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1 Introduction

Let g be a simple Lie algebra, Lg = g ® C[r, t~'] the corresponding loop algebra, and
U, (Lg) the corresponding quantum loop algebra. Minimal affinizations of representations
of quantum groups are an important family of simple U, (Lg)-modules introduced in [1].
Minimal affinizations are natural generalizations of the celebrated Kirillov-Reshetikhin
modules, which have several applications and are studied intensively during the past few
decades. Minimal affinizations are important from the physical point of view, see for
example, [1, 11, 13].

Graded limits of minimal affinizations, which are graded analogs of the classical limits
defined over the current algebra g[7] = g ® C[¢], were studied in [2, 4, 18, 19, 23, 24].

Minimal affinizations over the quantum loop algebra of type G, were studied in [1, 5,
16, 20, 25]. The aim of this paper is to study the graded limits of minimal affinizations over
the quantum loop algebra of type G».

Assume that g is of type G,. Let L(m) be the graded limit of a minimal affinization
with highest weight A, and let M (1) be the g[¢]-module generated by a nonzero vector v,
with certain relations. Our first main result (Theorem 3.2) is that M(A) = L(m) = T (A),
where T (1) is some generalized Demazure module. These isomorphisms were previously
conjectured by Moura in [18].

Let w (resp. w») be the fundamental weight with respect to the long (resp. short) sim-
ple root, and assume that A = kw; + [w;. Using the above isomorphisms, we obtain the
following polyhedral multiplicity formula as a g-module (Theorem 3.3)

L(m) = @ V((k —ay+az+ag —as)oy + ( —a — 3a3 — 3a4)a)2),

(ay,...,as)€Sy
where
S, = {(al,...,aS) S Zi | ay <k, ay —az+as <k, 2a, +3a3 +3as <1, 2a3 4+ 3a4 + 3as 51}.

Here V () denotes the simple g-module with highest weight p. As an immediate corollary,
we obtain a similar formula for the multiplicity of minimal affinizations as a U (g)-module
(Corollary 3.4). This formula is a generalization of the one given in [5], in which the formula
for Kirillov-Reshetikhin modules (i.e. the case k = 0 or [ = 0) is given.

We also give a formula for the limit of normalized characters (Corollary 3.5), which
yields the character formula of least affinizations of generic parabolic Verma modules of
type G, conjectured by Mukhin and Young [21, Conjecture 6.3].

The paper is organized as follows. In Section 2, we give some background information
about the quantum loop algebra of type G;. In Section 3, we describe our main results in
this paper. In Section 4, we prove Theorem 3.2. In Section 5, we prove Theorem 3.3.

2 Background

Let Z be the set of integers, and Z the set of nonnegative integers. In this paper, we take g
to be the complex simple Lie algebra of type G». Let ) be a Cartan subalgebra and b a Borel
subalgebra containing h. Let I = {1, 2}. We choose simple roots a1, o and scalar product
(-, -) such that

(a1, a1) =6, (a1,a2) = =3, (a2, a2) =2.
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Graded Limits of Minimal Affinizations of type G2 959

Therefore o is the long simple root and o is the short simple root. The set of long positive
roots is

{or, a1 + 302, 201 + 302}

The set of short positive roots is
{oa, a1 + a2, a1 + 202}

Denote by A the root system of g, and by A the set of positive roots. Let W denote the
Weyl group with simple reflections s; (i € I). Denote by g, (a € A) the corresponding root
space, and for each @ € A fix nonzero elements ey € gy, fo € §—o and @ € b such that

lea, fal :av, [a\/’ eq] = 2eq, [(x\/’ fol=—2f4.

We also use the notation ¢; = ey, fi = fy, fori € I,and e_y = f, fora € A, Set
ny = @aeA+ J+a-

Let w; (i € I) be the fundamental weight. We have w1 = 2a1 4 32, wy = o1 + 2a2.
Let P be the weight lattice, and

pPp = ZZ+wi cP, Q4= ZZ+%‘ cPr
iel iel
Note that P coincides with the root lattice ) ;; Za;, but P, # Q. We write & < u for
Aue Pifu—A e Q4. For A € Py, denote by V(1) the simple g-module with highest
weight A.
Letg =g ® Clz, 111 ® K @ d be the affine Kac-Moody Lie algebra associated with g,
where K is the canonical central element and d is the degree operator. Let I = {0, 1, 2}, and

—1
eO=f2a1+3a2®ta f0=€2a1+3a2 &t .

In this paper, we put” to denote the objects associated with g. For example, P and @ denote
the weight and root lattices of g respectively, and so on. Let § € P be the null root, and
denote by Ag € P the unique dominant integral weight of g satisfying

(@, Ag) =0fori €I, (K,Ag)=1, (d,Ag)=0.

Let Lg = g ® C[¢, 1] and glt] = g ® CJ[r] be the loop algebra and the current algebra
associated with g respectively, whose Lie algebra structures are given by

[x® f(1), y®g®] =[x, y]® f(1)g().

