Algebr Represent Theor (2015) 18:777-800
DOI 10.1007/s10468-015-9516-0

Chains of Prime Ideals and Primitivity of Z-Graded
Algebras

Be’eri Greenfeld - André Leroy - Agata Smoktunowicz -
Michatl Ziembowski

Received: 22 September 2014 / Accepted: 7 January 2015 / Published online: 25 January 2015
© Springer Science+Business Media Dordrecht 2015

Abstract In this paper we provide some results regarding affine, prime, Z-graded algebras
R = @,y Ri generated by elements with degrees 1, —1 and 0, with Ry finite-dimensional.
The results are as follows. These algebras have a classical Krull dimension when they have
quadratic growth. If Ry # O for almost all k£ then R is semiprimitive. If in addition R has
GK dimension less than 3 then R is either primitive or PI. The tensor product of an arbitrary
Brown-McCoy radical algebra of Gelfand Kirillov dimension less than three and any other
algebra is Brown-McCoy radical.

Keywords Graded algebras - Primitive rings - Semiprimitive rings - Brown-McCoy
radical - Chains of prime ideals - GK dimension - Growth of algebra

Mathematics Subject Classification (2010) 16W50 - 16P90

Presented by Paul Smith.

A. Smoktunowicz was supported by ERC Advanced grant Coimbra 320974 and M. Ziembowski was
supported by the Polish National Science Centre grant UMO-2013/09/D/ST1/03669.

B. Greenfeld
Department of Mathematics, Bar Ilan University, Ramat Gan 5290002, Israel
e-mail: beeri.greenfeld @ gmail.com

A. Leroy (<)
Faculté Jean Perrin, Rue J. Souvraz, Université d’ Artois, 62300 Lens, France
e-mail: andre.leroy @univ-artois.fr

A. Smoktunowicz

Maxwell Institute for Mathematical Sciences, School of Mathematics, University of Edinburgh,
JCM Building, Kings Buildings, Mayfield Road, Edinburgh EH9 3JZ, Scotland, UK

e-mail: A.Smoktunowicz@ed.ac.uk

M. Ziembowski

Faculty of Mathematics and Information Science, Warsaw University of Technology, 00-662 Warsaw,
Poland

e-mail: m.ziembowski@mini.pw.edu.pl

@ Springer


mailto:beeri.greenfeld@gmail.com
mailto:andre.leroy@univ-artois.fr
mailto:A.Smoktunowicz@ed.ac.uk
mailto:m.ziembowski@mini.pw.edu.pl

778 B. Greenfeld, et al.

1 Introduction

In this paper, we investigate affine, prime, Z-graded algebras R = @;czR;, which are
generated by elements with degrees 1, —1 and 0, and with finite-dimensional Ry. This class
contains all N-graded, affine, prime algebras generated in degree one.

One of the main objects of interest to ring theorists is the Jacobson radical of a ring.
This is equal to the intersection of all (right) primitive ideals of R. In Sections 2 and 3, we
investigate the semiprimitivity of affine graded prime algebras and the primitivity of graded
algebras. The main result of Section 2 is Theorem 1, and the main result of Section 3 is
Theorem 13.

By Bergman’s Gap Theorem, a finitely generated algebra cannot have a GK dimen-
sion strictly between 1 and 2. In Section 4, we prove Theorem 14, which can be seen as
a counterpart of Bergman’s Gap Theorem for ideals. This section is the most technical in
the paper, but with thorough analysis of the proofs we can quite clearly see the structure of
homogeneous ideals of the considered algebras.

In Section 5, we study chains of prime ideals in graded domains of GK dimension 3
(see Theorem 25). This investigation was inspired by Artin’s proposed classification of
domains with GK dimension 3 (see [2]). A brief, and slightly simplified, description of this
classification for non-specialists can be found in [9] (Introduction, and page 4). We also
study chains of prime ideals in graded prime algebras with quadratic growth. In particular,
here we consider graded algebras with quadratic growth, instead of PI algebras (though our
result was inspired by Schelter’s theorem for PI algebras). Recall that Schelter’s theorem
says that ascending chains of prime ideals in affine PI algebras are finite. We do not know
if our result also holds for ungraded affine algebras with quadratic growth. In the context
of the material contained in Section 5, let us also mention the reference [10], where Bell
proved that if A is a finitely generated prime Goldie algebra over an uncountable field K,
and A has quadratic growth, then either A is primitive or A satisfies a polynomial identity
(this answers a question by Lance Small in the affirmative). Some interesting related results
can also be found in [12].

Recall that a ring R is said to be Brown-McCoy radical if it cannot be homomorphi-
cally mapped onto a simple ring with identity. It is well known that if R is a Jacobson
radical ring then R is Brown-McCoy radical. In [26] it was proved that if R is a nil ring
then the polynomial ring R[x] in one variable is Brown-McCoy radical. Then, Beidar et al.
showed that R[x] cannot be even mapped onto a ring with a nonzero idempotent. In [26],
the question was posed as to whether for every n and a nil ring R the polynomial ring
in n commuting indeterminates over R is Brown-McCoy radical. In [30] Smoktunowicz
showed that if R[x] is Jacobson radical then R[x, y] is Brown-McCoy radical. Another
interesting result obtained in [11] says that if R is a nil ring with pR = 0 for some prime
p then the polynomial ring R[x, y] in two commuting indeterminates is Brown-McCoy
radical.

Recall that a graded ring is called graded-nil if every homogeneous element r of
R is nilpotent. Recently, Smoktunowicz (see [32]) showed that if R is a ring graded
by the additive semigroup of positive integers and R is graded-nil, then R is Brown-McCoy
radical. Then, in [20], Lee and Puczytowski proved that every Z-graded ring which is
graded-nil is Brown-McCoy radical. Motivated by these results related to Brown-McCoy
radical, we will consider in Section 6 the tensor product of two algebras over a field such
that one of them is an affine Brown-McCoy radical algebra with Gelfand-Kirillov dimension
less than 3.

In the final section we present some open questions.
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Prime Ideals, Primitivity of Z-Graded Algebras 779

If aring R satisfies a polynomial identity, as usual we say that R is PI. We recall that the
Jacobson radical in Z-graded rings is homogeneous. If A and B are algebras over a field K,
then, where it does not cause confusion, we will abbreviate A ®x Bby A ® B.If Ris a
ring and [ an ideal of R then (if needed) we use bar notation a for the image of an element
ae RinR/I.

For information about the GK dimension and the growth of algebras we refer the reader
to Krause and Lenagan [16].

All rings in this paper are associative, but do not necessarily have unity. Recall that
a ring R is Z-graded (for short, graded) if there exist additive subgroups R; of R,
such that R = ;. Ri and R;R; C R;yj forany i, j. If r € R; for some i, then we say
that r is an homogeneous element of R.

2 On the Semiprimitivity of Z-Graded Algebras

In this section, we investigate the semiprimitivity of Z-graded algebras. Our aim is to prove
the following.

Theorem 1 Let R = ;.5 Ri be an affine, prime, Z-graded algebra over a field K. Sup-
pose that Ry is finite-dimensional, and that R is generated in degrees 1, —1 and 0. Suppose
that Ry # 0, for almost all k. Then R has no nonzero graded-nil ideals. In particular, the
Jacobson radical of R is zero, so R is semiprimitive. Moreover, Ry is semiprimitive.

The proof of Theorem 1 will be presented later in this section, but first we introduce
some lemmas.

