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Abstract In this paper, we construct a Lie 2-algebra associated to every Leibniz algebra
via the skew-symmetrization.
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The notion of a Leibniz algebra was introduced by Loday in [4, 5], which is a vector space
g, endowed with a linear map [-, -]4 : g ® g — g satisfying

[x’ [y’Z]g]g:[[x’y]g’Z]g+[y’ [X’Z]Q]g’ vx’y7zeg~ (1)
The left center is given by
Z(g)={x egllx,ylg =0, Vyeg}. )

It is obvious that Z(g) is an ideal and the quotient Leibniz algebra g/Z(g) is actually a Lie
algebra since [x, x]g € Z(g), forall x € g.
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A Lie 2-algebra is a categorification of a Lie algebra, which is equivalent to a 2-term
Lo-algebra (see [1, 8] for more details).

Definition 1 A Lie 2-algebra is a graded vector space G = g @ go, together with linear
maps {li : AG — Gk =1,2,3) of degrees deg(ly) = k — 2 satisfying the following
equalities:

(@ hl(x,a) =Dhx,L(a)),

() bi(a),b) =l(a, (b)),

©) hix,h(y,2)+cp. =hLix,y,2),

) b, h(y,a)+hLy,hba,x)+hia, bx,y) =1k, y, (),
(e BLlx,y),z,w)+c.p.=hlx,y 2),w) +c.p.,

forall x, y, z, w € go, a, b € g1, where c. p. means cyclic permutations.

Given a Leibniz algebra (g, [-, -] g), introduce the following skew-symmetric bracket on
g

(Ix.ylg — [y, xlg), Vx,yeg, 3)

| —

[x. y] =
and denote by Jy . the corresponding Jacobiator, i.e.
Jeye =l [ys 2l + [y, [z 10 + [z, [x, ¥IT- )
Proposition 2 Let (g, [-, -1g) be a Leibniz algebra.

(i) Forallx,y,z € g, we have

1
Jeye =g (Uz. ylg. x1g + [[x. zlg. ylg + [y, x]1g. 2g) - )

(i)  Jx,y,z € Z(Q), i.e. Jyy ; is in the left center of (g, [+, 1g).
(iii) Forallx,y,z,w € g, we have

[[x, Jy,z,w]] - [[y, Jx,z,w]] + [[Zg Jx,y,w]] - [[wv Jx,y,zﬂ
“Jeoylew T rdyw = Irwlye I yalow T I pwla: —wlay = 0. (6)
Proof The first conclusion is obtained by straightforward computations. For any w € g, by

Eq. I and the fact that for all x € g, [x, x]4 € Z(g), we have

[Vxyew]y = 7 (Il ¥lgs xlg + [x, 2lg, ¥1g + [y, x]g. 2lgs wg)

([[27 [y, xIglg — [y, [z, x]glg — [z, x]g, y1g + [y, x]g, 2]g. w]g)
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which implies that Jy y . € Z(g). At last, since the bracket [-, -] given by Eq. 4 is skew-
symmetric, we have

[[xs ]y,z,w]] - [[y, Jx,z,w]] + [[27 -]x,y,wﬂ - [[w, ]x,y,zﬂ
“Jeylew T Iryw = Ixwlye = Iyalaw T ywla: = ewlay
= |Ixa Jy,z,w]] - [[y, Jx,z,wﬂ +[[Z» Jx,y,w]] - ﬂw7 Jx,y,z]]

—[lx. 51 [z, wil = [z, [w, [x, y10] = [w, [[x, y], 21
+lx. 20 Iy, wil + [y [w, [, 2]]1 +[w, [[x 2] ¥]1
=[x, w], Iy, 200 = [y, [z, [x, wIl] = [z, [Ix, w], ¥]]
— [y, 20 [, wi] =[x, [w, [y, 2]01 = [w. [y, 2] . <]]
+ Iy, wl, [, 2] + [x [z, [y, wlll + [z, [y, ], 1]
—[lzo wl, [, ¥10 =[x, Iy, [z, w]] = Iy, [z, w], <1]

=[x, 51 [z wil + [ 2] [y, wll =[x, w]s [y, 211
—Dy: 2l s w]] + [y, w] s [, 200 = [z, w] s [x, V]

= 0.

