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Abstract Induced representations of x-algebras by unbounded operators in Hilbert
space are investigated. Conditional expectations of a x-algebra A onto a unital *-
subalgebra B are introduced and used to define inner products on the corresponding
induced modules. The main part of the paper is concerned with group graded -
algebras A = @4ccA, for which the x-subalgebra 5 := A, is commutative. Then the
canonical projection p : A — B is a conditional expectation and there is a partial
action of the group G on the set B* of all characters of I3 which are nonnegative on
the cone Y A? N B. The complete Mackey theory is developed for *-representations
of A which are induced from characters of B*. Systems of imprimitivity are defined
and two versions of the Imprimitivity Theorem are proved in this context. A concept
of well-behaved x-representations of such x-algebras A is introduced and studied.
It is shown that well-behaved representations are direct sums of cyclic well-behaved
representations and that induced representations of well-behaved representations
are again well-behaved. The theory applies to a large variety of examples. For
important examples such as the Weyl algebra, enveloping algebras of the Lie algebras
su(2), su(l, 1), and of the Virasoro algebra, and *-algebras generated by dynamical
systems our theory is carried out in great detail.
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1 Introduction

Induced representations are a fundamental tool in representation theory of groups
and algebras. They were first defined in 1898 for finite groups by G. Frobenius and
in 1955 for algebras by D.G. Higman. If B is a subalgebra of an algebra A and V is
a left B-module, then the left A-module A ® V with action defined by ag(a ® v) :=
apa ® v is called induced module of V.

In his seminal paper, M. Rieffel [35] introduced induced representations for
C*-algebras and developed a major part of Mackey’s theory in this context. In purely
algebraic setting induced representations have been studied in [2]. Another pioneer-
ing paper is due to J.M.G. Fell [11]. A detailed treatment of this theory is given in
the monograph [12]. An essential step in Rieffel’s inducing process is the definition
of an inner product on the algebraic tensor product A ®p V. That is, if there exists
a conditional expectation p from a C*-algebra A onto its C*-subalgebra B and if
a Hilbert space (V, (-,-)) is a Hermitian 5-module (that is, (bx, y) = (x, b*y) for
x,y € Vand b € B), then there exists a pre-inner product (-, -)o on A ®p V such that

(a1 @ vy, a, ® v2)o = (p(azar)vi, v2) (1)

and the quotient space of A ®3 V by the null space of the form (-, -)o is a Hermitian
A-module.

The aim of the present paper is to develop the basics of a theory of unbounded
induced *-representations for complex unital x-algebras. In contrast to the case of
C*-algebras there are various notions of positivity for general x-algebras that lead to
different definitions of conditional expectations. The subtleties of positivity play a
central role for our theory. In this respect our notion is different from those defined
in [16] and [18]. We shall define (see Definition 4 below) a conditional expectation
from a unital x-algebra A to a unital x-subalgebra B to be a B-linear projection p of
A onto B which preserves involution and units and satisfies the following positivity

condition:
p (ZAZ) c BﬂZAz.

Then a cyclic Hermitian B-module V is “inducible” to A via p if and only if every
element of BN Y A? is represented by a positive symmetric operator on V.

Many bounded or unbounded x-representations of x-algebras A are induced
from appropriate x-subalgebras B in our setting. In Sections 9-11 we shall see that
for a number of important x-algebras the “nice” irreducible x-representations are
precisely those representations which are induced from characters which are non-
negative on the cone BN Y  A%. Among them are the x-algebras of the quantum
group SU,(2) and of the Podles’ spheres which have only bounded representa-
tions. This underlines the crucial role of positivity and it shows that our theory
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Unbounded Induced Representations of x-Algebras 311

might be useful for general countably generated group graded x-algebras. It should
be emphasized for all our examples neither the theory in [12] nor induction of
C*-algebras applies.

Let us briefly explain the basic idea for the Weyl algebra. We do not carry out
all details of proofs, because this is just the special case f(f) = 1 4t of the *-algebra
treated in Section 10.

Example 1 Let A be the Weyl algebra C(a, a*|aa* — a*a = 1) and let B3 be the unital
x-subalgebra C[N] of polynomials in N := a*a. Each element x € A can be written as

k 1
x= Za’f,(N) + Za*sf—s(N)

r=0 s=1

with polynomials f; € C[N] uniquely determined by x. Defining p(x) = fo(N), we
obtain a conditional expectation p from A to B. It can be proved (see [14] or formula
(14) below) that an element f(N) € C[N] belongs to BN Y_ A? if and only if there
are polynomials g, ..., gk € C[N] such that

J(N)=go(N)*'go(N) + Ngi(N)*'gi(N)+-- -+ N(N=1)- - -(N =k + gk (N)*'gk(N).  (2)

For A e R, let V; = C be the one-dimensional 5-module given by N = A. It is not
difficult to show that f(N) = f(A) > 0 for each polynomial f(N) of the form (2) if
and only if A € Nj.

Now suppose that A € Ny. Let H, denote the Hilbert space obtained from the pre-
inner product (1) on A ®p V,. Clearly, the vectors " ® 1, a*"*D ® 1, where r € N,
form a base of the vector space A ®p V. From the relation aa* — a*a = 1 it follows
that

ada"=(N+1)...(N+r),a"ad =NIN-1)...(N—r-+1) 3)

for r € Ny. If r > A, then p(a*a")(A) = 0, so a” ® 1 belongs to the kernel of the form
(1). Set

e =W *@1fork=0,..., % and exsy ;= VAL + k)1 a** @ 1 for k € N.

From Egs. 1 and 3 we easily compute that (ex, e,)o = 8, for k, n € Ny. Hence {ex; k €
Np} is an orthonormal base of H;. From the definition of ¢, we immediately obtain
that

a‘ey = vk + legy) and ae, = «/Eek,l for k € Ny, where e_; :=0.

This shows that for each A € Ny the Hermitian A-module induced from the B-module
V, via p is nothing but the Bargman—Fock representation of the Weyl algebra.

If A ¢ Ny, the form (1) is not positive semi-definite. Indeed, by Eq. 3 we have
@®1l,a®1)g=Ar<0ifx <0and (@' @ 1,d" @ 1)g=A--- A=k + DA —k) <
Oifk—1 <Xt <kforkeN.

Summarizing, we have shown that the B-module V; is inducible to a Hermitian 4-
module if and only if f(N) = f(1) > Oforall f € BN Y A?orequivalentlyif A € N.
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Our paper is organized in the following way. In Section 2 we study induced -
representations defined by rigged modules. We follow mainly the approach given
in Chapter XI of [12] with some necessary modifications needed for unbounded
representations. As an application we show that the well-behaved representations
of x-algebras defined in [40] by means of compatible pairs are induced represen-
tations coming from certain rigged modules. Section 3 is concerned with conditional
expectations of general x-algebras. We give various definitions depending on the cor-
responding positivity conditions and develop a number of examples for these notions.
Section 4 is devoted to G-graded *-algebras A = @4cc.A, for a discrete group G. If
H is a subgroup of G, then there exists a canonical conditional expectation of A on
the x-subalgebra Ay = ®pcy Ajp. Hence x-representations of 4y can be induced
to a x-representations of 4. From Section 6 on we are dealing with G-graded -
algebras A = @4c.Ag for which the s-subalgebra B := A, is commutative. There is
a large variety of G-graded x-algebras (Weyl algebra, enveloping algebras of su(2)
and su(1, 1), quotients of the enveloping algebra of the Virasoro algebra, x-algebras
associated with dynamical systems, quantum disc algebras, Podles’ quantum spheres,
quantum algebras, and many others) that have this property. In Section 5 we study
systems of imprimitivity and prove our first Imprimitivity Theorem. In Section 6 we
show that there is a partial action of the group G on the set B* of all characters
of the commutative x-algebra B which are nonnegative on the cone BN Y A2. This
partial action is used for a detailed study of the inducing process from characters of
the set B*. In particular, we characterize irreducible representations and equivalent
representations in terms of stabilizer groups of characters.

A fundamental problem in unbounded representation theory is to define and
characterize well-behaved representations of a general x-algebra. In Section 7 we
develop a new concept of well-behaved representations for G-graded x-algebras
A = @46 A, with commutative x-subalgebra A,. Among others we prove that well-
behaved representations decompose into direct sums of cyclic well-behaved repre-
sentations. This theorem is technically rather involved and it is probably the deepest
result of our paper. In Section 8 we define well-behaved systems of imprimitivity
and prove an Imprimitivity Theorem for well-behaved representations. The next two
sections of the paper are devoted to detailed treatments of important examples. In
Section 9 we study the enveloping algebras of three Lie algebras. For the real Lie
algeAbras su(2) and su(1, 1) we prove that the induced representations from characters
of Bt are precisely the representations dU, where U is an irreducible unitary repre-
sentation of the Lie group SU(2) resp. of the universal covering group of SU(1, 1).
For the enveloping algebra of the Virasoro algebra we characterize irreducible -
representations with finite-dimensional weight spaces as induced representations
from characters of B*. In Section 10 we investigate x-algebras associated with some
dynamical systems. For all these examples well-behaved representations according
to our definition in Section 7 coincide with distinguished “nice” representations of
these x-algebras thereby showing the usefulness of our concept of well-behavedness
and emphasizing the role of positivity. In Section 11 we mention a number of other
examples for which our theory applies.

We close this introduction by collecting some definitions and notations.

By a x-algebra we mean a complex associative algebra A equipped with a mapping
a v+ a* of A into itself, called the involution of A, such that (Aa + ub)* = ra*+

@ Springer



Unbounded Induced Representations of x-Algebras 313

ab*, (ab)* = b*a* and (a*)* =a for a,b € A and A, u € C. The unit of A (if it
exists) will be denoted by 14 and the group of all x-automorphisms of .A by Aut.A.
We shall say that a group G acts as automorphism group on A if there is a group
homomorphism g — o, of G into AutA. A subset C of Ay :={aec A:a=a"}is
called a pre-quadratic module if C+C € C, R,-C CC, and a*Ca € C for all a € A.
A quadratic module of A is a pre-quadratic module C such that 1 4 € C (see e.g. [42]).
The wedge

n
ZAZ = Za’]‘«a}-; ay,..,a, € A,neN
j=1

of all finite sums of squares is obviously the smallest quadratic module of .A.

Throughout this paper we use some terminology and results from unbounded
representation theory in Hilbert space (see e.g. in [39]). In particular, we shall speak
about x-representations rather than Hermitian modules. Let us repeat some basic
notions and facts.

Let D be a dense linear subspace of a Hilbert space H with scalar product (-, -).
A s-representation of a x-algebra A on D is an algebra homomorphism = of A into
the algebra L(D) of linear operators on D such that (w(a)p, ¥) = (¢, 7 (a*)¥) for
all ¢, ¥ € D and a € A. We call D(r) := D the domain of = and write H,, := H.
Two x-representations 7, and m, of A are (unitarily) equivalent if there exists an
isometric linear mapping U of D(rr;) onto D(m,) such that ms(a) = Umy(a)U~! for
a € A. The direct sum representation w, @ m, acts on the domain D(ry) @ D ()
by () ® m)(a) = 71 (a) ® ma(a), a € A. A x-representation 7 is called irreducible
if a direct sum decomposition 7= = m; @ m, is only possible when D(x;) = {0} or
D(m,) = {0}). If T is a Hilbert space operator, D(T),RanT, T and T* denote its
domain, its range, its closure and its adjoint, respectively.

Suppose that 7 is a x-representation of A. If C is a pre-quadratic module of A, =
is called C-positive if (7 (c)g, ¢) > 0 for all c € C and ¢ € D(rr). We denote by Resgnm
the restriction of 7 to a x-subalgebra B. The graph topology of r is the locally convex
topology on the vector space D(r) defined by the norms ¢ — |l¢|| + ||z (a)¢|, where
a € A. If D(7) denotes the completion of D(x) in the graph topology of m, then
7(a) :=n(a) | D(@), a € A, defines a s-representation of 4 with domain D(7),
called the closure of w. In particular,  is closed if and only if D(ir) is complete in the
graph topology of . By a core for © we mean a dense linear subspace D, of D(xr) with
respect to the graph topology of 7. A x-representation x is called non-degenerate if
7(A)D(w) := Lin {n(a)p;a € A, ¢ € D(7)} is dense in D(x) in the graph topology
of m. If A is unital and 7 is non-degenerate, then we have 7(14)p = ¢ for all
¢ € D(rr). We say that 7 is cyclic if there exists a vector ¢ € D(rr) such that 7(A)gp
is dense in D(rxr) in the graph topology of 7. Further, = is called self-adjoint if D(x)
is the intersection of all domains D(r(a)*), where a € A. The (strong) commutant
7 (A) consists of all bounded operators 7" on H, such that 7D(T) € D(T) and
7(@)Te = Tr(a)p for a € A. If x is self-adjoint, 7(A)’ is a von Neumann algebra.
A closed x-representation 7w of a commutative x-algebra B is called integrable if
7(b*) =m(b)* forallb € B.
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2 Rigged Modules and Induced Representations
2.1
Let BB be a x-algebra. From [12], p. 1078, we repeat the following

Definition 1 A right B-rigged module is a right B-module X equipped with a map
(-, ) : X x X — B which is C-linear in the first variable and C-anti-linear in the
second variable and satisfies the following conditions:

(i) (.y)B=y.x)p) forx,yeX,
(i); (xb,y)p=(x,y)gb forx,y € Xand b € B.

Clearly, (i) and (ii); are equivalent to the conditions (i) and (ii),, where
(i), (x,yb)p=b*(x,y)pforx,y e X and b € B.

Suppose that (X, (-, -)) is a right B-rigged module. By (ii), and (ii), we have
(i) (xby,ybo)gp =b3(x,y)pb,forx,y € Xand by, b, € B.

Suppose that p is a x-representation of 5 on (D(p), (-, -)). Let X ® D(p) denote
the quotient of the tensor product X ® D(p) over C by the subspace

N, = {Zxkbk®§0k _Zxk ® p(bi)gr; xr € X, by e B, gpr € D(p), re Nt
k=1 k=1

Lemma 1

<Z XN ® P Y VD ¢1> =Y (o(xk, Yy B¢k, i), (4)
x I

0 k,l

where xi, y; € X and @i, Y1 € D(p), is a well-defined Hermitian sesquilinear form
(-, -Yo on the tensor products X @ D(p) and X Q5 D(p).

Proof Obviously, (-, -)o is well-defined on the tensor product X ® D(p) over C. To
prove that (-, -)¢ is also well-defined on the tensor product X ®p D(p) it suffices to
show that (z, n)o = 0 and (1, {)o = 0 for arbitrary vectorsn = ) y; ® ¥; € X @ D(p)
and ¢ =Y, xkbi ® i — Y Xk @ p(bi)gr € N,. From (ii); we obtain

D o ekb i y) 8ok Y1) = D _{p(xi 1) B0 (b )@k, V).

k.l k.l

Using condition (i) it follows from the latter that (¢, n)o = 0. Similarly, (i) and (ii),
yield (n, ¢)o = 0. Condition (i) implies that (-, -)o is Hermitian (thatis (¢, )0 = (1, {)o
forallz,n e X @ D(p) resp. ¢, n € X ®@p D(p).) O

Let C be the set of finite sums of elements (x, x)3, where x € X'. Then C is a pre-
quadratic module of the x-algebra 5. Indeed, condition (ii) implies that b*cb € C for
b eBandcel.