Lemma 2 Let R = ;.5 Ri be an affine algebra over a field K, generated by elements
with degrees 1, —1 and 0, and such that Ry is finite-dimensional. Then for every i, j >
0, we have Riyj = RiRj and R_;_j = R_;R_;. Moreover, all linear spaces R; are
finite-dimensional.

Proof Let V. € R_; 4+ Ry + R; be a generating space of R. We show, by induction,
that for any k > 1 and for any i > 0, R; N V¥ C R’i. For k = 1, this is clear. Let
k > 1 and consider ¢ = ¢|---cx € R N VK, withecp,...,cx € R_; U Ry U Ry. If
c1 € R_j then by the induction hypothesis, ¢c2---cx € Ri+1 N yk=l ¢ R’i‘H. Hence
c=c1--ck € R_lR’i+1 C R’i. When ¢; € Ry or c; € Ry, a similar argument works and
we conclude that, for any i > 1, monomials and hence also elements from R; belong to R‘i.
Now, if i, j > 0 we have R;4; = R,/ = RiR{ = R;R;. The similar formulas for negative
indices are proved in the same way.

The second part follows because, by the above, R; = RE, R_; = Ri 1> and Ry is finite-
dimensional. O

Lemma 3 Let R = P, Ri be an affine, prime algebra over a field K generated by
elements with degrees 0, —1 and 1, with Ry finite-dimensional. If RyR_x = 0 for some
k # 0, then either Rqx = 0 or R_4, = 0.

Proof Suppose on the contrary that R4y # 0 and R_4; # 0. By Lemma 2, Ry = R,f, and

R_4 = R‘lk, and since R is prime Rax Rs R_4; is not zero for some integer s (notice also
that Ry RyR_j # 0).
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780 B. Greenfeld, et al.

Using Lemma 2, we first want to show that —|k| < s < |k|. To do so, consider the case
k> 0.1f s > k,then RgR_; = Ry_x R R_; = 0, which is impossible. Similarly, if s < —k,
then Ry Ry = Ry R_;Rs4i = 0, and we get a contradiction. So we must have —k < s < k.
Similarly, in the case k < 0 we getk < s < —k.

Observe that R4t RsR_a4r # 0 implies R,‘C‘R_YR,;{ # 0. Moreover, R,‘C‘RSR,;( -
Ri Ry R_i, where s = s + 3k. By the same argument as above (applied for s’ instead of
s), we get that Ry Ry R_; # 0 implies —|k| < s’ < |k|. Consider the case k > 0. Since
s’ = s + 3k, we get s + 3k < k, so s < —k, a contradiction. If k < 0, for s’ = s + 3k we
getk < s’ = s + 3k so —2k < s, a contradiction since k < 0. Thus we conclude that either
R_4x =0or Ry, = 0. O

Lemma 4 Let R = @, .4 Ri be an affine, prime algebra over a field K generated by
elements with degrees 0, —1 and 1, with Ry finite-dimensional. Suppose that R, # 0 for
almost all k € Z. Then Ry R_i # O for every k # 0.

Proof Aiming for a contradiction, suppose that Ry R_; = 0, for some & > 0. Then,
by Lemma 3 either R4ty = 0 or R_4 = 0. By Lemma 2, for any j > 4k we have
Rj = Rj_4xRy4r = 0 in the first case and R—; = R_j 4y R_4 = 0 if the latter holds, a
contradiction. We arrive at the same conclusion when we consider the case k < 0. O

Lemma 5 Let R = P, ., Ri be an affine, prime algebra over a field K generated by
elements with degrees 0, —1 and 1, with Ry finite-dimensional. Suppose that R, # 0 for
almost all k € Z; then there isi > 0 such that RiR_; = R;jR_j and R_;R; = R_;R; for
every j > i. Moreover, RiR_; # 0 and R_;R; # 0.

Proof We let C; denote the product R;R_; for j > 1. Observe that C; C C; for
i < j Indeed, by Lemma 2, Rj = R,'Rj,l' and R,j = R,jJriR,l', SO RjR,j =
RiR; iR _j1;R; € RiRyR_; C R;R_;. As Cy, (3, ... form a descending chain of
linear subspaces of a finite-dimensional space Ry, we get that there exists i such that

Ci = Ciy1 =.... Therefore, R;R_; = RjR_j for j > i, as required.
To prove the second assertion, consider the sets C; = R_;jR; for j = 1,2... and
proceed in the same way. The last statement follows from the previous lemma. O

Lemma 6 Let R = P, ., R;i be an affine, prime algebra over a field K generated by
elements with degrees 0, —1 and 1, with Ry finite-dimensional. Moreover, let Ry # 0 for
almost all k € 7, and let i be the positive integer produced in the previous lemma. Let |
be the ideal generated in R by R;R_; and let I' be the ideal generated in R by R_;R;.
Then I € RRRNRR_gand I’ € RR; N R_4R for any s > 0. Moreover, II' C RgR and
I1' C RRq, forany s € Z.

Proof Firstly, we show that ] € RyRNRR_gand I’ C RR;NR_gR, forany s > 0. In fact,
we present only a proof of I C Ry R for any s > 0; the remaining facts are similarly proved.
Observe that

IS RjRiRR.
JEL
Fix an integer j, and let p > max{i,s — j, j}. Then p = s — j + ¢ for some ¢ > 0. By the
previous lemma, R;R_; = R, R_, and we get

RiRiR_iR=R;R_j4R_s4j1RC RetR_oyjR=RRR_o4jRCRR
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by Lemma 2. Therefore I C Ry R, as required.

Now we will show that 11’ C R R, for any s € Z. Notice that if s > 0 the result follows
by what was shown above. On the other hand if s < O then /I’ € R|RI' C R|I' C
RiR_14+sR C R4R. Inclusion I’ € RR; holds for any s by the same arguments. O

Lemma 7 Let R = €D, Ri be an affine, prime algebra over a field K generated by
elements with degrees 0, —1 and 1, with Ry finite-dimensional. Moreover, let R; # 0 for
almost all k € Z. If P is an ideal of R containing a nonzero homogeneous element u, then
PN Ry #0foranyl € Z.

Proof Let I,1' be as in Lemma 6. We first show that (u) N Ry # 0. Without loss of
generality we can assume that u € @, R;. Taking ¢, which is the smallest nonnegative
integer such that R, N (u) # 0, we have some nonzero v € R; N(u). We will show that r = 0.
Indeed if > 0 then we have vR_{ = 0so also vR_; = vR’jl = 0 for any k > 0. Consider
any nonzero element vw € (v) C (u) such that w € Ry. Then f > Oandforh = —f — 1
by Lemma 6 we have /1" € R,R. Thus vwIl’ € vRyR_y_1R € vR_;R = 0 which
implies (v)I1" = 0, a contradiction, as R is prime. Thus we have v € Ry.

Now consider a nonzero element v € (u)NRy. We will show that vR;, # Oand vR_; # 0
for any k > 0. Clearly it is enough to show the first fact. Suppose for a contradiction that
there exists k > 0 such that vRy = 0. As R;j; ; = R;Rj forany i, j > 0 we have vR, =0
for any p > k. Let g € R; for some [, and let A > k + |I|. Then I’ € R, R and finally
vql1’ = 0 which implies (v)/1’ = 0, a contradiction. O

The following Lemma 8 coincides with Theorem 22.6 on page 225 in [23]. We present a
different proof of this result below.

Lemma 8 (Theorem 22.6, [23]) Let R = €D,z Ri be a Jacobson radical, Z-graded
algebra over a field K, with Ry finite-dimensional. Then R is graded-nil.

