17] determined a basis of the ideal of its polynomial identities . Later, its codimension
sequence and its cocharacter sequence were determined in [16, 18], respectively. Moreover,
in 2001 Giambruno and Koshlukov (see [7]) exhibited a basis of the polynomial identities
satisfied by the Grassmann algebra over a field of positive characteristic.

In this context it is often convenient to use the language of varieties of algebras. Given a
variety of algebras V), the growth of V is defined as the growth of the sequence of codimen-
sions of any algebra A generating V, i.e., V = var(A). In [13] Kemer proved that var(G) has
almost polynomial growth, i.e., var(G) has exponential growth but every proper subvariety
has polynomial growth.

In light of the above, it seems interesting to study the structure of the polynomial iden-
tities of the infinite dimensional Grassmann algebra with an additional structure. In this
perspective, in [1] Anisimov computed the graded codimension growth of G when a cyclic
group of prime order ¢ by automorphism and anti-automorphism acts on G. In particular in
[2] he found the exact values of the codimensions with involution of the Grassmann algebra
for two concrete involutions. Later in [5] Di Vincenzo, Kolshlukov and da Silva determined
the Z,-graded codimensions and cocharacters of G.

The purpose of this paper is to study the growth of the differential identities of the Grass-
mann algebra G. More precisely, we consider G with the action of a finite dimensional
Lie algebra L of its inner derivations. Since this action on G can be naturally extended to
the action of its universal enveloping algebra U (L), it is natural to define the differential
identities of G, i.e., the polynomials in non-commutative variables x" = h(x), h € U(L),
vanishing on G (see [11, 15]).

In this paper we explicitly construct a set of generators for the ideal of differential iden-
tities of the Grassmann algebra over an infinite field F of characteristic p # 2 and also
we compute its differential codimensions. As a consequence it turns out that the growth
of the differential identities of G is exponential, as in the ordinary case. However, we
prove that unlike the ordinary case G with the action of a finite dimensional Lie algebra
of inner derivations does not generate a variety of almost polynomial growth; in fact we
exhibit a subvariety of almost polynomial growth. Furthermore, in case F is of characteristic
zero we determine the decomposition of the differential cocharacter of G in its irreducible
components by computing all the corresponding multiplicities.

2 Preliminaries

Throughout this paper F' will denote an infinite field of characteristic p # 2. Let A be an
associative algebra. Recall that a derivation of A is a linear map d : A — A such that

d(xy) =d(x)y +x9(y), Vx,y € A.

In particular an inner derivation induced by x € A is the derivation adx : A — Aof A
define by (ad x)(y) = [x, y], for all y € A. The set of all derivations of A is a Lie algebra
denoted by Der(A), and the set ad(A) of all inner derivations of A is a Lie subalgebra of
Der(A).
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Let L be a Lie algebra of derivations of A. If U(L) is its universal enveloping algebra,
then the L-action on A can be naturally extended to a U (L)-action.
Given a basis B = {h;|i € I} of U(L), we let F(X|L) be the free associative algebra

over F with free formal generators xj.'i,i €l,jeNIfh=)>,_,ah;, a € F,whereonly

iel
a finitely many of «; are nonzero, then we put x* := Dier a;x" . We also write x; = xil,
1 € U(L), and then we set X = {x, x2,...}. Welet U(L) act on F(X|L) by the following
h(xj.l]'1 xﬁéz .. .x?r:”) = x;llhll xj.;'z .. .le-’f” +---+ x;ll” xj.lzlz .. .xj.lnhi” ,

where h, h;, hi,, ..., hj, € B. F(X|L) is called the free associative algebra with deriva-
tions on the countable set X and its elements are called differential polynomials (see [9,
11, 15]). Notice that if L € ad(A), i.e., L is a Lie algebra of inner derivations of A, then
F(X|L) is a free associative algebra with action of inner derivations.

