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Abstract We discuss the notion of characteristic Lie algebra of a hyperbolic PDE. The
integrability of a hyperbolic PDE is closely related to the properties of the corresponding
characteristic Lie algebra y. We establish two explicit isomorphisms:

1) the first one is between the characteristic Lie algebra y (sinhu) of the sinh-Gordon
equation u,, = sinhu and the non-negative part L(sl(2, €)Z9 of the loop algebra of

51(2, C) that corresponds to the Kac-Moody algebra Agl)
x (sinhu) = L(s1(2, C)=° = 512, C) ® C[t].

2) the second isomorphism is for the Tzitzeica equation u,, = el te 2
+o0
x(e'+e7) = L(s13,C), 107" = P gjmoar ® 1/,
j=0

where L(sI(3,C), n) = @jeZ 0j(mod 2) ® tJ is the twisted loop algebra of the simple
Lie algebra s/ (3, C) that corresponds to the Kac-Moody algebra Agz).

Hence the Lie algebras y (sinh ) and y (¢*+e~%") are slowly linearly growing Lie algebras
with average growth rates % and % respectively.
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1 Introduction

The concept of characteristic Lie algebra x () of a hyperbolic system of PDE
why = fl@!, o uhi=1,n, (1)

was introduced by Leznov, Smirnov, Shabat and Yamilov [18, 24]. It is a natural generaliza-
tion of the notion of characteristic vector field of a hyperbolic PDE that was first proposed
by Goursat in 1899. In his classical paper [7] Goursat introduced a very effective algebraic
approach to the problem of classifying Darboux-integrable equations.

In spite of the rather large number of papers where this algebraic object is studied [18,
22, 24, 26, 27], it can not be said that there exists any completely unambiguous definition
of characteristic Lie algebra x of a hyperbolic non-linear PDE. We use in the present article
the definition of characteristic Lie algebra proposed in the original papers [18, 24].

An important step in the study of hyperbolic nonlinear Liouville-type systems was made
in [15, 16, 18] where exponential hyperbolic systems were considered

u)]Cy=epJ',pj=aj1u]+~--+ajnu”,j=1,...,n. 2)

It pas proved in [15] that if A = (a;;) is a non-degenerate Cartan matrix then the corre-
sponding exponential hyperbolic system (2) is Darboux-integrable. The proof [15] consists
in finding an explicit solution which depends on 2n arbitrary functions, i.e. it generalizes
the one-dimensional case of the classical Liouville equation u,, = e". Later it was claimed
in the preprint [24] that the main result in [15] can be extended to an arbitrary generalized
Cartan matrix A (possibly degenerate) by applying the inverse scattering problem method.
The two-dimensional case n = 2 was studied explicitly in [18, 24].

1 1 2
Uy, = el +apu’) A a; ap 3)
”,%y = e(azlu]nLazzuz)7 > T \agy an /)
It was proved in [18, 24] that for the generalized Cartan matrices

2 -2 2 —4
N

the corresponding exponential systems (3) are integrable by the inverse scattering method.
Moreover, the commutants [x (A1), x (A1)], [x(A2), x (A2)] of the corresponding charac-
teristic Lie algebras y (A1), x (Az) are isomorphic to maximal pro-nilpotent subalgebras
N (Agl)), N (Aéz) ) of the Kac-Moody algebras Ail), A;z) respectively (that correspond to
the generalized Cartan matrices A; and Aj). Exponential systems (3) corresponding to
nondegenerate Cartan 2 x 2-matrices

(2)- (5 2) (5 5) (55

of the semisimple Lie algebras A1@A1, Az, Cp, Gy are Darboux-integrable. Their charac-
teristic Lie algebras are finite-dimensional Borel subalgebras in semisimple Lie algebras
listed above. These finite-dimensional solvable Lie algebras and infinite-dimensional char-
acteristic Lie algebras x (Aj), x(Az) can be unified into a class of slowly growing Lie
algebras [18, 24].
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Lie Algebras of Slow Growth and Klein-Gordon PDE 1039

Originally, when it was talked about the characteristic Lie algebra of slow growth [18,
24], it was in mind Kac’s classification [10] of simple Z-graded Lie algebras of finite
growth. The condition of simple Z-grading is very restrictive, meanwhile, the growth of a
characteristic Lie algebra x (f) must be understood from the point of view of the behavior
of its growth function Fy(n), i.e. the asymptotics of the dimension F(n) = dim V), of the
space V,, of commutators of order at most n of generators.

A finitely generated characteristic Lie algebra x () of a hyperbolic Klein-Gordon sys-
tem (1) is a pro-solvable Lie algebra whose commutant [x (f), x (f)] is a pro-nilpotent
naturally graded Lie algebra.

By Lemma 2 we assert that the growth functions of x(f) and its commutant
[x(f), x(f)] differ by a positive constant C(x (f)), which equals to the dimension of the
maximal toral subalgebra of x (f).

Fyn() = Fiy(nxom@) + Cx(f).

Thus, the study of the growth function F, (s)(n) of the entire characteristic Lie algebra yx (f)
reduces to studying the growth of the commutant [x (f), x (f)].

The problem of classification of N-graded Lie algebras of slow growth is much more
complicated problem than the classification of simple Z-graded Lie algebras of finite
growth. The Kac list [10] contains a countably many different Lie algebras, meanwhile in
the case of naturally graded Lie algebras with two generators, an uncountable family of
pairwise non-isomorphic Lie algebras of linear growth appears [20]. There are only three
Klein-Gordon equations admitting non-trivial higher symmetries [28].

— Liouville equation u,, = e";
— sinh-Gordon equation u, = sinhu;
—  Tritzeica equation uy, = e* + e~ 2.

1) It’s an elementary exercise to show that the characteristic Lie algebra yx (e*) of the
Liouville equation is the two-dimensional solvable Lie algebra. It can be defined by its
basis X, X and the unique relation [Xg, X1] = X. Its commutant [y (¢"), x (¢")] is
one-dimensional abelian Lie algebra spanned by X .

We study two remaining cases and prove

2) Theorem 2. The characteristic Lie algebra x (sinhu) of the sinh-Gordon equation
uyxy = sinhu is isomorphic to the polynomial loop algebra L(sl(2, CNHZY (current Lie
algebra)

x (sinhu) = L(s1(2, C)=° = s1(2, C)QCt],
Its commutant [y (sinhu), x (sinhu)] is isomorphic to the maximal pro-nilpotent Lie
subalgebra N(Agl)) of the Kac-Moody algebra A(ll).

3) Theorem 3. The characteristic Lie algebra X(e“+e_2”) of the Tzitzeica equation

Uy = e“+e~" is isomorphic to the twisted polynomial loop algebra £(sl(3, C), 11)=°

+oo
x(e"+e) = L13,0), )= = P 8jmoar ® 17,513, C) = go S g1
j=0

where 1 is a diagram automorphism of s/(3, C), u? = Id, and g, g; are eigen-spaces
of u corresponding to eigen-values 1, —1 respectively, [gs, 941 C @544 (mod 2)-

Its commutant [ x (e“+e~24), x (e“+e~2*)] is isomorphic to the maximal pro-nilpotent Lie
subalgebra N (A;z)) of the Kac-Moody algebra Agz).
At this point some very important observation need to be made.
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1040 D. Millionshchikov

It was discussed in [17, 18] that there is a reduction of two-dimensional systems (3)
with matrices A and A to the sine-Gordon and Tzitzeika equations respectively. However,
explicitly the characteristic Lie algebras x (sinh «) and x (e“+e~2*) have not been described
there. The question of describing such algebras is very important, because, the characteristic
Lie algebras of the one-dimensional and two-dimensional systems (3) are different by the
definition. This circumstance, as well as some gaps in proofs of [17, 18] led to the appear-
ance of [22, 26], where the problem of an explicit description of characteristic Lie algebras
¥ (sinhu) and x (e*+e~2*) was posed and solved. It was solved from the point of view of
constructing infinite bases and structure relations (different from the bases and relations
proposed in this article). However the extremely important relationship between the charac-
teristic Lie algebras of x (sinhu) and x (e 4e~21) of sinh-Gordon and Tzitzeica equations
and affine Kac-Moody algebras Agl) and A;Z) escaped the attention of the authors in [22,
26]. In addition, we wrote the generators of these algebras in terms of Bell polynomials,
which helped us to determine and relate various gradings of y (sinhu) and X (¥ ey,
Also an interesting feature was the observation that the Lie algebras y (sinhu) and y (sinu)
are non-isomorphic over R (but isomorphic over C).

2 Characteristic Lie Algebra of Hyperbolic Non-linear PDE
Here and in the sequel, we define, unless otherwise stated, all Lie algebras over the field K,

which is either the field R of reals or the field C of complex numbers.
Consider a system of hyperbolic PDE

why = fi), j=1,....n, u=@',....u"), 4)
where each function f/(u),j = 1,...,n, belongs to a K-algebra C”(2) of analytic
K-valued functions of n real variables u = (ul, ..., u") defined on some open domain

€ C R” (it is more convinient to consider germs instead of functions, but we will keep
the definition from [18, 24]). By x, y we denote two coordinates on the real plane R? and
assume solutions of Eq. 4 to be analytic functions of x, y.

Take an algebra C*(2)[u1, us,...]1 = C“’(SZ)[u}, couy, u;, ..., u5,...] of polyno-

mials in an infinite set of variables {u; = (uil, ..., u}),i > 1} with coefficients in C“(2).
The multiplicative structure in C®(2)[uy, uz, ...] is defined as the standard product of
polynomials.