Proof First we will show that Ry is a Jacobson radical ring. Consider any a € Ry. Then
there exists b = Z:m by € Rwithb, € Ry andm,n € Zsuchthata +b —ab =0 =
a+b—ba. Now considering degrees of components we get a+by—aby = 0 = a+bo—boa,
so by is the quasi-inverse of @ in Rg. As Ry is finite-dimensional it follows that it is nilpotent.

Consider an element a € Ry for some s > 0 and injective homomorphism of rings
¥ : R — R[[x, 17 (here, R[[x, x~11] is the Laurent power series ring over R) given by
the rule ¥ () = rix®, where ry is an homogeneous element of R of degree k.

Letb = ZZ:m by with by € Ry be the quasi-inverse of a. Thena +b —ab = 0 =
a + b — ba. Thus using ¥ we get

n n n n
ax® + Zbkxk —ax® - Zbkxk =0=ax’+ Z brxk — Z brx* - axs.
k=m k=m k=m

k=m

As also for f = Y22 (=1)/(ax®)' € R[[x,x']] we have ax® + f —ax’f = 0 =
ax®* + f — fax*, we get ) ;_,. brx* = f, and it follows that a is nilpotent. Since in the
same way we can show that for any s < O an element a € R; is nilpotent, the proof is
complete. O

Now we are almost ready to prove the main result of this section. We need only mention
the following result by Posner, which we will use several times.
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782 B. Greenfeld, et al.

Lemma 9 ([24, Corollary]) If R is an algebra satisfying a polynomial identity and such
that every element of R is a sum of nilpotent elements, then R is nil.

Proof of Theorem 1. Part 1- R is semiprimitive. Suppose that Ry # 0 for almost all k. Let
N be a graded-nil ideal in R. Observe that N N Ry is finite-dimensional and nil, hence it
is nilpotent. Let n be such that (N N Ry)" = 0. Let I, I’ be as in Lemma 6. We will first
show that ({I’N11")* =0.Letcy, ¢, ..., cy € II’NII' be homogeneous elements, where
¢i € Rp,. By Lemma 6, we getc| € NII' C NRRp,, and by considering the gradation on
both sides of this inclusion we get that ¢c; € (NN Rg) R, . Similarly, by Lemma 6 we get that
forevery i, c; € II'NII" € R_p,—p,—. —pi ,RNRRp, 1 py+.. +p;» and by comparing the
degrees we getthatc; € R_p,—p,—..—p;_ (NNRQ) R, 4 pyt...+p; - Thus we obtain ]_[;'=l ¢ €
[Toi Rpi—po—mpis N VRO R pyttpy S (l’[?zl NN RO) Rp +..4p, = 0. Since R
isprimeand (/I'NII')" = 0,and I, I’ # 0 by Lemmas 5 and 6, we get N = 0, as required.

As stated in the Introduction, the Jacobson radical of a Z-graded ring is homogeneous.
Thus, using Lemma 8 we can see that the Jacobson radical of R must be graded-nil, so R is
semiprimitive, by the above.

Part 2 - R is semiprimitive. To show that Ry is semiprimitive, let Jo be the Jacobson
radical of Ry. As Ry is finite-dimensional, Jy is nilpotent. Let n be such that J(;’ = 0.
Consider the ideal J = R!JyR! (here, R! denotes the usual extension with an identity
of the ring R) of R and subalgebra J N Ry of Ry, which is clearly finite-dimensional.
Notice that every element of J N Ry is a sum of elements from R;JoR_j; for some
k € 7Z. Clearly, (Ry JoR_i)"t! = 0, since JyR_; Ry C Jo. Thus it follows that every ele-
ment in J N Ry is a sum of nilpotent elements. As J N Ry is finite-dimensional it is PI,
so using Lemma 6 we get the information that J N Ry is nil, and finally J N Ry is nilpotent
and (J N Rp)™ = 0, for some m.

Let I, I’ be as in Lemma 6. Consider homogeneous elements c1, ¢z, ...,c, € IT'JIT’
with ¢; € R),. Since J is an ideal in R, similarly as in the first part of the proof we get that
c1e2...cm € [[7y Repi——p;1 (U N RO Rp 4 pyt..+p; = 0, because (J N Rp)”" = 0.

Therefore (I11'JI1')™ = 0, but R is prime and I, I’ # 0 by Lemmas 5 and 6, so J =
RJoR = 0, and the proof is complete. O

3 On the Primitivity of Z-Graded Algebras

Recall that aright ideal Q of aring R is modular if and only if there exists an elementa € R,
such that r —ar € Q, for any r € R. If an ideal P is the maximal two-sided ideal contained
in Q for some modular maximal right ideal Q of R, then we say that P is (right) primitive.
In the case where O is a right primitive ideal of R, we say that R is a (right) primitive ring.

Using the main result of the previous section, we want to show that Z-graded algebras
satisfying certain additional conditions are either PI or primitive.

We first recall Lemma 3.1 and Corollary 3.2 from [8], and, since their proofs hold also
for Z-graded algebras (whereas in [8] N-graded algebras were considered), we state it as
follows.

Lemma 10 ([8, Lemma 3.1]) Let K be a field, let R = @,y Ri be a graded prime K -

algebra, and let Z denote the extended centre of R. Suppose that I is an ideal in R that does
not contain a nonzero homogeneous element, and z € Z, x,y € R are such that:

@ Springer



Prime Ideals, Primitivity of Z-Graded Algebras 783

X is a nonzero homogeneous element;

y is a sum of homogeneous elements of degree smaller than the degree of x;
x+yel;

X =Y.

bl e

Then z is not algebraic over K.
Proof The proof is the same as the one of [8, Lemma 3.1]. O

Lemma 11 ([8, Corollary 3.21) Let K be a field, and let R = ;. Ri be a finitely gener-
ated prime graded K -algebra of quadratic growth. If P is a nonzero prime ideal of R, then
either P is homogeneous or R/ P is PL

Proof The proof is the same as the proof of [8, Corollary 3.2] when we use Lemma 10
instead of Lemma 3.1, [8]. O

Using [7, Corollary 1.2] and reformulating a sentence that is contained in the proof of
Lemma 11 we can see that the following holds.

Lemma 12 Let K be a field, and let R = @, ., R; be an dffine, prime, graded
K-algebra of GK dimension less than 3. Assume also that R has no nonzero locally nilpo-
tent ideals. If P is a nonzero prime ideal of R which does not contain nonzero homogeneous
elements, then R/ P is PL

We now present the main result of this section.

Theorem 13 Let R = @; 5 Ri be an affine, prime, Z-graded algebra. Suppose that
Ro is finite-dimensional, and that R is generated in degrees 1, —1,0. Suppose that
Ri # O, for almost all k. If R has GK dimension less than 3, then either R is primitive
or R satisfies a polynomial identity.

Proof Assuming that R is not PI, we will show that R is primitive. By Theorem 1, we know
that R and Ry are semiprimitive algebras. As the Jacobson radical is zero, then the intersec-
tion of all primitive ideals in R is zero. Therefore, to show that zero is a primitive ideal (and
hence R is primitive) it suffices to show that the intersection of all nonzero primitive ideals
in R is nonzero.

Let P be a nonzero primitive ideal in R. We will first show that P N Ry is
nonzero. Since R is not PI, if R/P is PI an argument of Small (see proof of [8,
Lemma 2.6]) shows that P has a nonzero homogeneous element. On the other hand,
if R/P is not PI, then by Lemma 12 the ideal P contains a nonzero homoge-
neous element. Thus, in each case there exists nonzero ¢ € R; N P for some ¢.
By Lemma 7 we have P N Ry # 0.