Note that g[¢] is naturally considered as a Lie subalgebra of g.

The quantum loop algebra U, (Lg) in Drinfeld’s new realization is a C(g)-algebra gener-
ated by xijfn (iel,ne?)), kijEl (i e€l),hiy (i €l,neZ\{0}), subject to certain relations,
see [9]. Denote by U, (g) the subalgebra of U, (Lg) generated by xfo (iel), kijEl iel),
which is isomorphic to the quantized enveloping algebra associated with g. For A € Py, let
V4 (1) denote the finite-dimensional simple U, (g)-module of type 1 with highest weight A.

Simple U, (Lg)-modules are parametrized by dominant monomials in
Z[Yi,ial]iE I1,aeC(q)*» Where Yij—;l ’s are formal variables, and a monomial m =
]_[iel,ae(c(q)x Yi'f;’“ is dominant if u; , > O for all i and a (see [8], or [11] for the present
formulation). For a dominant monomial m, denote by L,(m) the corresponding simple
U, (Lg)-module. Let P, be the monoid generated by {Y; 4|i € I,a € C*q%y.

@ Springer



960 J. -R. Li, K. Naoi

Let A = kwy +lws, k, | € Z. A simple U, (Lg)-module L, (m) is a minimal affinization
of V, (4) if and only if m is one of the following monomials

-1 -1 -1 -1
(1_[ Y]yaqéi) (l_[ Y2,gq°k+2’+1) , (1_[ Yzyani) (1_[ Y]'aq21+6i+5> , 2.1)
i=0 i=0 i=0 i=0

for some a € C(g)*, see [7].

3 Main Results

The aim of this paper is to study the graded limits of minimal affinizations in type G;. So let
us recall briefly the definition of the graded limits (see [23] for example, for more details).

Let A = kw1 +Iw>, and m be one of the monomials in Eq. 2.1. Without loss of generality,
we may assume that a € C*. Let A = C|q, q’l], Ua (Lg) be the A-lattice of U, (Lg) (see
[6]), and LA (m) = Ua (Lg)v,, where vy, is a highest £-weight vector of L, (m). Then

Lg(m) = La(m) ®a C
becomes a finite-dimensional Lg-module called the classical limit of L,(m), where we
identify C with A/(g — 1). Define a Lie algebra automorphism ¢, : g[t] — g[¢] by
Pa(x® f(1)) =x® f(t —a) forx eg, feC[t].

Now we consider L (m) as a g[t]-module by restriction, and define a g[¢]-module L(m) by
the pull-back ¢} (L, (m)). We call L(m) the graded limit of L, (m). By the construction we
have for every u € Py that

[Lgm) = Vo] =[Lom) - vaw), 3.1

where the left- and right-hand sides are the multiplicities as a U, (g)-module and g-module,
respectively.

Now we shall state our first main theorem, which gives isomorphisms between L (m) and
other two g[f]-modules. Let M (A) be the g[z]-module generated by a nonzero vector vy
with relations

nyf[tlvy =0, h® tk)vM = ko (h, Ayvy for h € b, fl.<ai ’MHUM =0foriel,

(fo, ® Doy =0, (fo, ® Doy =0, (foj4a, ® Doy =0.  (3.2)

The other g[¢]-module is a multiple generalization of a Demazure module defined as fol-
lows. Let &, .. Sp be a | sequence of elements of P and assume foreach 1 < i < p
that there exists Al e P+ such that & belongs to the affine Weyl group orbit WA
of A, Let V(A ') denote the simple highest weight g-module with highest weight Al
and vg; € V(A )& be an extremal weight vector with weight &;. We define a b-module

D&y, ..., &p) by
D@, ....&) =Uby ® @) CV(AH® @ V(A  (33)
Here b = b @ K @ d @ rg[t] is the standard Borel subalgebra of g.

Remark 3.1 For any cy, ..., c, € Z, it obviously holds that

D(E + 18, ... Ep +p8) = D(EL. ... Ep)
as (b & rg[r])-modules.
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Now write ] = 3r + s withr € Z4, s € {0, 1, 2}, and set

D(k(—w1 + Ao), r(—=3ws + Ag)) ifs =0,

T = { D(k(=wi + Ag), r(=3wa + Ag), —sw2 + Ag) otherwise.

Note that 7'(}) is extended to a module over g[t] ® K & d, and as a g[t]-module 7'(}) is
generated by the one-dimensional weight space T (1).
Our first main theorem is the following.

Theorem 3.2 As a g[t]-module, we have

M) = L(im) =T ().

The second main theorem gives a multiplicity formula for L(m) as a g-module. For
A = k| + lwy, define a subset S, C 73, by

S, ={(ai,....as) | a <k, ay—a3+as <k, 2ap+3a3+3a4 <1, 2ar+3as+3as < 1}.

Theorem 3.3 As a g-module,

L(m) = @ V((k —ay+a3+a4 —as)w; + ({ —ay —3a3 — 3a4)a)2).