Example 1 For n = 2 the following polynomial

P(ul, uz; u}, u%, u%, u%, ...) =sin (u1+2u2) . (u})2 +2cosu' - (u;)3,

belongs to the algebra C‘”(Q)[ui, u%, u%, u%, ] =C%()[uy, ua, ... .
Define a Lie algebra L of first order linear differential operators of the form

+00

a
X =Y Pusuiu,...)—g, (5)

ou?
k=1 k
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Lie Algebras of Slow Growth and Klein-Gordon PDE 1041

where all coefficients P*(u; uy,u2,...),0 = 1,...,n,i > 1, are polynomials from
C?(2)[uy, ua, ...1. We used tensor rules in Eq. 5 for summation

d - 3
P (u; ul,uz,...)w = ZPi“(u;ul,uz,...)aua.
k a=1 k

Remark 1 We have already said in the Introduction that there does not seem to exist a canon-
ical definition of the characteristic Lie algebra of a hyperbolic PDE. To all appearances,
the characteristic Lie algebra x (f) of a hyperbolic equation uyy, = f(u) with additional
structure of a (K, C”(2)-Lie algebra with trivial x (f)-action on C*(£2) is called the char-
acteristic Lie ring of u,, = f(u) in a series of papers [22, 26, 27] et al. Linear dependence
or independence of vector fields, the choice of basis in the characteristic Lie algebra x (f)
is understood in [22, 26, 27] with respect to the left module structure over the localization
of C*(R2).

In [24], one of the very first and key papers on the characteristic Lie algebras of hyper-
bolic systems of PDE, vector fields are considered for some fixed value u s of the variables
w= @, ... u".

More precisely, let M = (u}w, ..., u"y) = upy be a fixed point in Q. One can consider
an evaluation map ev : £ — L defined by

+00 5 +00 3
evy
X = ZPIg(u;ul’uz’“')W — XM = ZP]?(MM;ul,uz,...)W.
k=1 k=1
Sometimes by characteristic Lie algebra x (f) of a hyperbolic equation u,, = f(u) is

called the image evys (x (f)) of the evaluation map evy, for some choice of a point M € 2
[24]. ThusP the Lie algebra evys(x (f)) consists of first order linear differential operators
Z,jzof Py azk with coefficients Pj taken from the standard polynomial ring Cluy, us, .. .]
[24].

The following formulas are valid

400 +o00
0 0 0 OPY(u;uy,up,...) 9
—, X | = —, PE(u;uy,ua, ... = k -
|:8u-/ ] |:8u1 /(Z:; s w2 )Buzi| kZ:; ou’ uy

Consider an operator D : C®(Q)[uy, uz,...1 = C(Q)(Q)[uy, us,...1.

a
+uy — +uj

D
ouf

d
ZMTW @‘f‘""f’uerlM'f'..., (6)
The operator D is called the operator of the full partial derivative % The definition of the
operator D has a formal algebraic meaning, but the formula (6) defining it has a completely

concrete analytic origin. Indeed, consider a solution u(x, y) = @' (x,y),...,u"(x,y)) of
the system (4). Let g/ (u; uy, uz,...) € C®(Q)[uy,uz,...1,j = 1,...,n. Define with a
help of u(x, y) a composite function g(x, y) = (g'(x, y), ..., g"(x, y)) of two arguments
X,y

¢, y) =gl (ulx, y)sul e, y), o u G, y),ul (), u (L Y), )

o _ 3lu®

In other words, we have a parametrization u G T

a=1,...,n,j>1.

1 1 1 1
@y oeoot]) = Uy, oo ul), (Uyy oo 1) = (Uyyy ooy Uy,
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1042 D. Millionshchikov

In particular we have obvious formulas

ou® ous
%:D(u“)=u7,a—;=z)(ug)=ug+l, a=1,...nk>l

Computing the partial derlvatlve of the composite function g/ (x, y), we obtain

dg/  du* 9g’ duf dg/ Buk dg/ aag/ . 087 ag’
av = ox o Vo oud T ax au T a2y, at g gt

Similar arguments lead us to the formula for -2 3y ”on solutions of” Eq. 4

9 9
D “— D2(f%) e DRIP4
o + D(f ) + f au3 +- 4+ f )8u% +

a
X(f)=@=f

Definition 1 ([18, 24]) A Lie algebra x (f ) generated by n + 1 vector fields

0]
X ey
() 81 v

is called characteristic Lie algebra of the hyperbolic system (4).

’

A linear span of i o, M, determines an abellan subalgebra xo(f) of x (f). One can
easily verify the followng commutation relatlons - with X (f)

+00
a af w1 (OF*\ O .
—, X =X|—)= D — ) —,j=1,...,n.
[ . (f)] ( aw) k}_lﬁ a7 ) Gz = Lo
We denote by xi(f) the smallest invariant subspace of xp-action on x(f) containing
the operator X (f). The subspace xi(f) coinsides with the linear span of all operators

X (au“"sﬁ) ,s > 0 and we have
[xo(f), x1(H] = x1(f)-

In this article we are interested mainly in the one-dimensional case n = 1. The corre-
sponding scalar PDE is well known and sometimes it is called the Klein-Gordon equation
[27, 28].

Indeed, consider the classical Klein-Gordon equation

Upyp — Uz = f(u).

Z”,y_ we’ll get

Making a linear change of variables x =
Uyy = f@), (N
where we assume that f(«) is an analytic function on one variable u.
The operator D of the full derivative with respect to x is

a a a a
D=u—+u— +u3f+ et UpriT— .

ou ou dun ouy,
We recall that u; are parametrized by some solution u(x, y) of Eq. 7.
du
Ul = Ux, U) = Uxx, ..., U] = @

In this case we have

9
g(g(u(x, V), ur(x,y), uz(x,y),...) = D(gu(x, y), ui(x, y), uz(x, y), ...)).
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Lie Algebras of Slow Growth and Klein-Gordon PDE 1043

Example 2 It’s an elementary exercise to verify by recursion that
D™y = e By (huy, . .., ug),
where
Bk()»ul,...,kuk):ulf)uk—l—---—f—uk)u, k=0,1,2,...,

are complete Bell polynomials of degree k. Complete Bell polynomials are well-known
combinatorial object and they have a lot of properties and applications, see [2] for
references. We want just to recall only a few basic facts about them.

Complete Bell polynomials can be defined recursively by the formula

n

n
Bpp1(ur,uz, ... uny1) = Z ) Bu—i(uy, uz, oo U )41,
i=o '
with the initial condition By = 1.
The first few complete Bell polynomials are:

Bi(u1) = uy, By(ui, uz) = u? + uz, B3(u1, uz, u3) = u3 + 3uyuz + us,
Ba(uy, uz, uz, ug) = uf + 6uius + 4uyuz + 3u3 + ua, . ..

The generating function for complete Bell polynomials is
+o00 ti h
exp (Zl:u,l') X(:]Bn(ul,.. un)—
1= n

An one-dimensional version of the general Definition 1 is

Definition 2 The characterisitic Lie algebra x (f) of Klein-Gordon equation (7) is a Lie
algebra of vector fields generated by two vector fields Xo and X

el Gl il Gl
Xo= - Xi=X(f)=fo—+D()g—+ -+ D" (f)o—+
du duy duy duy,

It is an elementary exercise to express D¥(f) for an arbitrary analytic f in terms of
complete differential Bell polynomials B, (u %, e u,,%), ie.

D(f)—B u yeees U (f)!
n 1 , n ,
Where flrst f()ur dlfferentlal Bell p()lyl‘l()mlals are

d d d d
By =1, Bi(uig;) = uiy;. BZ}(”]@,MZEB = Mldu +M2du,
d d d d
Ba(ulﬁ,uzd,,,uadu)—u +3u1u2d2+uadu,
d d d
Ba(uy g, ua g, u3 g, M4du) = ”ldu4+6” uzd 3+(4u1u3+3u2) 2+u4du

One can express D" (f) in terms of incomplete Bell polynomials B, i (41, . .., Up—k+1) (see
[2] for references)

. B n dkf
D"(f) =3 Buklun, s tnies) =
kf

We recall here only the generating function for incomplete Bell polynomials

+00 ti ktn
exp ZZ”iiﬁ = Z By k(uy, ..., up_p11)2 ;
i=1 ’ ’

n,k>0
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1044 D. Millionshchikov

and the relationship between the complete and incomplete polynomials
n
Bu(ut,...tin) = ) Buglut, ... tn—is1)
k=1

We denote by Y| the commutator

d 0 _ 0
Y1 =[Xo, Xil= fum—+D(f)=— + -+ D" (f)— +...
oup uy

uy,
We have also

d i 0 _ d
[XOa Yl] = [XO’ [X07 Xl]] = fuui + D(.fuu)i +- D" l(fuu)i + ...
ouq uy ou

n
Example 3 Let f(u) = e". We have the Liouville equation u,, = e". It follows that
[Xo, X1] = X in this case. Hence the characteristic Lie algebra yx (¢") of the Liouville

equation is the non-abelian two-dimensional solvable Lie algebra. It can be defined by its
basis X, X1 and the unique commutation relation

[Xo, X1] = Xi.
We have already noted that the implication of the canonical definition of the characteris-

tic Lie algebra is related to its auxiliary, albeit very important, role in the search for integrals
and higher symmetries of corresponding hyperbolic equations.

Definition 3 An analytic function w(u; uy, ..., u,) is called x-integral of PDE u,, = f(u)
if

0 "u

51'0 <u5ux7uxX5"'aﬁ):O5 (8)

where u(x, y) is a solution of uy, = f(u).

Respectively an analytic function w(u1, ..., uy,) is called y-integral of PDE u,, = f(u)
if
a 0"u
aw <u Uy, Uyy, ..., W) =0, uyy = f(u).
Evidently in our symmetric case uyy, = f(u) a x-integral w defines a y-integral and vise
versa. The equation (8) can be written as

Jw
u— + X(fH)w =0.
u
and it is equivalent to the system
ow
— =0,X(HH)w=0.
ou

In other words, a x-integral w is annihilated by two generators %, X (f) of characteristic
Lie algebra x (f) and hence it is annihilated by the whole Lie algebra x (f).

Example 4 A second order polynomial ws(u1, uz) = %(ul)2 — up determines both x-,
y-integrals of the Liouville equation u,, = e".

0 0 1
X(e"Yywa(uy,up) = e [ — +ur— | ( zw1)? —uz ) =0.
ou| ouy 2
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Lie Algebras of Slow Growth and Klein-Gordon PDE 1045

Or one can verify directly that wy (uy, uyxy) = %(u,c)2 — Uy 18 @ x-integral

((Mx)z - Zuxx)y = Zuxuxy - zuxyx =2e"(uy —uy) =0.

