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Abstract In contrast to its subalgebra A, := K(xi, ..., Xy, ;’71 el %) of polyno-
mial differential operators (i.e. the n’th Weyl algebra), the algebra I, := K(xy, ...,
X, aLxl e ﬁ f Lo fn) of polynomial integro-differential operators is neither left
nor right Noetherian algebra; moreover it contains infinite direct sums of nonzero
left and right ideals. It is proved that I, is a left (right) coherent algebra iff n = 1;
the algebra I, is a holonomic A,-bimodule of length 3" and has multiplicity 3" with
respect to the filtration of Bernstein, and all 3" simple factors of I, are pairwise non-
isomorphic A,-bimodules. The socle length of the A,-bimodule I, is n + 1, the socle
filtration is found, and the m’th term of the socle filtration has length (;‘1)2”‘”’. This
fact gives a new canonical form for each polynomial integro-differential operator. It
is proved that the algebra I, is the maximal left (resp. right) order in the largest left

(resp. right) quotient ring of the algebra I,,.

Keywords The algebra of polynomial integro-differential operators -
The Weyl algebra - The socle - The socle length

Mathematics Subject Classifications (2010) 16D60 - 16S32

1 Introduction

Throughout, ring means an associative ring with one; module means a left module;
N:={0,1,...} is the set of natural numbers; K is a field of characteristic zero
and K* is its group of units; P, := K[x,..., x,] is a polynomial algebra over
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276 V.V. Bavula

K; 9, := Bv e Oy = % are the partial derivatives (K-linear derivations) of P,;
Endg(P,) is the algebra of all K-linear maps from P, to P,; the subalgebras
A= K(xy, .o X, 01, ..., 8,) and I, == K(xy, ..., %, 91,..., 0, [, ..., [,) of the

algebra Endg(P,) are called the n’th Weyl algebra and the algebra of polynomial
integro-dif ferential operators respectively.

The Weyl algebras A, are Noetherian algebras and domains. The algebras I, are
neither left nor right Noetherian and not domains. Moreover, they contain infinite
direct sums of nonzero left and right ideals [1, 2]. The algebra A, is isomorphic to its
opposite algebra A;" via the K-algebra involution:

An—>A,,, x,»r—>8,<, 8ir—>xi, iZl,...,l’l.

Therefore, every A,-bimodule is a left A,,-module and vice versa. Inequality of
Bernstein [6] states that each nonzero finitely generated A,-module has Gelfand-
Kirillov dimension which is greater or equal to n. A finitely generated A,-module is
holonomic if it has Gelfand-Kirillov dimension #. The holonomic A,-modules share
many pleasant properties. In particular, all holonomic modules have finite length,
each nonzero submodule and factor module of a holonomic module is holonomic.
The aim of the paper is to prove Theorem 2.5. In particular, to show that the algebra
I, is a holonomic A,-bimodule of length 3" and has multiplicity 3", i.e. a holonomic
left A,,-module of length 3" and has multiplicity 3" with respect to the filtration of
Bernstein. All 3" simple factors of I, are pairwise non-isomorphic A,-bimodules. We
also found the socle filtration of the A,,-module I,,. It turns out that the socle length
of the A,-module is n + 1, and the length, as an A,,-module, of the m’th socle factor
is ()27~ (Theorem 2.5.(4)) where m =0, 1,...,n. A new K-basis for the algebra
I, is found which gives a new canonical form for each polynomial integro-differential
operator, see Eq. 16. By the very definition,

I, := ®H1(i) ~ %" where I,(i) := K<xl-, ;. />

i=1

n
Ay =) Aii) = A" where A() := K(x;. ;).

i=1

So, the properties of the algebras I, and A, are ‘determined’ by the properties of the
algebras I[; and A;.

At the beginning of Section 2 we collect necessary facts on the algebras I,,. Then
we prove Theorem 2.5 in the case when n = 1 and prove some necessary results that
are used in the proof of Theorem 2.5 (in the general case) which is given at the end
of the section.

In Section 3, it is proved that the algebra I, is left (right) coherent iff n =1
(Theorem 3.1).