By Eq. 3.1, we immediately obtain the following corollary.
Corollary 3.4 As a U, (g)-module,

Lq(m) = @ Vq ((k —ai+az+aqg —as)wy + (| —a —3az — 3a4)a)2).

(ay,....as)€S,

From Theorem 3.2, we also obtain the following formula for the limit of the (normalized)
characters of minimal affinizations.

Corollary 3.5 Let J be a subset of 1, and suppose that L1, L2, ... is an infinite sequence of
elements of P4 such that

lim (Oliv,)\n> =ooforalli € J and ((xiv,kn) =O0foralli ¢ J, n € Z~o.

n— oo

Let my, my, ... be an infinite sequence of elements of Py such that L,(my) is a minimal
affinization of Vy(Ay). Then lim,_; oo e Mich L, (my) exists, and

N 1 manEJ(ij,OO
lim_e~*rch Ly (my) = I (1—@“") .

aeAy

Proof This result follows from Theorem 3.2, and the proof is the same as one given in
[23, Corollary 4.13]. O

This corollary, together with [21, Corollary 5.6], yields the character formula of the least
affinizations of generic parabolic Verma modules of type G» conjectured by Mukhin and
Young [21, Conjecture 6.3].
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962 J. -R. Li, K. Naoi

4 Proof of Theorem 3.2

Throughout the rest of this paper, we fix A = kwj +lwy € Py andsetr € Z4 and s €
{0, 1, 2} to be such that I = 3r + 5. Let m be one of the monomials in Eq. 2.1 witha € C*.
In this section, we shall prove one by one the existence of three surjective homomorphisms

M@) - L(m), L(m) - T@®), TQ)—» MQ),

which completes the proof of Theorem 3.2.
4.1 Proof of M(\) — L(m)

Let v, be a highest £-weight vector of L,(m), and W = Ug(g)vm, S L,y(m) the
simple U, (g)-submodule generated by vy,. It follows from [1, Proposition 5.5] that
GBMZA*OII*OQ L,(m), € W, where L,(m), denotes the weight space with weight u. Hence
we have

x v, eW, x

.1 v, €W, [xm’l,xaz’o]vm eWw.

ay,1
Then it is proved from the definition of the graded limit that the vector v,, = v,, @A 1 €
L (m) satisfies

(foq ®t)l_)m = (fotz & t)ﬁm = (foz1+ot2 ® t)ﬁm =0
(see [23, Subsection 4.1]). The other relations in Eq. 3.2 are easily checked from the
construction. Hence M (A) — L(m) follows.

4.2 Proof of L(m) — T (L)

Here we only consider the case where the monomial m is of the form I—[f:_(} Yy ag6i

]_[é;(l) Yz’aq6k+2i+1. The proof of the other case is similar.

Set
k—1 -1

mp = l_[ Yy gq0i, ma2= 1_[ Y5 qq6r+2i+1.
i=0 i=0
By [3, Theorem 5.1] (or more precisely, the dualized statement of it), there exists an injective
homomorphism
Lg(m) — Lq(m1) ® Lg(m3)
mapping a highest £-weight vector to the tensor product of highest £-weight vectors. Then
by the definition of graded limits, we obtain a g[¢]-module homomorphism

L(m) — L(m) ® L(my)

mapping a highest weight vector to the tensor product of highest weight vectors. Now the
existence of a surjection L(m) — T (A) is proved from the following lemma.

Lemma 4.1 (i) L(m) is isomorphic to D(k(—a)l + A())) as a g[t]-module.
(ii) L(my) is isomorphic to D(r(—3a)2 + Ao)) (resp. D(r(—3a)2 + Ag), —swy + Ao)) if
s =0 (resp. s = 1,2) as a g[t]-module.

Proof The graded limit L(m) is isomorphic to the Kirillov-Reshetikhin module K R (kw;)
for g[t] defined in [4, 5], which is proved from the facts that there exists a surjection
KR(kwi) — L(mp) (see Section 4.1) and the characters of two modules are the same
(see [5, 12, 14]). Hence the assertion (i) follows from [10, Theorem 4]. Similarly L (m;)
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Graded Limits of Minimal Affinizations of type G2 963

is isomorphic to K R(lw>), and hence by [5, Corollary 2.3] it is isomorphic to the g[t]-
submodule of K R(3rw2) ® K R(swy) generated by the tensor product of highest weight
vectors. Now KR(3rwz) = D(r(—3wz + Ag)) follows from [10, Theorem 4], and
KR(swy) = D(—swr + Ag) is verified by the Demazure character formula (see [10]).
Hence the assertion (ii) is proved. O