Let Rep BB denote the family of all direct sums of cyclic x-representations of 5.
Note that each cyclic *-representation is obviously non-degenerate.
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Lemma 2 If p € Rep.B and p is C-positive, then (-, -) is a nonnegative sesquilinear
form on X @3 D(p).

Proof Assume first that p is a cyclic representation with a cyclic vector & € D(p).
Take n =) ;_ xx ® Y% € X®3 D(p) and fix ¢ > 0. Since & is cyclic, there exist
by,....b, € Bsuchthat |p(bx)§ — Yl < e and || p((xie, X)) (p(b1)E — Y|l < & for
allk,I=1,...,n. Thenfork,I =1,...,n we get

Ko (i, X0 B) Ve, Yi) — (o (i, 1) B) p (b 1)§, p(DDE)| =
= Ko(xk, x0)B) Ve, Y1 — p(bDE) + [{p(xic, x1)B) (p (B )& — V), p(BbE)| <

< lpUxr, x)B) Vil e + b DEl e < llp(xk, X1)B) ¥kl € + lvnll € + &2

Therefore (n, n)o = Y i ;—, (0 ({xx, X)) B)Y¥x, Y1) can be approximated as small as we
want by

n n

Y {plxi, X)) p(b)E, p(bE) = Y (p((xkbk, xib)B)E, &)

k.l=1 k=1

_ <p (<Zb2b>>é$>

which is nonnegative. This implies that (n, n)¢ is also nonnegative.
In the case when p is a direct sum of cyclic representations p; use the equality
X®5D(p) =>; X®5D(p). o

Remark There is a counter-part of Lemma 2 for x-representations p of B which
are not necessarily direct sums of cyclic x-representations. If p is non-degenerate and
completely positive with respect to the corresponding matrix ordering (see [39], 11.1
and 11.2, for this concept), then the sesquilinear form (-, -)¢ is nonnegative on
X ® D(p) resp. X @5 D(p).

22
Now let A be another x-algebra.

Definition 2 A right B-rigged left A-module is a right B-rigged module (X, (-, -))
which is a left .A-module such that
(i) {ax, y)p = (x,a*y)gforae A, x,y € X.
A right B-rigged A—B-bimodule is a right B-rigged left A-module satisfying
(iv) (ax)b =a(xb)forae A, b € B, x € X.

Lemma 3 Suppose (X, (-,-)g) is a right B-rigged left A-module (resp. A — B-
bimodule). Then

7o(a) (Zxk ® w) =) ax®@g, ac A )
k k
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where x; € X, @r € D(p), is a well-defined homomorphism of A into the linear
mappings of the vector space X @ D(p) (resp. X @ D(p)) such that

(n()(a);v T’)O = (é-v 770(4*)77>0 fOr ae A’ C? ne % ® D(P)
resp. £,n € X ®@p D(p). (6)
Proof Since X is a left A-module, 77 is an algebra homomorphism into L(X ® D(p)).

Equation 6 follows then immediately by combining Egs. 4, 5 and Definition 2 (iv).
If X is an A — B-bimodule, mj is well-defined on X ® 5 D(p), since by (iv) we have

mo(a) (Z kb ® sok) =Y alubp) @ gx =Y (ax)bi ® g
k

k k

=Y ax ® p(b)gx = mo(a) (Z X ® p(bk)§0k> :

k k

m}

Lemma 4 Suppose X is a right B-rigged left A-module and p is a x-representation of
B such that the sesquilinear form (-, -)o on X ®p D(p) is nonnegative. Let (-, -) be the
scalar product on the quotient space D(m) := (X ®8 D(p))/ K, defined by ([n], [¢]) =
(n, ¢)o, where IC,, :={n : (n, n)o = 0} and [n] :=n + K,. Then

mo(@)[n] = [mo(@)nl, ae A, n € XQD(p),

defines a x-representation wry of A on the pre-Hilbert space (D(my), (-, -)).

Proof Because of Lemma 3 it suffices to check that 7 (a) is well-defined on D (),
that is, mo(a)KC, € K,. Let n € IC,. Using Eq. 6 and the Cauchy-Schwarz inequality
for the nonnegative sesquilinear form (-, -)o we obtain

(mo(a)n, mo(a)n)o = (n, mo(a™)mo(@)n)o = (n, mo(a*a)n)o <

< (n, o> (mola*ayn, mo(a*ayn)y” = 0.

That is, mo(a)n € IC,. O
Let = denote the closure of the x-representation 7 from Lemma 4.

Definition 3 We say the *-representation = of A is induced from the x-representation
p of B via the right B-rigged left A-module X or simply 7 is induced from p. A *-
representation p of B is called inducible (from B to A) if the sesquilinear form (4) is
nonnegative.

We denote 7 by Indgy 40 or simply by Indp if no confusion can arise. The main
assertions of the preceding lemmas are summarized by the following proposition.
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Proposition 1 Suppose that A and B are x-algebras and X is a right B-rigged left
A-module. If p is a x-representation of BB such that the sesquilinear form (-, -)o on
X ® D(p) given by Eq. 4 is nonnegative, then Indp is a closed *-representation of A
defined on the core (X ® D(p))/K, by

Indp(a) [Z X ® (pkj| = [Z axi; @ (pkj| , wherea € A, x; € X, or € D(p).
k k

If p is a C-positive x-representation from Rep B, then the form (-, ), is nonnegative
and hence the induced representation Indp exists. If X is a right B-rigged A — B—
bimodule, then the core (X ® D(p))/KC, is a quotient of the tensor product X ® D(p).

For applications the following proposition is convenient.

Proposition 2 Let A and B be x-algebras and let X be a right B-rigged left A-
module. Let p be a *-representation of 3. Assume that there exists a Hilbert space
(Hy, (-, )1) and a (well-defined) linear mapping ® : X @ D(p) — H, such that D, :=
O (X ® D(p)) is dense in 'H; and

(P(x®¢), P(y@v)) = (p((x, y)B)¢, V), x,y € X, 0, ¥ € D(p). (7

Then p is inducible and Indp is unitarily equivalent to the closure of the x-
representation 7ty on Dy defined by w(a)(®(x ® ¢)) = ®(ax ® @), where a € A, x €
X, 9 € D(p).

Proof Define a the linear mapping U of X ® D(p) onto D; by U(n) = (3, xx ®
o) forn = 3, xx ® ¢r. Comparing Eqs. 4 and 7 we see that the form (4) is nonnega-
tive, so p is inducible. Further it follows that € I, if and only if ® (3", xx ® @) = 0.
Hence U yields an isometric linear mapping, denoted again by U, of the unitary
space (X ® D(p))/K,, (-, -)) onto the unitary space (D, (-, -);) such that m;(a) =
Ulndp(@U™", ac A o

Remark Above we have defined induced representations for a right 5-rigged left
A-module X'. However, except for Example 2 in all applications below X is even
a right B-rigged A—B-bimodule. Moreover, if X is a right B-rigged left .4-module,
then using the axioms (ii); and (iii) we compute

((ax)b —a(xb), y)s = (ax, y)sb — (xb,a"y)p = (x,a’y)sb — (x.a"y)sb = 0.

for arbitrary a € A, b € B and x,y € X. That is, all elements (ax)b—a(xb) are
annihilated by X with respect to the B-valued form (-, -) 5. In particular, if this form
is nondegenerate, then the right B-rigged left A-module X is a right B-rigged A—B-
bimodule.

The following lemma is needed in Section 7 below.
Lemma 5 Suppose X is a right B-rigged left A-module (resp. A — B-bimodule) and p

is an inducible cyclic x-representation of B with cyclic vector v € D(p). Then the linear
subspace of vectors [x @ v], where x € X, is a core of 7 = Indp.
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Proof Tt suffices to show that for arbitrary ¢ > 0, a € A, x € X, and w € D(p) there
exists b € B such that ||z (a)([x ® w] — [x ® p(b)v])| < €. Since v is cyclic, there is
a b € B such that | p({ax, ax)g)(p(b)v — w)| < ¢ and ||p(b)v — w]| < &. Using the
Cauchy-Schwarz inequality we get

I7(a)([x ® w] — [x ® p(B)v]D|* = ll[ax ® (w — p(b)v)]|?

= (p({ax, ax)p)(w — p(b)v), (w — p(b)v))o < &>

O

The next lemma is a standard fact about induced representations. We omit its
simple proof.

Lemma 6 Suppose X is a right B-rigged left A-module (resp. A — B-bimodule) and
p is a x-representation of B. Assume that p is a direct sum of representations p;,i € I.
Then p is inducible if and only if each p; is inducible. Moreover, Indp = @;c;Indp;.

We close this section by showing that the considerations of [40] fit nicely into the
theory of induced representations.

Example 2 Compatible pairs in the sense of [40].
Let A and B be two x-algebras. Following [40], we call (A, B) a compatible pair if
B is a left A-module, with a left action denoted by >, such that

(a>b)c=b*@a* >c)forae Aand b € B. (8)

Now let (A, B) be such a compatible pair. We equip X = B with the B-valued
sesquilinear form (b, ¢)g := c*b, b, c € B, and with the right B-action given by the
multiplication. Then (X, (-, -)g) is a right B-rigged left A-module. Indeed, axioms (i)
and (ii), are obvious. Axiom (iii) follows from Eq. 8, since for arbitrary a € A and
b, c € B we have

{a>b,c)p=c"(a>b)=(a">c)b =(b,a*>c)5.

Suppose that p € Rep, B. Since bounded x-representations acting on the whole
Hilbert space are obviously in Rep, B, this covers all representations of B considered
in [40]. Since the pre-quadratic module C for the form (-, -}z is Y B?, p is C-positive.
Therefore, by Proposition 1, p induces a *-representation 7=Indp of .A. We shall
give a more explicit description of this representation 7 expressed by formula (9)
below.

Clearly, an element ¢ = ) b ® ¢ € X ® D(p) belongs to the kernel K, of the
sesquilinear form (-, -)o if and only if

(€, 0o = Y _(p(br b))k, 91) <Zp(bk>wk,2p<bl><pl>

k.l

or equivalently if ), p(bx)¢r = 0. Hence K, is the kernel of the mapping

B®D(p)> Y bi®p > Y pbi)gk € p(BYD(p),
k k
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so we have an isomorphism of vector spaces D(p) = (B ® D(p))/K, and p(B)D(p).
If we identify D(ry) and p(B)D(p) by identifying b ® ¢ and p(b )¢, then we have

7 (a) (Z p(bkm) = mo(a) (Z p(bkwk) =Y pa>bg )
k k k

for a € A. This formula shows that the x-representation 7y and its closure 7 = Indp
as defined above are precisely the x-representations p and p’ as defined in [40],
Proposition 1.1. That is, all well-behaved x-representations p’ of A associated with
the compatible pair (A, B) in the sense of [40] are induced x-representations Ind p.
Note that the well-behaved x-representations in the sense of [40] are closely related
to representations constructed from unbounded C*-seminorms (see [1], Chapter 8,
for details).

In [40] a number of examples of compatible pairs are developed. A typical
example of a compatible pair (A, B) is obtained as follows: B is the x-algebra C;°(G)
of a Lie group G with convolution multiplication, A is the enveloping algebra U/ (g)
of the Lie algebra g of G and x> f is the action of x € U(g) as a right-invariant
differential operator on f € C{°(G). Note that as in all other examples of compatible
pairs treated in [40] the x-algebra B has no unit.

Moreover, all examples described in [40] are of the following form: 4 and B are
x-subalgebras of a common unital x-algebra 2 and the left action ofa € Aon b € B
is just the multiplication in the larger algebra 2. In this case it follows at once from
the x-algebra axioms that condition (8) is valid and that (X, (-, -)g) is a right B-rigged
A — B-bimodule.

3 Conditional Expectations

In the rest of this paper we assume that B is a unital x-subalgebra of a unital x-algebra
A.

Most examples of rigged modules are derived from conditional expectations. This
is a fundamental concept for this paper. Since positivity will play a crucial role in
what follows, we require various versions of this notion.

Definition 4 A linear map p : A — Bis called a conditional expectation of A onto B
if

(i) p(a*) = p@)*, p(biaby) =bpla)b, forallae A, by,br e B, p(ly) =13,
and p is positive in the sense that

(i) p(Y A% CY ANB.

A linear map p satisfying only condition (i) is called a B-bimodule projection of A
onto B.
A conditional expectation p will be called a strong conditional expectation if

(i) pQAHCY B

Let C 4 and Cp be pre-quadratic modules of A resp. 3. A B-bimodule projection
p will be called (C4, Cp)-conditional expectation of A onto B if

(i), p(Ca) S Cs.
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Note that axiom (i) implies that any B-bimodule projection of A onto B is indeed
a projection of .4 onto 5.

The bridge of these notions to rigged modules is given by the following simple
lemma.

Lemma 7 Suppose that p : A — Bis a B-bimodule projection of A onto BB and define
(b, c)g == p(c*b) forb,c € Band X := A. Then (X, (-, -)g) is a right B-rigged A — B-
bimodule with left and right actions given by the multiplications in A.

Proof Conditions (i), (ii);, (iii) and (iv) in Definitions 1 and 2 follow at once from (i)
in Definition 4 and the x-algebra axioms. For instance, we verify (ii);. If x, y € X(=
A) and b € B, then using axiom (i) in Definition 4 we have (xb, y)p = p(y*xb) =
p(y*x)b = (x, y)sb. o

Definition 5 A B-bimodule projection p of A onto B is called faithful if p(x*x) =0
for some x € A implies that x = 0.

The next lemma illustrates the importance of this notion.

Lemma 8 Suppose that p is a faithful B-bimodule projection of A onto B. Let ;, i €
1, be a family of inducible x-representations of B which separates the elements of B.
Then the family Indr;, i € I, separates the elements of A.

Proof Let ae A, a #0. Since p is faithful, p(a*a) # 0. Since the family =;,i €
I, separate the elements of 3, there exist a representation r;,,ip € [, and a
vector ¢ € D(w;,) such that m;,(p(a*a))e # 0. Then we have H Indr;, (a)[1 ® ¢] || =
|7 (p(aape] # 0. O

The following simple proposition is taken from [44]. It characterizes a B-bimodule
projection in terms of its kernel.

Proposition 3 There exists a B-bimodule projection from A onto B if and only if there
exists a x-invariant subspace T C A such that A= B ® T and

BTBCT. (10)

If this is true, the B-bimodule projection p is uniquely defined by the requirement
ker p = T and we have p(3_ A*) =Y B>+ p(>. T?).

Proof Let p be a B-bimodule projection from .4 onto B and put 7 = ker p. Fort € T
and by, b, € B we have p(btb,) = b p(t)b, =0 and p(t*) = p(t)* =0, so that 7
satisfies Eq. 10 and is x-invariant. For arbitrary a € A we have p(a) € B and a —
p@eT,sothat A=B@7T.

Conversely, if 7 is given, one easily checks that the linear map p defined by
pb)=>b, b € B,and p(t) =0, t € T, is indeed a B-bimodule projection. O

In the remaining part of this section we develop a number of examples. In the first
example we use Proposition 3 to show that there is no B-bimodule projection.