A polynomial f(xi,...,x,) € F(X|L) is a polynomial identity with derivation of A or
differential identity of A if f(ai,...,a,) = 0 for any @; € A, and we write f = 0. We
denote by

1d5(A) = {f € F(X|L)|f =0 on A}
the 77 -ideal of differential identities of A, i.e., Id" (A) is an ideal of F (X|L) invariant under
the U (L)-action. We also denote by

h hn
Pk = span{xgl(l) o Xy lo € Sy, hi € B}
the space of multilinear differential polynomials in x1, ..., x,, n > 1. The non-negative
integer
L
ck(A) = dim

n
PLN1d"(A)
is called the nth differential codimension of A.
If S, is the symmetric group of degree n, then the space PnL has a natural structure of

left S,-module induced by defining for o € S, cr(x{’) = xé’(i). Since PnL N1dE(A) is stable
under the S, -action the space
PL
Pl(A) = 2

PLNIdE(A)

is a left S,,-module. If F is of characteristic zero, the character of PnL (A), XnL (A), is called
nth differential cocharacter of A, and it can be decompose as

X (A) = mbxa,
An
where A is a partition of 7, y; is the irreducible S, -character associated to A, and mﬁ > 0is
the corresponding multiplicity.

We denote by P, the space of multilinear ordinary polynomials in xi, ..., x, and by
1d(A) the T-ideal of the free algebra F(X) of polynomial identities of A. We also write
¢, (A) for the nth codimension of A and x,, (A) for the nth cocharacter of A. Since U (L) is
an algebra with unit, we can identify in a natural way P, with a subspace of PF. Hence we
have P, € PF and P, N1d(A) = P, N1d*(A). Thus it follows that ¢, (A) < cL(A), for all
n>1.

Next we focus on the Grassmann algebra G.

Let V be a vector space with a countable basis {e, e2, ...} over F. The Grassmann
algebra G of V is the associative algebra with the following basis over F

{ley...e |1 <y < -+ < ik}
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128 C. Rizzo

and multiplication induced by e;e; = —eje;, for all i, j > 1. Notice that G can be
decomposed in a natural way as the direct sum of the subspaces

GozspanF{eil...eiZk iy < -+« <ip, k >0}
and
GlzspanF{eil...eiZkH |i1 <-~<i2k+1,k20},

i.e. G = Go® G . Note that G is the center of G, and that the elements of G| anticommute.

Recall thatif g = ¢;, ...¢;, € G, the set Supp{g} = {e;,, ..., e;,} is called the support of
g.Letnow g1, ..., g € G be such that Supp{g;} N Supp{g;} =@, foralli, j € {1,...,1}.
Since char F # 2, we set

§_hadg, i=1,....1
Then for all g € G, we have

0, ifgeGy

. L oi=1,...,1.
gig ifgeG

si(g) = {
We shall consider L = spang{d,...,8;} C ad(G). Since for all g € G, [§;,5;1(g) = O,
i,jef{l, ..., t}N, L is a t-dimensional abelian Lie algebra of inner derivations of G. We
shall denote by G the algebra G with this L-action. Throughout this paper F(X|L) will be
the free associative algebra with inner derivations on X.

3 Differential Codimensions

We start by describing the differential identities of G. Recall that in the ordinary case we
have the following result (see[7, 16]).

Theorem 1 Let G be the infinite dimensional Grassmann algebra over an infinite field F
of characteristic p # 2. Then

(D) 1d(G) = {[x1, x2, x3]) 7.

Q) {xiy -, lxg, xp] . [x.,‘zqfl,xzq] DI < <y J1 <0 < Joga2q +m =n}is
a basis of P, modulo (P, N 1d(G)).

(3) (G =21

Remark 2 Tt can be checked that

[x1, x2][x1, x2] =0 (D
is a consequence of [xy, x2, x3] =0 in G (see for example [10]). Since [x1, x2, x3] = 0
is also a differential identity on G, then the linearization of Eq. 1 leads to the identity
[x1, x2][x3, x4] = —[x3, x2][x1, x4] on G. Notice that the linearization is harmless because

char F # 2 and the degree of x; is equal to 2.