Definition 4 A hyperbolic one-dimensional PDE u,, = f(u) is called Darboux-integrable
if it admits both non-trivial x-, y-integrals.

Obviously the Liouville equation uy, = e is Darboux-integrable. Moreover there is a
well-known classical formula found by Liouville himself for its general solution in terms of
two arbitrary functions ¢(¢), ¥ (¢) of one variable ¢

2¢' ()Y’ (y)
(1 =)y ()
Technical details of a transition from the formulas for x, y-integrals of the Liouville
equation to this explicit expression for u#(x, y) can be found in [4, 8].

Consider the sinh-Gordon equation u,y = sinh u. It is well-known that it is not Darboux-
integrable but it is integrable by the inverse scattering problem method (see [28, 30] for
references). In the framework of inverse scattering method one is looking for higher sym-
metries of the non-linear PDE under the study. We will not discuss details and remark only
that we are looking now for non-trivial solutions of the so-called defining equation

DX(f)¢ = f'w¢. €)]

u(x,y) = log

Example 5 A polynomial ¢3(uy, uz, u3z) = uz — %u? is a solution of the defining equa-

tion (9) for the sinh-Gordon equation u,, = sinhu. It is not difficult to verify that for a
function u(x, y) satisfying the sinh-Gordon equation u,, = sinh u we have

1 3 1 3
(Uxxx — Eux)xy = coshu(uyyxy — Eux)

A method was developed in [27] such that, with the help of operators from the char-
acteristic Lie algebra x (sinh), one can obtain all higher symmetries of the sinh-Gordon
equation.

We finish this section with one simple technical lemma, which we will need in the sequel.

Lemma 1 ([27]) Let X be a differential operator
+o0 5
X =_21:Pi87u," Pi=Pi(u,uy,...,uy,...),
1=

such that [X, D] = 0. Then X = 0.

Proof The proof from [27] is quite elementary and we present it here.

+00 3

+00 3 3
[D. X]= 21 D(P)g- = Pig. = > P
1=

du du;

i=
It follows that if [X, D] = O then
P1=0,D(P)=Piy1,i=1,2,...,n,...

It means that all polynomials P; have to vanish, i.e. P; =0,Vi > 1. O
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1046 D. Millionshchikov

’ ()Mi (l)u iiu, '

i=1 i=1

3 Narrow Positively Graded Lie Algebras and Loop Algebras

Definition 5 A Lie algebra g is called N-graded (positively graded) if there is a decompo-
sition of g into a direct sum of linear subspaces

+00

o= i, 9,91 C g+, for alli, j eN.
i=1

Example 6 Let g be a finite-dimensional simple Lie algebra over K. Then the Lie algebra
Li(g) = ea,::‘fg ® t* with a bracket [, ], defined by

[8®P(1),h® QW)L =[g.h]® P(1)Q(),

where [, ] is the Lie bracket in g is N-graded and dimensions of all its homogeneous com-
ponents are equal to dim g. L. (g) can be regarded as the positive part of the corresponding
Z-graded loop algebra L(g) = Pieczg ® k.

Definition 6 ([23]) A N-graded Lie algebra g is called of width d if all its homogeneous
components is uniformly bounded by d > 1.

dimg; <d,Vi e N, (11)

where the constant d is the smallest with the property (11).

Shalev and Zelmanov introduced a notion of narrow Lie algebra, i.e. a N-graded Lie
algebra g = @;eng; of widthd = 1ord = 2.

Example 7 The Lie algebra mg is defined by its infinite basis e, e, ..., e,, ... with the
commutation relations:

ler,eil =eiy1, Yi>2.

The remaining brackets among basis elements vanish: [¢;, e;] = 0if i, j # 1.

We will always omit the trivial commutator relations [e;, ;] = 0 in the definitions of
Lie algebras.

Example 8 The Lie algebra m; is defined by its infinite basis eg, e2, ..., ey, ... and the
commutating relations:

ler,eil=¢eit1, Yix=2; ez, ejl=e€ji2, VY j=3.

Example 9 The positive part W of the Witt algebra. It can be also defined by its infinite
basis and the commutating relations

lei, e’] = (] — l.)€i+j, Vl,] e N.
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Lie Algebras of Slow Growth and Klein-Gordon PDE 1047

These three infinite-dimensional algebras mg, mo, W are the narrowest possible N-
graded Lie algebras. They are all generated by two elements ej, e> of degrees one and two
respectively.

Example 10 The loop algebra L(sl(2, K)) and its positive part n;.
Consider the loop algebra £(sl(2,K)) = s/(2,K) ® K[t, '], where K[z, 7~ ] is the
ring of Laurent polynomials over K. It has a Lie subalgebra of ”polynomial loops”
L(sl(2, K= =512, K) ® K[r]

that we will call in the sequel the non-negative part of the loop algebra L(sl(2, K)).
Consider an infinite set of polynomial matrices defined for k € Z by

oo (O _(00) 10 (12)
3k+1—2 00/ 3k—1= Zk o)’ 3k—2 0 —tk .
Evidently this set of matrices is an infinite basis of the loop algebra L(sl(2, K)).
The linear span of its half (eg, e1, e2,e3,...,e,,...) is an infinite basis of the non-

negative part L(sl(2, KNz = s1(2, K) ® K[r]. It is Z>o-graded with one-dimensional
homogeneous components:

L(s12, KN = @5 (i) € 12, K) @ K11,

1=l
The structure relations for basic elements ¢;, e, i, j > 0, are given by the rule
1,if j—i = 1 mod 3;
lei,ej]l =cijeirj, cij = 0,if j—i =0 mod 3; (13)
—1,if j—i = —1 mod 3.
Now consider the positive part n; of the loop algebra £(sl(2, K)). It is defined as the lin-

ear span (e, ez, e3,...,¢ep,...) and it is a N-graded Lie algebra with one-dimensional
homogeneous components:

n =& % (e;) Csl(2,K) @ K[r].

The Lie algebra n; is a codimension one ideal in L£(sl(2, K))ZO.

Example 11 The twisted loop algebra L(sl(3, K), 1) and its positive part n,.
Consider a diagram automorphism u of s/(3, K) of the second order u?=1[9].

apy a2 a3 —daszz a3z —dais
Mo az ax az | — asy —dazz a2
as) asz asj —asr a1 —ai

The simple Lie algebra s/ (3, K) is decomposed into the sum of eigensubspaces go, g1 of
coressponding to eigenvalues 1, —1 respectively

s1(3. K) = go @ g1. [90. go] C go. [g0. 911 C g1, [91. 911 C go.
One can choose a basis f—1, fo, f1, f2, ..., fe of sl(3,K), such that go = (f-1, fo, f1)
and g1 = (f2, f3, fa, f5, f6)

000 100 010 000

fa=l100].f=(00 0o |,A=[001],p=[000],
010 00 -1 000 100
000 100 01 0 001

=11 00|, s={0-—20],55=[00-1],=[000],
0-10 00 1 00 0 000
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We recall (see [9]) that the twisted loop algebra L(s/(3, K), ) is a Lie subalgebra of the
loop algebra L(s!(3, K)) defined by

L(s13,K), 1) =P gjmoar ® /.
JEL

There is an infinite basis of £(s/(3, K), u) (see [9], Exercise 8.12).

fok—1=f—1 @17, for=fo @ X, farp1=11 ® 1%,
fokr2=Fr @t fori3=f3 @ 1T, fara=f1 @ 241, (14)
farrs=rs @ 2% forro=1ro @ t*F k e Z.

It’s easy to calculate the commutators [ f;, f;] of all these basic elements

Lfg: fil =dqifq+is q.1 € N. 5)

where the structure constants d, ; are presented in the Table 1.

The matrix (dg, ;) is skew-symmetric, its elements d,; ; depend only on the residue gen-
erated by dividing positive integers ¢ and [ by 8. Moreover (d, ;) satisfy the following
relations (see [9] for references):

dij+dg; =0, ifi+g =0 mod 8, j+/ = 0 mod 8.

We define the non-negative part £(s/(3, K), M)EO of the twisted loop algebra L(sl(3, K), )
as

+00
L3, K), 07 = P gjmoar @1/
j=0
It coinsides with an infinite-dimensional linear span { fo, f1, f2, f3,---s far---)-
Now we introduce the positive part n; of the twisted loop algebra L(s/(3, K), u) by
setting
+o00 )
n =& (fi) = P gjmear @1/,
j=1

Evidently n, is a N-graded Lie algebra of width one.

Fialowski classified [5] the narrowest N-graded Lie algebras, i.e. N-graded Lie algebras
g = Dieng; with one-dimensional homogeneous components g; that are generated by two
elements from g; and g; respectively. Fialowski’s classification list contains the Lie algebras

Table 1 Structure constants for ny

f8j S8j+1 S8j+2 S8j+3 S8j+4 S8j+s J8j+6 S8j+7
J3i 0 1 -2 —1 0 1 2 —1
Ssi+1 -1 0 1 1 -3 -2 0 1
foizn 2 -1 0 0 1 -1 0
foixs 1 -1 0 0 3 -1 1 -2
foiva 0 3 0 -3 3 0 -3
feits -1 2 -1 1 -3 0 0 -1
feive -2 0 1 -1 0 0 1
foiv7 1 -1 0 2 3 1 —1 0
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mg, mz, W, ny, ny considered above and a special multiparametric family of pairwise non-
isomorphic Lie algebras. Later a part of Fialowski’s theorem was rediscovered by Shalev
and Zelmanov [23].

4 Naturally Graded Pro-nilpotent Lie Algebras
Definition 7 A Lie algebra g is called pro-nilpotent if for the ideals g, g=1¢g' ¢ =
[g, g”l], i > 2, of its descending central sequence we have:
NS¢l = {0}, dimg/g’ < +oo.
It is clear that a finite-dimensional nilpotent Lie glgebra g is pro-nilpotent. Moreover, it
follows from the Definition 7 that every quotient g/g’ of a pro-nilpotent Lie algebra is finite-

dimensional nilpotent Lie algebra and there is an inverse spectrum of finite-dimensional
nilpotent Lie algebras

Pk+2,k+1 Pk+1,k Pk, k—1 P32 P21
c ST g gkt S gyt S 25 g/gt 5 g/g

We denote by g the projective (inverse) limit g = 1<£n a/gk. We call g complete if § = g

k
(g = @ is an inverse limit of finite-dimensional nilpotent Lie algebras).
For a given pro-nilpotent Lie algebra g one can consider a sequence of projections of a
pro-nilpotent Lie algebra g to its finite-dimensional quotients:

Pm:g— g/g", meN.
They determine the topology of the inverse limit of finite-dimensional spaces on g, i.e.,
smallest topology on g for which all these maps p,, are continuous.
Example 12 We have considered three infinite-dimensional N-graded Lie algebras
my, mp, WT.