Observe that P N Ry is an ideal in Ry (nonzero by above). Since Ry is finite-dimensional
and semiprimitive, Ry has only a finite number of nonzero ideals Py, P>, ..., P,. Let 0 #
¢i € P;. Then RciRcy...cpR #0and RcyRey...cy,R C P,sincec; € P, = P N Ry for
some i. Therefore the intersection of all nonzero primitive ideals is nonzero and contains
the ideal RciRcy . ..c, R. O
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4 Analogue of Bergman’s Gap Theorem for Ideals

Recall that, by Bergman’s result, algebras with growth less than n(n — 1)/2 have linear
growth. The main result for this chapter is closely related to this fact. We also note that this
result generalizes [8, Theorem 1.3].

Theorem 14 Let R be a prime algebra with quadratic growth, Z-graded and finitely
generated in degrees 1, —1 and 0. We write R = @, ., Ri, and assume that Rg is finite-
dimensional. Let u # 0 be an homogeneous element of R, and let (u) denote the ideal
generated by u in R. Then there is a number m, such that

dimg ((u) n (@ Ri>> . (@ _m)("z_m —b

i=—n

for all sufficiently large n.

To prove this theorem, we first present some supporting lemmas and generalize some
results from [8] to the case of Z-graded rings.

Let K be afield. We denote by K(X) = K{x; j, x_; j}i j~0 the field of rational functions
in commuting variables x; ;, x_; j. We now reword [8, Theorem 1.3].

Lemma 15 ([8, Theorem 1.3]) Let R = G}?i] R; be an algebra with quadratic growth
and finitely generated by elements of degree 1. Let u be an homogeneous element in R. Let
ai,az, ..., a, be abasis of Ry. Forany i > 0, let

n n
ci = in,jaj, di = foi,jaj’
j=1 j=1
S={cica...ciudjdj_y...dy : i, j > 0}.
Then we have the following:
(i) If elements of S are linearly independent over K (X), then there is m > 0 such that

dimyg ((u) nP Rk> > Lmmezn=h
k=1

for almost all n.
(ii)  If elements of S are linearly dependent over K (X), then there are integers p, and k,
such that
dimg Y RiuRjsx, < pun,
i+j<n
foreveryn > 0.
(iii)  Moreover, if S is the set of linearly dependent elements over K (X), there exists an
integer t,, such that the ideal generated by u in R is contained in

o0 Iy

o

D (Reu+uR) + Y > (RiuRj + RjuR;).

k=1 j=1i=1
Proof Part (i) is the same as the first part of the proof of [8, Theorem 1.4]: we observe that
dimg (x) K(X)S > % hence dimg K S > %
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Although the proof of (ii) is done in the second part of the proof of [8, Theorem 1.3], we
present a slightly different, more detailed approach showing at the same time (iii).

Since R(X) is a graded K (X) algebra and S is linearly dependent over K (X), there is in
fact some natural number ¢ such that the elements cjcz...c;udjd;_1...d; withi + j =g
are linearly dependent over K (X). Hence there is some k with 0 < k < g such that

q—k—1
ciey...cxudy ydg ... dv€cr...c Y K(X)ckp1 ... crpjudyj—j...dr. (1)
j=1

Let K' = K{x;, j}i, j>0 be the field of rational functions in commuting variables x; ;, and
let P = K'[x_; jli j~0 be the polynomial ring in variables x_; ; over K’ (for i > 1). As
c1ca ... ckudg_gdy 1 ...dy € P, it follows that

cicy...cxudy jdg—j—1...di € LNP,

where
q—k—1
L=ci...c Z K(X)ckq1 ... cxqjudg—j—j .. .dy.
j=1
Therefore,
q—k—1
crey ... cpudy ydy j—1...d1 €cy...ck Z Pegyy .. ciyjudyg —j...di. (2
j=1
We claim that, for any o > g — k, we have
q—k—1
cica...cxuRy C (cicp...cp) Z K(X)ckt1 ... Cathk—yuR,. 3)
y=1
For o = g — k this comes from Eq. 2 by evaluating some of the x_; ; indy, ..., d;
(note that evaluation is possible by Eq. 2). Indeed, we then get
q—k—1
cica...ckuRy— C (cr1c2...ck) Z K(X)ckt1 - CrajuRy——j, “4)

j=1

which is easily seen to coincide with the required Eq. 3 when o = ¢ — k.
We now suppose that the Eq. 3 has been proved up to some o« > ¢ — k. Using the
induction hypothesis, we have:

Cl...ckuRy+1 = (c1...cr)uRy Ry
C (c1...ck) ZZ::?I K(X)cky1 ... camptkuRy Ry
C 1) YT K0kt camy iRy 4
+(cr .. ) K(X)Cht1 -+ - Camgt2k+1U Rg—
C (cr...cp) ZZ:;I K(X)Cr+t1 - .. Clat1)—y+kURy

+cr... ) KXkt - - Cat1)—g+2kU Rg—k - 5)

For « > g — k there exists a K-automorphism o € Autgx R(X) that permutes
some of the ¢;’s as follows: o(c1) = co—giki2, 0(C2) = Co—gikt3, --.,0(ck) =
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786 B. Greenfeld, et al.

Ca—qi2ktls ++-s,0(Cq—y) = Ca—yrik+1 and o (cq—y+1) = c (this can be easily obtained
by using the ad-hoc permutation on the first indices of the indeterminates x;;, and extending
this to R(X) = K(X) ® R). Let us now apply this automorphism to the Eq. 4; we get

q—k—1
auRy« Sa Y K(X)byuR, (6)
y=1
where a = cy—gyk+2 - - - Co—gt2k+1 AN by = Ca—g42%+2 - - - Ca—y+k+1-
Multiplying the left side of this equation by cic3 ... cq—g4k+1, We get
q—k—1
CI1CD ... Ca—gi2k1URy_k S C1C2 ... Cam g2kt Z K(X)byuR,,.
y=I
With this, the Eq. 5 can now be rewritten as

—k—1
c1...ckuRy11 S (c1...ck) Z;I/=2

qg—k—1
€12 Camqi2ktl Doyy  K(X)Camgi2k42 - - - Camytk+1URy .

K(X)cky1 ... car1—p+kuRy+ @

This proves the claim.
Evaluating in Eq. 3 some of the x; j incy, ..., ¢ (using an easy-to-formulate counterpart
of Eq. 2) we get
q—k—1
RiuRy € Y K(X)Rkcky1...ca—yuRy.

y=1

Therefore, for every o > g — k we get
q—k—1
din’l[((x) K(X)RruR, < (dimk(x) K(x)Ry) dim]((x) K(X)Ry <c,
y=1

where c is a sufficiently large constant. This implies

dimg RruRy < c. ®)
Also, if we evaluate all x; ;, we get that for every a > g — k
q—k—1
RiuRy € ) Ry yrkttRy. 9)
y=1
Observe now that if we apply the same arguments starting with Eq. 1, but with respect to

the left side instead of the right side, we will get some similar facts, as follows: for some &’
and for the same ¢ (for every @ > g — k') we have

7](’
dimg RyuRyp < LIX: dim]((x) K(X)Rg (dim]((x) KX)Ry) < C/, (10)
£=1
for sufficiently large constant ¢/, and
q-k
RyuRy € > RyuRy_yy v (11)
y=1
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Observe now that, for any 7, such that ¢, > max{k, g — k}, taking 8 > t,,, 0 > t, and using
Eqgs. 9 and 11 we get

q—k
RguRy = Rp i (ReuRs) S Rp—k Y Ro—yrkttRy.
y=1
Therefore, the ideal generated by u in R is contained in

oo Iy

o0
D (Reu+uR) + > > (RiuR; + RjuRy),

k=1 j=1i=1
and from this and from Egs. 8, 10 it follows that
dimg Z Rivk,uRjk, < pun,
i+j<n

for some constant p, not depending on n, and some k. O

Lemma 16 Ler R = D, Ri be a prime, affine algebra over a field K generated in
degrees 1, —1, 0, with finite-dimensional Ry. Let u be an homogeneous element of R. Let
(u) denote the ideal generated by u in R. If, for any m

dimg ((u) n P Ri> Lamm@mm—1

2

i=—n

for infinitely many n, then there is a number s, > 0 such that the ideal generated by u in R

is contained in
Su

Y (Rpu+uRp)+ > Y (RguR, + RyuRy).