4.3 Proof of T(A) — M (L)

First we introduce the following notatlon as in [23, 24]. Assume that V is a ‘g-module and
D is a b-submodule of V. Fori € 1 let i denote the parabolic subalgebra b ®f €7, and

set ;D =U Q pi)D € V to be the i-submodule generated by D. It is easily seen that, if
&1,...,&p € W(Py) satisfy (o, &;) > Oforall 1 < j < p, then
FiDGy, ..., 6p) = D(sié1, ..., si§p) 4.1)

(see [2311 Lemma 2.4]).
Let A™ = A + 7§ be the set of real roots of g, and Arf = A4 U (A 4 Z=6) the set of
positive real roots. For y = « + pé € A s

6p
(a, @)

Vv:av+

and define a number p(y) by
p(y) =max{0, —(y", k(w1 + Ao))} + max{0, —(y", r(3wz + Ag)) } + max{0, —(y", sw2 + Ao)}.
The explicit values of p(y) fory € Z'f are given as follows:
p(— (a1 +2a2) +8) = 3r + 8,
p( — (a1 +3a2) + 5) = 2r + 52,
,0( — Qo 4+ 3a2) + 8) = k4 2r + 65,
p(— (@1 +3a2) +28) = p(— Qo +3a2) +28) =1,
and p(y) : 0 for all the other y € Nf. Here &57 denotes the Kronecker’s delta. For
a4 pde A setxgqps =eq @tP.
Recall that v¢ denotes an extrernal weight vector in V(A) with weight &, where A € P+

is the element satisfying & € WA. Let vr € T(X) be the tensor product of the extremal
weight vectors:

vy = Vk(w1+A9) @ VrGwy+Ao) s =0,
Vk(@1+A0) ® VUr@Bwy+Ag) ® Uswp+Ae § =1, 2.

Note that 7'()) is generated by vr as a g[¢]-module. Throughout the rest of this paper, we
will abbreviate X ® 7 as Xt? to shorten the notation.

Lemma 4.2 We have
Ay @) = UGD( €D 59 + foy syt Sarr200)” 2 + 10111,
yeﬁf
Wherefo(]+3a2t2(fa1+2a2[)3r_2 is omitted if r = 0.

Proof First assume that s = 0, and set A = r(—2w; + 3wy + Ap). Note that
FoD(kAo, A) = D(k(wi + Ag), r(Ban + Ag))( = U®)vr)
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964 J. -R. Li, K. Naoi

holds by Eq. 4.1, and we have
Anny @,y (Vkay ® va) = Anny @,y (va)

since T4 acts trivially on vy Ao~ We shall check that D (kAg, A) satisfies the conditions (i) —
(iii) (for T') in [23, Lemma 5.3]. Note that the condition (iii) holds by [15, Theorem 5]. By
[17, Lemma 26], we have

Anny @,y (va) = U(ﬁ+)< @ Z‘;mxw’i[\(yv)}ﬂ +tb[t])

ye/A\fﬁ
= UGne+UGH( @ x40 4 pppry),
y €A \{ao}
It follows that
3r y =o1 +an,
2r y = oy,

— Vv —
max{0, —A(y )} = r vy =o;+6or2u + 3as,

0 otherwise.
Let gy be the Lie subalgebra @y A\fag) Xy @ th[t] of Ny, and define a left U (np)-ideal Z
by
T=UG)( @ =0 e, redTl + th[t]).
y €A \{ap}
It is directly checked for every p € Z that

p p=1 p=2 p=3
ad(eO)(ea1+az) € (Cxe()l1+(x2f0(1+za2t + Cxea1+a2fa2t + Cxea1+azealt’

= 0if g < 0. Using this we see that Z is ad(eq)-invariant, and
Anng @,y (va) = Umy)eg + Umy)T.

Now the assertion (for s = 0) follows by [23, Lemma 5.3].
The case s = 1 is easily proved from the case s = 0 since T} acts trivially on ve,+4,
and hence

where we set el .,

ANy @) (Vkr+80) ® VrGontAg) ® Van+Ag) = ANNY ) (Vk(y+A0) ® Vr(Gan+a))-
For the case s = 2, notice by Eq. 4.1 that
D(r(Bwz + Ao), 2wz + Ag) = FoF1 FaFi FoD(r Ao, w2 + Ag).
Then this is isomorphic to
FoF1 FFyFoD(w; + (r + 1)Ag) = D(GBr +2)wz + (r + 1) Ao)
since the g-submodule of V(rAgl@ \7((1)2 + Ag) generated by the tensor product of highest
weight vectors is isomorphic to V(w2 + (r 4+ 1)Ag). Hence we have
D(k(w1 + Ao), r(Bwz + Ao), 2wz + Ag) = D(k(w1 + Ag), Br +2)wz + (r + 1) Ag).
Using this isomorphism, the assertion for s = 2 is proved in almost the same way with the

case s = 0. O

Now Lemma 4.2 and the following proposition yield a (h @1y )-module homomorphism
from U(h @ ny)vr to M(X) sending vr to vy since their weights are both A, and then
the existence of a surjection 7 (1) — M(A) is proved by the same argument with [23, two
paragraphs below Lemma 5.2].
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Proposition 4.3 The vector vy, € M (L) satisfies the relations
Xy =0 fory € A, hllom =0, fay 1300t fay 4201 0rr =0,
where the last one is omitted when r = Q.
The rest of this subsection is devoted to prove Proposition 4.3. For simplicity we assume