All of them are pro-nilpotent and not complete. Their completions g, iy, W+ are the
spaces of formal series Z,J;Xf akey of corresponding basic vectors e, k € N.
Definition 8 A Lie algebra g is called pro-solvable if for the ideals g, g = g©@, g =
[g("l), g(’_l)], i > 1, of its derived sequence of ideals we have:

Nrg® = {0}, dimg/g® < +oo.

The descending central series {g“} of a pro-nilpotent Lie algebra g determines a
decreasing filtration

m—+n

g=g' Dg*=lg.g]l---Dg" D" >..., [g", ¢"] C g""", m,neN.

and one can consider the associated graded Lie algebra gr-g
greo = &7 (gree), = &7 (g" /g’“)
with the bracket defined on its homogeneous components (grcg), , (grc g)j by

[x—l—g“rl, y—l—gHI] =[x, y]+gi+'i+1,x € gi, y € gj.
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Definition 9 A pro-nilpotent Lie algebra g is called naturally graduable if it is isomorphic
to its associated graded grcg.

Definition 10 A N-grading g = @f:"f g; of a naturally graduable pro-nilpotent Lie algebra
g is called natural grading if there exist a graded isomorphism

@:greg—> g, o((grem)i) = gi, i €N

The Lie algebra mo considered above is naturally graduable. However its grading of
width one considered above is not natural

(gremo), = (e1. e2). (gremo); = (eit). i = 2.

The positive part W of the Witt algebra and m; are not naturally graded Lie algebras, one
can easily verify the following isomorphisms:

gremy = gre W = gremp = my.

Definition 11 A N-graded Lie algebra g = EB;Ofg,' is naturally graded if and only if
[g91, 9i] = gi+1,1 € N.

In particular it means that a naturally graded Lie algebra g = @fof gi is generated by its
first homogeneous component g;. The equivalence of two different definitions of a naturally
graded Lie algebra follows from the basic properties of the descending central series of a
Lie algebra.

The notion of naturally graded Lie algebra is the infinite-dimensional generalization of
so-called Carnot algebra.

Definition 12 ([1]) A finite-dimensional Lie algebra g is called Carnot algebra if it admits
a N-grading g = ®}_, g; such that

[glvgi]:gi+lai:1327"'7n_15 [glagn]zo' (16)

Proposition 1 The Lie algebras ny and ny are naturally graded Lie algebras of width two.

Proof For the proof we will introduce new bases for both algebras.
In the case n; we define new basic vectors asi1, b2k+1, c2x by the rule:

axk+1=€3k+1, boyr1=esr12, cox=esy, for allk € Z,.

The structure relations now look as follows

[azit1, bavi]=c2k4141), [c2ks aziv1]=az@+)+1, [c2k, bav1]=—bogt1y+1, )

One can easily verify by recursion that
2m+1 2
C*"*ny = Span(azm+1, bam+1, Coms2s - -, ). C7"ny = Span(com, @m+1, bamsis - ... ).
Hence the natural grading is defined by
_ mtoo . h _ b _
n =&, ny;, where nyom+1 = (@2m+1, bamt1), M 2m = (Cam)

i.e. with one-dimensional even and two-dimensional odd homogeneous components.
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In the case np we define new basic vectors a;, beg+1, beg+5 by

a6g+1=€8k+1, A6q+4=€8k+5>
a6g+2=€8k+3, A6g+5=€8k+6>
A6g+3=€8k+4, A6g+6—€8k+8;

beg+1=e8i+2,
beg+5=e8k+7,

Then
ny = @;;Ofnz,l-, Ny = {a;, b;), if i = 6g+2 ori = 6g+35, ny; = (a;) in other cases.
The proof is completely analogous to the previous case and is reduced to the direct

calculation of ideals C¥n,. O

We define the set of polynomial matrices for positive integers k = 1,2, ...:

0 1o 0 0 0 0 02
up—r=| =1 0 o), v =(0 0 A wr=] 0 0
0 0 0 0 7K1 0 F2*0 0

One can easily verify the commutation relations between them

+ + + + + +
[uok-1, Uz[_]] = Wy (kt1y—2° [v2k—] , wz[] = TUr(k+n-1, [w2k’ uz1l = Vo ktl)—1°

The linear span nf‘:(ul, v?‘, w;', ey U2k, viﬂ, w;;(Jrz, ...) is a naturally graded
subalgebra in 50(3, K) ® K[¢] and n}| =(uy, v, w,, ..., usk+1, Vg 1> Woggos -+ ) is a

naturally graded subalgebra in so(2, 1) ® K[¢] respectively.
Proposition 2 ([20]) nf are isomorphic over C and non-isomorphic over R.

The latter fact is not surprising, given the fact that so(3, R) and s/(2, R) are the different
real forms of s/(2, C).

Let us introduce more examples of naturally graded Lie algebras.

1) Define a Lie algebra ng as an one-dimensional central extension of ny:

m =m & (o), Lf2, frl=c, [c, fil=0,i e N.
2) Let S be a subset (finite or infinite) of the set of positive odd integers
S=0B<2s51+1 <250+1 <2s3+1 <--- <25,+1 <...,)
Define a central extension mg =mp D (Co5;415 C25p415 -+ - 5 C25,4+15 - - -) Of Mg

ler,erl =erq1,0 =2, [ej,e;]1=0,i+j #2s;+1 € S;
lex, e25;41-k] = (=DFeag 41,k =2, ... 55, 25,41 €5,
[cas;+1, 1] =0,V € N,V2s;4+1 € S.

Theorem 1 ([20]) Let g = ;olo gi be an infinite-dimensional naturally graded Lie
algebra over R such that

dimg; +dimgi+; <3, i eN. (18)
Then g is isomorphic to the one and only one Lie algebra from the following list:

nf, g, n3, mo, {mg, S € {3,5,7,...,2m+1,...}.
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5 Kac-Moody Algebras Ail) and A;z)

Let A be a generalized Cartan (n x n)-matrix and g(A) be the corresponding Kac-Moody
affine algebra (see [9] for necessary definitions and details). By the definition g(A) is
generated by 3n elements ¢;, h;, fi,i =1, ..., n satisfying the following relations

[hi, hj1 =0, [e;, fj]1=dijh;,

(hi,ejl = aijej, [hi, fj] = —aijhj,
ad'~%ie;(ej) = 0,ad' = fi(fj) =0,
i,j=1,...,n,

19)

where a;; are entries of our generalized Cartan matrix A.
The Kac-Moody affine algebra g(A) has the maximal nilpotent subalgebra N (A) C g(A)
and it can be defined by its generators ey, e, . . ., e, and the relations

7a+1
ade. "

l

The Lie algebra N(A) is Z>o @ - - - ® Z>-graded

(ej)=0,1<i#j=<n

N(A) = &%) 120, 20N A k1 ko) (20)
where a homogeneous subspace N (A)k, ,.,...k,) 1S spanned by all commutator monomials
involving precisely k; generators e;, i = 1, ..., n.

Proposition 3 N (A) is naturally graded. Natural grading is just the sum of the components
of canonical grading (20)

+00
NA =P NAx). NOxy= P Nk
N=1 ki+... 4k, =K

Proof 1t follows from the fact that all structure relations of N(A) are defined by homoge-
neous monomials. O

Definition 13 We call the Lie algebra N (A) the positive part of a Kac-Moody algebra g(A),
where A is the corresponding generalized Cartan matrix.

It is a classical fact that all Kac-Moody algebras can be realized as affine Lie algebras
L(g) = L(g) ® Cc & Cd or twisted affine Lie algebras £(g, 1) = £(g) ® Cc & Cd, double
extensions of loop £(g) and twisted loop algebras L(g, u) respectively (see [9]) of complex
simple Lie algebras.

We briefly recall the definitions of two affine algebras Agl) and A;z).

The affine algebra Ail) corresponds to 2 by 2 generalized Cartan matrix (_22 _22> It

can be realized as a double extension of of the loop algebra of s/(2, C).
A = Ls12,0) = L(s1(2,0) & Ce & Cd.

Its maximal nilpotent subalgebra N (Ail)) is isomorphic to the positive part n; of the loop
algebra L£(s/(2, C)) and it is generated by two elements ¢y, e related by

ad’ex(e1) = [e2, [ea, [e2, e1111 =0, ad’e;(e2)=]e1, [e1, [e1, e2]]] = 0.
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The twisted affine algebra A;z) in its turn corresponds to another generalized 2 by 2 Cartan
matrix (_21 _24) Its maximal nilpotent subalgebra N (Ag)) is isomorphic to the positive

part ny of the twisted loop algebra L(s/(3, C), u) and it is generated by two elements e, e
related by

ad’ex(e1) = [e2, [e2, €111 =0, ad’ei(e2)=]ey, [e1, [e1, [e1, [e1, e2]11]] = 0.

Both Lie algebras Agl) and A(22) are canonically Z @ Z-graded as Kac-Moody algebras, their
maximal nilpotent subalgebras n; = N(Agl)) and ny = N(Aéz)) are Z>( @ Zx-graded.

NAD) =m =1 (N(AM)) (g, i = 1,2,
where (N (Al@)) p.q»1=1, 2, is the linear span of all commutator monomials involving pre-
cisely p generators e; and g generators e;. Generators e, e have degrees (1, 0) and (0, 1)
respectively.

How are the gradings of the Lie algebras n; and n,, as defined in previous sections,
related to the gradings of N (A(ll)) and N (A(zz)) just considered? The connection between

the natural grading of n; and the canonical one of N (Al@) is already established in the
Proposition 3. What about the narrow N-gradings of n; and ny?