PEL PEL q=—Su

Proof Weletay, ..., a, denote a K-basis for R_, and by, ..., bs be a K-basis for R, and
consider the following elements of R(X) = K(X) ® R:

r N s s
. —_ . / J— . / J—
ci=Y xjaj; di=Y x_jbji ¢ =Y yijbii di =) y.jaj.
j=1 j=1 j=1 j=1

Let u be the fixed homogeneous element from the statement. We also denote
S={ci---cudj---di|i,j>0}, 8= {c’1~-~c§ud;--~di li, j > 0},

T:{cl«-~ciud}~-~d;|i,j>0}, T’:{dl-udiuc}-ucﬁli,j>O}.

Case 1. Here we prove that, if any of the above family S, ', T, T’ is linearly indepen-
dent, then the lemma holds, since the assumption on dimension of () is not satisfied. This
is done in a similar way to the first part of the proof of [8, Theorem 1.3].

Case 2. Let V € R_| + Ro + Rj be a generating space of R. Due to the first case we
may assume that the families S, S’, T, T’ are each linearly dependent. We remark that

viuvt = 3 RLuR{+ Y RwR + Y RLuR + > RuR{. (12)
0=i,j=<n 0=i,j=<n 0=i,j=<n 0<i,j<n
We will now treat the first term occurring above. Assume that the set

{c1---ciudj---di i, j =0}
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is linearly dependent. Let

Y fiiXer.. ciud; ... dy =0

be a non-trivial dependence relation. Since R(X) = K(X) ® R is Z-graded, looking at
terms of the same degree in this relation we get that there exists an integer &, such that a
non trivial relation as the one above holds with j — i = k. Hence we get for some [

I
Z finti(X)er...ciudpyi...dp =0.
i=1
We may assume that f; ,4; 7 0, and hence
-1
cl...cqudpqy...dy € ZK(X)C] co.ciudpyi ... dy.
i=1
Notice that elements from the right hand side are contained in
-1
> K(X)R_juRny;.
i=1

Therefore
-1

c1...cqudpy)...dy € Z K(X)R_juRjp+,.
i=1
As the left hand side belongs to K[X]R, we get
-1
c1...cqudpyy...dy € Z K[X]R_juRp4;.
i=1
Evaluating all of the x_; ; and x; ;, we finally get
-1
R_juRy11 €Y R juRpy; (13)
i=1
Letc > I, d > h 4 [; then by Eq. 13 and by Lemma 2, we get
-1
R_cuRy = R_ci(R_juRp+))Rg—p—1 < Z K(X)R_c—i+iuRgyi—.
i=1
Continuing this process we can see that as long as ¢ > [ and d > h + [, then we can always
decrease the degrees in R_.uR. It is not hard to see that for any n we have

o
> RLuR{ €Y )" RuR,+ RyuRy,
0<i,j<n peELqg=—a
where o« = max{l — 1,h +1—1}.

Working in a similar manner, with term S’ appearing in Eq. 12, and for terms T, 7’, using
the same methods as in the proof of Lemma 15 (iii), we will produce B, y, é that play the
role of « in the relevant parts of the proof. Taking s, = max{«, B, y, §}, we get

Su
RuR C Y (Ryu+uRy) + Y Y (RguR,+ RyuRy),
PEZL PEL q=—Su

which was our goal. O

@ Springer



Prime Ideals, Primitivity of Z-Graded Algebras 789

Regarding Lemma 7, it seems that the next lemma is interesting in its own right.

Lemma 17 Let R = @, Ri be a prime, affine algebra generated in degrees 1, —1,0,
with finite-dimensional Rgy. Suppose that R is infinite-dimensional and that R; = 0 for
almost all i < 0. Let u be a nonzero homogeneous element of R. Then Ryu # 0, for every
s > 0.

Proof We will use Lemma 2 throughout. Let s > 0, and let # > 0 be such that R_; = 0
for all i > t. Take g > s + ¢ such that there is a nonzero monomial 0 # m € R, (as R is
infinitely dimensional, R, # 0 for almost all positive ¢). Since R is a prime and graded ring,
it follows that for some j, mRju # 0. By assumption, j > —¢.If j < 0, then we can write
m = mmy, wheremy € R_jandm| € R, wherev > s. ThenmRju = mymyRju C Ryu,
so Ryu # 0. Since v > s, it follows that Ryu # 0.If j > 0, then mR;v € Ryv, where
k > q > s +1t,and so by Lemma 2 Ryv # 0 implies Ryv # 0. O

Lemma 18 Let R = D, .5 Ri be a prime, affine algebra generated in degrees 1, —1,0,
with finite-dimensional Ro. Suppose that R is infinite-dimensional and that R; = 0 for
almost all i < 0. Then the algebra R' = @, R; is prime.

Proof Lett > Obesuchthat R ; = Oforalli > r.Let0 # p € R;,0 # g € R;
be homogeneous elements in R. By Lemma 17, R;;1q # 0. Since R is prime and graded,
PRi(R;+19) # 0 for some [ > —¢. Therefore pRiy+19 #0. Asl+t+1>0, pR'g #0,
as required. O

We will also need the following part of [7, Lemma 2.3].

Lemma 19 Let K be a field. If A is a finitely generated, prime algebra of GK dimension at
least 2, and if V is a frame for A and z € A is nonzero, then there exists a positive constant
C such that

dimg (V"zV™) > Cm?,

for all sufficiently large m.

Lemma 20 Let R be a prime algebra with quadratic growth, which is Z-graded and finitely
generated in degrees 1, —1 and 0. Moreover, let Ry # 0 for almost all k € 7. We write
R = @,z Ri, and assume that Ry is finite-dimensional. Let u # 0 be an homogeneous
element of R, and let (1) denote the ideal generated by u in R. Then there is a positive
number B such that

dimg ((u) n P R,~> > Bn?,

i=—n
for almost alln > 0.
Proof By Lemma 7, we can assume that u € Ry. Clearly, we can consider V = Ry+R_1+

R; as a frame of R. By Lemma 19, we have dimg (V"'uV™) > Cm? for some positive
integer C and all sufficiently large m. As we have

uVmc (QB R)u (é Ri)g(u)ﬂ émB R;,

i=—m i=—m i=—2m
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then taking n = 2m we get

dimg ((u) n &P R,») > Bn?

i=—n

for all sufficiently large n and B = %C . The result is proved. O

Proof of Theorem 14. We consider three cases.

Case 1. R; = 0 for almost all i < 0. By Lemma 17, there is 4’ € R; N (u) for some
J > 0. By Lemma 18, the ring R’ = €D,_, R; is prime, so by [8, Theorem 1.3] the ideal
(u') generated by u’ in R’ satisfies

dimg ((u') nép Ri) > (n — m)(nz— m—1)
i=1

for all sufficiently large n and some m. The result follows, as () C (u).