that s = 0 in the rest of this subsection, and prove the proposition only in this case. The
proof of the other cases are almost the same. Note that the relations x, vy = 0 for

v ¢ {—(a1 +2a2) + 6, —(a1 +3a2) + 8, — (2o +3a2) + 6, — (a1 + 302) + 28, —(2ay + 3a2) + 25}

and th[t]vy = O are easily proved from the definition. For example when y = —(o1 +
207) + 28, x vy = 0 follows since [X— (o 4-ay)+5> X—ap+8]vpm = 0.

For computational convenience, we assume from now on that the root vectors are
normalized so that

[eot27 fa1+3a2] = fa1+2a2a [eaza fot1+20t2] = fotl+0527 [eazv f0l1+062] = fala
[fa1+ot2a fa1+20¢2] = 6f2a1+3a2-

For an element X in an algebra and p € Z, denote by X” the divided power X?/p!, and
set XM =0if p <0.

Lemma 4.4 (i) For q € Z4, we have

-2
eagf(?—)ﬂaz = 3f20t1+30[2f0§§1+2;2 mod U(g)(€a2 @fal ®fa1+a2)-
(ii) For p, q € Z+, we have

() (@) (t) (q p+i) p(p=3i)
€ p ]+3a2 2a1+3a2 Ot1+3c(2 fot1+2a2 mod U(g)(gaz 69'1(‘011 @fal‘f‘oﬂ)’

where i runs over the set ofim‘egers such that max{0, p — g} <i < p/3.

Proof We have

(q) _ i—1 q—i
eazf 1y = Z 1+2a2f(¥1+‘¥2fa1+2a2
Ti=1

1 ! . q—2
; Z 1)f2a1+3a2 fa1+2a2

-2
i 3q(q — 1)f2a1+3a2f51+2a2 3f2a1+3a2fa1+2a2

and the assertion (i) holds. The assertion (ii) with p = 1 is immediate. Then we have by
induction and (i) that

(p+1) (q) (t) <q p+i) (p—3i)
(P + l)e a1+3a2 =l 2a1+'5ot2 ot1+3ut2 fot1+20t2

2: (@) —p+i=1) (q=p+i) ((p=3i—

fa1+3a2( a]+3a2 fa1+2a2f ]+2a2 +3f2a1+3a2f 143 b o420 )

E : (@) (g—p+i-1) (P 3i+1) § : (i+1) (g—p+i) (p=3i
(p —3i+ 1) 20£1+3012f 1+3a2 a1+2a2 + 3( + l) 20(]+'5012f 1+3a2 fa]+2a2

() (g—p+i—=1) (p=3i+1)
(p+1)zfot|+3a2 Ol]+30£2 f a2y
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966 J. -R. Li, K. Naoi

Hence the assertion (ii) holds. O

By Lemma 4.4 (ii), we also see that

Lp/3]
e fas3aD P = Y Srns3at) D Sorssor D7 (farg20,) P70 (4.2)
i=max{0,p—q}

mod U(g) (gaz @ fozlt S fotﬁ-azt)'

Lemma 4.5 The relations ( fu, +30,1)> oy = 0 and (fou, +3a,1)* > oy = 0 hold.

Proof We have
(0, Wt((fory 13,0 Tl om)) = (3, A — @r + Dy + 3a2)) = —(3r +3).
On the other hand, it follows from Eq. 4.2 that
e 3 fart3a ) o = 0,

and hence we have (fa1+3a2t)2’+1vM = 0 since M (A) is an integrable g-module. Now it is
an elementary fact that this relation and £ !vy = 0imply ( fay, 430, T vy = 0 (for
example, see [22, Lemma 4.5]). O

Lemma 4.6 The relations (fra,+3,t>) T oy = 0 and (fu,+3a,t>) oy = 0 hold.

Proof By Lemma 4.5 and Eq. 4.2, we have
0= e85 (for 430 P 2011 = (Pr 430, " o,
and hence (f2a1+3a2t2)’+lvM = 0 follows. From this we see that
0 =) (Fra1130t) ot = c(fay 43022 T om

with some nonzero c. Hence (fa1+3a2t2)r+lvM = (0 also holds. O

Lemma 4.7 The relation (fal+2a2t)3r+lvM = 0 holds.