In Section 4, it is proved that the algebra I, is the maximal left (resp. right) order
in its largest left (resp. right) quotient ring (Theorem 4.3).

The referee of the present paper pointed out in his report that “this paper
provides an approach for studying the Belov-Kontsevich Conjecture and corre-
spondence between holonomic D-modules and Lagrangian varieties,” see [5, 7] for
details.
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The Algebra of Polynomial Integro-Differential Operators 277

2 Proof of Theorem 2.5

At the beginning of this section, we collect necessary (mostly elementary) facts on
the algebra I} from [1] that are used later in the paper.

The algebra [; is generated by the elements 8, H := dx and | (since x = [ H) that
satisfy the defining relations (Proposition 2.2, [1]):

ofo [ ][ s o= )= f)nr- o

where [a, b] := ab — ba is the commutator of elements a and b. The elements of the

algebra I,
i i+l

satisfy the relations e;ey = §;xe; where §j; is the Kronecker delta function and

N:={0,1,...} is the set of natural numbers. Notice that ¢;; = f i e00d’. The matrices
of the linear maps e;; € Endg (K[x]) with respect to the basis {x¥ := f—;}seN of the
polynomial algebra K[x] are the elementary matrices, i.e.

5 X0 if j=,

0 ifj#s.
Let E;j € Endg(K[x]) be the usual matrix units, i.e. Ej;* x* = (Sjsxi for all i, j,s € N.
Then

7
€j =3 Ej, ()

Keij = KE,‘]‘, and

F:= P Keij= P KEij ~ M (K).
i, j>0 i, j>0

the algebra (without 1) of infinite dimensional matrices. F is the only proper ideal
(i.e. # 0, I;) of the algebra I; [1].

Z-grading on the algebra 1, and the canonical form of an integro-dif ferential operator
[1,3] Thealgebral, = P, ;I ;is a Z-graded algebra (I, ;I; ; € I, ;3 jforalli, j € Z)
where

D, ['=["D, ifi>0,

L;=1{ D ifi=0,

3D, = D" ifi <0,
the algebra D, := K[H] P P,y Keii is a commutative non-Noetherian subalgebra of
I, Heij = e; H = (i + 1)e; for i € N (and so D, Ke;; is the direct sum of non-zero
ideals Ke;; of the algebra D)); (fi Dy)p, =~ Dy, fid > d; p,(D1d") ~ Dy, dd' + d,
for all i > 0 since Bifi = 1. Notice that the maps -fi :D| — lei, d— dfi, and
9. : D, — 8'D,, d > d'd, have the same kernel @l];i) Kej;.
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278 V.V. Bavula

Each element a of the algebra I, is a unique finite sum
i
a=Y ad +ay+) / ai+ Yy hije; 4)
>0 =0 i, jeN
where a; € K[H] and 1;; € K. This is the canonical form of the polynomial integro-

differential operator [1].

Definition Leta €I, be asin Eq. 4 andletar := ) X;je;;. Suppose that ar # 0 then

n
degp(a) :=min{n € Njar € @ Ke;; (5)
i, j=0

is called the F-degree of the element a; deg(0) := —1.

Let
[fifi>o0,
v =141 ifi=0,
9l ifi < 0.
Then I, ; = D v; = v; D, and an element a € I, is the unique finite sum
a = Zbivi =+ Z Aijeij (6)
i€Z i, jeN

where b; € K[H] and A;; € K. So, the set {H/d", H, fi Hieg|i>1;js,t>0}is a
K-basis for the algebra I;. The multiplication in the algebra I is given by the rule:

/H:(H—l)/, Ho =0d(H —1), /eij=€i+1,j, eij[:ei,j—lv

36,‘]‘ = €i-1,j eija = aeiﬁ].

He,-i = e,','H = (l + 1)61’1‘, RS N,

wheree_; j:=0and¢;_; := 0.