Next we prove the main result of this section. For a real number x we denote by [x] its
integer part.
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Theorem 3 Let F be an infinite field of characteristic p # 2 and G be the infinite
dimensional Grassmann algebra over F with L = spang{01, ..., §;}-action. Then

() 144G) = {lx1. 22, 3307,
@ @G =22 -y s i ()G5))

Proof Let Q = ([x1, x2, x3])7, . It is readily checked that O C IdL(é). Let f € F(X|L)
be a differential polynomial in xi, ..., x,. Since 1 € G, f can be written as a linear
combination of products of the type

o] o
X e X WL Wy 2)

where o; € U(L), o; # 1,for1 < i < k, and w1 , Wy, are left normed commu-
tators in the xf s, B € U(L). Notice that [xl ,xz ,x;] = 0 and [x ,x2] = 0 with
y;i € U(L),for 1 < i < 3, are consequence of [x1, x2, x3] = 0. Then modulo @, in
Eq. 2 we have w; = [xjh,xjk], forall j = 1,...,m, and they are central. Also since
x%% e Q, foralli,j e {1,...,t}, it follows that in Eq. 2 o; € {61,...,d;} modulo
Q. Moreover it is clear that )c‘S 51 = 0 is a consequence of [x1, xp][x1, X3] = 0 and by
Remark 2 [x1, x][x3, x4] + [x3, x21[x1, x4] € Q. Then we may assume that f is multilin-
& 8 _ 8 9j 3 _ 3

ear. Now observe that x}'x,” = —x,'x,” and x|'[x2, x3] = —x3'[x2, x1] are consequences
of [x1, x2][x3, x4a] = —[x3, x2][x1, x4]. Then f can be written, modulo Q, as a linear
combination of elements of the type

xfhl . ~x2h" DXkr1s Xka2] - oo [Xkg2g—1, Xka2g], (3)
with

hy <---<hy, k+2g=n, 0<k<t. “

Next we prove that these elements are linearly independent modulo 1at (5).
For any 0 < k < ¢, consider Ay = {8p,,...,8n,} S {81,...,8), set Xp, =

Sn Sn
X xSkt Xkg2] . [Xkg2g— 1, Xk42q] and suppose that f = YA AnXa, €

IdE( 5). In order to show that all coefficients aa, are zero we consider the following evalua-
tions: for any Ay = {8y, ..., 8, } we choose x| = g/l, e Xpy2g = g,;+2q where g; e Gy,
1<i< k+2q,andforallr e {1, St} \ {h1, ..., hi}, there exists s € {1, ...,k + 2q}
such that Supp{ gs} N Supp{gr} # Q) If we make these evaluations for increasing value of
k (0 < k < 1), by the properties of the polynomial in Eq. 3, it follows that an, = 0O for
any Ag. Thus the elements (3) are linearly independent modulo 1d” (G) and this proves that
145 (G) = 0.
Notice that if we consider the multilinear differential polynomials, then the elements

5},1 Shk
Xig oo Xy Xj oo X E s X e (X g 15 Xiesag 1 o

with
] <o <im, j1 < - < jig2gs h1 < <hg, m+k+2g=n, 0<k=<t, (6

are a basis of PnL modulo PnL N Id- (5). Thus we count for any fixed n, the total number of
elements in Eq. 5 subject to the conditions (6), i.e. the nth differential codimension crf (G).
If 0 < k < t, then this number is equal to

L(n—=k)/2]
) X (s
Sk = .
' (k) = <k+2q>
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130 C. Rizzo

Notice that so = 2"~! and 51 = ({)2"~!. Moreover, if k = 2/ with [ > 1,

== ()[Z6)-26)

Finally, in case k = 2/ + 1 with [/ > 1,

¢ [(n—1)/2] n
S+t = <2z+ 1) 2 <2r+ 1)
r=0
t = n
= 2n—1 —_
<21 + 1) pX_(:) <2p + 1)

-1

() 7-2()

p=0

-1

(o)

<

Thus
_ ' 12l .
ch(G) = Zsk=2"‘1+< >2” Lt <zz> 2”—1—Z<2 )
k=0 I=1 p=0 \P

-1

Lt—1)/2] ¢ —
2}1 1
=2 )20

0

1£/2) p -1 " LG—1)/2] t -1 n
— 2[2)171 _ —
Z@)Z(zp) > ()26

=22 ()( 2) A (23)§<2’;>
g )/J<21+1)1 2<2p+1>

=2 =0

-2 2 ()

j=11i=2j

<

Recall that two functions @1 (n) and ¢ (n) are asymptotically equal and we write ¢ (n) =~
@2 (n) if lim,— o0 @1 (n)/@2(n) = 1. Then the following corollary is an obvious consequence
of the previous theorem.