Case 2. R; = 0 for almost all i > 0. This case is done by analogy with Case 1.

Case 3. By Lemma 2, we are left with the case R; # 0 for almost all i € Z. By Lemma
7, we can assume that # € Rg. Suppose, on the contrary, that for any m

dimg ((u) n P R,-) Llpmm@—m—1

. 2
i=—n
for infinitely many n. O
Let aj,...,a, be generators of Ry and let uy = aju,...,u, = aelUh,Uey] =
uai, ..., uz = uae. Then u; € Ry for any /, and by Lemma 15(ii) there exist k,, and py,
such that
dim[( Z Rl'+ku]ule+kul < pun (14)
i,j>0
i+j<n
for every positive integer n. Considering k = max{ky,, . .., ku,, }, for any [ we get
> RuwR; > RuwR; < ) R quR, z< (15
i,j>k i,j>k i,j>0
i+j<n i+j<n+2k i+j<n
< Z Ritk, wiRjtk, -
i,j>0

i+Jj <n+2k—2k,
Thus, by Egs. 14 and 15, we have

dimg Y RiuyR; <dimg > Ritk, wiR 1k, < pu(n+ 2k — 2ky,)
ij>k i,j>0
i+j<n i+ j<n+2k—2k,
and finally
dimg > RuR; < pn, (16)
i,j>k
i+j<n
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for all n and some p.

Similarly, we consider generators by, ..., bs of R_j and elements v; € R_; forl €
{1,...,2d} suchthatvyy = bju forl =1,...,dand vy = ub; forl =d +1,...,2d. Using
the appropriate “negative” version of Lemma 15(ii), we get positive integers ¥ and 7’ such
that, for any /,

dimg > R uR_; <pn (17)
ij>k
i+j<n
for all n.

By Lemma 16, there is a number s, > 0 such that the ideal generated by u in R is

contained in the linear space
Su

D (Rpu+uRy) + Y Y (RguR,+ RyuRy).

PEL PELg=—5u

We can assume that s, > k and s, > ¥ (we can take a bigger s, if necessary).

Using ideals I, I’ defined in Lemma 6 and information therein we have I1' C
IRRes, € IRes,  RR_35, Res,, and by similar arguments /I’ C Reg, R_35, R. Therefore
II/(”)II/ - R6su R73su (M)R73su Résu .

Observe now that we have

II/(“)II/ - R6suR %u )R- 3su R6su -

- R65,4R73Xu Z(Rpu +uRp) + Z Z (R MR +R uR ) R_ 3?,4R6vu =
PEZL PEL g=—Su (18)

—2sy
C Res, (Z > RyuR,+ RpuRq> Res, -

pEZ g=—4s,
Consider
—2sy —n
Wi=Y > RguR,+RuR, < P R.
p=<0g=—4s, z=—1
and let
—2sy —2sy
J= Y > RuR,+RpuRy= Y Y RuR R,+R,R juR,
p<—su—1g=—4sy p<—su g=—4sy
(obviously J € @, Re)- Then
Wi=V+4+J

where V = Z;i"o ;is_"m (RquRp + RyuRy) is a finite-dimensional linear space. Using
all of the above, for all sufficiently large n we have

Jn @ R. C Z > RLuR. (19)
=1 =l iis'
i+j<n
Thus, by Eqs. 17 and 19,
—n
dimg | /N @D R: | <2dp'n

z=—1
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for almost all n, which gives
—n —n
dimg [ Win @ R. | =dimg | (V+ NN P R | <gn (20)
z=—1 z=-1
for some g and almost all n.

In order to make the next step, we need to observe that Res, W1 Res, N @?‘;O R, is finite-
dimensional (as Wi € €. _, R;) and that

z<0
—n —n—12s,
dimg RGSM Wi R6x“ N @ R; | <dimg R6Su Wi n @ R, R6su <
z=—1 z=—1—12s,
—n—12s,
<dimg Rgs, - dimg | Wi N @ R; | - dimg Rgs, <
z=—1-12s,

< dimg R(,Suq(n + 12s,) dimg R(mu ( by (20)),
which together imply that there is « such that

n
dimg (Rm WiRes, N EP RZ> <an (21)
Z=—n
for all sufficiently large n.
Consider now the linear space

—2sy
Wa=Y" > RyuR,+RyuR,.
p>0g=—4s,
Then
4s,
Res, WaRes, €Y > RquR, + R,uR, < EPR..
p>0g=2s, z>0
and as in Eq. 20, using elements u; we can show that there is 8 such that
n
dimg (R(,Su WaRes, 0 EP RZ> < pn, (22)
7=—n

for almost all .
Notice that by Eq. 18 we have

II'(w)I1" € Reg, R_35, (W) R_35, Res, < Res, (Wi + W2)Rgs, ,
and using Eqgs. 21, 22 we get

n
dimg (11" (w)I11’ N @ R;) < (23)
Z=—n
n n
< dimg (R6Su WiRes, N @ RZ) + dimg <R63u W2 Res, N @ RZ) < (a+PBn
z=—n z=—n
for all sufficiently large n.
As R is prime by assumption, the homogeneous ideal 11’(u)I1’ is nonzero. Thus, taking
a nonzero homogeneous element @ € I'I'(u)I1’ and considering the ideal (a), we can see
that by Eq. 23 we get a contradiction with Lemma 20, which completes the proof.
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5 Chains of Prime Ideals

Following on from our notes in the Introduction regarding this section, we add that our
research was also motivated by an example of Bergman (see [22]), which assures that there
are affine prime algebras with infinite ascending chains of prime ideals, and also by [14],
where Greenfeld, Rowen and Vishne gave other interesting related results and examples.

Recall that an algebra R over a field K has a classical Krull dimension equal to m if there
exists a chain of prime ideals P, & Pn—1 & ... & Py of length m and there is no such
chain longer than m. If R has chains of prime ideals of arbitrary length then the classical
Krull dimension of R is equal to co.

Remark 21 Note that by [27, Theorem 2], if R is a prime PI algebra then any nonzero
ideal P of R has a regular element. Thus, using [16, Proposition 3.15], we find that
GKdim(R/P) < GKdim(R). We will use this fact below.

Theorem 22 Let R be an affine, prime algebra over a field K with quadratic growth, which
is Z-graded and generated in degrees 1, —1 and 0. We write R = D,y Ri, and assume
that Ry is finite-dimensional. Then R has finite classical Krull dimension.

Proof We first remark that if P is a prime ideal of R such that R/ P is not PI, then P is
homogeneous, by Lemma 11. Moreover, as R has quadratic growth there is a number p > 0
such that dimg (V+...+V") < pn2 for every n, where V.C R_{+ Ro+ R is a generating
space of R.

We now show that if Py & P> & ... & Py is a chain of proper prime ideals of R
such that R/P; is PI for every i, then k < 3. Indeed, by Remark 21 it is not hard to see
that GKdim(R/Pr) < GKdim(R/Px—1) < ... < GKdim(R/Py). Thus by the Small-
Warfield theorem [29] and by Bergman’s gap theorem it follows that k < 3.