The factor algebra B, :=1I,/F is the simple Laurent skew polynomial algebra
K[H]1[3, 3'; 7] where the automorphism 7 € Autg_,,(K[H]) is defined by the rule
©(H)= H+1,[1]. Let

7:1, - By, ar~a:a+ F, (7)

be the canonical epimorphism.
The Weyl algebra A, is equipped with the, so-called, filtration of Bernstein, A, =
Uiso A2.<i where

Ay o= EB {Kx'i”x;’zaf‘afz lar+ar+ 1+ B2 < i} .
The polynomial algebra P, := K[x, x2] >~ Ay/(A20; + A»3,) is a simple left

Aj-module with Endg4,(P>) = kerp,(9;) Nkerp,(d;) = K. The standard filtration
{Ay<i-1}ien of the Aj;-module P, coincides with the filtration {P,<;:=
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The Algebra of Polynomial Integro-Differential Operators 279

> a0l KXT'X57 | @) + @ < i}ien on the polynomial algebra P, by the total degree,
ie. Py<i= Ay<i-1foralli>0,and so dimg(A, <) = (’“)Zﬁ Therefore, P, is a
holonomic A,-module with multiplicity e(P,) =1 and End 4, (P>) >~ K. The Weyl
algebra A; admits the K-isomorphism:

E:A,—> A, x>0, 0~ —x. (8)

Then 1 ® & is an automorphism of the Weyl algebra A,. The twisted by the automor-
phism 1 ® £ A,-module P;,

Py ~ Klx1, 0] ~ Ay/(Ardh + Ayxy) ©9)

is a simple holonomic A,-module with multiplicity 1 and End AZ(P;&E) ~ K.

The Weyl algebra A, is isomorphic to its opposite algebra A" via
A — AP x93, 3 x. (10)

In particular, each A;-bimodule 4, M4, is a left A,-module: 4, M4, = A,®A‘l”’M ~
A|®A1M = A, M.

Lemma 2.1

1. AIFAI = Ajep A ZAI(Al/A13®A1/XA1)A].

2. 4, F>~Ay/(Ay0, 4+ Aydy) >~ K[xy, x2] is a simple holonomic A,-module with
multiplicity 1 with respect to the filtration of Bernstein of the algebra A, and
Endy,(F) ~ K.

10
Proof 4, (A1/A19® A1/xADs = aen(A1/A1d® AJAD) = As/(Ard) +
A,d,) ~ K[x1, x»] is a simple holonomic A,-module with multiplicity 1 with respect
to the filtration of Bernstein of the algebra A, and End 4, (F) ~ K. Clearly, 4, F4, =
AjepA; and the A;-bimodule homomorphism

AJADR A /xAl — ArepAr, (14 A101) ® (14 xA)) — e,

is an epimorphism. Therefore, it is an isomorphism by the simplicity of the first A,-
bimodule. O

Proposition 2.2

1. Al(H]/(A]-i-F))AI2A1/A18®A1/3A1.

2. 4 ML/(A+F) = AJA1D® A/ A1x = Ay/(A2d + Asxp) = K[x1, 3] is a
simple holonomic A,-module with multiplicity 1 with respect to the filtration of
Bernstein and End 4, (K[x;, d:]) >~ K.

3. 4 L/(A + F) = (A /A10)® ~ K[x]™ is a semi-simple left A,-module and
L /(AL + F)a, = (A1 AN ~ K[x]™ is a semi-simple right A,-module.

Proof

1and 2. Notice that Az(Al/Ala ® A1/ A1x) ~ Az(Az/(Azal + Asxy)) >~ Kl[xq, 0]
is a simple holonomic A,-module with multiplicity 1 with respect to the
filtration of Bernstein and End 4,(K[x, 9;]) ~ K. The natural filtration
of the polynomial algebra Q' := K[x;, 3,] = J,-, O.; by the total degree
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of the variables, i.e. Q_; := @, ,; Kx]9,, is a standard filtration for the
As-module Q' = A, -1 since Q/Si = Ay ;-1 for all i > 0. In particular,
dimg(QL) = EUE2 for all i > 0. By Eq. 4, the A;-bimodule Q :=
I,/(A| + F) is the direct sum

o= o 11)
i>1

of its vector subspaces

(Qi)k[H]Zf K[H]/xiK[H]Z/ K[H]/f(H(H+1)--~
(H+i—1)~K[HI/(HH+1)---(H+i—1)) (12)