Corollary 4 cL(G) ~ 21271,

The proof of Theorem 3 suggests a convenient decomposition of PnL (5). Foranyn > 1
and for all yq, ..., yx € L distinct, we set

¢J/1 ..... }/k:{ylsu',yk’lvuwl}'
n—k
We define
Dy, ...,
Py = spanp{xllyy x| 0 € Spy g € Dy ),
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. Dy, ..., Dp, ..
a S,-submodule of PF. Since for all yy, ..., v, B1,..., B € L, P, ""7* and P, PP
are isomorphic as S,-modules, we introduce the notation
@
PnL — P Btk

In particular, for k = 0 we have PnL,o = P,. Hence for any 0 < k < t, we set

L
Pn,k

" Pk, N1d"(G)
and
L (5 L (5
¢, 1 (G) = dimp P (G).

As consequence of proof of the Theorem 3 we have the following.

Corollary 5 cL(G) = Yo (,t{)cf;,k(a), where

2l ifk=0,1
C{{,k(é) I th'kz/zkl (;j), ifk > 2iseven .
oty TN (), ik = Bis odd

Next we shall be concerned with the growth of the differential codimension of G.

Recall that if V = var’(A) is a variety of algebras with derivation generated by an
algebra A, i.e. the Lie algebra L acts on A as derivations, then the growth of V is the growth
of the sequence c,f V) = c,I; (A), n > 1. We say that V' has polynomial growth if c,I; V) is
polynomially bounded and )V has almost polynomial growth if cX()) is not polynomially
bounded but every proper subvariety of V has polynomial growth.

Notice that by Corollary 4 var’ (G) has exponential growth, nevertheless it has no almost
polynomial growth. In fact, the Grassmann algebra G (ordinary case) is an algebra with L-
action where §;,7 = 1, ..., t, acts trivially on G:, ie,x% =0,i=1,...,1t,are differential
identities of G. Then it follows that G € varl (G), but by Theorem 1 ¢, (G) = 2= Thus
we have the following result.

Theorem 6 var’ (5) has no almost polynomial growth.

4 Differential Cocharacter

Throughout this section F' will be a field of characteristic zero.
We start by recalling a notation. For integers d, [ > 0, we define a hook shaped part of
the plane of arm d and leg / as

Hd,D={,=0122...)Fkn=1]rg41 <1}.
In particular, if A is a partition of n > 1, then A C H(1, 1) if
A= 1., )= """, p>1Ll

Let x,(G) = >_,,,, max» be the nth (ordinary) cocharacter of G where m; > 0 is the
multiplicity corresponding to the irreducible character x,. Then in the ordinary case we
have the following theorem (see [18]).

@ Springer



132 C. Rizzo

Theorem 7 If G is the infinite dimensional Grassmann algebra over a field F of

characteristic zero, then X, (G) =Y. an X
ACH(1,1)

Let now X,{“ k(é) be the character of the S,,-module PnL k(é). Then we can write

X (G) =Y mE (7
Abn

where m)f « = 0is the multiplicity corresponding to the irreducible character ;..

Next we shall compute the multiplicities m)f « inEq. 7.

For any partition A + n let T) be a Young tableau of shape A and er, the cor-
responding minimal essential idempotent of the group algebra F'S,. Recall that ez, =

> e Ry, (sgnt)ot where Ry, and Cr, are the subgroups of row and column permutations
TeC T
of T), respectively.

Lemma 8 IanL,k(CN;) = in m}%,le is the character of PnL,k((N;), then we have:

M) mi =Lifa=m—r+1,1"Yandr =k r#0;
2) m)f,k = 0 in all other cases.