@ Springer



Unbounded Induced Representations of x-Algebras 321

Example 3 Let A be the Weyl algebra from Example 1. As it is well-known, the
Hermitian elements P = %i(a*—a) and Q = %(a*—f—a) satisfy the commutation
relation PQ — QP = —i.

We show that there is no B-bimodule projection of A onto B := C[P]. Assume to
the contrary there is such a projection p and let 7 be its kernel. Then, since A4 =
B @& T, there exists a polynomial f € C[z] such that Q + f(P) € 7. By Eq. 10 we
have PQ + Pf(P) and QP + f(P)P € 7 which implies that PQ — QP =—ie 7.
Hence 14 € 7 and so p = 0 which is a contradiction.

Using Proposition 3 one can check that the map p defined in Example 1 is the
unique B-bimodule projection from 4 onto 5 := C[N].

Example 4 Letqy, ..., q, € Abe a decomposition of unit of the unital x-algebra A,
thatis, i +---+¢, = 1 and ¢; = g7 = ¢} fori = 1,..., n. It is not difficult to show
that g;q; = O for all i # j and that the map

pra— qiaqy + -+ qnaqy

is a conditional expectation of A onto the #-subalgebra B=1{b € A:b = p(b)}. If
A is an O*-algebra, then p is faithful.

Example 5 Suppose that G is a discrete group and H is a subgroup of G. Let
A = C[G] and B = C[H] be the group algebras of G and H, respectively. Recall that
the group algebra C[G] of a discrete group G is a unital x-algebra with multiplication
given by the convolution and involution determined by the inversion of group
elements. More precisely, C[G] is a complex vector space with basis given by the
group elements of G and the product of two base element g and 4 is just the group
product gh and g* is the inverse g~'. Let p be the canonical projection of C[G] onto
C[H] defined by p(g) = gifge Hand p(g) =0if g ¢ H.

Proposition 4 p is a faithful strong conditional expectation of C[G] onto C[H].

Proof 1t is clear from its definition that p satisfies condition (i) of the Definition 4,
so p is a C[ H]-bimodule projection.

We shall prove that p(} CIGP) < ZC[H]Z. Let us fix precisely one element
k; € G in each left coset t € G/H. Take an arbitrary element a = deG 0,8 of
the group algebra C[G]. Then there exist elements a; € C[H], i € G/H, such that
a=73 4,08 =2 icgmkiai- If i, je€ G/H and i#]j, then k7'k;j¢ H and hence
p(ki_lk /) = 0. Using this fact we obtain

p(a*a) =p Z kiai Z k]a]) :p( Z a:‘k;lk]a]

ieG/H jeG/H i,jeG/H
= > plak'kia)= > ap(ki'kj)aj= > ala.
i,jeG/H i,jeG/H ieG/H

so p(a*a) € Y C[H]*. That s, p is a strong conditional expectation.
From the preceding equality it follows also that p is faithful. Indeed, if p(a*a) = 0,
then ), a’a; = 0 which implies that a; = 0 for alli € G/H and hence a = 0. o
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A large source of conditional expectations is obtained from groups of x-
automorphisms. The idea is taken from the following standard construction of
conditional expectations of C*-algebras reproduced from [35], Example 1.5.

Example 6 Suppose that A is a C*-algebra and G is a compact group such that there
is a continuous action g — o, of G as automorphism group of .A. Let dg denote the
normalized Haar measure of G. Then the map

ar / ag(a)dg, a € A,
G
is a strong conditional expectation of A onto the C*-subalgebra B of stable elements.
We now generalize this example to the case of general *-algebras.

Example 7 Suppose that G is a compact group which acts by x-automorphisms
oy, g € G, on a x-algebra A. Assume in addition that the action is locally finite-
dimensional, that is, for every a € A there exists a finite-dimensional linear subspace
V C Asuchthata € V,agz(V) C Vforall g € G, and the map g — «,(a) of Ginto V
is continuous. Then the mapping p given by

pla) = f aga)dg, a € A, (11)
G

is well-defined. One easily verifies that p is a 3-bimodule projection from .4 onto the
x-subalgebra B := {a € A : ag(a) = afor all g € G} of stable elements.

Every G-invariant finite-dimensional subspace V' C A is a unitarizable G-module.
Since G is compact, A is a direct sum of submodules A,, te G where A; denotes
the direct sum of submodules in .A isomorphic to ¢ € G. In the case when A is a C*-
algebra, the subspaces A;, t € G, are called spectral subspaces, see e. g. [17] and [9].
The mapping p is nothing but the projection of the direct sum A = &,_5.4, onto the
spectral subspace Ay corresponding to the trivial representation.

An analogue of the map p was considered in [5]. Suppose R is a real closed field,
R[V] is the coordinate ring of an affine variety V and G is a linear algebraic group
over R acting on R[V]. If G is reductive, there is a canonical projection p from R[V]
onto the subring R[V]¢ of G-invariants called Reynolds operator (see [5] for details).
In the case when G(R) semi-algebraically compact, Corollary 3.6 in [5] states that

P> RIVI)) € Y RIVP
Proposition 5 The map p defined by Eq. 11 is a conditional expectation of A onto B.

Proof 1t remains to show that p(3>~ A?) € Y~ A% Let a € A. Then there is a finite-
dimensional G-invariant subspace V of A containing a. Then V is a finite direct sum
of submodules V®, where V@ is multiple of € G. Fix ¢ € G and let VO = @,V be
a decomposition of V' into a direct sum of irreducible G-modules. We can choose
an orthonormal base a(]) in each space V([) such that the matrices corresponding to

g are unitary and equal for all i, i.e. we have

( (t)) Zu(t)(g)a@ geG,te G.
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Let us fix elements aff)“ aff}z € V C A. Using the orthogonality relations of matrix

elements u and u(” on the compact group G we compute
() ) = | (Ze () ) - (Sohiontn) s~
m
> / oy g (o) o, =
k,m
=it (1)

Since a € V, we can write a as a finite suma = ) _,
the preceding equality we obtain

pla*a) = p Z)‘(l) ( (z)) Z/\ga;{s} ZP (Z A(” ( <r>) Z’\(l)”g})

it k,l,s k

)\(t) (1)

i MPa), where ) e C. Applying

1
— A0 4O (0 (@) 2
-3 g (T0) - (Zat) e D
Jit

In general this conditional expectation p is not strong, i.e. p(3_ .A?) is not contained

in ) B2 O

4 Group Graded %-Algebras

The algebraic representation theory of group graded algebras has been extensively
studied, see e.g. the books [27] and [26]. The monograph [12] deals with *x-algebraic
bundles which can be considered as generalizations of G-graded x-algebras to the
case when G is a topological group. However, in [12] only bounded Hilbert space
representations are treated. As we shall see below, there are plenty of important
G-graded x-algebras (Weyl algebra, enveloping algebras etc.) for which most *-
representations are unbounded.

Definition 6 Let G be a (discrete) group. A G-graded x-algebra is a x-algebra A
which is a direct sum A = P, A, of vector spaces Ay, g € G, such that

Ag - Ay € Agpand (Ap)* € Ap-i for g, h e G. (12)

From the two conditions in Eq. 12 it follows that a G-grading of a *-algebra A
is completely determined if we know the corresponding components for a set of
generators of the algebra A. In what follows we shall describe most of our G-gradings
of x-algebras in this manner.

Example 8 In this example we use some basics from the theory of semi-simple Lie

algebras. All facts we need can be found in the monograph [7], 7.0 and 7.4.1. Suppose
that g is a semi-simple complex Lie algebra. We denote by § a Cartan subalgebra, by
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Q the root lattice and by Hi, ..., H, X_q,, ..., X_q,, Xo,, ..., X4, a Cartan-Weyl
basis of the Lie algebra g. If we consider the complex universal enveloping algebra
U(g) of g as a g-module and so as an h-module by the adjoint representation, we
obtain a direct sum decomposition U(g) = ZAEQU(EM- This means that U(g) is a
G-graded algebra, where G is the abelian group Q. If U(g) is equipped with an
involution such that (X,,)*=¢;X _,, and (Hy)* = Hy for all j k, where ¢; € {1, —1},
then we have (U(g),)* = U(g)—, and hence /(g) is a Q-graded *-algebra. The algebra
U(g)o is just the commutant of the Cartan algebra b in U/ (g). Its structure is described
in [7],7.4.2.

Example 9 Let F = C(zy, ..., za, w1, ..., wy) be the free polynomial algebra with
generators zi,...,Z4, Wi, ..., wq and involution determined by (z)*=w;, j=
1,...,d. Then F is a Z-graded *-algebra with Z-grading given by z; € 7.

To derive further examples we shall use the following lemma. We omit its simple
proof.

Lemma9 If F = D, ; Fg is a G-graded x-algebra and J is a two-sided *-ideal of F
generated by subsets of Fg, g € G, then the quotient x-algebra F/J is also G-graded.

The proofs of the existence of gradings for all examples occuring in this paper
follow the same pattern: We first define the corresponding grading on the free
x-algebra (Example 9). If the polynomials of the defining relations belong to single
components of this grading, Lemma 9 applies and gives the grading of the x-algebra.
We illustrate this by a number of examples in the last section.

Throughout the rest of this section G is a discrete group with unit element e, H
denotes a subgroup of G and A = @gec A, is a unital G-graded x-algebra. The
subspace A, is a x-subalgebra of .4 which will be denoted by B. Clearly, 14 € B,
sothat 14 = 13.

For a subset X © G we denote by Ay the linear subspace P, y A, of A. From
Eq. 12 we conclude that Ay is a x-subalgebra of A for the subgroup H of G.

Proposition 6 Let py be the canonical projection of A onto Ay, that is, py(a) =
Y gen Ag fora =3}, ;ag, where az € Ag. Then py is a conditional expectation of A
onto Ag.

Proof Condition (i) of Definition 4 follows at once from Eq. 12. Our proof is
complete once we have shown that py (3" A% € > A%

We choose one element k; € G, i € G/H, in each left coset of H in G. Let
a=3 cubi whereb; € Aip.1ti, j€ G/H, thenb’ib; € Aijf]k’_H, hence we have
pu(bib;) =b}b;and pH(bjb,-) = 01if i # j. Using the latter facts we obtain

pu@ay=pu| Y. > bib;|= Y bibed A (13)

ieG/H jeG/H ieG/H
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The map py from Proposition 6 is called the canonical conditional expectation of
the G-graded *-algebra A onto the x-subalgebra Aj.

Equation 13 shows that py is faithful when ) ;_ ajarx =0 for arbitrary
ap,...,a, € A implies that a; = --- = a, = 0. In particular, py is faithful when A
is an O*-algebra.

Another immediate consequence of Eq. 13 is stated as

Corollary 1 An element a € A belongs to the cone Y A*> N Ay if and only if it can

be presented as a finite sum of squares Y b¥b, where each b; belongs to some
.AgH, gH (S G/H

Example 10 Let A = (a, a*|laa* — a*a = 1) be the Weyl algebra (see Example 1).
Then A is a Z-graded *-algebra with Z-grading defined by a € A;, a* € A_; and
we have B = C[N], where N = a*a. We now use Corollary 1 to describe the cone
Y ATNB.

Suppose k € N. Let a; € Ay. Then a; is of the form a; = a* pi, where p; € C[N],
and

aia, = pia™apy = N(N = 1)...(N — k+ ) pip,.
Fora_, € A_; we have a_; = a*kp_k, where p_; € C[N], and
a‘,a_, = p*_kaka*kp,k =N+ DIN+2)...(N+k)p*ip_,.

One easily verifies that a* ,a_x belongs to Y B* + N} 82. Hence from Corollary 1
we obtain

Y ANB=) B+NY BB+ NN-1)Y B +... (14)

This result was derived in [14] by other methods. Among others it shows that
S A*N B # Y B and that the canonical conditional expectation p : A — B is not
strong.

Example 11 Let G be a discrete group and H a normal subgroup of G. Then the
group algebra C[G] becomes a G/H-graded *-algebra in canonical manner. The
canonical conditional expectation coincides with the one from the Example 5, so by
Proposition 4 it is strong. In particular, we have Y. C[G]> N C[H] = }_C[H]?.

Example 12 Let A be a unital x-algebra. Let G be a (discrete) group which acts as
x-automorphism group g — o, on A. Recall that the crossed product *-algebra A =
A x, G is defined as follows. As a linear space A is the tensor product A ® C[G] or
equivalently the vector space of A-valued functions on G with finite support. Product
and involution on A are determined by (¢ ® g)(b ® h) = acy(b) ® ghand (a ® g)* =
ag-1(a*) ® g7, respectively. If we identify b with b ® e and g with 1 ® g, then the
x-algebra A x, G can be considered as the universal x-algebra generated by the two
x-subalgebras A and C[G] with cross commutation relations gb = a,(b)gforb € A
and g € G. Set A, := A ® g for g € G. Then A becomes a G-graded =-algebra with
canonical conditional expectation p onto B = A, given by p(a® g) =8, .aQe.

Proposition 7 The canonical conditional expectation p : A x, G — B is strong.
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Proof Letx =3, ;a;®g. ag € A, be an element of the A x, G. Then

pxx*) =p (Z Z(ag Y@L | =p Z Zag(xghfn (ay) ® gh™'| =

g€G heG g€G heG

= Zagaz, Re= Z(ag ®e)a, ®e) € ZBQ.

geG geG

[}

Example 13 Let G be a compact abelian group. Then the dual group | G is a discrete
abelian group. We now establish a duality between actions of G and G-gradings on a
x-algebra A (cf. Example 7).

Suppose that an action « : G — Aut(A) is given. Assume, in addition, that the
action is locally finite-dimensional (see Example 7). For ¢ € G, Y : G — T put

Ay ={a e Alag(a) = y(g)a, forallg € G}. (15)

If Aisa @-graded x-algebra, we define an action of é = G on A as follows. For
a=73 ,cgay, ay € Ay and g € G, define a x-automorphism o, by putting

agla) ==Y Y(Ray. (16)

veG

Proposition 8 Equations 15 and 16 give a one-to-one correspondence between locally
finite-dimensional actions of G on A and G-gradmgs of A.

Proof Let a: G — Aut(A) be locally finite-dimensional action and let A, be
defined by Eq. 15. We consider A as G-module and A, as unitary G-submodule.
Take a finite-dimensional «-invariant linear subspace V of A. Since G is compact,
V is unitarizable and hence spanned by its subspaces Ay, . Since the action of G is
locally finite-dimensional, A is spanned by such subspaces V and so by Ay, ¢ € G.
It is easily checked that A = @,,.5 Ay isa G-grading of A.

Conversely, suppose A is a a-graded x-algebra. It is clear that Eq. 16 defines
an action of G on A. Each element a € A is of the form a = ¥ ay,, where ay, €
Ay, and the elements y; € G are pairwise distinct. The elements ay, span a finite-
dimensional subspace of .4 which is obviously invariant under the action (Eq. 16).
Hence the action (Eq. 16) is locally finite-dimensional. ]

Remark For the study of modules over a G-graded ring A = ®,e6Ag, it is usually
assumed that for all g, 4 € G the linear span of Ay Ay is equal to Ag,, see [26, 27].
Likewise in [12] it is supposed that this linear span is dense in A,,. We have not made
such an assumption, because it is not satisfied in most of our standard examples. For
instance, if 4 is the Weyl algebra (Example 10), then we have B = C[N], A; = a5
and A_| = a*B = Ba*. Therefore, the linear span of A_; - A; is equal to N - C[N]
which is different from B.
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5 Systems of Imprimitivity

Let A = @,ec Ag be a G-graded *-algebra. We retain the notation of the previous
section. Recall that for a subgroup H C G, the left G-space of left H-cosets is
denoted by G/ H.