(since x' = ([ H)' :fiH(H+ ---(H+i—1) and Bifi = 1) such that
x0;i € Oit1, Qix € Qiy1, 00; € Q;1 and Q;0 € Q;; for all all i>1
where Qg := 0. Then A,-module Q has the finite dimensional ascending

filtration Q = |J;.y Q< where O := P, ;.;;, Q;and

((+DG0+2)
2

dimg(Q<) = Z(j-i— 1) = for all i > 0.

j=0

Since dQ; = 0,19 =0, the simple filtered A,-module (treated as A;-
bimodule)

4,04 = A1/A1d® A1/d A,

can be seen as a filtered A,-submodule of Qvia (1 + A;90) ® (1 + dA;) >
f +A; + F. In particular, for all i > 0, we have the inclusions Q; € Q;
which are, in fact, equalities since dimg (Q;) = dimg(Q;). Then,
A /(AL + F)a, = 4, (A1/A1d® A/0AD) 4,
~ 4, (A1/A10® A/ A1x) = K[xy, 02].
It is obvious that the A,-module K][x;, d,] is a simple A,-module with

multiplicity 1 and End 4, (K[x;, d2]) ~ K
3. Statement 3 follows from statement 1. O

A linear map ¢ acting in a vector space V is called a locally nilpotent map if V =
Ui2  ker(¢"), i.e. for each element v € V there exists a natural number i such that

¢'(v) = 0.
It follows from Proposition 2.2 and Eq. 12 that

kerﬂl/(A]+F)(8~) ﬂkerH]/MlJrF)(-a) =K (/ +A; + F) s (13)

and that the maps 3- : I, /(A + F) - 1, /(A1 + F),u+ du,and -0 : I, /(A + F) —
I,/(A, + F), u — ud, are locally nilpotent since
8*x’xé ix'" lxé, xxz*a_—]x’xé " (14)
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Recall that the socle soc 4 (M) of a module M over aring A is the sum of all the simple
submodules of M, if they exist, and zero, otherwise.

Theorem 2.3

1. The A-bimodule 1, is a holonomic A-module of length 3 with simple non-
isomorphic factors F >~ 4, K[x1, X2], 4, A1 4, and a,K[x1, 9:]. Each factor is a sim-
ple holonomic A,-module with multiplicity 1 and its Ay-module endomorphism
algebrais K.

2. soca,I))=A PF.

3. The short exact sequence of A-modules

0> APF—1 > L/(A+F) -0 (15)

is non-split.

Proof

—_

Statement 1 follows from Lemma 2.1, Proposition 2.2 and Eq. 15.
2. Suppose that the short exact sequence of A;-bimodules splits, we seek a contra-
diction. Then, by Proposition 2.2.(1) and Eq. 13, there is a nonzero element, say

u:/+a+fe]ll with a € A; and fe F

such that du = 0 and ud = 0. The first equation implies 1 + da = —df € A; N
F =0, and so da = —1in A, a contradiction.
3. Statement 3 follows from statement 2. O

New basis for the algebra 1, It follows from Eqs. 11, 12 and 15 that
N
I =P Kx'o/ e @Kek,ea@{Kf H|s>1,0=0,1,...,5s— 1}. (16)
i,j>0 k,[>0

This gives a new K-basis for the algebra I;:
{xiaj,ekl,/ H'|i, jjk,1>0;s>1;t=0,1,...,5— 1}.

By taking n’th tensor product of this basis we obtain a new K-basis for the algebra
I, =I%"

Lemma 2.4

1. The Ai-bimodule 1,/A, is a holonomic A,-module of length 2 with simple
non-isomorphic factors F ~ 4,K[x,, xo] and a,K][x,, d,]. Each factor is a simple
holonomic A,-module with multiplicity 1 and its A-module endomorphism
algebrais K.