One can verify that the canonical degree deg( fsm+s) of a basic element fg,, s in ny is
defined for —1 < s < 6, by

(4m+s,2m), ifs <1;

(4m+s—-2,2m+1), if s > 2. @b

deg(f8m+s) = {

For instance fg;,+7 has the canonical bidegree equal to (4m+3,2m—+2). In its turn the
bidegree of f3,,+6 equals (4m—+4, 2m+1). Hence both of them has the natural degree 6m—+-5.
For canonical bidegrees of basic elements ¢; of n; we have

deg(esrt1) = (k+1,k), deg(esy2) = (k. k+1), deg(esr) = (k, k).

6 Two-dimensional Integrable Hyperbolic Systems

Consider an exponential hyperbolic system

u)]cy =ePl, pj :ajll/ll +-Faju”, j=1,... 0. (22)

where u(x, y)/, j =1, ..., n are analytic functions on variables x, y. For an arbitrary n by
n matrix A define vector fields

+o0 9 +o0 3
— P k—1 o _ 1 k—1 _
Xy =€ " E D (e” )7814% _kgilBk_l(,Oa,...,pa ) a=1,...,n, (23)

que’
k=1 k

where py = agiu' + - - - + agnu” and we introduced linear functions p(’;, i > 1, defined by
Py = agiu} + -+ + agaul!, D(pl) = it i = 1.

It pas proved in [15] that if A is the Cartan matrix of a semisimple Lie algebra g of the rank n
then the exponential hyperbolic system (2) is integrable. The proof consisted in the explicit
construction of a complete solution of the equation which depends on 2n arbitrary functions,
thus generalizing the one-dimensional case of the classical Liouville equation u,y, = e". An
essential condition in the proof was the nondegeneracy of the Cartan matrix A.
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Later it was claimed in the preprint [24] that the main result in [15] can be generalzed
for an arbitrary generalized Cartan matrix A (possibly degenerate) if we apply the inverse
scattering problem method. In the proof [24], however, there are unclear points.

We consider two-dimensional case n = 2 that was studied explicitly in [18, 24].

T U arou?
L= elau +apu )’ _ (an an
2 (ariu'+anu?) A= ar| a

Uy, =e , 21 an

Characteristic equation %w(ul, uz, ...,) = 0isequivalent to the system
Xiw = Xw=0.
where for the basic fields Xy, @ = 1, 2, we have the following expansions

a9
o

X, =
¢ du;

1 2
+ (aa1u1+aot2u1)

+ ((aalu%+aa2“%)2+(aalu%+aa2u%)) +...

o o
duf dus
For instance this system is consistent and it is easy to verify that it has an integral of the
second order for arbitrary matrix A

) 1 2 1,2 1,2 2,2
w = wP(ur, u2) = 2azuy + 2a12u3 — arax (uy)* — 2apanujui — anap ()

In the text of papers [18, 24] we encounter another definition of the characteristic Lie
algebra x (A) of an exponential hyperbolic system.

Definition 14 ([18, 24]) A Lie algebra x (A) of vector fields generated by n operators
Xo,a = 1,...,n, that are defined by Eq. 23 is called characteristic Lie algebra of the
hyperbolic exponential system (2) defined by a matrix A.

Remark 2 We do not see operators ﬁ among the generators of our algebra. And hence
x (A) is pro-nilpotent.

It was proved in [18, 24] that

1) for the generalized degenerate Cartan matrix A = 2 2) the corresponding char-

-2 2
acteristic Lie algebra x (A) = Liec (X1, X») is isomorphic to the positive part nj of the
affine Kac-Moody algebra A(ll). The corresponding exponential system is integrable in
the framework of the inverse scattering method;

2
-1
acteristic Lie algebra x (A) = Liec (X1, X2) is isomorphic to the positive part np of
the affine Kac-Moody algebra A;Z). Like in the previous case the hyperbolic system is
integrable if we apply the inverse scattering problem method.

2) for the generalized degenerate Cartan matrix A = _24) the corresponding char-

Remark 3 Hyperbolic exponential systems corresponding to nondegenerate Cartan 2 x 2-
matrices of semisimple Lie algebras (A1 A1, Az, Ca, G») are Darboux-integrable.
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7 Growth of Lie Algebras

In the late sixties Victor Kac studied simple Z-graded Lie algebras g = @rczgr of finite
growth in the following sense

dimgy < P(lk|), k € Z,

for some polynomial P(¢). We recall that a Z-graded Lie algebra g = @®rezgr is called
simple graded if it does not contain non-trivial homogeneous ideal I = @cz I where
I = INgk. Kac [10] proved that an infinite-dimensional simple Z-graded Lie algebra g of
finite growth that satisfies the following two technical conditions

1) g is generated by its “local part” g_1BgoDgr;

2) the go—module g_; is irreducible. 24

is isomorphic to one Lie algebra of the following types:

— loop algebras £(g) = g ® C[t,t~'], where g is finite-dimensional simple Lie algebra
and C[z, 1~'] is the ring of Laurent polynomials over complex numbers. Namely there
are four infinite series and five exceptional so-called centerless affine Lie algebras [9]
A B €, D, BN B, £ FY. 6

— twisted loop algebras

L(g, ) = D g;®1" Cg®Clr, 17,
i€Z,i=j mod n,
j=0,1,...,n—1

where a simple finite-dimensional Lie algebra g = @l'.’;ol g; is graded by the cyclic
group Z, (eigensubspaces of an automorphism u of g). Here we have two infinite series
and two exceptional centerless twisted affine Lie algebras [9]

2 2 2 B
AP, DP EX, D).
— the Lie algebras W,,, S,,, K,,, H, of Cartan type, for instance W, is the Lie algebra of

derivations of the ring of polynomials C[xy, ..., x,];

Moreover, Kac conjectured that dropping the condition (24) would add only the Witt algebra
W to the classification list.

Remark 4 The Witt algebra W and W) (with no grading) do not satisfy the first condition
from Eq. 24.

Kac’s conjecture was proved in 1990 by Mathieu [19].

Suppose that an infinite-dimensional Lie algebra g is generated by its finite-dimensional
subspace Vi (g). Forn > 1 we denote by V,,(g) the K-linear span of all products in elements
of Vi(g) of length at most n with arbitrary arrangements of brackets. We have an ascending
chain of finite-dimensional subspaces of g:

Vi(@) C Va(g) C -+ C Vul(@) C ..., UL Vi(g) = g.
The Gelfand-Kirillov dimension of g [6] is

logdim V,
GKdimg = lim sup et nlg) ,,(g).
n—>+00 logn
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A finite Gelfand-Kirillov dimension means that there exists a polynomial P(x) such that
dim V,,(g) < P(n) for all n > 1. In particular if g is finite-dimensional then GKdimg = 0.

The growth function Fy(n) = dim V,(g) depends on the choice of the generating sub-
space V|(g) (see [12] for details). For instance if we choose another generating subspace
Vi (g) such that Vi (g) C Vy(g) for some positive integer m, then we have an obvious
estimate ~ ~

Fg(”) =dim V,(g) < dim V};;,(9) = Fg(mn)~

In fact, the growth of a Lie algebra g is called the equivalence class of some of its growth
functions Fg(n) [12]. Two monotone increasing functions f,g : N — N are called
equivalent if there exist ¢, m, ¢, m € N such that

f(n) = cg(mn), g(n) < ¢ f@mn),
for almost all n € N.

For a naturally graded pro-nilpotent Lie algebra g = Ga;ff g; one can define its nat-
ural growth function Fgr (n), choosing as the generating subspace its first homogeneous
component g; of the Lie algebra g = EB[J;OIO gi. Obviously we have

n
F§"(n) = dim V,(g) = ) _ dimg; = dim(g/g"""),
i=1
where g’”rl denotes the (n + 1)-th ideal of the lower central series of g.
For the Lie algebra m( considered above we have the slowest possible growth

Fiy(n) = n+1.

For an arbitrary naturally graded Lie algebra g = @j':olo gi of width d the function F, g "(n)
grows not faster than dn:
F gr (n) < dn.
All Lie algebras of finite width have GKdimg = 1.
Consider natural growth functions of the Lie algebras nj and n,.

3n o 3n+1 4n p 4n+2
?SFnl(”)S 5 7?5Fn2(n)§T’vn€N-
Hence the piecewise linear functions Fy, (1) and Fy, (1) grow on average at rates of 3 and

% respectively.

Remark 5 The next remark is that there is an continuum family of pairwise nonisomorphic
linearly growing Lie algebras mg indexed by subsets S C {3,5,7, ...}, while according
to the Mathieu theorem [19] there is only a countable number of pairwise nonisomorphic
simple Z-graded Lie algebras of finite growth.

Lemma 2 Suppose an infinite-dimensional Lie algebra § is generated by its finite-
dimensional subspace
Vi(@ = go ® g1,
where g is an abelian Lie subalgebra in § and g1 is an invariant subspace of go-action on
g. Assume also that the go-module g is diagonalizable and corresponding weights (roots)
ay,...,0q € g are non-zero. Define a subalgebra g C § generated by the subspace
Vi(g) = g1.
Then the corresponding growth functions Fg(n), Fg(n) are related

Fg(n) = Fg(n) + dim go.
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Hence g and § have equal Gelfand-Kirillov dimensions

GKdimg = GKdimg.

Proof For simplicity we consider the case dim gg = 1. In addition to everything else, this is
the case we will need for applications. However the general case is proved in a completely
analogous way. First of all we fix a non-trivial X( in one-dimensional go. Choose a basis
X1, ..., X, of gy consisting of eigen-vectors of ad X corresponding to eigenvalues A =
a1(Xo), ..., Aqg = 0aq(Xo) respectively

adXo(Xj)=[X0,Xj]=)\ij, j=1,...,q.