Definition 7 Let 7 be a x-representation of the x-algebra .4 and let E be a mapping
from the set G/ H to the set of projections of the underlying Hilbert space H,, such
that

(i) E@)E() =0forallty,t, € G/H, t| # 1, and ZEG/H E@ =1,
(if) E(ghm(ag) Cm(agp)E( forallge G, te G/H, a, € A,.

We call the pair (7, E) a system of imprimitivity for the algebra A over G/ H.

Let (7, E) be a system of imprimitivity. Let t € G/H and set D,(xr) := RanE(f) N
D(r). The conditions in Definition 7 imply that

E0D(r) € D(r), 7(A)Di(w) € Dy(r) for g € G, and D() € SreyuDi(m),

where @ denotes the direct Hilbert sum.

A system of imprimitivity (7, E) is called non-degenerate if for all t € G/H the
subspace 7 (A,)Dy () is dense in D, () with respect to the graph topology of =.
Otherwise, we say that (w, E) is degenerate.

Lemma 10 Let H be a subgroup of G and let (x, E) be a system of imprimitivity for
the algebra A over G/ H. Then the pair (7, E) is again a system of imprimitivity for A
over G/ H. Moreover, if (n, E) is non-degenerate, then (7, E) is also non-degenerate.

Proof From condition (ii) we obtain |7 (ap) E()¢| < |7 (ag)¢| for a, € A, and ¢ €
D(x). This shows that E(¢) is a continuous mapping of D(xw) with respect to the
graph topology of 7. Hence condition (2) extends by continuity to the closure 7 of
7. Obviously, (i, E) is non-degenerate if (7, E) is. O

Systems of imprimitivity arise from induced representations in the following way
(see e.g. [12], p. 1248, for the case of finite groups). Let p be a non-zero inducible
representation of the algebra Ay on a dense domain D(p) of the Hilbert space H,
andlet 7 = Ind 4,4.4p.

Since A = P, i Ai, We get

A®a, Dp) = @ A ®a, D).

1eG/H

Recall that the representation space H, of x is the completion of the quotient space
of the tensor product A ® 4,, D(p) by the kernel K, of the sesquilinear form (-, -)o
defined by Eq. 4. Let H,o denote the subspace of vectors & € A, ®4, D(p), t €
G/H, such that (&, &)o = 0. Take n =3, 5, m € Ho, where n, € A ®a4, D(p).
Since (n;, ns)o = 0 for ¢ # s we get

O=mno= Y. Mendo= Y (m 0o

s,;teG/H teG/H
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that is, every 1, belongs to H, o. This implies that Ho = P,/ H:,0 and hence

(A®a, D(p)/Ho= P (A ®.a, D(p))/Hro.

teG/H

Note that for different left cosets € G/H the subspaces (A; @ a4, D(p))/H:o are
pairwise orthogonal. For t € G/ H, we denote by E(f) the orthogonal projection from
'H, onto the completion of the subspace (A; ® 4,, H,)/Ho-

Proposition 9 The pair (w, E) constructed above is a non-degenerate system of im-
primitivity for the algebra A over G/ H.

Proof Because of Lemma 10 it suffices to check the conditions in Definition 7 for
the restriction of 7 to its core (A ® 4, D(p))/Ho. One easily verifies condition (i).
We now show that condition (ii) is satisfied. Since the vectors [a; ® v], a; € A;, t €
G/H, v € D(p), span a core for , it is enough to check (ii) for vectors of this form.
Let us fix elements g € G, ag € A, 5.t € G/H and v € D(p). Then we have

_Jlaga, @], ifs =1
7(ag) E®)la @ vl = { 0, otherwise.
Since the same result is obtained for E(gs)m(ag)[a, ® v] = E(gs)[aga, ® v], (ii) holds.
The equality 7 (a,)[14 ® v] = [a, ® v] implies that the span of 7 (A,)Dy () is equal
to D,(r), so (w, E) is non-degenerate. O

We call the pair (7, E) from Proposition 9 the system of imprimitivity induced
by p.

Theorem 1 (First Imprimitivity Theorem) Let A = @4c Ay be a G-graded x-algebra
and H a subgroup of G. Suppose that 7 is a closed x-representation of A and (r, E) is
a non-degenerate system of imprimitivity for A over G/ H. Then there exists a unique,
up to unitary equivalence, closed x-representation p of Ay such that

(i) p is inducible,
(ii) (7, E) is unitarily equivalent to the system of imprimitivity induced by p.

Proof By condition (ii) in Definition 7, the projection E(H) commutes with the
operators mw(ap), ay € Ay. Hence the restriction of the representation Res 4,7
to the subspace RanE(H) is a well-defined x-representation of the *-algebra Ay
denoted by p. The domain D(p) is equal to Ran E(H) N D () and the representation
space ‘H, is RanE(H).

First we prove that p is inducible. We have to show that the form (., )¢ is
nonnegative. Take a vector £ =), a, ® v, € A®.a4, D(p), where v, € D(p), a, € A.
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Each a, can be presented as a finite sum a, = 3,y dr, Where a,, € A, t € G/H.
Then we have

(£,6)0 = <Za, ®v, Y a;® vs> => (o (pu (aa,)) v vs) =
r s 0

s

*
= E <)0 E as ., | Vrs Us> E § ”a vrv vs) =
s

teG/H teG/H rs

Z Z (7w (as,0)vr, 7(ar)vs) Z <Zn(an)vr,zn(au)vs> =

teG/H 1.5 teG/H r
(17)

This shows that p is inducible.

Let (7, E;) denote the system of imprimitivity on the space H,, induced by p.
We have to prove that (), E|) is unitarily equivalent to (m, E). Define a linear
mapping Fy : A® D(p) - D(x) by putting Fy(a ® v) = m(a)v, where v € D(p) C
D(n), a € A.Ttis clear that Fy maps A ® 4, D(p) into D(rr). Recall that K, denotes
the kernel of the sesquilinear form (-, -)o. Reasoning in the same manner as in Eq. 17
it follows that for any & € A ® 4, D(p) we have (&, §)o = (Fo(§), Fo(§)). Therefore,
the quotient mapping from A ® 4,, D(p)/K, to H, is a well-defined isometric linear
mapping. We extend this mapping by continuity to an isometry F : H,, — H,.

We claim that F intertwines the systems (7, E) and (y, E,). Take k € G, a; €
Ai, a, € A, t € G/H, v € D(p). Then we obtain

F(ry(ap)([a; @ v])) = Flara; ® v) = m(aga)v =

m(ar)m(a)v = m(ar) F(la; ® v])

which means that F intertwines 7 and ;.

Forv € D(p), a; € A, t € G/ H condition (ii) in Definition 7 implies that 7 (a,)v €
D,(rr). The subspace D, (), is spanned by the vectors [a; ® v], a, € A;, v € D(p),
and we have F([a; ® v]) = w(a)v € D,(w). Thus, F(D,(m;)) € D,(w) and F inter-
twines E and E;.

Since (7, E) is non-degenerate, the vectors F([a; ® v]) = w(a)v, a, € A, v €
D(p), span a dense linear subspace D,(rr;) of D,(;r) in the graph topology of n. In
particular, we have F(RanE(f)) = RanE(¢), so that F is a unitary operator. Since the
graph topology on F(D,(r;)) is the same as that of = and m; is closed by definition,
we have F(D,(m,)) = D,(r) for each t € G/ H, which implies that F(D(rm,)) = D(x).
That is, 7 and m; are unitarily equivalent.

Let p; be an inducible closed x-representation of Ay on the Hilbert space
H,, and let (m,, E;) be the system of imprimitivity for .4 over G/H induced by
p1. It follows from the previous considerations that p; := Res 4,7 | RanE»(H) is
well-defined *-representation of .Ay. One immediately verifies that the canonical
isomorphism v <> [14 ® v] of H,, and Ran E,(H) defines a unitary equivalence of p,
and p,. O
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Summarizing, we have shown that there is a one-to-one correspondence between
unitary equivalence classes of inducible representations of Ay and unitary equiv-
alence classes of non-degenerate closed systems of imprimitivity for A over G/H.
In particular, the inducing representation p is determined uniquely up to unitary
equivalence by the system of imprimitivity.

The following example shows that the non-degeneracy assumption of the system
of imprimitivity is crucial in Theorem 1.

Example 14 Let A, be the x-algebra C(a, a*|aa* — ga*a = 1), where g > —1. Put
rM=0and Ay =/14+qg+¢>+---+¢* !, keN. Let H be a Hilbert space with
orthonormal base {ex, k € No}. There is a s-representations = of A, on D(xn) =
Lin {ex; k € Ny} such that

mw(a)ex = Agex—1, w(@")ex = Agq1exs1, for k € Ny,

where e_; := 0. The representation 7 is bounded if and only if —1 < g < 0. Note that
in the case ¢ = 1 the algebra A, is just the Weyl algebra and 7 is the Fock—-Bargmann
representation.

Let E(n), n € N, be the orthogonal projection onto C-¢,_; and put E(n) := 0 for
n < 0. Then the pair (7, E) is a system of imprimitivity for A over G = Z. Since
E(0) =0, it follows immediately from the construction of the induced system of
imprimitivity that (s, E) is not induced by a x-representation of 5.

We now define another construction of systems of imprimitivity. It will also
include the system of imprimitivity in the latter example. Fix a system of imprimitivity
(m, E) for A over G/H and an element f € G. Define a mapping E/ from the
set G/fHf~" into the set of projections on the space H, by E/(k(fHf™")) :=
E(kfH), ke G.

Proposition 10 The pair (v, ET) constructed above is a well-defined system of im-
primitivity for A over G/fHf!.

Proof Take k((fHf ™), ky(fHf™") e G/fHf™', where ki, k, € G. The cosets
ki(fHf™") and ko(fHf™") are equal if and only if k, 'k, € fHf~' which is equiva-
lent to k; fH = k, f H. This implies that E/ is well-defined. It is straightforward to
verify that (;r, Ef) satisfies the two conditions in Definition 7. O

Definition 8 If (7, E), f e G, (w, E7) are as above, we say that the system (z, E/)
is conjugated to the system (r, E) by the element f € G.

Our second Imprimitivity Theorem describes systems of imprimitivity which are
not necessarily non-degenerate. We prove it now for bounded representations (cf.
also the Imprimitivity Theorem in [12], p. 1192). In Section 8 we formulate its
analogue for well-behaved systems of imprimitivity (Theorem 4).

The following definition and the subsequent lemma are used in the proof of
Theorem 2 below.
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Definition 9 Let (7, E) be a system of imprimitivity for A over G/H and let fH €
G/ H. We say that (r, E) is generated by the projection E(f H) if foreverygH € G/H
the linear subspace 7 (Agpp-1)(D pr (1)) is dense in Dgyy () with respect to the graph
topology of .

Lemma 11 A system of imprimitivity (w, E) is generated by the projection
E(fH), fHe G/H, fe G, if and only if the conjugated system of imprimitivity
(, ET) over G/fHf~" is non-degenerate.

The simple proof of Lemma 11 will be omitted. The next theorem says that for
bounded representations each system of imprimitivity over G/ H can be obtained as
a direct sum of conjugated systems by elements of G.

Theorem 2 (Second Imprimitivity Theorem) Let A= e A, a G-graded -
algebra, H a subgroup of G and (w, E) a system of imprimitivity for A over G/ H.
Suppose the x-representation w acts by bounded operators on D () = 'H,. We fix one
element k; € G, t € G/H, in each left coset from G/ H. Then for every t € G/H there
exists a bounded x-representation p; of .Ak’ it on a Hilbert space H, such that:

(i) p is inducible,

(ii) (m, E) is the direct sum of systems of imprimitivity (n,, E;), t € G/H, where
(rt;, Ey) is conjugated by the element k, to the system of imprimitivity induced
by p;, t € G/H.

Proof Let (i1, E)) be an subsystem of imprimitivity of (z, E) over G/ H, thatis,r; €
7 is a subrepresentation of 7= on a Hilbert subspace H; € H, and forallgH € G/H
we have RanFE (gH) € RanE(gH). Since 7 is a bounded x-representation, there
is a s-representation m, on H, := H, © H; such that = = 7| & m,. Put E,(gH) :=
E(gH)e RanE,(gH) for gH € G/H. Then (i, E;) is again a system of imprimitiv-
ity for A over G/ H. Indeed, condition (i) in Definition 7 is obvious and condition (ii)
follows immediately by subtracting the equation m(ag) E\(fH) = Ei(gf H)m (ag)
from m(an) E(fH) = E(gf H)m(ag), where g € G,a, € Ay, fH € G/H. That is, we
have shown that every subsystem of imprimitivity has a complement.

Now we fix fH € G/H. Let E,(gH) denote the orthogonal projection onto the
closure of Ranm (Agp 1) E(fH) and set H; := @ecynRanE; (¢). It is easily checked
that the family of projections E;(¢), t € G/ H, satisfies condition (i) of Definition 7.
Letg e G,ay € Agand kH € G/H. Then we have

m(ag)RanE, (kH) = (ag)Ranm (Agyp-n) E(fH) € Ranm (Agey 1) E(fH) = E, (gkH),

which shows that the subspace H; is invariant under all operators 7 (a), a € A. If
we denote by m; the restriction of 7 to H;, then condition (ii) in Definition 7 holds
for the pair (771, E). Therefore, (7;, E) is an subsystem of imprimitivity for 4 over
G/H. The system (r;, E)) is generated by E,(fH) = E(fH).

Combining the considerations of the preceding paragraphs with Zorn’s lemma we
conclude that there exist systems of imprimitivity (7, E;), t € G/ H, for Aover G/H
such that every (r;, E;) is generated by the projection E;(k;H), t € G/H, and (z, E)
is equal to the orthogonal direct sum of (r;, E;),t € G/ H.
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Lemma 11 together with Theorem 1 imply that each conjugated system
(74, Ef’), t € G/H, is induced by some representation p, of the x-algebra .Alek;n.
By the construction of p, (see the proof of the Theorem 1), p, it is a bounded *-
representation. O

Remark We do not know a generalization of Theorem 2 for general unbounded
representations. The main difficulty lies in the fact that for a closed subrepresentation
mr; of a closed *x-representation 7 in general there is no representation s, such that
T =11 P .

6 A Partial Group Action Defined by the Grading

Throughout this section we assume that A= (P,.; A, is a G-graded unital *-
algebra and that the x-subalgebra B := A, is commutative. The canonical conditional
expectation of A onto B is denoted by p.

Let B be the set of all characters of B, that is, B is_the set of nontrivial *-
homomorphisms x : B — C. The set of characters from B which are nonnegative
on the cone Y A% N B is denoted by B*.

In addition we assume in this section that all characters y € B* satisfy the
following condition:

x(cdyx(d*c) = x(c*c)x(d*d) forall x € B, g G, andc,d € A,.  (18)
Note that for ¢, d € A; we have c*d, d*c, c*c, d*d € Ay - Ay € A, = B. Hence
all expressions in the Eq. 18 are well-defined. A condition similar to (18) was used
in [4].
Proposition 11 Ler A denote the crossed product algebra A x, G from Example 12.