2. soca,(Ij/Ay) = F.
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The short exact sequence of A,-modules

is non-split.

The short exact sequence of left A-modules Eq. 17 splits and so 4,(I;/A,) ~
K[xI™ is q semi-simple left A\-module.

The short exact sequence of right A\-modules Eq. 17 does not split, and so
I/ Ay) 4, is not a semi-simple right A,-module.

Proof

w

Statement 1 follows from Theorem 2.3.(1).

Suppose that the short exact sequence of A,-bimodules Eq. 17 splits, we seek
a contradiction. Then, by Proposition 2.2.(1) and Eq. 13, there is a nonzero
element,say u = [+ f+ A, €}/ A, with f € Fsuch that 0 = du =1+ 3f and
0=ud =1—eyp+ foin I;/A;. The first equality gives df =0 in I[,/A;, and
so f =7 ;.o reo for some A; € K. Then the second equality gives ey = f9 =
> 0 Ai€oid = > >0 Ai€o,i+1, a contradiction.

Statement 3 follows from statement 2.

Let L be the last sum in the decomposition Eq. 16, i.e.

L=AaPFPL. (18)

Then A, @ L is a left A;-submodule of 4,I; since d [ =1, x= [ Hand [ H=
(H — l)f. Notice that A; € L is not a right A;-submodule of I; since ja =
1-— €0 ¢ A] @L By Eq 18,

a (/A = FEPA + L)/ Ay

is a direct sum of left A;-submodules such that 4, F ~ K[x]™ (Lemma 2.1.(1))
and 4,((A; + L)/ A) ~1,/(A, + F) ~ K[x]™ (Proposition 2.2.(3)). Therefore,
4,1/ Ay) is a semi-simple module. Therefore, the short exact sequence of left
Aj-modules Eq. 17 splits and 4,(I;/A;) ~ K[x]™ @ K[x]™ ~ K[x]™.

By Proposition 2.2.(1), (I, /(A + F)) 4, =~ (A;/d A;)™. Suppose that the short
exact sequence of right A;-modules Eq. 17 splits, we seek a contradiction. In
the factor module I, /(A + F), (f + A, + F)d =0since [d =1 —ep € A, + F.
Then the splitness implies that

(/+f+A)a:0

inll;/ A, for some element f € F,equivalently, —eqo + fo € A; N F=0inl,i.e.
fd = ego, this is obviously impossible (since e; j0 = ¢; j+1), a contradiction. O

Let M be a module over a ring R. The socle socg(M), if nonzero, is the largest

semi-simple submodule of M. The socle of M, if nonzero, is the only essential semi-
simple submodule. The socle chain of the module M is the ascending chain of its
submodules:

soc%(M) :=socr(M) C soc}e(M) c...C soc"R(M) c-...
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where soci, (M) := ¢! (socg(M/soc’y ' (M))) where
@io1: M — M/soc ™' (M), m > m+socy'(M).
Let sock (M) := (., sock(M). If M = soc% (M) then
Lsocg(M) =1+ min {i > 0| M = socr(M)}

is called the socle length of the R-module M. So, a nonzero module is semi-simple iff
its socle length is 1.

Theorem 2.5

1. The A,-bimodule 1, is a holonomic A,,-module of length 3" with pairwise non-
isomorphic simple factors and each of them is the tensor product @', M; of
simple A,(i)-modules M; as in Theorem 2.3 for i =1, ...,n. Each simple factor
i, M; is a simple holonomic A,,-module and has multiplicity 1 (with respect to
the filtration of Bernstein on the algebra A,,) and its A,,-module endomorphism
algebra is K.

2. s0ca,, () = @, 50,0 L (1)) = @, (A1) D F(i)).

3. The socle length of the A,,-module 1, is n + 1. For each numberm =0, 1, ...,n,

soch, Iy =Y (X)sochy ;, 11(D)

|4 tip=m s=1

AODFO ifj=0,

where all iy € {0, 1} and SOC/Ag(i) = I, (i) if j=1.