Proof By Lemma 4.5 and Eq. 4.2, we have for p > 2r + 1 that

Lp/3]
0= e(()l];)(fal+3a2t)(p)vM = Z m(f2a1+3a2t2)(l)(foq+3a2t)(l)(fa1+2azl)p_3l VM.
i=0 ’

When 2r + 1 < p < 3r + 1, by multiplying (f,+24,)> 7' 77 to this we obtain r linear
relations
Lp/3] 1 _ ' .
Y = P43V oy 1300 fay 120, T 7 o = 0.
= (p —3i)!
Hence in order to prove (fa1+2a2t)3’+lvM = 0, it is enough to show that the matrix A =
(aij)o<i,j<r With
a,»j={<3r+1—13i—f>! if3r+1-3i - j 20,
0 otherwise
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is invertible. Assume that vo, vy, ..., v, satisfy ) ; a;jv; = O for all j, and consider the
polynomial

W 341 vy -2, Vi 3r41-3i 4 U
T =G5 Gr—2)" T e ST

Then % (1) =0holds forall 0 < j < r, which implies that f (x) is divisible by (x — 1+t
Since f(¢x) = ¢f(x) holds where ¢ is a third primitive root of unity, we see that f(x) is
divisible by (x3 — 1)"*1. By the degree consideration we have f(x) = 0, and the proof is
complete. O

Now the following lemma completes the proof of Proposition 4.3.

Lemma 4.8 The relation fy, 30,t>(fu,+20,1)>" " >va = 0 holds when r # 0.

Proof Let p > 2r — 1. By Lemma 4.5, we have

p+l1
0 = ea 130, (for+30,) oy = i D 3?7 (@1 +302) V1 (foy 43001 vt
Ti=0
p+1
= G D =2 (fur1300t)” fort300t* 011 = = (fay 1301) P fary 130,01 4.3)

i=0

We easily see that all the elements eq,, fo,f, fo;+a,! annihilate the vector fal+3a2t2vM,
and hence we have from Eqs. 4.2 and 4.3 that

0= egg)(fa1+3azt)(p)fa1+3a2t2UM
Lp/3] | | |
= Z mfa1+30¢2t2(f20t1+3a2t2)(1)(fa1+3a2t)(t)(fa1+2a2t)p—3zUM.
i=0 -

Now the lemma is proved by a similar argument as in the proof of Lemma 4.7. O

5 Proof of Theorem 3.3
5.1 A Basis of the Space of Highest Weight Vectors

Fora = (a1, az, a3, aq, as) € Zi, set

fa = oy 130t For 1300t D fay 130D (Fay 200D 2 (Froy 4300 1) WV,

and
wt(a) = a; + az + a3 + as + 2as5)a; + (Bay + 2az + 3az + 3a4 + 3as)o;
= (a1 —a3 —as + as)w; + (az + 3a3 + 3as)ws € Q.
Note that wt(f,) = —wt(a). In this section, we denote by v a highest weight vector of

L(m). Since L(m) = M (A), we easily see from Proposition 4.3 and the PBW theorem that

Lim)= Y U(g) fav.

5
ae’Zy
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Leta € Q4+, and set L(m)=y—q = ®M>A—a L(m) . The g-submodule U (g)L(m)>)—q
of L(m) coincides with the sum of simple g-submodules whose highest weights are larger
than A — . Hence we see that the multiplicity of V (A —«) in L(m) is equal to the dimension

of the weight space of the quotient g-module L (m) / U(g)L(m)=y—q with weight A — «,
that is

[L(m) VO — a)] — dim (L(m)/U(g)L(m)ﬂ_a)x_a

Therefore, in order to prove Theorem 3.3 it suffices to show the following proposition,
which is proved in the next subsections.

Proposition 5.1 For every a € Q.+, the projection images of { fyv | a € S), wt(a) = o}
form a basis of (L(m)/U(g)L(m)M_a)A
—u

5.2 The Space is Spanned by the Vectors

Fora € Q4, set
Zila) = f{a € Z3 | wt(@) = &}, Sila] = Sy NZ.[al.

In this subsection, we shall show the following.

Lemma 5.2 For every a € Q+, the projection images of { fav | a € Sy[a]} span the space

(Lom Ju@Lim-sa)

We denote by < the lexicographic order on Zi, that is, (ay,...,as) < (by, ..., bs) if
and only if there exists i such thata; = b; for j < i and a; < b;. Fix @ € Q. Following
[5, Subsection 3.5], we define a finite sequence 7y, . .., r; of elements of Zi_ [e] inductively
as follows. Set r| to be the least element (with respect to the lexicographic order) of Zi [oe]
such that frqv ¢ U(g)L(m)>j—q. Assume that ry, ..., r, are defined. We set r,11 to be
the least element of Zi[a] such that

p
frp+1U ¢ Z(Cfriv +U@L(m)sp—o
i=1
if such an element exists, and otherwise we set t = p.
Set K[«a] = {r1, ..., r:}. By the definition the projection images of { fyv | a € K[«]}
span (L (m)/U(g)L(m)>;\_a)A ,and every r € K|[«] satisfies that
—a

frvg D Claw+ U@L a. G.1)
aeZ’ [al,
a<r
It is enough to show that every r = (ry, ..., rs) € K[o] satisfies