Assume that A is commutative, so that B = A ® e is commutative. Then condition (18)
is satisfied.

Proposition 11 follows at once from the more general

Proposition 12 Assume that for every g € G there exists an element ag € Aq such that
Ay = a,B or Ay = Bag. Then condition (18) is satisfied.

Proof Fix a g € G. Assume that there exists an element a, € A, such that A, = a,83.
Take x € BT and c, d € A,. Then there exist ¢, d; € B such that ¢ = agcy and d =
agd,. We now compute

x( Do) = x (D (aza,) x@dx i (aza,) x(e) = x(cx(d'd),

In the same way one proves Eq. 18 in the case when A, = Bag, a, € A,. a
The main content of this section is the following partial action of G on the set B*.
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Definition 10 Let x € B* and g € G. We say that x¢ is defined if there exists an
element a, € A, such that x (aza,) # 0. In this case we set

x |atba
x8(b) = (g g) forb € B. (19)

x (a,)

For g € G we denote by D, the set of all characters x € B* such that x 8 is defined.

Remarks

1. One could also define x# as it was done in [12]. As noted in [12], the space
Ag, g € G, has a natural structure of a B-rigged B—B-bimodule, where B acts
by the multiplication and the B-valued product is

[1: Ay x Ay — B, [c,d] :==d’c, ¢,d € A,.

Then x$ is defined as the representation of 3 induced from yx via A,. Condition
(18) ensures that x 8 is again a character.

2. Crossed-products defined by partial group actions on C*-algebras appeared in
[10]. Our G-graded *-algebra A can be considered as another generalization of
crossed-product algebras. We shall not elaborate the details here.

Proposition 13 The map x — x8 is a well-defined partial action of G on the set B*,
that is:

(1) x3(b) in Eq. 19 does not depend on the choice of ay and we have x8 € B+,
(ii) if x% and (x®)" are defined, then x"$ is defined and equal to (x*)",
(iii) if x8 is defined, then (x8)¢ ' is defined and equal to ¥,
(iv) x¢is defined and equal to .

Proof
(i) Letye B+, g € G, and ¢, d € A, such that x(d*d) # 0 and x(c*c) # 0. Since

B is commutative, we have bcd* = cd*b for b € B. Therefore we obtain
x(cbe)x(d*d) = x(c*bed*d) = yx(c*ed*bd) = x(c*c)x(d*bd),
so that
x(c*be)  x(d*bd)
x(cte) — x(@d)
We show that x$ is again a character belonging to B*.Letb,, b, € B. Since B

is commutative, we have a,a;b | = b,a,a;. Hence we get

x8(b1by) = * (a;blbzag) _ <a;aga;§b1b2ag> _ £ <a;b1“g”;bzag)

x(aar)  x(aag) x (aa)  x (a3a,) x (aga,)
= x8(b)x8(b2).

Next we prove the positivity of x$. For take b € Y A2. Since x(3_ A% > 0 and
asbag € 3 A* we have x8(b) > 0.
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(ii)) Lety e B+ and g, h € G such that (x%)" is defined. Then there exists a, € A,
such that )((a;iag) # 0. Since (x8)" is defined, there exists a;, € Aj, such that

x (agaganag)

x8(apan) =
h X @)

that is, x ((anag)*anag) # 0. Since apa, € Apg, %8 is well-defined. Tt is straight-
forward to check that (x8)" = x’s.

(iii) Assume that x¢ is defined. Then there exists a, € A, such that x (aza,) # 0.
We have a; € A1 and

X (az,aga;ag)

x8(agay) =
& X (a;ag)

= x(agag) # 0.

Hence (x8)¢' is defined. One easily verifies that x®%" = x.
(iv) is trivial. ]

Remark 1t follows from Proposition 13 that for each g € G the mapping x — x#
defines a bijection oy : Dy — D,-1 such that:

(i) D.=B* and a, is the identity mapping of B+,
(ll) Otg(Dg NDy) = 'ng N 'Dhgq s
(111) ag(ah(x)) = agh(x), for x € Dg N Dgh-

In what follows, we shall use both notations «,(x) and x# for the partial action of
geGony e B* and we freely use the properties (i)—(iii).

It should be emphasized that up to now condition (18) has not been used for the
partial action. For the next proposition assumption (18) is needed.

Proposition 14 Let ag,co € Ay, g€ G, and x € B* be such that x(agey) # 0. Then
we have x € Dy and

b
by = LB o e B, (20)
x(age,)

Proof Since X(az,cg) # 0, we have X(cZag) = x(ajc,) #0, so that Eq. 18 implies
x(aza,) # 0, ie. x € D,. Now Eq. 20 follows from the equality
X (a:,b az)x (a:,cg) =y (az,aga;b C) =X (az,ag)x (a:,b Cy)-
]
Examples developed below show that in general x¢ is not always defined, so that
in general y +— x$ is not a group action.

We introduce some more notation which will be kept till the end of the paper. For
afixed x € BT let

G, = {g € G|x® is defined} .
We denote by Orb, C B* the orbit of the X, that is,
Orb, = {x%|x? is defined} .

@ Springer



Unbounded Induced Representations of x-Algebras 335

Further, let Sty € G, denote the stabilizer of the element yx, that is,
Stx = {g € G|x? is defined and equal to x } .

A number of elementary properties of the partial action of G are collected in the
following

Proposition 15 Let x € B*. Then we have:

(i) Sty is a subgroup of G,
(ii) The union of sets Gy, ¥ € Orby equipped with the multiplication derived from
G is a groupoid with identity element,
(iii) if ¢ € B*, then ¢ € Orby if and only if Orb,, = Orb,,
(iv) if ¢ € Orb,, then Sty and Sty are conjugate subgroups of G.

Now we illustrate these concepts by a few examples.

Example 15 Let A be a commutative *-algebra and A= A x, G be the crossed-
product algebra from Example 12. It was shown therein that ) A*> N B = )" B*. This
implies that B* = B = A and the partial action defined by Eq. 19 coincides with the
usual group action of G on A induced by the action of G on A.

Example 16 Let A be the Weyl algebra. We retain the notation from Examples 1
and 10. It follows from Eq. 14 that a character x € B is non-negative on the cone
> A?N Bif and only if x(N) € Ny. For k € Ny, let x;x denote the character of B*
defined by xx(N) = k.

Suppose that n € Ny. Clearly, any element of the .4, has the form a" p(N), where
p € C[N], and yx,((@" p(N))*a" p(N)) # 0 implies x, (a*"a") # 0. So we obtain that

X (@ Na"y  yu(N(N=1)...(N —n+ 1)(N — n))
n N = =
(@ () (N) X (@ an) W(N(N—1)...(N—n+1)

is defined if and only if £ > n and (o, (xx))(N) = xk—n(N).
Analogously we conclude that

X (@' Na*™) (N +1D)(N+2)...(N+n)?)
_n N) = =
@D == Gem = 3 (N+ DN +2) ... (N 1)

is defined for all n € N and («—, (k) (N) = x4, (N), i.e. @ (Xk) = Xtn-
The partial action is transitive, so B consists of a single orbit. The stabilizer Sty
of each character y is trivial, the set G,, is equal to {n € Z|n < k}.

The next proposition gives explicit formulas for representations induced from
characters. Recall that a character x € B* is a one-dimensional *-representation of
B on the space C and the representation space H, of # = Indy is spanned by the
vectors [a ® 1], a € A (see Section 2).
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Proposition 16 Let x € B* and = = Indy. Fix elements a; € A,. g € G, such that
X(aZag) #0, g € G,. Then we have:

(i) The vectors
[a; ® 1]

eg = —,
X (aga,)

form an orthonormal base of the representation space H, of Indy.
(ii) Forby € Ay and h € G we have

ge Gy,

x(apeb a,)

VX (@pa,)x (aza,)

and 7t (by)e; = 0 otherwise. In particular, if b € B, then we have

JT(b h)eg =

eng, if hg € G,

X (aZb ag)

m(b)eg = X @)

e, = x8(b)eg.

Proof First suppose that b, € A, and g ¢ G,. Then H [b,® 1]”2 = x(bgb,) =0, s0
H, is spanned by the vectors [b, ® 1], where b, € A, and g € G, .

For b, € Ay and g € G the equality (18) applied to a, and b is equivalent to the
equation
2

lag® 11, 1bg ® 1) = ||lag ® 11 (b, ® 11]

that is, we have equality in the Cauchy-Schwarz inequality. This implies that
[a, ® 1] = A[b; ® 1] for some complex number A. Hence it follows that the ele-
ments [a, ® 1], g € G, span the space H. Since ([a; ® 1], [ay @ 1]) = x(p(ajay)) =
x(0) = 0 for g # h, the elements [a, ® 1] are pairwise orthogonal. The square of the
norm of [a; ® 1] is equal to ([a; ® 1], [a, ® 1]) = x(az,ag). Thus we have shown that
the elements e,, g € G,, form an orthonormal base of H,.

Now letb, € Ay, h € H If hg € G, we have

2o, = Lre @1 _ Mang ® 1] M/meh
[ \/X(a:'éag) \/X(azag) \/X(Tzﬂg) g

where A is equal to

([bnag ® 11, lapg ® 11) _ x (@ bay)
([ang ® Nlang ® 1) X @)

This yields the second statement of the theorem. O

In Section 8 we will derive a simple criterion of the irreducibility of the induced
representation by showing that Indy, x € BT, is irreducible if and only if the
stabilizer group Sty is trivial.
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7 Well-Behaved Representations

There is an essential difference between unbounded and bounded representation
theory of x-algebras in Hilbert space. The problem of classifying all or even all
self-adjoint unbounded *-representations is not well-posed for arbitrary x-algebras.
Let us explain this for the x-algebra C[x,, x;] of polynomials in two variables. In
[41] it was proved that for any properly infinite von Neumann algebra N on a
separable Hilbert space there exists a self-adjoint x-representation 7 of C[xy, x;]
such that the operators 7 (x;) and 7 (x;,) are self-adjoint and their spectral projections
generate N. This result has been used in [38] to show the representation theory
of C[x;, x,] is wild. Such a pathological behavior can be overcome if we restrict to
integrable representations. For the x-algebra C[x, x,] a self-adjoint representation
7 is integrable if and only the operators 7 (x;) and 7 (x;) are self-adjoint and their
spectral projections commute. However, for arbitrary x-algebras no method is known
to single out such a class of well-behaved representations. To define and classify
well-behaved representations of general x-algebras is a fundamental problem in
unbounded representation theory. One possible proposal was given in [40]. In this
section we develop a concept of well-behaved representations for G-graded -
algebras A with commutative x-subalgebras .A.. We begin with some simple technical
facts.

Lemma 12 Let v be a x-representation of a G-graded x-algebra A and B = A,. Then
the graph topologies of m and of Respm coincide. In particular, 7 is closed if and only
if Respm is closed.

Proof Since B is a #-subalgebra of A, the graph topology of Respm is obviously
weaker than that of 7. For a, € A, and ¢ € D(r), we have

|7 @e| = (x(azape. )2 < |x@ae| + ol

Since agza, € B, the graph topology of r is weaker than the graph topology of Resg.
Hence both topologies coincide. Since closedness of a x-representation is equivalent
to the completeness in the graph topology (see [39], 8.1), it follows that r is closed if
and only if Resgr is closed. O

Throughout the rest of this section we assume that A = @,cc A, is a G-graded
x-algebra such that A, = B is commutative and condition (18) is satisfied.

We begin with some preliminaries. An element b € B can be viewed as a function
f» on the set B*, that is, fo(x) = x(b) for b € B and x € B*. Let t denote the
weakest topology on the set B for which all functions f;,, b € B, are continuous.
This topology is generated by the sets fb ((c,d)), —o0o <c<d < o0. Clearly, the
topology t on B* is Hausdorff. We assume in addition that the topology 7 on B* is
locally compact.

The topology T on B* defines a Borel structure which is generated by all open sets.
Since the domain D of the mapping «y is the union of open sets fagag ((0, +00)), ag €
Ag, the set D, is open and hence Borel.
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Lemma 13 Let t,, g€ G, be the weakest topology on Dy for which all functions
Jaza,» ag € Ayg, are continuous. Then 1, is induced from the topology t on B*.

Proof Let x € Dy. Since the topology T on Btis locally compact, there is a compact
neighborhood 2 of . Since D, is open, ; = Q N D, is again a neighborhood of .
The elements of B separate the points of B*. The set {b%b =b*, b € B} generates
B, so it also separates the points of E+, It follows that the set [a;ag, ag € Ag]
separates the elements of D,. Since  is compact, Q; is also compact. Since the
functions fa;‘,ag are continuous on €2 and vanish on the set Q;\Q;, they belong to
the C*-algebra Cy(2;) of continuous functions vanishing at infinity. By the Stone-
Weierstral3 theorem, the functions fa;ag, where a, € A, generate a x-algebra which is
dense in Cy(£2;). Hence the induced topology of 7, on 2, coincides with the induced
topology of 7. Since x € D, is arbitrary, 7, is induced from the topology T on B*. o

For A C Bt and g € G, we define A8 by
A8 ={x8|x € Dy N A}.

By definition, #8 is ¢. In particular, if A N D, = ), then Aé = (. We also write ag(A)
for AS.

Lemma 14

(i) Forany g € G, the mapping o, is a homeomorphism of Dg onto Dg-1.
(ii)) If A € D, is open (resp. Borel), then A8 is open (resp. Borel).

Proof

(i) By Proposition 13, «, is a bijection. The equality Jaza, (0 = faa:(X®), ag € A,
implies that for every open subset X of R the set (fl;}lé (X))8 = fa_g,ll; (X) is
open. Therefore, by Lemma 13, a,1 is continuous. Replacing g by g~ we
conclude that «g is continuous. Since g and a1 are inverse to each other, o is
a homeomorphism.

(ii) Asnoted above, D, is open. Therefore, if A is open (resp. Borel), then A N D, is
open (resp. Borel). Since o, is a homeomorphism, A8 = (A N D,)* is also open
(resp. Borel). ]

After these preliminaries we are ready to give the main definition of this section.

Definition 11 A x-representation 7 of A is well-behaved if the following two condi-
tions are satisfied:

(i) The restriction Resp of 7 to B is integrable and there exists a spectral measure
E, on the locally compact space B [t] such that

n(b) = /A fo QOAEx(x) for b € B. (21)
Bt
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(it) Foralla, € A,, g € G, and all Borel subsets A C g’“, we have

Er (A%)m(ag) © mw(ag) Ex (D).

If (i) is fulfilled, we shall say that the spectral measure E, is associated with 7.

We give some equivalent forms of the conditions in Definition 11. From Theorem
7 in the Appendix it follows that condition (i) is already fulfilled if Resgm is
integrable and B is countably generated. The next proposition contains a number
of reformulations of condition (ii).