4. For each numberm=0,1,...,n,
soci (Ly/soci My = P K)sochy,, Li@)/soc i (I ()
i+ Fip=m s=1
and its length (as an A,,-module) is (Z)Z’H" where all iy € {0, 1} and soc™! := 0.
5. Theleft Ay,-module 1, has multiplicity 3" with respect to the filtration of Bernstein
of the Weyl algebra A,,.

Remark The sum of lengths of all the factors in statement 4 is 3" as

y=1+2"=3 <:1>2"*'".

m=0

Proof

1. By Theorem 2.3.(1), each of the tensor multiples I; (i) in I, = @', I; (i) has the
Aj(i)-module (i.e. the A;(i)-bimodule) filtration of length 3 with factors M; as in
Theorem 2.3.(1). By considering the tensor product of these filtrations, the A,,-
module I, = @', I; (i) (i.e. the A,-bimodule) has a filtration (of length 3") with
factors ®f:1 M;. It is obvious that each A,,-module ®7:1 M, is isomorphic to a
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twisted A,,-module ? P,, by an automorphism o of the Weyl algebra A,, that
preserves the filtration of Bernstein on the algebra A,, where

2n
P2n = K[Xl, e ,x2n] >~ Azn/ZAznai.

i=1

This statement is obvious for n = 1, then the general case follows at once. Since
the A,,-module P,, is simple, holonomic with multiplicity 1 and End 4,, (P2,) =~
K, then so are all the A,,-modules @, M; (since e(° P»,) = e(Ps,) = 1). This
finishes the proof of statement 1.

Statement 2 follows from statement 3.

To prove statement 3 we use induction on n. The initial step when n =1 is true
due to Theorem 2.3.(1). Suppose that n > 1 and the statement holds for all n’ <

n. Let
[so = Al@F,sl =H1]

be the socle filtration for 4 I 4, and let {s°,s', ..., 5" !} be the socle filtration for
Aniln-14, - We are going to prove that

[9:=s"®s" 5" =s"®s' +s' @5, ...,
S/nfl = SO ®Snfl —|—Sl ®Sn—2’s/n = Sl ®Snfl}

is the socle filtration for 4,I,,,. Notice that 4, = A, ® A,—;, I, =1, ® I,
and {s° ® s’} is the socle filtration for 4, ,(s°®L,—1)a, , =s"® (prlncia, )
since the I,_;-bimodules s° ® s'/s'~! are semi-simple. Since, for each number
m=20,1,...,n,the A,-subbimodule

M= S/m/s/m—l :So ® (sm/sm—l) @(SI/SO) ® (Sm—l/sm—Z) (where E/O — SO ®S0)

of I,/s"~! is semi-simple, in order to finish the proof of statement 3 it suffices
to show that s is an essential A,-subbimodule of I,,/s""~!. Let a be a nonzero
element of the A,-bimodule I,,/s""~'. We have to show that

ApaA, NF™ £ 0.
Ifaes®®I, | +s! then
0 7& Hnfla}:[nfl N SO ® (sm/sm—l) < E/m

(since {s” ® s}~ is the socle filtration for 4, (s ® L,—1) 4, )

If ags®®I0,_+s™! then using the explicit basis {x|xj};;»0 for the A;-
bimodule 5! /s (Proposition 2.2.(1)) and the action of the element 3 on it (see
Eq. 14), we can find natural numbers, say k and [/, such that, by Eq. 13, the
element

a/::8ka81:/®u1+v2®u2+-~+vs®us,

is such that 0 # u; € I,_; /s"~! (in particular, ' is a nonzero element of I, /s~ ');
us,...,us are linearly independent elements of I,_;; v,,..., v, are linearly
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independent elements of s0. If the elements u, us, ..., us are linearly indepen-
dent then

ad'=0d =1Qu; + (0v) Quy + -+ (Jvy) ® Uy

is a nonzero element of s° ® I,_;, and so, by the previous case I,all, N'5"" # 0.