Let X;, i, = Xi ...X;, be an element of g represented by a m-word, where X; €
{X1,..., Xy}, s =1,..., m, with an arbitrary (but fixed) arrangement of brackets. Then
adXo(Xiy,...in) = iy + -+ 2,0 Xy iw> g =1, ..., m, (25)

We will prove (25) by recursion. We start by m = 2:
adXo([Xi,, Xi, D) = [Ai) X3y, Xip 1 + [ Xip, Ay Xin ] = (A + Ap)[XGy, X1
Assume that Eq. 25 is valid for commutators of orders less than m. We take a m-

word X;, . Drig i 1eemsim that can be written as a bracket [ X, X i, ] of its subwords

..... ig> Xigi1,...
Xi] ..... iq and Xiq+] ..... im*
ad Xo(Xi,....iguigi1roin) = AdXo(UXiy,igs Xigyrooin]) =
=i+ A2 )Xy iy Xigitsmin I H X iy Qi+ 2D X il =
= iyt A0, Xiyigiggtsemim-

Now we consider an arbitrary element of g represented by a n-th order commutator X;,, ;.
where some lower indices can equal zero, in other words, X;, _; may contain X¢ in a
certain number among its own letters. Let s be a total number of occurences of the letter X¢
in the word X;, ._;,, then it follows from Eq. 25 that

Xiioin € Va—s(9).

Hence we have
V(@) = (Xo) @ Vu(g), Fg(n) = Fg(n) + 1.

O
8 The Bigraded Lie Subalgebra Diff(F)
We introduce a non-positive grading in the ring K[uy, ..., u,, ...] of polynomials over
infinite number of variables uy, ..., u,, .... We define it by recursion with respect to the

power of polynomials.
1) We define the degrees (weights) wt(u,,) of generators u,, n > 1, and unit 1 by the rule
wt(1) =0, wt(u,) = —n,n € N,

2) Let P, P, be two homogeneous polynomials of weights wt(P)=— p; and wt(Py)=—
p> respectively. Then their product PP, is a homogeneous polynomial of weight
—p1— P2

3) Let Pj, P, be two homogeneous polynomials of weight wt(P;)=wt(P)=—p. Then
their sum P; + P, is a homogeneous polynomial of weight —p.
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For instance wt (u%u3) = —6 and a Bell polynomial B, (ui,...,u,) is a homogeneous
polynomial of weight —n:

WH(Ba (11, u2)) = Wt(ui + uz) = —2, wt(B3(u1, ua, u3)) = wt(uy + 3uruz + uz) = —3.

Now we consider a subalgebra F C C®(2)[u1, us, ...] of quasipolynomials

M
Qs ut, oyttyy ) = Y e Pur, ),

i=—m

where o; € Z and P;(uy, ..., uy,;) stands for a polynomial of variables ui, ..., u,, taken
from the ring K[uy, ..., up,...].
The K-algebra F admits a Z <o x Z-grading

F= P Fig Fig=1{"Pu. ... uy), wt(P)=k}.
keli<o,q€Z

This bigrading is compatible with the product structure in the ring F
fk,q . JTI,r C -Fk+l,q+r-

We consider the Lie algebra Diff(C“(2)[u1, us, ...]) of all derivations of the algebra
C?®(2)[uy, us, ...]and a Lie subalgebra Diff(F) C Diff(C®(2)[uy, us, .. .]) of first order
differential operators

0
3%1' ’

+00o
X:ZQA,-(u,ul,...,u,,,...)
j=1

where Q;j(u,uy, ..., u,,...) € F are quasipolynomials.
The Lie subalgebra Diff(F) is ZxZ-graded

Diff(F) = @ Dift,, ,(F), [Diffy, (F), Diff, 4 (F)] C Diffy, 40,14 (F),
meZ,reZ

where a homogeneous subspace Diff,, ,(F) is a linear subspace of first order differential
operators

+o0o

]

Diff,, , (F) = er“ZPj(ul,...,usj)a—,wt(Pj)—l—j:m ,(m,r) € ZxZ. (26)

0
j=1 J

Definition 15 The grading of Diff,, ,(F) defined by Eq. 26 we will call the operator
bigrading of Diff(F).

Example 13

+00
0 .
X = X(eP*) = el Z B,_1(uy, ..., un_l)m e Diff), 1 (F).

n=1
Remark 6 Although X = % ¢ DiffF its adjoint ad X defines a derivation of DiffF
+o00 3Q' 5 +00
dXo(X) = [Xo, X] = I — X = — 27
adXo(X) = [Xo, X1 =) _ ZQ,W (27)

ou ou;’
j=1 !
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One can see that a subspace V, = @,zDiff), ,(F) is an eigensubspace of adX(y which
corresponds to the eigenvalue A = p. We have the decomposition of the Lie algebra Diff 7
into a direct sum of eigensubspaces of the operator ad X(.

DiftF = PV, = P (SnezDiff, 1 (F)) .

PEZ PEZ

Definition 16 Define a Lie algebra
DiffF = C*(2)Xo ®x DiffF

as a semidirect sum of the Lie algebra C*(2)Xo = {g(u)Xo, g(u) € C®(2)} acting on
DiftF by the formula (27). It is possible to extend the operator bigrading to the whole
algebra Diff F by setting its value on the element X equal to (0, 0).

9 The Sinh-Gordon Equation

Theorem 2 The characteristic Lie algebra x (sinhu) of the sinh-Gordon equation
uyy = sinhu
is isomorphic to the non-negative part
L(s1(2,K)=0 = 612, K)QK][1],

of the loop algebra L(s1(2, K)) = sl(2, K)QK], =1
It is generated by three elements Xy, X', X}, that satisfy the following relations

[Xo, X11 = X}, [Xo, X5] = —X), (28)
[X), [X}, [X], X311] = 0, [X3, [X5, [X5, X{11] = 0. (29)
It particular it means that the subalgebra x (sinhu)* generated by X /1 and X/2 is a codi-

mension one ideal in x (sinh u) and it is isomorphic to the (nilpotent) positive part N(Ail))

of the Kac-Moody algebra A" = L(s1(2, K)) = L(s1(2, K)) & Ke & Kd.

Proof We denote

d = d

Xo=—, X1 =Y D" '(sinhu)—.

0=2-. Xi ;; ( ) ou,
The construction of the characteristic Lie algebra has an inductive nature. We start with the
first order differential operators Xo, X1 and then consider the commutators of higher orders
with the participation of generators Xg, X7.
Consider a linear span (Xo, X1, Y1), where Y1 = [Xo, X1]. Choose a new basis in

(Xo, X1, 11)

X6=X0,X/1 =X1+Y1,Xé=X1 - Y.
It means that

+00 +00

d d
X = anl e — X = — anl e ) — .
! r; ( )Bun 2 ’; ( )Bun
We have s
X/] =t ,—:_g Bn—l(”huw”n—])@a
X/Z = —e U Z;ﬁ B,_1(—uy, ..., —un_])%.
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The elements X, X} are of operator bidegrees (1, 1), (1, —1) respectively. Obviously

[Xp. X11= X}, [X). X}] = —X5.

It’s easy to calculate the first terms of the commutator [ X ’1 X /2]

, P 0 0 ad
X3 =[X],X5]1=2 3 +u18 +5u1u2ﬂ+

The operator X} has operator bidegree (2, 0) (it means in particular that all its coefficients

do not depend on variable ) and hence

3
[Xo. X3] = [axg] =0.

Now we consider X, = —[X, X}] of operator bidegree (3, 1) and we also can write out

some of its first terms

a a
Xy = —[X], X5] = 2¢" (—+u1—+(2u%+u2)—+...
Ug ous

Evidently [X,, X,] = X],.
We define an operator X; of operator bidegree (3, —1) as

a

d d
=[X}, X5 = —2¢7" (— —u— + (2u% —uy)— —I—) .
; ous

ous duy

Obviously
[Xg, X5] = —X5.

Now we need to involve the operator D in our play. It has operator bidegree (—1, 0). We

start with an obvious remark that [D, X(’)] = 0. It follows from Eq. 10 that
[D, X|]=—€"X{, [D, X5] = e "X,

Hence we have

[D, X4]1=[D,[X}]. X51] = [[D, X}1. X5] + [X}. [D, X}]] =

:—[euxg),x/z]+[x’ TuXp] = et X5 — e X,

[D, X1 = — [D, [X{, X41] = = [[D, X{1. X4] — [X}, [D, X41] =

= [e" X}, X5] - [X’ ”X’2+e” 1]=—e"X5.

Proposition 4 [X|, X] = [X}, Xi] =0.

Proof

[D. X}, X31] = 11 X4 ]+ X}, [D, X41] =
:_[euX(/),X/ X/l’ uX/]: uX/ +euX4—0

Also we have

[D, X1 = [D, [X5, X31] = [[D, X1, X} | + [ X5, [D, X3]] =

= —e " [ X, X5] + [ X}, "X, + e X | = —e 71 X,
This implies
[D, [X5, X511 = [[D, X51, X5] + [X,. [D, Xi]] =
=~ [Xp X5] = e x5, X3 ] =0,

It follows from Lemma 1 that both brackets [X{, X}] and [X}, X] vanish.
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Now we define recursively
X1 = —[X71 X531 Xy = [X0, Xy ], X3 = [X], Xy ] k= 1
X 1> Xie40 X543 have bidegrees (2k+1, 1), 2k+1, —1), (2k+2, 0) respectively.