<k r—r3+rs<k, 2rp+3r3+3rs <1, 2rp+3r4+3r;5 <I,

since this implies K[«] € Sy[e].
Fixr = (r1,...,r5) € K[a], and first assume that r; > k. The Lie subalgebra of g[7]
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spanned by fu,, fa;+3ayf, and fog,4+3a,¢ 18 isomorphic to the 3-dimensional Heisenberg
algebra. Then [5, Lemma 1.5] and f,, K1y = 0 imply that

(o 43s0)” (P2 430, 0 € D 8 (fayt30a)? (frry 43,1)" 0

0<p,0<q,0<s<k

From this we easily see that

froe Y Clau+U@Lm)-yq
ani[a],
a<r
which contradicts (5.1).
Next assume that r; —r3 +r5 > k. Lete; (1 < i < 5) denote the standard basis of 73,
and set s = r — rqeq + rqes. We easily see that

e fveC fro+ Y Cfav. (5.2)
aeZ’ [a),
a<r

Note that
wt(fsv) =X —a —rqoy = (k—ry+r3—rqa —rs)w; + ( —rp — 3r3)wy,
and hence we have
Swt(fsv) =A—a+ (1 —r3+rs —k)ag > A —«,

which implies fsv € U(g)L(m)~)_. Then this and (5.2) contradict (5.1).
The inequality 2r, + 3r3 4 3r4 <[ is proved in the same way as in [5, Subsection 3.5].
Finally assume that 2r; 4 3r4 + 3r5 > [. Then r;5 > r3 follows, since otherwise we have
2ry 4+ 3r4 + 3rs < 2rp + 3r3 + 3r4 <. Set

sp=(1,0,r2+r3+2rs —2j,r4,j) for0<j <rs.
We have
wit(fs;v) = A —a—(r2+3rs = 3j)az, (Wt(fs;v), o)) =1—3ry—3r3—3r4 — 6rs + 6.
Then by a similar argument as in the proof of r; — r3 4+ rs < k, we can show that
fsjv eU(@L(m)sy—q forallO < j <rs. (5.3)
It follows from Eq. 4.2 that

l+.])f(r1,r2+3r573i73j,r37r5+i+j,r4,i+j)v

(72+3r5 3J)f v
J

rs—j+lr2/3] (

i=max{0,rs—r3—j}

min{rs—j,r3} .
Z (rs._l> f(ri,mm+3i,r3 —i,ra,r5 — i)V

i=—r2/3] /

min{rs—j,r3}

e Z (rsj_i)fr—&—i(fiez—eg—es)v—l— Z C fav,

i=0 aEZ‘i[a],
a<r
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and then by Eq. 5.3 we have for every 0 < j < r3 that
min{rs—j,r3} .
rs — i .
> () arriGa-a-ene ¥ Clut U@Lon. .

i=0 aeZ’ [al,
a<r

From this we can show that

froe Y Claw+U@Lm)-sq

ani[a],
a<r

by a similar argument as in Lemma 4.7, in which we use a polynomial
f(x) =vox"5 + lers—l F o v x5

instead. Now this contradicts (5.1).
5.3 Linearly Independence
Proposition 5.1 is proved from the following lemma, together with Lemma 5.2.

Lemma 5.3 For every o € Qu, the images of {fav | a € S)[«]} under the canonical
projection L(m) — L(m)/U(g)L(m)=,—_q are linearly independent.

Fixa € Q4. Let L(m) = L(m)/U(g)L(m)~)—a, and pr denote the canonical projection
L(m) — L(m). We shall show the lemma by the induction on k. The case k = 0 is proved
in [5].

Assume that k£ > 0, and a sequence {c}qes; [«] Of complex numbers satisfies

> capr(fav) =0. (5.4)
aeS,[a]
First we shall show that
cq = 0forall a € Sy[a] such that a; > 0. (5.5)

Let Ly and L, be the graded limits of minimal affinizations of V,(w1) and V4 (A — 1)
respectively, and vy, v» be respective highest weight vectors. Set A, = L —wy. It follows that

Lm) =T} < Ttko) @ T(lwn) = T(w) @ T((k — D) ® T(wy),
and from this we see that L(m) = U (g[t])(v1 ® v2) € L1 ® L. It is known that
Li=U@ui®U(g ferv = V(w1 & V(0)

as a g-module, and fyv; =0ifa ¢ {0, e1}.
Let pr': L1 — V(0) be the projection with respect to the g-module decomposition, and
priia: Ly — Ly/U(g)(L2)~)—q the canonical projection. Since

(L1 ®L)sio = EPLDu ® LD)sra—u S V(O0) @ (L2)sr—a ® V(o)) ® Lo,
nepP

we have
U@(L1 ® L2)>s— € V(O0) @ U(g)(L2)sr—a ® V(w1) ® L.
Hence the composition

1 2
T pry_,

KL > Li®Ly — VO 8 (Lo/U@L)sra) Z Lo/ U@ L)1
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induces a g-module homomorphism k: L(m) — L,/ U(g)(L2)=)—q. It is easily seen for
a = (ay,...,as) that