Proof Ifk = 0, we have Pnfo = P, and ero(é) = xn(G). Then by Theorem 7 the theorem
is proved in case k = 0. _

Suppose that k > 1. Assume that dy, . .., §, act on Prfk(G). fr=mn—-r+1, 1’_1)
and r > k, we define T;, to be the tableau

1 r—i—l\...\n‘
2

"]
Then Ry, = Sy—rpi{l,r +1,...,n}and Cy, = S,, where S, ({1, r +1,...,n}
denotes the symmetric group acting on the set {1, + 1,...,n}. We associate to T the

polynomial

81...8 3 Sk
w % =y (X)X Xk - Xn)

81 Sk
= Z o Z (sgn r)xt(l) e X KTk - X () | Xl - X
o€S—r+1{l,r+1,..., n} TES,

We claim that wf‘“‘ék, r > k, is not an identity of G.In fact, we consider the evaluation
¢ : F(X|L) — G such that

pxj))=¢, 1=<i=<r,
and

OXr41) = erq1€r42, ..., 0(Xy) = €2n—r_1€20—r
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such that foralli € {1,...,2n —r}, ¢; ¢ Supp{g;}, forall j € {1, ..., k}. Then, since for
allie{l,...,r}and j € {1,...,k}, (p(x?j) = gj¢(x;), we obtain

s b
‘/’(Z (sgn t)xrtl) .. .X_L,/Ek)xr(k+1) c X))
TES,

= Z(sgn 1)819(x (1)) - - - 8kP Xz (1))@ Xz (k+1)) - - - @ (X1 ()

TES,
= (Fg1...8) ) (sgnT)er(l) .. ergy = £(DgI ... guer ... er # 0.
TES,
Thus, since ¢(x;+1), ..., @(x,) are central in G,
Py = £y (n —r 4+ 1)'g1 ... gre1 ... eam—r #0.
We have proved that wf""s" is not an identity of G. Hence this implies that mi‘ ¢ = Lif

A=@m—r+1,1""Y and r > k. Then, since crf’k(é) = in mikx,\(l), we have

n
D Xoerir-n (D) < ¢k (6. ®)
r=k

By the hook formula x,_, | r-1,(1) = ("~} (see [12]), then, if k = 1, we have

n n n— 1
ZX(n—r+1,1’*1)(1) = Z (r _ 1) =21
r=1 r=1
On the other hand, by Corollary 5, Cﬁ,l (5) = 2"~ Then, if k = 1 we get the equality in
Eqg. 8, and in this case the theorem is proved. Suppose then k& > 2,

n n n 1 k—1 n 1 k—1 n 1
_ -y B WY -
ZX(H—rHJ”l)(I)_Z(r_]) Z:<r—1)_2 Z:<r—1)'
r=k r=1 r=1 r=1
Hence in order to get the equality in Eq. 8 we need to prove that
k=1 N
y-1_y (r 3 1) > L (@),
r=1
Thus, if k = 2] with [ > 1, by Corollary 5 we need to check that
20—1 -1

R0

r=1 j=0

But by induction on [ > 1, it is easy to verify that Zfl:_ll (f:i) = le_:lo (2"]) and also
in this case the theorem is proved. Suppose finally that k = 2/ + 1 with /[ > 1. Since
e = le_:lo (2]11)’ by Corollary 5 we get the equality in Eq. 8 and the theorem
is proved. O

Theorem 9 Let F be a field of characteristic zero and G be the infinite dimensional Grass-
mann algebra over F with L = spang{é1, ..., 8;}-action. If)(,{‘ (G) = Zan mi‘)(x is the
nth differential cocharacter of G, then we have:

r t
L __ Z':O ()v r<t . _ _ r—1y.
(1 m,\—{zz” ! rzt,lf}»—(n r+1,1"77);
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134 C. Rizzo

2) mi‘ = 0 in all other cases.

Proof By Corollary 5, m f = Zﬁc:o (]t()m)f - Then by using Lemma 8 we get the proof of
the theorem. O
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