The proof is finished. O

Next, for a Leibniz algebra (g, [+, -15), we consider the graded vector space g =7Z(g)®dg,
where Z(g) is of degree 1, g is of degree 0. Define a degree —1 differential [ =i : Z(g) —
g, the inclusion. Define a degree 0 skew-symmetric bilinear map /; and a degree 1 totally
skew-symmetric trilinear map /3 on G by

Lx,y) = [x.y] = 5 (x. ylg — [y, x]g) Vx.y €g,

L(x,c) = —h(c,x) = [x,c] = Sx,clg Vx€g, ceZg), 7
L(c1,c2) =0 Ve, e € Z(g),
I3(x,y,2) = Jyy,z Vx,y,z€g.

The following theorem is our main result, which says that one can obtain a Lie 2-algebra
via the skew-symmetrization of a Leibniz algebra.

Theorem 3 Let (g, [ ']g) be a Leibniz algebra. Then (Z(g) ®g,l1,102,13) is a Lie
2-algebra, where l; are given by Eq. 7.

Proof By the definition of /1, I and /3, it is obvious that Conditions (a)—(d) in Definition
1 hold. By (iii) in Proposition 2, Condition (e) also holds. Thus, (Z(g) @ g, [1, [2, [3) is a Lie
2-algebra. O

Example 4 (Omni-Lie algebras) The notion of an omni-Lie algebra was introduced by
Weinstein in [10] to study the linearization of the standard Courant algebroid. An omni-Lie
algebra associated to a vector space V is a triple (gi(V) @ V, (-, )+, {-, -}), where (-, -) 1 is
the V-valued pairing given by

(A+u,B+v). =Au+Bv, YVA+u,B+veg(V)aV, (8)
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and {-, -} is the bilinear bracket operation given by
{A+u, B+ v}=I[A, B] + Av. (&)

It is straightforward to verify that (gl(V) @ V, {-, -}) is a Leibniz algebra. Furthermore,
if we consider the skew-symmetric bracket [[~, ~]], we have

1 1
[A+u,B+v]= E({A+u,B+v}—{B+v,A+u}) = [A,B]+§(Av—Bu). (10)
The factor of % in Eq. 10 spoils the Jacobi identity. More precisely, we have

[MA+u, B+v],C+w]+c.p.

% ([A, Blw + [B, Clu + [C, A]v)

[I>

T(A4+u,B+v,C+w).

Thus, [-, -] is not a Lie bracket. However, we can extend the omni-Lie algebra gl(V) & V
to the Lie 2-algebra whose degree-0 partis gl(V) @ V,

0+id

v 2 gy e v,
her,e) = er,e2]. forej,ex egl(V)@ V, (11)
hie, )= e f]. forecgl(V)®V, feV,
l3(e1,e2,e3) = —T(e1,ez,e3), forej,ex,e3egl(V)dV.

such that the Jacobiator is measured by a ternary bracket taking value in the degree-1 part
V. See [9] for details.

Example 5 (Courant algebroids) Courant algebroids were first introduced in [3] to study
the double of Lie bialgebroids (see [6] for an alternative definiton). See the review article
[2] for more details. The standard Courant algebroid associated to a manifold M is (T =
TM®T*M, (-, ), {- -}, p), where p : T —> T M is the projection, the canonical pairing
(-, -)4 is given by

1
X+&Y+n)=5EX)+nX), VXYeXM),&ne Q'm), (12
the bracket {-, -} is given by

(X+&Y+n £[X, Y]+ Lxn—iydg. (13)

It is straightforward to verify that (%(M y® QL (M), |-, ~}) is a Leibniz algebra. Further-
more, if we consider the skew-symmetric bracket [-, -]|:

1
[[X+E7Y+n]]25({X+S,Y+n}—{Y+n,X+$}),
we have
1
[X+&Y+n] =X, Y]+LX77_LY$+§d($(Y)_77(X))~ (14)

However, (X(M) & Q'(M), [-, -] is not a Lie algebra. Instead, one can construct a Lie
2-algebra. More precisely, we have

[le1,e2] . e3] +c.p. =dT(e1,e2,e3), Vei,er,e3€l(T), 15)
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From Leibniz Algebras to Lie 2-algebras 5

where T (eq, e2, e3) € C°°(M) is given by

1
T(er, e, e3) = 3 (([[61,62]] .e3), + C.p.) : (16)
The associated Lie 2-algebra is given by
ol X5 7,
her,e) = [er,e2]. forey, ex € T'(T),
he &) = [e&], fore e I'(T), & € QL (M),
y(e1,e2,e3) = —dT(e1,ez,e3), forey,er, ez e'(T),

where Qél(M ) denotes the set of closed 1-forms. See [7] for the general construction of a
Lie 2-algebra from a Courant algebroid.
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