V1 Q@ fav2 + ferv1 @ fo —eqvo ifa; > 0,

v ® fav2 otherwise. (-6)

Sa(v1 ® 1) = [
Hence we see from the definition of « that (5.4) yields

0=E< Z Capr(fav))= Z cak (fav) = Z Capri_a(fa_eIUZ)

aeS) o] ael o] a€S,lal:a;>0

Since A —a = Ay — (@ —wj) and {a —e1 | a € S,[a], a1 > 0} C Sy,[e — w1], Eq. (5.5)
follows from the induction hypothesis, as required.
Set

Sl = {a € Sila] | a1 = 0} and $**[a] = {a € Sy[a] | a1 = 0, —az+as = k} € S[a].

It is easily checked that

SVl = S [l U S ). (5.7)
Next we would like to prove that
ca =0 foralla € S [al, (5.8)

and in order to do that we will first prove that
fav2 € C* fu, fu + (e4 — e5)02 + U@ (L2) 1y (@-ay) ifa € S [l (5.9)
Assume that r = (0, rp,r3, 74,73 + k) € Sg’k[ot]. We see by a direct calculation that

e frtra(es—eq)va € C* frvy and et frtry(es—ea)vs € C fr+(es—es)va. (5.10)
Since
Wt(fo, fr +14(es —ea)v2) = —(ra + w1 + (| —r2 — 3r3 + 3wy,
it follows that
S1WE(foy fr + rales — ex)v2) = wWt(frv2) + 201 > Ay — (@ — ay),
which implies fy, fr + ra(es — e4)va € U(g)(L2)>1,—(a—a;)- Hence it follows that

Jar € fr +rales — en)vy = (€ fur 4 [, €D fr + rales — en)v:
€ Cregt fr +rales — ea)va + U(9)(L2) =i, —(@—ay)»
which together with (5.10) imply (5.9). Let pr%z_a: Ly — Ly/U(9)(L2)>r,—a be the
canonical projection. Since U(g)(L1 ® L2)>i—o € L1 ® U(9)(L2)>1,—a» the composition

L(m) <> L1 ® Ly — L1 ® (L2/U(@)(L2)>3,-a)

induces a g-module homomorphism L(m) — L; ® (L2/U(g)(L2)>1,~o). We see from
Eq. 5.9 that pr?,_,(fav2) = 0if a € S;"[e], and then Egs. 5.5, 5.6, 5.7 and the induced
homomorphism yield
we( Y caprd,u(fav) =0.
aes) o]
By the induction hypothesis this implies (5.8), as required.
We have
Y capr(fav) =0 (5.11)

aes™H (o]
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by Egs. 5.4, 5.5 and 5.8. It remains to show that ¢, = 0 for a € Sf\)’k[a]. Fix r =

ri,...,r5) € S;)’k[oz], and set s = r + eq4 — es5. We define a g-submodule L’2 of L, by
Ly= Y U@fav2
aGS)Vz

wt(a)<a, a#s

We have (L2)>n,—« € Cfsva + L/2 by Lemma 5.2, and from this we see that

(L1 ®L)sia = Vi ® (LD)siya ® P LDy ® (L2)>1y-atp
B>0
V1 ® fsv2+ L1 Q L),
which implies U(g) (L1 ® L2)sa—a« S U@ W01 ® fsv2)+ L1 ® L/z. Hence the composition

N

piLim) > L1 @ Ly~ (L1 ® L) [ (U@ @ fiv2) + L1 & L)
induces a g-module homomorphism
5 Lm) — (L ® Lz)/(U(g)(vl ® fiv2) + L1 ® L}).

Ifa e Sg'k[a] \ {r}, then we have a + e4 — e5 € Sy,[a — a1] \ {s} and hence it follows by
Eq. 5.9 that

Sa1 @) =11 ® fav2 € L1 Q L).
Hence we have from Eq. 5.11 that

0=ﬁ< Z capr(fav))= Z cap(fav) = c; p(frv).

aes¥H (o] aesPH (o]

Assume that ¢, # 0, which implies p(f,v) = 0. Let pr’2 denote the canonical projection
Ly, — LZ/L’Z. We easily see that p(fv) = 0 is equivalent to

V1 ® pry(frv2) € U(g)(v1 ® pry(fsv2)). (5.12)
Note that pr, (fyv2) # 0 by the induction hypothesis, and this also implies pr} (fv2) # 0
since eq, pry (frv2) € C*pr)(fyv2) by Eq. 5.10. Since
ny (v1 @ pra(fiv2)) = 0.and wt(v1 @ pry(frv2)) = wt(v1 ® pra(fyv2)) — e,
Equation 5.12 implies
1 ® pry(fr2) € £y, (vi @ pry(fsv2)).
However this contradicts f,, v 7 0. Hence ¢, = 0 holds, as required.
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