Proposition 17 Let v be a *-representation of A satisfying condition (i) of Definition
11. Let F5 denote the set of Borel functions f on B* such that the operator [ fdE,
maps the domain D(r) into itself. For ag € Ag, g € G, let UyC, be the polar decom-
position of w(ag). Then the following statements are equivalent:

(i) Condition (ii) of Definition 11 is fulfilled. R

(ii) For all age A,, g€ G, and all Borel sets A C Bt we have U,E(A) =

E. (AU,

(iii) For any E-measurable function f on B* and ag € Ag, g € G, we have

U [ FoodE-o € [ Fa 0odEn o U
(iv) Forany f e Fr, a, € Ay, g € G, and ¢ € D(r), we have

ﬂ(ag)/ f(x)dEn(x)<p=/D flog 1 GO)AEL (x)m(ag)e.

g1

Proof

(i)= (i) Fix AC B*. Since Resgr is integrable, m(aja,) is self-adjoint. But
m(ag)*m(ag) is a self-adjoint extension of m(aja,), so that Cg,:

mw(ag)*n(ay) = m(agag). Since m(azag) commutes with the projec-
tions E,(), C; and hence C, commutes with E,(-). Thus we get
Uy E(A8)C, € UgCoE(A) = m(ag) E(A). From Definition 11, (i) it fol-
lows that the kernel of Cz, = n(az,ag) is equal to RankFE;( fag’},g 0)).
By the properties of the polar decomposition, this kernel equals to
kerUg =ker Cy. If v € ker Cq, then E(A$)Ugv =0 and, since Py :=
Eﬂ(fa_;zllg (0)) commutes with E, (), we get U, E(A)v = UgE(A) Pyv =
UgPyE(A)v = 0. Thus the bounded operators Ug E(A) and E(A$)U,
coincide on the dense set RanCg+ ker C,, so they coincide everywhere.

(ii) = (iii) From (ii) we get (iii) for characteristic functions, then for simple func-
tions and by a limit procedure for arbitrary measurable functions f € F.

(iii) = (iv) This follows from the relation 7 (ag)¢ = U,C,¢ combined with the fact
that C, and the first integral commute on vectors ¢ € D(x).

(iv) = (i) Since 7 is integrable, 7 is closed and so is Resgz by Lemma 12. There-
fore, D(r) = NpeD((D)). By Eq. 21 the latter implies that E(A) leaves
the domain D(rr) invariant. Hence the characteristic function of A belongs
to F, and (i) follows from (iv) applied to this characteristic function. O
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Many notions on unbounded operators are derived from appropriate reformu-
lations of the corresponding notions on bounded operators. The next proposition
says that bounded x-representations satisfy the two conditions in Definition 11.
This observation was in fact the starting point for our definition of well-behaved
representations.

Proposition 18 If 7 is a bounded x-representation of the x-algebra A such that D(xw) =
Hy, then  is well-behaved.

Proof Since the representation 7 is bounded, the closure of 7 (B) in the operator
norm is a commutative C*-algebra. Hence condition (i) follows from Theorem 12.22
in [36].

Fix g€ G, ag, by € A,. From assumption (18) we obtain that fuqp:b,(X) =
fa;bgb:,ag(x) on B+, Therefore, by condition (i) we have m(aza,byb,) = w(azb bia,)
which can be rewritten in the form

n(a;)n(agbeg) = ﬂ(u;‘,)n(bgb;‘,ag). (22)

Since 7 (b gbz) commutes with n(azag), it also commutes with the projection onto the
range of m(ay). This implies that n(bgbz)(Ran(n(ag))) is contained in Ran(n(ag)),
so the range of the operator 7 (b gbz,ag) is contained in Ran(n(ag)). The range
of the operator n(agb;ib g) is evidently contained in Rann(ag). From the relation

Ran(ﬂ(ag)) = ker(n(a;‘,))l- it follows that n(aZ,) restricted to Ran(n(ag)) is injective.
Therefore, from Eq. 22 we get n(agb;bg) = n(bgbz,ag) and so
n(ag)n(b:;bg) = n(bgbz‘,)n(ag)

for all b, € A,. Now we use a standard approximation procedure. The preceding
relation yields

ﬂ(ag)Pn(ﬂ(bzbg)) = Pn(ﬂ(bgbz))ﬂ(ag)
for all polynomials p, € C[¢] which implies that
7(ag) Expsp ) (X) = Exp bz (X)7(ay),

where E; () denotes the spectral measure of the self-adjoint operator 7 (-) and X is
a Borel subset of R. The spectral measure E, on the space BT associated with 7 is
releated to the spectral measure of the operator n(b}b,), b, € Ay, h € G, by the
equation

Expip,)(X) = Ex(fy), (X)),

where fpsp, is the function on B* defined by the element b;b, € B. From the
equality

an( fop, (X)) = f i (X)
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we obtain
7(a,) Ex(A) = Ex (A®)7(ay), (23)

where g € G,a, € Ag, A = fc_clé (X), and X is a Borel subset R. Since Eq. 23 is valid
for such sets A, it holds for all sets from the o-algebra generated by the sets A as
well. From Lemma 13 we conclude that Eq. 23 holds for all Borel sets A € D,.

In particular, Eq. 23 is true for A = D,, so also for A = g+\Dg. Therefore we
have m(a,) E, (§+\Dg) = 0 which implies that 7 (a,) E; (Ag) = 0 for all Borel subsets
Ay C g+\Dg. Since E(ag(Ag)) = Ex(9) =0, Eq. 23 is valid for all Borel sets A of
g*\Dg. Hence condition (ii) of Definition 11 is satisfied. ]

In the rest of this section we derive some basic properties of well-behaved
representations.

Proposition 19 Let 7 be a well-behaved representation of A. Then any self-adjoint
subrepresentation o C 7 is well-behaved.

Proof Since 7 is well-behaved, it is self-adjoint. By Corollary 8.3.13 in [39], there
exists a representation 7; of A such that 7 = 7y @ 7;. Since Respn is integrable,
Respmy is integrable by Proposition 9.1.17 (i) in [39]. Let P € n(A)’ denote the
projection on the representation space H,, of mo. Then PE,(-) | Hy, is a spectral
measure E (-) associated with 7. Let a; € A,, g € G, and let A be a Borel subset
in B* such that A is defined. Suppose that ¢ € D(mp). Using Definition 11, (ii) for =
we obtain

E L (A®)mo(ag)g = PEL(A®)m(ag)g = Pr(ag) Ex (A)g = mo(ag) Ex,(A)g,

thatis, En, (A$)mo(ag) S mo(ag) Ex,(A), so condition (ii) of Definition 11 holds for .
Hence ny is well-behaved. O

Lemma 15 As above, H denotes a subgroup of G. Let p be a well-behaved inducible
representation of Ay, E, a spectral measure on Bt associated with p and r the induced
representation Ind 4,1 4p. Suppose that b € B and g € G. Then the domain of the
operator ng T (ag(X))AE,(x) contains D(p) and for arbitrary a, € Ay and v € D(p)
we have

n(b)lag ® vl = [bay ® v] = [ag ® (/D fo (ag(x))dEp(x)> v} : (24)

Proof Let [c, ® w] € Hy, where ¢, € A, w € D(p). Then we have
(r(D)lag ® vl, [cg @ wl) = ([bag ® v], [cg ® w]) = (p(czbay)v, w)

/ fc wba, (X)d E (X)U w)

@ Springer



342 Y. Savchuk, K. Schmiidgen

From Proposition 14 we obtain the equalities fcz;,ag ) = fp(ag(x)) fcgag(x) for x €
D, and fc;bag(X) =0for x € g+\Dg, so the preceding is equal to

ffbmg(x))ﬁa(x)dE(x)vw <</ fy @O fora, COAE, (x)) >

Since v belongs to the domains of ng f» (ag(x))fczag(x)dEp (x) and
ng fea, (OAE,(x), the multiplicativity property of the spectral integral (see
e.g. [36], 13.24) implies that v belongs to the domain of ng fo (g (X)AE,(x) and we
can proceed

(mr(b)ag @ v, [c, @ w]) = <</ Jeza, COAE, (X)) (/D fb(ag(x))dEp(x)> v,w>
- <p<c;ag> ( /D h (ag(x))dEp<x>> v, w>

= <|:ag ® </; fb (ag(X))dEp(X)> Uj| y [Cg ® w]>

Since the linear span of vectors [c¢, ® w], where ¢, € A, and w € D(p), is dense in
the closed subspace to which [ba, ® v] and [a, ® ([ f» (ag(x))dE (x)) v] belong, the
assertion follows. O

Proposition 20 Assume that B is countably generated. If p is a well-behaved in-
ducible cyclic representation of the x-algebra Ay, then the induced representation
7 = Ind 4,1 4(p) is a well-behaved representation of the x-algebra A.

Proof Let E, be a spectral measure on B* associated with o. It follows from the
Theorem 7, (11) that £, is supported on B*. We first show that Resg is defined by a
spectral measure, i.e. condltlon (i) in Definition 11 holds for some spectral measure
E, on B*. R

Leta, € A;, g€ G, w € D(p), and let A be a Borel subset of 57. We define a
linear operator E (A) on the tensor product A ® D(p) by putting £, (A)(a, @ w) :=
ag ® Ep(Agfl)w. Note that the vector Ep(Agfl)w belongs to D(p). Let h € H and
ay, € Ap. Using Proposition 17 (i) we get that

E.(A)(agan ® w — ag ® p(ap)w) =aga,  E, (Ahilgfl) w—a,®E, (Agfl) plapw =

=aga, ® E, (Ahilgfl) w—a,® plan)E, (Ahilgfl) w,
belongs to the kernel of the quotient mapping A ® D(p) = A ®.4, D(p), so E,(A)
defines a linear operator on A ® 4,, D(p) which we denote again by E, (A).

Let v € D(p) be a cyclic vector for p. Take a @ v € A ® 4, D(p). We write a as a
finite sum Zi’ « Qik aik € Ag,, where gy, € G are pairwise distinct and g;{lg jm € Hif
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and only if k = m. Then we have (g ® v, a, ® v)o = 0 for k # m and remembering
that p is well-behaved we get

(Ex(A)(@®v), Ex(A)(a®v))o = <Z ax ® E, (Agi;l) v, Zaik ®E, (Ag;) v>
0

ik ik

_ Z<Z 0 £, (3) . D £, (3 >
- 5% o) £ (5. £, (4.

- X (e () o s . £, ()

- ; Z}(;) (arau) v, £, (a5 0)

=(@Qv, Ex(A)@®v)) (25)

0

Assume that a® v € IC), that is, (@ ® v, a ® v)o = 0. The preceding calculation im-
plies that £, (A)(a ® v) € KC,), so E;(A) is a well-defined linear operator on the linear
span of vectors [a ® v] € D(r) defined by

Ex(A)ag ® v] = [ag ® E,(AS ], (26)

Since v is cyclic, the set of vectors [a ® v] is dense in H, by Lemma 5. It follows
from Eq. 25 that E; (A) is bounded and can be extended by continuity to H,. From
now on we consider E,(A) on the subspace H;.

It can be easily seen that E,(A)?> = E,(A). We prove that E,(A) is self-adjoint.
For this it suffices to show that

(Ex(A)lag, ® v], [ag, ® v]) = ([ag, @ v], Ex(A)lag, @ v]) (27)

for a, € Ay, ag € Ag,, 81,8 € G. First we consider the case when g, H # g, H.
Then we get

(Ex(D)lag ® ). [ag, ® v]) = (lag, ® E,(A% o], [ag, ® v]) =
= (p(pulat,a,) E,(A% v, v) =0,

since pH(azzagl) = 0. Analogously, ([a,, ® v], E;(A)[ag, ® v]) =0, so that Eq. 27
holds in this case. Now suppose that g H = g, H. Then we have

(Ex(A)ag, ® v, [ag, Q@ v]) = ([ag, ® E, (A% o], [ag, ® v]) = (p(a;agl)Ep(Ag‘_l)v, v).

Since p is well-behaved and ag, a, € Ag; ¢,» the preceding equals to

= (E,(A% ) p(al,a, v, v) = (plal,a, v, E,(A% )v) = ([ag, ® v]. Ex(A)lag, ® v]).

Thus, E, (A) is self-adjoint.
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Take a, € A,, a Borel set A C B+ and ai € Ay. Then we get

7(ag) Ex (A) [a; ® v] = 7(ag) [ak ®E, (Ak") v] - [agak ® E, (Ak") v]
- [agak ®E, ((Aé’)(gk)”) v] = Ex(A%) [a,, @ v]
= E; (A%) m(ag) [ar @ v]. (28)
Next we prove that E;(A)D(w) € D(r). Take dy € A,, g € G. Using Eq. 28 we
obtain
I Ex(M)la @ v, = |7(dg) Ex(A)a® v]|’
= (m(dg) Ex (A)la @ v], m(dg) Ex (A)[a ® v]) =
= (Ex (A%)m(dy)la ® v], Ex(A®)7(dg)la ® v])
= (n(dg)la @ v], Ex (A®*)m(dg)la ® v]) =
= ((dg), m(dg) Ex (M)[a @ v]) < [la® vllly, - 1 Ex(A)a @ vy, .
and hence | E, (A)[a ® v]||dg < |lla® v]||dg . By Lemma 5, the set of vectors [a ® v] is
a core for 7 . Therefore, the preceding shows that E,(A) is continuous in the graph

topology of 7. This in turn implies that £, (A)D () € D(r).
Now we prove that E, (-) defines a spectral measure on 5. For a, € A, we have

(Ex (B\+) [a; ® v]. [a; @ v]) = ([ag ® E,(Do)v]. [a; @ v]) =
= <p (az,ag) E, (Dg) v, v> = <p (a;‘,ag) v, v>
= ([a; ® v], [a; ®v])

which shows that E, ([3\*) = I. The countable additivity E,(-) follows at once from
the countable additivity of E,(-).

Next we show that Respr is an integrable representation associated with spectral
measure E,. It suffices to prove that

{blag, ® vl, lag, ® v]) =/fb(x)d<En(x)[agl ® vl, [ag, ® v]). (29)

for all [ag, ® v], [ag, ® v] € H,. In the case g H # g, H one easily checks that the
both sides of Eq. 29 are equal to zero. In the case gy H = go H we use Eq. 24 and
compute

(m(b)lag, ® v], lag, @ v]) = <|:ag1 ®f fo (g, (X)) dE, () ® v} [ag ® v]>

81

= <p (az,zagl)/n v (otgl(x))dEp(X)v,v>.

81

@ Springer



Unbounded Induced Representations of x-Algebras 345

Applying Proposition 17 (iv) we continue

= < fD fi (g, GOVIE, (O (@ ag v, v>
= /D Fo (g, COVACE, (X) ol )0, )

= / Fo (@ OOV p(@lya, ) E (a1, (). v)

82

_ /D OO0 p(@a) Byl 00 )
=/D,] fo COd(lay, ® E, (g1 (x))v], [ag, ® v])
- fD BOOA(E:(0lag © ).l @ )
:/D_. foCOd(lay, ® vl lag, ® E, (g1 (x))v])

= /B+ Jo COA{Ez (X)la, ® vl [ag, ® v]).

It follows from Eq. 28 that the equality in the Definition 11, (ii) holds on the span
of vectors [a ® v] € D(rr) which is a core of 7 by Lemma 5. Since m(ay) and E;(A)
are continuous in the graph topology of 7, condition (ii) in Definition 11 holds for 7.
This completes the proof. u|

In what follows, we want to induce from arbitrary well-behaved representations
of subalgebras Ay For this reason we shall need the decomposition of well-behaved
representations into direct sums of cyclic well-behaved representations. This aim will
be achieved by Proposition 22 below. First we develop some more preliminaries.