In the second part of the proof we show that there are no chains of nonzero proper
homogeneous prime ideals in R which are longer than 2p 4+ 1, with the condition that
R/P is not PI for any P appearing in this chain. Suppose on the contrary that P; &
P, & ... & Py & R is a chain of nonzero proper homogeneous prime ideals
of R and R/P; is not PI for any i. Next time, using the Small-Warfield theorem [29]
and Bergman’s gap theorem, we get that R/P; has quadratic growth for any i. Observe
now that for every i, P;y1/P; is a nonzero homogeneous prime ideal in the ring R/ P;
and R/ P; satisfies all of the assugnptions appearing in Theorem 14. Thus, by this theo-

2 5 .. . .
rem P;41/P; has more than % linearly independent elements with degrees between

—n and n, for all sufficiently large n. This holds fori = 1,2, ...,2p + 2. By the above,
3

it follows that for every i the ideal P;;; has more than i - (”Z_T"Z) linearly independent

elements of degrees between —n and n for almost all n (summing all elements in Py,

3
P>/ Py, P3/ P, ... Piy1/P;). Therefore the ideal P;,4> has more than (2p + 2) - ("Z_T"z)

linearly independent elements of degrees lgetween —n and n for almost all n, and for suf-
ficiently large n we have 2p + 2) - (”LT”Z) > pn?®. This is impossible by assumption on
growth of R.

We are now ready to show that there are no chains of nonzero proper prime ideals in R
which are longer than 2p 4 4. Indeed, consider a chain Py & P> & ... & Py of proper
prime ideals of R. Notice that if R/ P; is PI for some ¢ then R/ P; is PI for any [ > ¢. Thus,

by the first part of the proof in the chain P; & ... & Pr_3, we have only homogeneous
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prime ideals such that for any i, R/ P; is not PI, which implies k — 3 < 2p + 1, and the
result follows.

Clearly the classical Krull dimension of R is finite (less than or equal to 2p + 4), and it
depends upon p. O

Now we consider domains with cubic growth. At the same time we need to notice that
if R = EBiEz R; is a domain, with Ry finite-dimensional generated in degrees 1, —1 and 0
and Ry, R_1 # 0, then R;c € Ry, for any ¢ € R_;, hence, dimg R; < dimg Ry, and in the
discussed case the growth of the algebra is at most quadratic. By the above, we need only
consider domains graded by non-negative integers. Firstly, we want to prove the following.

Lemma 23 Let R be a domain (also an algebra over a field K) with cubic growth, graded
by non-negative integers, and finitely generated in degrees 1 and 0. We write R = @?io R;,
and assume that Ry is finite-dimensional. If I is a nonzero homogeneous prime ideal of R,
such that R/ 1 is not PI, then R/I has quadratic growth. Moreover, there exists D such that

dimg ((R/D)1 + ...+ (R/I),) < Dn?

for almost all n, and D does not depend on 1, only on R.

Proof We need to establish some information to work with. Firstly, by Lemma 2, R is
finite-dimensional and R,, = RY, for any n > 0. Secondly, by assumption there exists ¢ > 0
such that dimg (R; +. ..+ Ry,) < cn?, forall n. Finally, as R is a domain it is also true that
dimg R; < dimg R;41, forany ¢t > 0.

Since [ is nonzero homogeneous and R is a domain, there exists a nonzero element i € /
such that i € Ry for some k > 0. Then it is not hard to see that

dimg (Rm/lm) < dimg Ry — dimg Ry,

for any m > k, where I,, = R,, N I. Thus we can see that for any n > k we have

n k
> dimg(R;/Ij) < dimg Ry + ... +dimg Ry g1+ Y dimg R, (24)
j=k+1 =1

Assume for a while that there exists D > 0 such that for any n we have dimg R, < Dn?.
Then, using Eq. 24, we can see that R/ has at most quadratic growth. In fact, R/I has
exactly quadratic growth.

By the above to prove the first claim, it is enough to show that there exists a positive
number D such that dimg R, < Dn?, for any n. Suppose, to get a contradiction, that
for some n we have dimg R, > 16cn?. As we remarked at the beginning, dimg R <
dimg Ry < ...,s0

dimg Ry + ...+ dimg Ry, > dimg R, + ... + dimg Ry, > ndimg R, > 16¢n>.

On the other hand, we have dimg R| + ... + dimg Ry, < 8cn?, a contradiction. Thus,
taking D = 16¢, we finish the proof. (]

Now, we recall a result of Bergman [Theorem 22.5, page 224, [23]]
Theorem 24 (Theorem 22.5, page 224, [23]) Let S be a Z-graded ring and let P be a

nonzero prime ideal. If 1 is an ideal of S properly containing P, then I has a nonzero
homogeneous element.
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We will now continue to consider rings with cubic growth and prove the second main
result for this section.

Theorem 25 Let R be a domain with cubic growth which is graded by non-negative inte-
gers, finitely generated in degrees 1 and 0. Write R = @?io R; and assume that Ry is
finite-dimensional. Then R has a finite classical Krull dimension.

Proof Consider a chain of proper prime ideals P & P> & ... & P, of R. Using Remark
21 and similar arguments as in the proof of Theorem 22, we can see that the first index ¢
such that R/ P; is PI (if such exists) is at least equal to m — 3. Observe that by Theorem 24,
applied for S = R, P = P, I = P», the ideal P, contains a homogeneous element. Let Q
be the set of all homogeneous elements in P, then Q is a prime ideal in R (since P; is a
prime ideal in R). Moreover, by Lemma 23, R/ Q has quadratic growth and

dimg (R/Q)1 + ...+ (R/Q)n) < Dn?

for almost all n, and some D which does not depend on Q but only on R.
Consider the chain

P3/OQ G Py/P1 & ... & Py_a/Py

of proper prime ideals of R/P;. By Theorem 22 and its proof, we have m — 8 < 2D + 4,
which implies that m < 2D + 12. This completes the proof. O

6 On Tensor Products of Algebras Which are Brown-McCoy Radical

As recalled in the Introduction, a ring R is Brown-McCoy radical if it cannot be homomor-
phically mapped onto a simple ring with an identity element. Clearly, if R is Brown-McCoy
radical then any homomorphic image of R is Brown-McCoy radical as well. As the first
supporting result, we present the following.

Lemma 26 Let K be a field, R be a K-algebra, and let A be a K -algebra with identity. If
R ® A can be mapped onto a simple ring with identity, then there is a prime homomorphic
image R’ of R such that R' ® A and R'C’ can be mapped onto a simple ring with identity,
where C' is the extended centroid of R'. Moreover, R’ has no locally nilpotent ideals.

Proof Let f : R® A — S be a homomorphism onto a simple ring S with identity. Let
I ={ceR: f(c®1) = 0} (we leave it for the reader to check that I is a prime ideal
of R, and equivalently I = {¢c € R : f(c ® b) = Oforevery b € A}), and consider the
ring R" = R/I. Then R’ ® A can be homomorphically mapped onto S with the analogous
mapping f' : R* ® A — S (where f'((a + 1) ® b) = f(a ® b)). The first part of the
theorem has been proven.

Observe that if R has a locally nilpotent ideal L then L < I, so R’ has no nonzero
locally nilpotent ideals. Indeed, it follows because S is a simple ring with identity, so if
f(L®A) #0then f(L® A) = S, which is impossible.

We consider for some n elements aj,...,a, € R, bi,...,b, € A such that
F'OCi_, @ ® b;) = 1. Consider the central closure R'C’ of R'. By [6, Theorem 2.3.3], it
follows that we have two possibilities:

1) 1ey,Ca.
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(2) Thereareelements p;, g;in R’ suchthat }_; p;aiq; = Oforeveryiand}_; pjlq; =
¢ # 0 for some ¢ € R.