If the elements uy, u,, . . ., uy are linearly dependent then u; = Zf:z Miu; for some
elements A; € K not all of which are zero ones, say A, # 0. The element a’ can be
written as a’ = (A [ +v2) @ up + - -+ + (As [ +v5) ® uy. Then

a’ :=0d = (A +0v2) @uy + -+ -+ (Ag + 0vy) ® ug.
We claim that a” # 0. Suppose that a” = 0, we seek a contradiction. Then
)»2+31)2:0,...,)»5+31)S:0

in A; @ F (since the elements uy, ..., us are linearly independent). The first
equality yields 0 # A, = b in the Weyl algebra A; for some element b € A;.
This is clearly impossible. Therefore, a” is a nonzero element of s° ® I,_;, and
s0, by the previous case, I,all, N5 # 0.

4. The equality follows from statement 3. To prove the claim about the length

note that () is the number of vectors (i, ...,i,) €{0,1}" with ij + -+
i =m; and for each choice of (if,...,i,) the length of the A,-module
R, soclj\z(i)(lll (i))/soc’;‘;(]i)(]h(i)) is 2"~ Therefore, the length of the Aj,-
module soc”} (I,) /soc'z;1 (@) is ([1)2".

5. Statement 5 follows from statement 1 and the additivity of the multiplicity on the
holonomic modules. O

3 The Algebra I, is Coherent iff n = 1

The aim of this section is to prove Theorem 3.1.
A module M over a ring R is finitely presented if there is an exact sequence of
modules

R" - R"— M — 0.

A finitely generated module is a coherent module if every finitely generated submod-
ule is finitely presented. A ring R is a left (resp. right) coherent ring if the module
g R (resp. Rg) is coherent. A ring R is a left coherent ring iff, for each element
r € R, kerg(-r) is a finitely generated left R-module and the intersection of two finitely
generated left ideals is finitely generated, Proposition 13.3, [8]. Each left Noetherian
ring is left coherent but not vice versa.

Theorem 3.1 The algebra 1, is a left coherent algebra iff the algebra 1,, is a right
coherent algebra iffn = 1.

Proof The first ‘iff” is obvious since the algebra I, is self-dual [1], i.e. is isomorphic
to its opposite algebra I”. If n = 1 the algebra is a left coherent algebra [3]. If n > 2
then the algebra I, is not a left coherent algebra since, by Lemma 3.2,

kery, (-(Hy — H,)) = kery, (-(Hy — H2)) ® L2 =~ 1,(P> ® I, )™
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is an infinite direct sum of nonzero I,,-modules, hence it is not finitely generated.
Therefore, the algebra I, is not a left coherent algebra, by Proposition 13.3,[8]. O

Lemma 3.2 kery, (-(Hi — Hy)) =kerp, (-(Hi— H2) =@, ; xew Keij(Dexj(2) = (1, Py)™.

Proof The algebra B, =1,/a, is a domain, see [1], where a, := F(1)  [;(2) +
I(1) ® F(2) and H; — H, ¢ ay. Therefore, K := kery, (-(H; — H)) = kerg, (-(H; —
H>)).Let F, := F(1) ® F(2). Notice that

n(a/F)r, ~ F() ® Bi(2) P Bi() & F(2)
is a direct sum of two I,-bimodules. It follows from the presentation

FH® B2 = @ ejl)®5KIH,]
i, jeN,keZ
that kerp(])®31(2)(-(H1 — Hg)) =0. Slmllarly, ker31(1)®p(2) ((H] — Hz)) =0 (OI' use the
(1, 2)-symmetry). Therefore,

K = kerp,((Hi — Hy) = @ Keyj(ex;(2)

i,j,keN
= PP Keij(Hew(2) ~ P, Po) ~1,(PH™.
jeN i,keN jeN

4 The Algebra I, is a Maximal Order

The aim of this section is to prove Theorem 4.3.