Lemma 16 Suppose that 7w is a well-behaved representation of A. Let a, € A, and let
UC be the polar decomposition of w(ag). Then U belongs to w(A)".

Proof Let T € w(A). Asnoted already in the proof of Proposition 17, we have C* =
m(aga,). Since T commutes with 7 (aza,), it commutes with C? and therefore with C.

Take ¢ € D(C). Then we obtain TU(Cy) = Tr(as)p = n(ag)Te = UCTp =
UT(Cp). Now let y € kerC =kerU =kerm(a,). Then we have n(ap)Ty =
T@lﬁ =0, i.e. TkerU CkerU, so that UTy = 0= TU. Therefore, T and U
commute on the linear dense subspace ker C + RanC. Since T and U are bounded,
they commute on H,;. This shows that U € 7 (A)". O
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Lemma 17 If 7w is a well-behaved representation of A, then we have:

() m@p =map) foras € Ap

(i) 7(agar) = m(ay) - w(ax) for ag € Ag and ay € Ay.

Proof

(i) TItis clear that n(aga;) - n(az)*n(ag). Since 7 is well-behaved, Respr is inte-
grable, so 7(a,ay) is essentially self-adjoint ([39], 9.1.2). Hence it follows that

n(agaz,) = n(a;ﬁ)*n(a;i) = |7r(a§)|2. By the same reasoning we obtain n(agaz,) =
m(ag)m(ag)* = |n(ag)*|2‘ Combining these relations with the fact that D(T) =
D(|T)) for a closed operator T we get

D(x(a})) = D(|n(a})]) = D(((aza)'?) = D(|m(ag)*]) = D (ag)*).

Since m(ay) < m(ag)*, the preceding implies that n(ag) = m(ag)*.

(i) Clearly, n(agaza.a;) < (n(ag) 'n(ak))*n(ag) -7 (ak). Since ayaza,a; € B, the
operator w(azaza,a,) is self-adjoint, so we have the equality n(azaza,a;) =

(@) 7@)) 7ap w@)  which  yields  D((rlaiaa ) =

D(n(ag) - mw(ax)). As shown in the proof of (i) we also have that
D(n(agar)) = D((w(agaiazay))'/?. Combining these two equalities with

the obvious inclusion 7 (azay) € m(a,) - m(ay), the assertion follows. O

Lemma 18 Let m be a well-behaved x-representation of A. We denote by U, the
set of all partial isometries in the polar decompositions of elements m(ag), where
ag € Ag, g € G. Then

n
Ao = ZAiUiE,,(Ai) c 0 eC, U eldy, A CB', Aisa Borelset}

i=1

is a dense x-subalgebra of w(A)" in the strong operator topology.

Proof Since U, C m(A)” by Lemma 16 and the spectral projections E (-) belong to
7 (B)" € n(A)”, we conclude that 2y C 7 (A)".

We prove that 2 is a x-algebra. Take a, € A, and let Ugy|r(a,)| be the polar de-
composition of the closed operator 7 (a;). By Lemma 17, (i) we have 7 (a}) = 7 (a,)*.

It is well-known (see e.g. [21], p. 421), that Ug|r(a3)| is the polar decomposition of

the adjoint operator w(a}) = m(ag)* of m(ag). Therefore, U ; € 2y which proves that
2 is k-invariant.

Take another element a, € Ai, k € G and let UyCy be the polar decomposition
of 7 (ax). Then using Lemma 17 and Proposition 17 (iii) we get

T(@gar) 2 U CaUrCr 2 UgUy fD Fusa, @ (XA Ex(x) - Ci. (30)
k
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From the properties of the polar decomposition and the equality
n(aza,) = [ fusa dEx we conclude that U;Ug:En(fa’E;g(O, +00)). Similarly,

UU,=E, (fa_zik (0, +00)). Using Proposition 17 (ii) it follows that

U U UgUy = UZEn(ftéf,g(O, +oo)) Ui = UUr Ex (aj-1 (D1 N f[;},g((), +00))) =
= Ex(fyq,(0, +00)) Ex (@1 Dyt N fyzq (0, +00)) (31)

is a projection. Hence U, Uy is a partial isometry. We denote by Sg the closure
of the operator ka fazag (o (x))dE7(x) - Cr. From Eq. 31 and the properties of the
partial action we conclude that the kernels of U Uy and S, are equal. Since Sg is
positive and its domain D(Sg) contains D (), it follows from Eq. 30 that the polar
decomposition of 7 (agay) is U,Uy Ser. Hence U, Uy belongs to U, . By Proposition 17
(ii), o is closed under multiplication. That is, 2, is a unital x-algebra.

Since any T € 2, commutes with U/, and with the spectral projections E, (), we
have T € n(A). That is, A; € 7 (A) and so A 2 7 (A)” which implies that Aj =
7 (A)”. Hence 2l is dense in 7 (A)” in the strong operator topology. O

Proposition 21 Suppose that 7 is a well-behaved representation of algebra A such that
the graph topology of w is metrizable. Then m is cyclic if and only if the von Neumann
algebra w(A)" is cyclic.

Proof Suppose that ¢y € H; is a cyclic vector for 7. Let € D(x) and ¢ > 0. Then
there exists an element a € A such that ||z (a)gy — V|| < e. Clearly, a is a finite sum
a) + ay + - - - + ag, where each a; belong to some vector space A,, g € G. Letn(a;) =
U,C; be the polar decomposition of 7 (g;). Since the operators U; (by Lemma 18) and
the spectral projections Ec,(-) of C; belong to 7 (A)”, the operators

Ai,r = Ul/ }\.dEC,.()\), r e N,
are in the von Neumann algebra m(A)”. We choose re N such that
[(Air —@))po| <e/k, i=1,....k, and put A,:= Ay, +---+ Ag,. Then
we have

[ Ar@o — ¥l = IICA, — (@) goll + Il (@go — VI

k
<Y | (Air = @)oo || + llm(@go — ¥ < 2e.

i=1

Since A, € w(A)”, this shows that ¢, is cyclic for 7 (A)".

Conversely, suppose that ¢ is a cyclic vector for the von Neumann algebra
7(A)". Let Py be the orthogonal projection onto the closure of 7 (53)”¢@y. Obviously,
Py € 7(B)'. Since Resgr is self-adjoint by Definition 11, PyH, reduces Resgrw to a
self-adjoint subrepresentation p ([39], 8.3.11) which is also integrable ([39], 9.1.17).
The graph topology of 7 is metrizable by assumption, so are the graph topologies
of Respm and p by Lemma 12, (i). Therefore, a theorem of R.T. Powers ([30], see
[39], 9.2.1) applies and states that p is cyclic, that is, there exists a vector vy, € D(p)
such that p(B)yy is dense in D(p) in the graph topology. In particular p(B)v, =
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PyH, = n(B)"¢o. Hence v is also cyclic for the commutative von Neumann algebra
p(B)" = Py (B)" Py. Our aim is to show that v is cyclic for 7, that is, 7 (A)vy is
dense in D(rr) in the graph topology of 7.

We first show that the subspace Hy := 7 (A)yy is dense in H,,. Let 2y be as in
Lemma 18. Since 2 is dense in 7(A)” in the strong operator topology, the vector
@o is also cyclic for y. Let U, € U, and a4 € A,, g€ G, be such that the polar

decomposition of (a,) is U,C,. It suffices to show, that for any Borel Ag € B* and
¢ > 0 there exists b; € B such that

|Ug Ex(Ao)go — magh )| < &. (32)

Let by be such that [|p(bo)o — Ex(Ao)poll < €/3. Denote by Ec, the spectral
measure on R, associated with Cy. Since Uy Ec, ([0, +00)) = Uy Ec,((0, +00)), we
can choose 7z such that

|Ug(Ec, (10, 1/n]) + Ec,([n, +00))p(bo)vol| < &/3. (33)

Further, let f be the function on R defined by f(x) = 1/xifx € (1/n,n) and f(x) =0
otherwise. Then the bounded operator f(Cy) is quasi-inverse to Cg, that is, we have

Idy, = Cy f(Cy) + Ec, ([0, 1/n]) + Ec,([n, +00)).

Since v is strongly cyclic and 7 (a3a,) = C;, there exists b; € 3 such that

|0+ crcon®o - pb | < /3. (34)
Using Egs. 33 and 34 we derive

|Us Ex (Ao)po — e (agh )| < | Ug(Ex (o) — p(bo)¥o) ||
+ [ Ug(p(bo) = Copb )0,
< | U] &/3+|Ug (Ec, (10, 1/n]) + Ec, ([n,4+00))) p(bo) Yo |
+ | Ug(Cy f(Co)p(bo) — Cop(b 1)) o,

—1
<e/3+8/3+ ” U,Cy (1+C2) H

' H(l + C§) (f(Cop(bo) — P(bl))on <e.

Thus we have shown that H is dense in H.,.

Let Dy denote the closure of 7 (A)v in the graph topology of 7. We show that the
representation 7 := 7 | Dy of A is self-adjoint. Since p is a restriction of Resg, it is
inducible. Let H; denote the representation space of Indp. Define a linear operator
T: AR D(p) — Dy C ’D(n~) by T'(a ® ) := m(a)yyo. One easily checks that T gives
rNise to a unitary operator 7 of H; onto H, such that T[a ® v¥] = 7w (a)y, and that
T defines a unitary equivalence of representations Indp and . Since p is cyclic
and well-behaved, Indp is well-behaved by Proposition 20 and hence self-adjoint by
Lemma 12. Therefore, n is self-adjoint. Since D(xy) = Dy is dense in H, as shown
in the preceding paragraph, the x-representation 7 of A is an extension of the self-
adjoint representation r, acting on the same Hilbert space H,. By Corollary 8.3.12
in [39] this implies that Dy = D(xr), that is, v is a cyclic vector for 7. |
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Proposition 22 Let 7w be a well-behaved representation of A on the Hilbert space H,
such that the graph topology of m is metrizable. Then & can be decomposed into a
direct orthogonal sum of cyclic well-behaved representations.

Proof The identity representation of the von Neumann algebra 7 (A4)” can be decom-
posed into a direct sum of cyclic representations, i.e. there exists a decomposition
H, = ®ic/H; such that the orthogonal projections P; onto H; belong to 7 (A)" and
each von Neumann algebra P (A)” is cyclic on H;. By Proposition 8.3.11 in [39]
each representation m; := 7w | P;/D(x) is self-adjoint. It is straightforward to check
that m = @;¢;7;. Since 7 is well-behaved, it follows from Proposition 19 that 7r;,i € I,
is well-behaved. By Proposition 21, each representation 7; is cyclic. O

Proposition 22 combined with Lemmas 2 and 12 implies the following

Proposition 23 Let H be a subgroup of G and let p be a well-behaved representation
of Ay with metrizable graph topology. Then p is inducible to a x-representation of A
if and only p is C-positive, where C :== Y A> N Apg.

8 Well-Behaved Systems of Imprimitivity

In this section we shall prove an analogue of the Imprimitivity Theorem for well-
behaved representations. A crucial step for this is to show that representations
induced from well-behaved ones are again well-behaved. In the view of Proposition
20 we assume for this section that 3 is countably generated. We retain the notation
from the previous section. Throughout H denotes a subgroup of the group G.

Definition 12 A system of imprimitivity (7, E) for A over G/H is called well-
behaved if

(i) = is a well-behaved representation of A,
(ii) the projections E and E, commute, that is, E(?) E;(A) = E;(A)E() for all
t € G/H and all Borel subsets A of BT.

From Propositions 20 and 22 we obtain the following result.
Proposition 24 If p is a well-behaved inducible representation of the x-algebra Ay
with metrizable graph topology, then the induced representation m = Ind 4,4.4(p) is a
well-behaved representation of the x-algebra A.

The next proposition is an analogue of Proposition 9.

Proposition 25 If p is a well-behaved inducible x-representation of Ay, then the
system of imprimitivity induced by p is non-degenerate and well-behaved.

Proof Let (w, E) be the system of imprimitivity induced by p and let E,(-) be a
spectral measure associated with . It follows from Proposition 9 that (w, E) is
non-degenerate. By Proposition 24 the representation n is well-behaved. From the
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construction of E(-) (see Section 4) and relation (26) it follows easily that E(-) and
E. () commute. O

Theorem 3 (Imprimitivity Theorem for well-behaved representations) Let H be a
subgroup of G and let (7, E) be a non-degenerate well-behaved system of imprimitivity
for A over G/ H. Then there exists a unique, up to unitary equivalence, inducible well-
behaved representation p of Ay such that (w, E) is unitarily equivalent to the system
of imprimitivity induced by p.

Proof Define p as in the proof of the Theorem 1. By Theorem 1 we only need to
prove that p is well-behaved. Recall that the representation space H, is defined
as RanE(H) and the domain D(p) of p is D(wr) NRanE(H). For a Borel set
A C BT put E,(A) := E;(A)E(H). Since E;(-) commutes with E(-), E, is a well-
defined spectral measure on B* whose values are projections in the Hilbert space
RanE(H) = H,. One easily checks that Respp is integrable and defined by E, (-).

Let ay, € Ay, he H, veD(p), and let A C BT be a Borel set. Since 7 (ay)v =
E(H)r (ay)v, we compute

pan) E,(A)v = mt(an) Ex (A)v = E (A" (an)v = E, (A" p(an)v.

Hence p is well-behaved. O

For the sake of completeness we formulate an analogue of Theorem 2 for well-
behaved representations. Using the fact that well-behaved subrepresentations have
complements, the proof is similar to that of Theorem 2.

Theorem 4 Let H be a subgroup of G and let (w, E) be a well-behaved system of
imprimitivity for A over G/ H. Fix one element k, € G, t € G/H, in each left coset
from G/ H. Then for every t € G/ H there exists a well-behaved *-representation p; of
Ay i1 on a Hilbert space H, such that:

(i) p is inducible,

(ii) (m, E) is the direct sum of systems of imprimitivity (7, E;), t € G/H, where
(7t;, Ey) is conjugated by the element k; to the system of imprimitivity induced
by p:, t € G/H.

Definition 13 Let 7 be a well-behaved representation of A. We say that 7 is
associated with an orbit Orby, where y € B7, if the spectral measure E, associated
with 7 is supported on the set Orby.

The next theorem is a central result of the Mackey analysis (cf. [12], p. 1251 and
p. 1284).

Theorem 5 Assume that the group G is countable. Let x € B* be a character and let
H = Sty be its stabilizer group. Then the map

p > Indg,a(p) =7 (35)
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is a bijection from the set of unitary equivalence classes of inducible representations p
of Ay for which

Respp corresponds to a multiple of the character x (36)

onto the set of unitary classes of well-behaved representations 7 of A associated with
Orby. A x-representation p satisfying Eq. 36 is bounded and inducible. Moreover,
the von Neumann algebras p(Ag) and w(A) are isomorphic. In particular, 7 is
irreducible if and only if p is irreducible.

Proof Let & be a well-behaved representation of A associated with Orby, x € B*.
Since G is countable, the orbit Orby is also countable. Therefore the spectral
measure E, is discrete. From the definition of E, it follows that £, ({¢/}), ¥ € Orby,
is the eigenspace of each operator 7w (b), b € B, corresponding to the eigenvalue
¥ (b). Hence for all ¢ € Orby the range RanE, ({y/}) is contained in the domain of
Respm which is equal to D ().