[X0: X311 = Xiperr: [Xo, X3pqa] = = X340, [Xp, X341 = 0. (32)

Lemma 3 First order differential operators X/3k+1, X§k+2, X§k+3, k > 0, are all non-
trivial and satisfy the following relations

[D. X34 ] = —€" X5 [D, Xy ] = e XYy,

- ) (33)
(D, X/3k+3] =—¢ uXék-H + " Xyt

Proof
(D, X3k+l [D X/’XSk]] [[D X/] X/Sk]_ [X/,[D,ng]] =

= [e" X0, X5 ] — [ e Xy T Xy | = € Xy

Second relation from Eq. 33 can be proved completely analogously. The third assertion is
verified below

[D, X551 = [D. [X], X5 ,,1] = [[D, X[1, X5 ] + [X1. (D, X5 0] =
= _[e X0, X/3k+2]+ [X e "X ]—e X2 — € " Xyprs

Non-triviality of X3k+1’ X3k+2, X3k+3, k > 0, follows from Lemma 1 and Eq. 33. O
Lemma 4 Differential operators X{, X, X}, ... satisfy the following commutation rela-
tions

[X3141, X3k41] =0, [X3142, X3x42] =0, [X3;, X3:] =0,
(X311, X3k2] = X3++3, [ X3, X3kt+1] = X3gk40)+1, (34)
[X31, X3k12] = = X3040)+2, k., 1 > 0;

Proof We prove (34) by recursion on N = k 4 [. The basis of recursion is k +1 = 1.
[X], X411 =0, [X}, X5 =0, [X}, X4] =0,
[X]. X5] = X5, [X(, X|1 = X|, [X, X5] = =X,
(X, X2] = X, [X}), X}] = X}, [X}), Xs] = —X]
(X, X}] = X, [X}, X1 = X}, [X}, X}] = —X]
We have already checked out almost all of these formulas. It only remains to verify the
equality [X}, X}] = X;. Indeed

[D, (X}, X531 — Xg] = [[D, X,1, X5] + [X, [D, X31] — [D, X§] =
=[—e" X}, X))+ [Xj e X)) + e X, — "X =0.
Suppose that relations (34) have already been established for k +/ = N, we now prove
them fork +1 =N + 1.

[D. X5, X5 441] /[[D/X/ X5 ]+ X5 D, XY 0] =
= —e" [X3z’ X3k+1]L e [X3l+]’X3k =

Thereby it follows from Lemma 1 that [X3[+1, ng]:O. The relations [ X372, X3k4+2]=0
and [X3;, X3¢]=0 can be verified absolutely analogously to the previous case.
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Now we turn to the second group of relations (34)

[D, (X341 Xipgal — X/3(k+l)+3] =
=[[D, X311, Xy o] + [Xay 00 [P, X5 0]] - [D’ Xg(k+l)+3] =
= [—e" X5 Xy ]+ [ X e X5 ]+ e X gy — € X = 0.
We leave to the reader in the form of an exercise the proof of the relation [X3;, X3x4+1] =
X3(k+1)+1. We finish the proof of our Lemma by verifying the last equality in Eq. 34.

[D’ (X5 Xappo + X304 12
= [[D, X1, X3 ] + [ X5 [D, Xy 1] + | D, Xé(k+l)+2] =
= [e"X§(1—1)+z —e "Xy X§k+2] +eT [ Xy, Xy ]+ e Xy =0
O

Corollary 2 1) The characteristic Lie algebra x (sinu) of the sin-Gordon equation i,y =
sin u is isomorphic to the non-negative part

L(s0(2,1), K)o = s0(2, 1) @ K[r]
of the loop algebra L(s0(2, 1), K) = s0(2, 1) @ K[z, 1.
2) the loop algebras L(s0(2, 1), K) and L(sl(2, K)) are non-isomorphic over K=R and
are isomorphic over K=C.
Corollary 3 It follows now from Theorem 2 and from Lemma 2 that the characteristic Lie
algebra y (sinu) of the sin-Gordon equation has the same growth as the Lie algebra ny.

10 The Tzitzeica Equation

Theorem 3 The characteristic Lie algebra x (e"+e~ ) of the Tzitzeica equation

uxy — eu + 6721,4
is isomorphic to the non-negative part
+o00
L(s13.K), 1) = P gjmoar ® 17,513, K) = go ® 91. [a- 5] C Gt fmoa 2)-
j=0

of the twisted loop algebra L(sl(3,K), n) = @jez 9j(mod2) ® tJ, where w is a diagram
automorphism of sl(3, K), u> = Id, and go, g1 are eigen-spaces of p corresponding to
eigen-values 1, —1 respectively. In particular gg is a subalgebra in sl(3, K) isomorphic to
s50(3, K) [9].

The Lie algebra x (e'+e~2%) is generated by three elements Y/, Y|, Y} that satisfy the
following relations

[Yy, Y{1 =Y}, [Yo, Y31 = —2Y,, (35)
(Y], 1Y), 1Y, Y], 1Y], V311 ] = 0, [¥3,1¥3, ¥{1] = 0. (36)
It is a pro-solvable infinite-dimensional Lie algebra. Its subalgebra x (e"+e~*)" gener-

ated by two elements Yl’, Y2/ is isomorphic to the (nilpotent) positive part N (Aéz)) of the
Kac-Moody algebra A = L(s1(3,K), 1) = L(s1(3, K), ) ® Ke & Kd.
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Proof Our proof will consist in constructing an infinite basis Y{,Y;, Y3, ¥, ... of
X(e”—i—e‘z“) and verifying that basic fields Y,,,n > 1, satisfy the commutation relations
(15) of L(s1(3, K), u)=O.

We recall that by definition the characteristic Lie algebra x (¢*+e~2) is the Lie algebra
generated by two operators

+o00

0 0
Xo= —, X; = Dn—l u —2u .
0= X1=) D'+ ”
n=1
Consider a linear span (Xg, X1, Y1), where Y1 = [Xp, X1]. Let introduce a new basis

Y(;, Yl/’ Yzl in (X, X1, Y1), where
Y, = Xo, Y = X+1Y YZ/——IX 1Y
0 0- 71 3 ! 3 b 3 ! 3 b

We recall explicit expressions for Y| and ¥, in terms of Bell polynomials

+00
’_ +00 yn—1,,uN 0  _ _u il
Y1 = n:lD (e )Bu,, =e€ ng:l Bn—](ulw-wun—l)aunv
oo G7
+00 —1,,-2 a -2 J
Yy = Y D e M) = e Y By (<2up, e, —2igo1) g

n=1

Obviously we have
[Yy, Y1 =Y, [Y), Y51 = =2Y,.
It’s easy to calculate the first terms of the expansion for [Y{, Y5]
a 0 d
Yy =[], Y] = 3¢ | — — 2u1— + (5u} —3up)— + ...
3 =11, 1)l e <3u2 u18u3+(141 M2)8u4+

The operator Y3/ has operator bidegree (2, —1) and

a
Y, V5l=|—.Y;| =-Y].
[¥p. Y3] |:8u 3] 3

Now we consider Y, 4{ =[Y,Y 3’] (it has operator bidegree (3, 0)) and we can write down the
first terms of the expansion of ¥,

0 d d
YA{=[Y1/,Y3’]=9<%—2u1£+(5u%—5u2)a+...>

All the coefficients of the differential operator Y, 4{ do not depend on the variable u and hence
[Yy, Y41 = 0. We define an operator Y7 of bidegree (4, 1) by

1 d d 0

Yi=——[¥], Y]] =9e" | — —uj— + (4u? —6u)— +... ).
3 3[ 1 Yl ¢ (3144 ulaus (i u2)3u6

Obviously [Yj, Y5] = Y. We recall that [D, ¥;j] = 0. Then we deduce that

RS 3 3R ) 3
[D,Y]]= ;D(D’_l(e”))a—ui - e“a - ; D! (eu)aTi = —e“5 = —c"Y].
Similarly, we conclude that [D, Y] = —e~2*Y}. It holds that
[D.Y;1=[D. Y], V;1] = [[D. Y{1. V;] + [Y{.[D. ¥;]] =
= —[e"Y}, V5] = [Y], e72Y)] = 2¢"Y) + e~ 2Y].
O
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Proof O

Proposition 5 [Y}, Yi] = [Y;, Y;] = 0.

[D. 1v;. v31] = [ID. Y3, ;] + [¥3, [D. ¥3]] =
= —[e72Yy, X4] + [¥3. 2" Yy + e 2Y{| = e 2V} + o [Y].Y{]=0.

Consider the second commutator Y5, ;]
[D,Y,]= [D, [y, Y3’]] = [[D, Y1, Y3/] + [Y{ [D, Yé]] =
= —e" [Y§. V5] + [Y].2¢"Y, 4+ e721Y]] = " Y] + 22 Y} = 3e"Yj.

Hence it implies that

[D. [Y3. Y]] = (D, V31, Y;] + [Y3. [D. Y]]] = —e =2 [¥;, ¥;] + 3¢ [v3.¥}] = 0.
It follows from Lemma 1 that both brackets [Y}, Y] and [Y}, Y3’] vanish.

Now it’s the turn of [D, Y¢].

=3[D, Y1 =[[D,Y{1,. Y;] +[Y].[D, Y;]] = —e" [Y§, Y ] + [Y]. 3e"Y}] = 3e" Y.
We define the sixth element Y; of our basis with operator bidegree (5, 2)

1 d d
Yi=—=[¥], Y= 9" — +uj—
6 2[1 5] e 3u5+13u+

Obviously [Y{, Y6’] = 2Y6’.

Proposition 6 [Y], Y{] = 0.

Proof
—2[D,Y{] = [D,M[Y//, YS’/]J = [M[D,/Yl’],/ Yl + LEY{/ [D, Y]] =
= —e" [Y}, YL —e" [Y], Y;] = 2¢"YL..
After that we can calculate the commutator [D, [Y{, Y{]]
(D, Y], Y = [[D. Y[1. Y] + [Y].[D. Y]] =
= —e" [Y{, V(] = [Y], e"Yi] = —2e"Y{ — e [Y], Y{] = 0.
Hence [Y], Y¢] vanishes. O

We define Y; = [Y}, Y¢]. The operator Y; has operator bidegree (5, —1). One can verify
that
[Y§, Y)1 = —Y;, [D,Ys] = —e 2L,
Indeed
[DY]—[ 0. V1] = [[D. ). ¥5] + [1; [DY1]=
=~ [y V)] - 13 ey = —e
Remark that
[D, [V, Y]] = [[D, Y31, ;] + [Y5.[D. Y;]] =
= [e72Y] + 2¢"Y;, Y, | — [V}, 3e" Y]] = e 2 [Y], Y] = —3e~2"Y..
It follows from Lemma 1 that [Y}, Y] = 3Y;. We set
Y, = [¥], YI.
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The operator Yg has bidegree (6, 0). We need also the following two relations
(Y], Y41 =0, [D, Y§] =2 2"Y{ + €'Y,
Let prove them
[D.Y{=[D.[Y]. Y]] = [[D. Y{1.Y;] + [Y].[D. ¥}]] =
= —e" [V} V7] = [Y], e 2YL] = 2¢724Y] + &Y.
Besides this
[D.1v3, ;1] = [(D, Y1, ;] + [¥3, [D, Y71 = =72 [¥g, Y] + [¥;, —e72"¥5] = 0.
We sum up the first results of our calculations and collect the obtained relations

[D,Y)] =0,[D, Y]] =—e"Y},[D,Y}] = —e~2"Y},
[D, Y]] = 2¢"Y} + e 24y, [D, ¥;] = 3¢"Y}, [D, Yi] = —e'Y;,
[D,Y{]=—e"Y,,[D,Y;] = —e Y., [D, Y{] = 2" 2Y} + €"Y};
(Y5, Y31 =[Y5, Y1 =[Y5, Y71 =0.
It is time to define all the vectors of our infinite basis. We do this with the help of recursive
formulas (we recall that Y|, ¥} are defined by Eq. 37)

(38)

1
Yoips = [Yl/’ Yorsol Ygrpa = Y] Y sl Yo s = =300, Yo ul,
/ 7 ’ A ! / 7 7 /7
g6 = — 2LV Yeppsl Yy = I[Yz’ Ygipsls Yarqs = [Y1s Ygriqls (39)
/ ’ ’ A A /
skro = LV Yorygl Y0 = 3[¥0: Ygeigl, kK= 0.