If (1) holds then R’C’ has identity so it can be mapped onto a simple ring with identity.
Assume now that (2) holds. Then we get

0= > "fp;®0f'@q;@b)=Y > f(p;@Df @®b)f (q;®1) =
- —~

i i Jj

=Y fpieDfgeh=fEce)=Ffcal.

J

The last fact implies that ¢ € I, which gives a contradiction, as ¢ # 0 . Thus case (2) cannot
happen. O

Remark 27 Notice that we can add an identity to a ring A to have a ring A! with identity
which has A as an ideal. So Lemma 26 would also work if A does not have an identity.

Lemma 28 If R is an algebra (over a field K ) without an identity element, and K C F
is an algebraic field extension, then R @k F is Brown-McCoy radical if and only if R is
Brown-McCoy radical.

Proof If R ®k F is Brown-McCoy radical then clearly R is Brown-McCoy radical.

Suppose that R ® ¢ F is not Brown-McCoy radical, so R ® ¢ F' can be homomorphically
mapped onto a simple ring S with identity. Let f : R ®x F — S be a ring homomorphism
onto S, and let f(Z;":l a;i ® &) = 1. Since we only need a finite number of £;’s we can
assume that F is a finitely generated algebraic extension of K. We can proceed by induction
with respect to the minimal number of generators of F. Therefore it is sufficient to prove
that if F = K[&] where £ is algebraic over K then R is not Brown-McCoy radical.

Observe that we can view R @ K[£] as R[£], where £ is algebraic over K. By assumption
there exists a homomorphism ¢ : R[§] — S mapping R[£] onto a simple ring S with
identity. Let g(x) € K[x] be a minimal polynomial of &, and assume that g(x) has degree
n+ 1. Then, considering the minimal number k such that W(ZLO e;E) = 1and w(eké‘k ) #
0 for some ¢; € R, we have k < n. As w(ekék) # 0 we clearly have ¥(ex) # 0. Let 1
be the ideal of R generated by e;. Then I’ = ZZ —o I£? is a nonzero ideal of R[£], and as
Y(ex) #0wehave S =y (I') = Z;:O Y ()Y (&)P. Observe that by the obvious fact that
S" % 0 we also have 1" # 0, and S = Z';:O Y (I (§)P follows. In particular,

J
v > aE | =1
1=0
for some d; € I" and some j < n. Observe that since each d; € I" we have

d; € thlekln_l
1

for some ¢;, € R. We now use a substitution
k—1 ) k—1
Vi) =1-vy (Z eis') =y (Z ais,)
i=0 i=0
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forapg = 1 — eg and a; = ¢, for s > 0. Observe that if j > k — 1 then

k—1
Y(diE") € Y Y(chat )y yEhH Yy v (c,,. Zais") Y (D)"Y <
L L i=0
j—1
Y v ED.
i=0
In this way we can see that I/I(dj%'j) € Zf;& W ()"~ (&7). The same approach can be
used toward other coefficients d; for [ > k — 1, so we conclude that 1//(2{:1 di&h €
SE v (D). Thus 1 € Y 5—) w ()"~ 'y (&), which is impossible regarding the
minimality of k. Therefore k = 0, so f(ep) = 1 for some ¢y € R and R can be homo-
morphically mapped onto a ring with identity and it follows that R is not a Brown-McCoy
radical. This completes the proof. O

We are now in a position to prove the main result for this section.

Theorem 29 Let K be a field, and let R be an affine algebra over K with GK dimension
less than 3. If R is Brown-McCoy radical, then R ® A is Brown-McCoy radical for every
algebra A over K.

Proof Suppose on the contrary that for some algebra A over K, the algebra R ® A can
be mapped onto a simple ring with identity. Then by Lemma 26 and Remark 27, R'C’ can
be mapped onto a simple ring with identity, where R’ is a prime homomorphic image of R
(without locally nilpotent ideals), and C’ is the extended centroid of R'.

We claim that R’ is not PI. Indeed, the Jacobson radical J(R’) of R’ is zero, since R’
does not have locally nilpotent ideals and the Jacobson radical of any finitely generated PI
algebra is nilpotent. Thus the intersection of all (right) primitive ideals of R’ is zero. If R’ is
primitive (which means that the zero ideal is primitive), then being PI the ring R’ is simple
with an identity by Kaplansky’s Theorem, a contradiction (as R’ is Brown-McCoy radical).
Thus there exists a nonzero primitive ideal P of R’. But then R’/ P is primitive and PI, so
as above it is simple with an identity, a contradiction.

As R’ is not PI and has GK dimension less than 3, then by [7, Corollary 1.2], the extended
centroid C’ of R’ is algebraic over K. Additionally, the extended centroid of a prime algebra
is a field.

As R’ is Brown-McCoy radical and C’ is an algebraic field extension of the base field
K, then using Lemma 28 we can see that R’C’ is Brown-McCoy radical (as a homomorphic
image of R’ ® C’). The last fact contradicts the assumption from the beginning, which
completes the proof. O

By [20, Theorem 5.7], a graded-nil ring which is Z-graded is Brown-McCoy radical.
Therefore the following holds.

Corollary 30 Let K be a field, and let R be an affine, Z-graded algebra over K with
Gelfand-Kirillov dimension less than 3. If R is graded-nil, then R ® A is Brown-McCoy
radical for every algebra A over K.

Recall that Bartholdi [4] constructed examples of finitely generated graded-nil algebras
with quadratic growth which are not Jacobson radical. These algebras are primitive. This
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provides examples of a primitive algebra R such that R is Brown-McCoy radical, and R® A
is Brown-McCoy radical for any algebra A, showing that Brown-McCoy radical may be
quite far from the Jacobson radical. On the other hand, a Jacobson radical ring is Brown-
McCoy radical.

We would also like to mention that in [31] examples of Jacobson radical algebras with
quadratic growth (over any countable field) are constructed.

7 Open Questions

We say that a graded ring R is graded-nilpotent if every subring of R which is generated by
homogeneous elements of the same degree is nilpotent.

Question 31 Is every graded-nilpotent ring locally nilpotent (or nil, or Jacobson radical)?
This can also be asked of prime rings and rings with small growth.
Question 32 Is there a graded-nilpotent ring with Gelfand-Kirillov dimension two?

Lemma 33 If R is a strongly Z-graded Jacobson radical ring, then R is infinitely generated
and Ry is infinitely generated.

Proof Since R is strongly Z-graded, R = R? and Ry = Rg. By Lemma 8, Ry is nil.
Suppose though that R is finitely generated; then by Nakayama’s Lemma we learn that
R = 0. Similarly, if Ry is finitely generated, then by Nakayama’s Lemma Ry = 0. O

Question 34 Is Lemma 33 also true if R is graded-nil but not nil?

Example 35 1t is known that simple nil rings exist (cf. [33]). For such a ring R, R[x, x ]
is graded-nil, and strongly Z-graded.

Question 36 Let R be a graded-nilpotent algebra which is finitely generated as a Lie
algebra. Does it follow that R is nilpotent?

This question is related to the following.

Question 37 Let R be a nil algebra which is finitely generated as a Lie algebra. Does it
follow that R is nilpotent?

Notice that Question 37 is practically a reformulation of Question 9 from a survey by
Amberg and Kazarin [1] (see [15] for an explanation of why these questions are related).
Moreover, this question has connections to group theory, and the famous Eggert’s conjecture

(see [1]).
Question 38 Is there an affine algebra R over a field K with finite Gelfand-Kirillov dimen-

sion such that R is Brown-McCoy radical, and that, for some K-algebra A, R ® A can be
mapped onto a simple ring with identity?
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