Let R be aring. An element x € R is right regular if xr = 0 impliesr = O forr € R.
Similarly, a left regular element is defined. A left and right regular element is called
a regular element. The sets of regular/left regular/right regular elements of a ring R
are denoted respectively by Cz(0), 'Cg(0) and C%(0). For an arbitrary ring R there
exists the largest (w.r.t. inclusion) left regular denominator set S;y = S;o(R) in the
ring R (regular means that S;o(R) € Cg(0)), and so Q;(R) := S;OI R is the largest left
quotient ring of R (Theorem 2.1, [4]). Similarly, for an arbitrary ring R there exists
the largest right regular denominator set S,y = S;o(R) in R, and so Q,(R) := RS;& is
the largest right quotient ring of R. The rings Q;(R) and Q,(R) were introduced and
studied in [4].

Let Endg (K[x]) be the algebra of all linear maps from the vector space K[x] to
itself and Autg (K[x]) be its group of units (i.e. the group of all invertible linear maps
from K[x] to itself). The algebra [, is a subalgebra of Endg (K[x]). Theorem 5.6.(1),
[4], states that

Srol) =1, N Autg (K[x]),

it is the set of all elements of the algebra I[; that are invertible linear maps in K[x].
The set S, o(I;) is huge compared to the group of units I} of the algebra I; which is
obviously a subset of S, (I).
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Let R be a ring. A subring S (not necessarily with 1) of the largest right quotient
ring O,(R) of the ring R is called a right order in Q,(R) if each element g € O,(R)
has the form rs~! for some elements 7, s € S. A subring S (not necessarily with 1) of
the largest left quotient ring Q;(R) of the ring R is called a left order in Q;(R) if each
element g € Q;(R) has the form s~'r for some elements r, s € S.

Let R, and R; be right orders in Q,(I,). We say that the right orders R; and R,
are equivalent, R\ ~ R, if there are units a;, a,, b1, b, € Q,(I,,) such that

aiRib; € Ry and anR,b, C R;.

Clearly, ~ is an equivalent relation on the set of right orders in Q,(I,). A right
order in Q,(Il,) is called a maximal right order if it is maximal (w.r.t. €) within its
equivalence class.

Lemma 4.1 Let Q,(Il,) be the right quotient ring of 1, and R, S be equivalent right
orders in Q,(l,,) such that R C S. Then there are equivalent right orders T and T’ in
OI)withRCTCS, RC T C Sandunitsry, ry of O,(I,) contained in R such that
nSCT, Tr, € Rand Sr, C T, rT' C R. In particular, r1Sr; € R.

Proof By definition, aSb C R for some units a, b of Q,(I,). Thena = rlsl’l and b =
rzsz_1 with r;, s; € R, and r;, and s; are units in Q,(I,;). Then r; Sr, C rlsl_1 Sr, € Rsp, C
R. It is readily checked that T = R+r S+ Rr;S and T" = R+ Sr, + Sra R are as
claimed. O

Lemma 4.2

1. C,(0)Na, =0, CL0) Na,="0and Cﬁn O Nna, =0
2. S[,()(Hn) na, = # and Sr.O(]In) na, = 0.

3. Forall elements a € S; (1) U S;0(L,), L,al, =1,
Proof

1. Trivial (since every element of the ideal a, is a left and right zero divisor in I,).

2. Statement 2 follows from statement 1 and the inclusions S; (L), S,.0(I,) < Cp, (0).

3. IfL,al, # L, for some element a € S;o(L,) U S,.0(L,) then a € L,all,  a, (as a, is
the only maximal ideal of the algebra I,,). This contradicts statement 2. O

Theorem 4.3 The algebra 1,, is a maximal left order in Q;(I,)) and a maximal right
order in Q,(I,).

Proof Suppose that[,, € Sand S ~ I, for some right order Sin Q,(I,,). Then aSb C
I, for some elements a, b € I,, N O,(I,)*, by Lemma 4.1, where Q,(I,)* is the group
of units of the algebra Q,(Il,). By Theorem 2.8, [4],

Hn n Qr(Hn)* = Sr,O(]In)~
Then, by Corollary 4.2.(3),
L, 2 1,aSb1, = (L,al,)S,bL,) =L,SL, = S,

i.e. I, = S. Then the algebra [, is a maximal right order in Q,(I,,). Since the algebra
I, admits an involution [1], the algebra [, is also a maximal left order in Q;(I,,). 0O
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