By induction, it is easy to establish that they are eigenvectors of the operator adY(;

[Yé’ Yék+l]=Yék+l/’ Dfé’ Yék+2/]=_2Yé/k+2; [Y(S’ YékT3]=_Yék+3’
[Yg’ Y§k+4]=0’ [f/ 0 Y, 8k+/5]=/Y8k+5’ Yo, Yert6l=2Y g1 160 (40)
(Yo, Y8k+7]:_Y8k+7’ (Yo, Y8k+8]:0~

Lemma 5 Operators Y, n > 1, defined by Eq. 39 are all non-trivial. More precisely they
satisfy the following relations

[D, Yg i ]=—€"Yg, D, Yy yl=—e > Yy,

[D, Y sl=e 2Y{  +2e" Y . [D, Yy, J=3¢"Y{ 5,

[D, Yy sl=—€"Yg 4. [D, Yo cl=—€"Yg s, (41)
[D, Ygql=—e Yo ys5. [D, Yy gl=€" Y 042 Yy 0

(Y3, Yék+2] =173, Yék+3] =173, Yék+4] =173, Y§k+7] =0, k=0.

Proof We prove the lemma and Eq. 41 by induction on k. We have allready verified the
case k = 0 (see Eq. 38). Suppose that the formulas (41) are true for all / < k — 1, we prove
them for k.
(D, Yy q]=— [D’ [y, Yék]] == [[D’ Yil, Yék] - [Yf (D, Yék]] =
=[e"Yy, Y4, 1—[Y], €Y, | +2e721Yg, ,]1=—e"Yg;;
[D, Yg o1=[D, [¥;, Y 1] =[[D, Y31, Yg [+ [V3, [D, Y, 1] =
=[—e"Y Yol H1Y]. e Yy + 272 g ,1=1Y;. 26721 Y 5] = —e 'Yy,

We skip some evident steps in our calculations and continue

[D. Y 511 Xp. Y o HHY, —e g 1=26" ¥y e

[D. [Y5. Yy 1] =[=e 2" ¥g, Yy o1 +[Y, ¢ “Ygi1=0;
[D. Yy gl=[—€"Y(, Yo 51+ 1Y, 26" Yy e Yy 1=3e" Yy 5.

k10
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The relations [D, [Y3, Yg’k+3]] = [D,[vs, Yék+4]] = 0. are verified completely analo-
gously. Next two steps are

—3LD, Yy 51= [D’M[Y}/v X/ék+4]] = /[[D’LYI/]’ Ygisal j [/X/l [D. Yy 1] =
— 4 j—
/ =[—e"Y, : Y8;<+4]+[X1’ 3e /8k+3/]_3e Y8k+,4’ /

_2[D;4Y8/k+6/]: [D. [lf ’ Y85+5/]] =[[D, il];X8k+5] "; [3(1 (D, Y8uk+;5]] =

=[=e"Yg, Yy sIHIY), =Yg )= — gy s 4 3" Vg 5 = 2e Vg 5.
We leave the verifying of the following two relations as an exercise to a reader.

[D, Y ql=— € %Yy s, [D, Y gl=e"Yg 742 Yy g

We finish the proof of the lemma by

[DQ’ [Y/,’ Yék+7]] = /[[D’ Y%/]’ )/(ék+7]] +2[Y2: D, Xékzﬂ]]/ =
J— —ZU —ZU ., U —ZU —
=[—e™ 7Yy, Yo g1 H[Y,, —em Yy sl=e™ " Vg g — e Vg ,=0.

Lemma 6 The operators Y,;, n > 1, satisfy the relations (15)
[Y(;, Yl’] = dtlqu/H’ q,l €N,

where structure constants dgj=—d,, are taken from the Table 1.

Proof We are going to apply the formulas (41) obtained in the previous Lemma.

[ D1, v | = [0, ¥ 1 ¥4 | + [ Y, 0. ¥41 | =
=[e"Yg, | +2e Vg0, Yg1+1Yg,, €Yy | +2e > Yg_2]=0.

Hence [Yg , Yg;] = 0. Next relation is

q°

[2: i1 = [ 10 ¥ Y [+ [ 1 10, ¥ 1] =
=[(3”Yéqil +2e" Yy, Yél+l]+[Yéq’ —e”Yél]=—e”Yé(q+[).

It follows that [Yéq, Y§ 1] = Y8(g+1)+1 because [D, Yy(g41)11] = —e”Yé(qH). Then

[D’ [Yg,» Yé1+2]] = [[D’ Yl Yéz+2] + I:Yéq’ (D, Yé1+2]] =

=[e"Yg, | + 27 Vag0, Vg 1+ Vg, —e 2 Yy 1=2e" 2 Y 1.

e Y] Hence [Yg,, Y ,)] = —2Yg We leave

/ [
Recall that [D, Yg(q+12+1] = 8q+1)" ) 8(g+1)42"
the reader, as an exercise, to prove the relations from the first row of Table 1.

(Y5, i3l = —Ysqn43. [Vg, Y5, 41=0. [Yg,. Y5 51 = Ye(g+n)45.
Y3y Yaiie] = 2Y8(g+0+6: [Ygys Yo 7] = —Y8(g41)+7-
Now we switch to the second row of the Table 1. We start with
[D’ [Ys/q+1v Xél+1]] = [[Dv Yéq+1]’ Yél+1] + I:Yéq+l’ (D, Yé1+1]] =
=[—e"Yg,. Ygr q 1+ [Vg, 1. —€"Yg1=0,
[D, [Yéq+1’ Y§1+2]] = If/[D’ Yéq+1]’ Y8/l+2] + I:X/Sq+1’ (D, Yé1+2]] =
=[—e"Yg,. Y ol Yg, |, —e 2 Vg 1=2e" Yy —2uyy

G+D+2T€¢ T X341
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/ / _ v/ / _ / —2, /
Hence [Yg, 1, Yo 0] = Yg(gpiy43 38 [Ds Yy yy)31=2€" Yy te™ ™ Yooy

[D’ [Yéqul’ Yé1+3]] =|[D, Yéq+1]’ Y§1+3] + [Yéqul’ (D, Yé1+3]] =
=l=e Yy Yoyl H Vg 1 €77 Yy +26 Yy 123" Yy gy 13 =(D, V(g al.
We conclude that [Yg g1
step by step commutators [Yéq . Yy 4] With 1 < 7 < s < 7 we obtain all structure
relations (15). O

Y31 = Yé(q+l)+4. Continuing in the same way and calculating

We define a Lie algebra isomorphism ¢ : x (¢* 4+ e~2*) — fi, by setting
¢(Y,) = fu,n > 0.

Corollary 4 It follows now from Theorem 3 and from Lemma 2 that x (e"+e~") has the
same growth as the Lie algebra n;.

11 Final Remarks

The characteristic Lie algebra x (sinh #) of sinh-Gordon equation u,, = sinhu was studied
by Murtazina and Zhiber in [26]. An infinite basis of y (sinh ) was constructed there and
commutation relations were found. But the very important Lie algebras isomorphism

¥ (sinhu) = L(s12, K)Z°, K =R, C,

was missed there as well as different gradings of x (sinh u).

Sakieva examined the characteristic Lie algebra x (e“+e~2%) of Tzitzeica equation in
[22]. An infinite basis and commutation relations were found it this case also. But again the
very important Lie algebras isomorphism

x(e"+e™) = L(513,K), =, K =R, C,

was missed.

Acknowledgements The author is very grateful to Sergey Smirnov and Victor Buchstaber for valuable
comments and remarks.

Appendix: The correspondence tables of different gradings for ny and n;
It follows from the proof of Theorem 2 that the weighted bigrading of DiffF induces the

Z>oxZ3-grading on the Lie algebra . The corresponding bidegrees of its basic elements
X, are presented in the Table 2.

Table 2 The correspondence table of different gradings of n;

width one X} X| X} X4, Xier1 Xiesn
natural 1 1 2k 2k+1 2k+1
canonical (0,0) (1,0) 0, 1) (k, k) (k+1, k) (k, k+1)
L0 X L3 0,0 1D (1, -1 (k, 0) (k, 1) (k,—1)
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Table 3 The correspondence table of different gradings of ny

: ’ ’ ! ’ / ! ! !
basis Ygr Yot Y42 LT Yeita Ygits Yaits Yors

natural 6k 6k+1 6k+1 6k+-2 6k+3 6k+-4 6k+5 6k+5
4k 4k+1 4k 4k+1 4k+2 4k+3 4k+4 4k+3
canon.
2k 2k 2k+1 2k+1 2k+1 2k+1 2k+1 2k+2
6k 6k+1 6k+1 6k+2 6k+3 6k+4 6k+5 6k+5
Z>oXZs
- 0 1 -2 -1 0 1 2 -1

The Lie algebra ny is Zs>¢xZs-graded (see the proof of Theorem 3). We list the
corresponding bidegrees of its basic elements ¥, in the Table 3.
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