Since H is the stabilizer of yx, the projections E, ({x}*') and E, ({x}5*) are equal if
g1 H = g, H and for all v € D(r) we have

m(ag) E-({x}Y)v = Ex({x}¥)m(ag)v.

(Note that if x € Dy, then E.({x}®) is equal to E;({az(x)}). otherwise it is zero
projection.) Therefore, we can define a system of imprimitivity E for A over G/H
by putting E(gH) := E; ({x}®).

We show that (7, E) is non-degenerate. Let g € G be such that x € D, and let
eys € RanE(gH) be a non-zero vector. Since x8 € D,-1, there exists a1 € A1 such
that Xg(a;j,lag,,) > 0. Since e,s belongs to RanE(gH) and ag+ € A1, the vector
m(ag-1)eys belongs to RanE(H). Set e, = (Xg(a:,,,ag,l))‘ln(agfl)exg. Then, since
ay., € A, and eys € RanE; ({x8}), we obtain

n(a;,l)ex = (Xg(az,.ag,l))_ln(uz,.ag,l)exg = e,s.

Thus, we have shown that the set {n(ag)ex|ag €Ay, ey € RanE(H)} is equal to
RanE(gH), that is, (7w, E) is non-degenerate. Since E(H) is equal to E,({x}),
condition (36) is satisfied.

Conversely, let p be a x-representation of Ay satisfying condition (36). Since
p(asa,), ap € Ay, h € H, is a multiple of the identity, p(ay) is bounded. Therefore
each p(a), a € A, is bounded, in particular D(p) = H,. We will show later (see
Proposition 28) that every representation p satisfying Eq. 36 is positive on the
cone Y A% Since p is bounded, it is a direct sum of cyclic representations and
hence inducible by Lemma 2. Proposition 20 together with Lemma 6 imply that
m =1Ind4,+4p is well-behaved. Let E; be the spectral measure associated with .
The equality (26) implies that E, is supported on Orby which means that 7 is
associated with Orby.

It was shown in the proof of the Theorem 1 that the map

7w +— Resg,m | RanE(H)

is the inverse of the map (Eq. 35). Thus, we have proved that the mapping (Eq. 35)
is indeed a bijection.
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Now we prove that p(Ay) = 7 (A). Let T € p(Ap)'. Define the linear operator
T on A ® H, by putting

T(a®v):a®Tv,ae.A,veH,,. (37)
Let cyy € Apy. Then for arbitrary a € A and v € H, we have
T(acH®v—a®ch):acH®Tv—a® Tecpv=acg @ Tv—a@cyTv,

so T defines a linear operator on A ® 4,, ‘H, which is also denoted by T.

Leta € A, v e H,. We denote by |||y the seminorm (-, ~)(1)/2. Since p is inducible,
S := p(pu(a*a)) is a positive operator on H, commuting with 7. Hence 7 commutes
with §'/2 and we get

| T@®v|; = (Taov), Taev), = (p(pu@a) Ty, Tv) = (SV>Tv, $'*Tv)
= (TS"?v, TS"*v) < |IT|*(S"?v, §'?v)
= ITI? (o(pu(@a)v, v) = ITI*la ® v

Let p be a direct sum of cyclic representations p; with cyclic vectors v;, i€ I.
Take § =Y ar @ vy € A®4, H,, where a; € A and vy are distinct, hence pairwise
orthogonal, cyclic vectors. Then the vectors a; ® v; are pairwise orthogonal with
respect to (-, -)o. Using the preceding inequality and the latter fact we derive

2 2
T(Zamvk) s(ZnTn ||ak®vk||0) =TI {ax ® v, axe ® vio
k 0 k

k

|7¢)" =

2

= ITI* &>

0

= ||T||2<Zak ® k. Zak®vk> =TI

0

This shows that T gives rise to a bounded operator on ‘H, which we denote again
by T.1tis straightforward to check that T commutes with all operators 7 (a), a € A,
and that themap 8 : T Tisa*- homomorphism from p(Ag)’ into 7 (A)'.

If 7 =0, then in particular (Tv, Tv) = | T(1 ® v) ||2 =0 for all v € D(p) which
implies that T = 0. That is, § is injective.

We prove that 8 is surjective. Let S be an operator from 7 (A)’. Then S €
7 (B)'. Since the restrictions of Resgm to RanE(gH) = RanE, ({x}¥) are disjoint
representations for distinct cosets gH € G/ H, S commutes with all operators E(gH).
In particular, S; := S [ RanE(H) is a bounded operator on the Hilbert space
Ran E(H) which commutes with all operators 7 (a) | RanE(H), where a € Ay. By
the canonical isomorphism of H, and RanE(H), S; is a bounded operator on H,.
By construction we have S; € p(Ap)’. One easily verifies that 8(S;) is equal to S.
This shows that 8 is surjective. Summarizing the preceding, we have proved that the
mapping 8 is an isomorphism of von Neumann algebras p(Ag)" and 7(A)'. O

Remark Suppose that p is an inducible well-behaved representation of Ay. If
condition (36) does not hold, then the mapping 8 : T+ T of p(Ay) into w(A)' is

not surjective in general.

We now derive an important corollary from the previous theorem.
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Proposition 26 Let x € B*. Then the induced representation m = Indy is irreducible
if and only if its stabilizer group Sty is trivial.

Proof 1If the stabilizer Sty is trivial, then 7 is irreducible by Theorem 5.

Assume that the stabilizer group is not trivial. Then there exists & € H=Sty such
that & # e. We choose an element a; € A, such that x(aja;) = 1. Using similar
arguments as in the proof of the Theorem 5, one shows that there is a linear operator
Ty, on the H, defined by

Th(lag @ 11) = [agay, Q@ 11, ag € Ag, g€ G.
For vectors [a; ® 1], [a; ® 1] € H,, where a; € Ay, g € G,i=1,2, we have
(Thlar ® 11, Thla, ® 11) = ([a1ax @ 1], [azan @ 11) = x (p(ajaza,ay)).

If g1 # g»., the latter is equal to 0 = ([a; @ 1], [a> @ 11). If g1 = g, then aja; € B and
hence

x (playasa,ay) = x(@yaza,a,) = x(@5a,) = ([a1 @ 1], [a2 @ 1]).

This shows that T} is unitary. Since T}, acts as a weighted shift (see Proposition 16), it
is not a scalar multiple of the identity. One easily verifies that 7}, commutes with all
representation operators. Since the commutant of 7 contains a non-trivial unitary, &
is not irreducible. ]

We now classify all representations of A satisfying condition (36). The result is
the same as in the case when 4 is the group algebra C[G] and B is the group algebra
C[N] of a commutative normal subgroup (see [22] and [12], pp. 1252-1258). That is,
we establish a correspondence between x-representations p of Ay satisfying Eq. 36
and unitary projective representations of H.

Let x € BT and let H be the stabilizer group of x. Take a representation p
satisfying Eq. 36. Since x" is defined for all # € H, we can find elements a; in each
Ap, h € H, such that x (a,a}) = xh(aha;‘l) = x(aja,) # 0. From Eq. 36 it follows that
for h € H the operator

¢(h) == x(ajay,) " p(an) (38)

is unitary and for any bj, € A;, the operator p(bja,) is a scalar multiple of the
identity, so p(ay) differs from p(b;) by a scalar. Thus, the operators ¢ (/) define
a unitary projective representation of H. Hence (see [22]) there exists a 2-cocycle
7 : H x H — T such that

¢ (hk) = t(h, k)¢ (h)¢(k), h,k e H. (39)

For k € H we have the equality p(ay)~! = x(a’,gak)‘lp(a};), in particular, x (aja,) =
x (a,ay). Using this we calculate

¢ (hk) = x (@an) ™ plam) = x @pane) ™" p(anar) p(anar) ™" pane) =
= x(@an)” " x@han)* ¢ (W) x (@par)*¢ R x @han)™ ' pap) x @ian)™" plap) plan) =
= x @ an) " x @han) P x (@far) TV x (@hatan) ¢ (h)e (k).
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Thus we have

t(h, k) = x@an) " P x(@ia,) " P x@ia) " x(@iaian), h,ke H.  (40)

The mapping ¢ satisfying Eq. 39 will be called z-representation. Let ¢ be the element
of the cohomology group Z2(H, T) of H with values in T defined by the cocycle 7.
Analogously to the group case we call ¢ the Mackey obstruction of x.

Conversely, having a cocycle t of the form (40) and a z-representation ¢ of H it
is straightforward to verify that Eq. 38 defines a x-representation p of Ay satisfying
Eq. 36.

The proof of the following proposition is similar to the group case (see [12], pp.
1252-1258).

Proposition 27 The Mackey obstruction t of x is trivial if and only if x can be
extended to a character X of the algebra Ap. Equation 38 defines a one-to-one
correspondence between unitary equivalence classes of t-representations ¢ of H and
unitary equivalence classes of x-representations p of Ay satisfying Eq. 36. Moreover,
p is irreducible if and only if ¢ is irreducible.

We now show that condition (36) implies " A2-positivity.

Proposition 28 Let x € B* and let H be its stabilizer. If p is a x-representation of Ay
satisfying condition (36), then p is nonnegative on the cone Y A*> N Ag.

Proof 1t suffices to show that for any a € A, p(ppy(a*a)) is a positive operator. It is
enough to consider the case when a belongs to A,y for some gH € G/H, ie.a=
> hem Aghs Agh € Agy. Using that H is the stabilizer group of x, we get

X (g gay,) = X5 (@gag) X (@gag) = x* (@) X @gag) = X (@) X [@gag,).
Using Eq. 38 and the latter equality we calculate

p(pulaa) = pla'a)= Y playay) = Y  x(@yauayay) "¢k "h) =
k,he H k,he H

D x(agay)' x(@ay) ¢ (k) ¢ (h)
k,he H

(Z x(a;;haghf“c(h)) > x@yag) e,

heH heH

which implies that p(pg(a*a)) is positive. O

Next we want to associate well-behaved irreducible representations with orbits.
Under some technical assumption this aim will be achieved by Proposition 29 below.
For this some preparations are necessary.

Definition 14 A Borel subset A of B* is called invariant under the partial action of
Gif A% C Aforevery g € G. A spectral measure E on B7 is called ergodic under the
partial action of G on B if for every invariant Borel subset A of B* either E(A) or
E(BT\A) is zero.
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Lemma 19 Let w be a well-behaved irreducible representation of the x-algebra A and
let E, be an associated spectral measure. Then E, is ergodic.

Proof Let A be a Borel subset of B* which is invariant under the partial action of
G. From Proposition 17 (i), it follows that £, (A) is a projection commuting with
7 (Ay) for all g € G and hence with 7 (A). Since 7 is irreducible, E, (A) is trivial, i.e.
E.(A)=0o0r E;(A) = 1. o

The following concepts are taken from the paper [8].

We shall say that a measurable space (Y, B) is countably separated if there exists a
countable subfamily ‘B of ‘B such that for any two points in Y there exists a member
of B, containing one point but not the other. A measurable subset I' C Y is said to
be countably separated if (T', Br) is countably separated, where By is the induced
Borel structure. R

A subset I' C B7 is called a section of the partial action of G on BT if it contains
precisely one point from each orbit. Recall that a (spectral) measure is called an atom
if it attains only two values. An atom is called trivial if it is supported at a single point.

The proof of the following simple lemma is borrowed from the proof of Theorem
2.61n [8].

Lemma 20 Let E be a spectral measure on a countably separated measurable space
(X, B). If E is an atom, then it is trivial.

Proof Let {By; k € N} be a countable family of Borel subsets of X which separates
the points of X and is closed under taking complements. Let By,, n € N, be those
sets with E(By,) = I and put B = N,enBy,. Then we have E(By, N---N By,) =
E(By,) ... E(By,) = I which implies that E(B) = I and B # {.

Assume to the contrary that there exist distinct points p and g in B. Then there
exists j € N such that p € B; and g ¢ B;. Due to the latter relation, we have B; ¢
{B;,} and X\B; ¢ {B;,} which implies that E(B;) and E(X\B)) are zero. Hence
E(X) = 0 which is a contradiction. O

Proposition 29 Let G be a countable group. Suppose that the partial action of G on
B* possesses a measurable countably separated section T. Then every ergodic spectral
measure E on B is supported on a single orbit. In particular, each irreducible well-
behaved representation of A is associated with an orbit.

Proof We first show that the spectral measure E restricted to I' is either zero or
an atom. Suppose that FE restricted to I" is non-zero. Assume to the contrary that £
restricted to I' is not an atom. Then T is a disjoint union of two Borel sets I'; and
I'; such that E(I'}) # 0 and E(I';) # 0. By Proposition 14, the sets Q; = Uge(;Ff, i=
1, 2, are Borel. The properties of the partial action imply that the sets €; are invariant
and both projections E(£2;) are non-zero which is a contradiction. Thus, E restricted
to I' is an atom.

Since I' is countably separated, Proposition 14 implies that all '), g e G, are
countably separated. Since 57 is the union of sets I'¢, it follows from Lemma 20
that there exist points x; € I'* ke IC G, such that E(xx) #0forallk e I and E
is supported on the (at most countable) set {xx}.c; . Since the set Orbyy is invariant
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and E(Orbyy) # 0 for all k, the ergodicity of E implies that all x; belong to a single
orbit. O

9 Example: Enveloping Algebras of Some Complex Lie Algebras

In this section we illustrate the concepts of the previous sections on three examples:
enveloping algebras U (su(2)), U(su(l, 1)) and U (Vir), where Vir denotes the Vira-
soro algebra [6, 13]. Is is easily checked that in these cases condition (18) is satisfied
and the space B* is locally compact, so the theory developed in the preceding
sections applies.

First let g be one of the real Lie algebras su(2) or su(l,1) and let gc be
its complexification. Then gc = s/(2, C) has a vector space basis {E, F, H} with
commutation relations

[H, E| =2E, [H, F]= —2F, [E, F] = H. (41)

From Eq. 41 it follows that in the complex universal enveloping algebra {/(g) we have

Eq(H) =q(H -2)E, Fq(H) =q(H+2)F (42)
HE" = E"(H +2n), FE" = E""(EF —n(H +n—1)), neN, (43)
HF" = F'(H —2n), EF" = F*""'(FE+n(H —n+1)), neN. (44)

for each polynomial ¢ € C[x] and that the Casimir element
C:=2EF+ FE)+ H* =4FE+ H(H+2)=4EF + H(H - 2)

belongs to the center of 2/(g).

The complex unital algebra /(g) becomes a *-algebra with involution determined
by x* = —x for x € g. In terms of the generators {E, F, H} of the algebra U/(g) this
means that

E*=F, H* = H for g = su(2), (45)

E* = —F, H* = Hfor g =su(l,1). (46)
Using the commutation relation (41) it follows by induction that
U(g)o:=Lin|E'F'H*; k,1 € N} =Lin{(EF)'H*; k,1 € No} =Lin{C' H*; k,1 € Ny} .

In particular, B := U(g)o is a commutative unital x-subalgebra of A = U(g). Forn €
No, let

A, = E'B=Lin|E""F'H* k,1 e Ny}, A, = F"B = Lin { E'F"" H*; k,1 e Ny} .

By the Poincare-Birkhoff-Witt theorem, { E'F/H'; i, j,I € Ny} is a vector space basis
of U(g). From this fact and the definitions (45) and (46) of the involution we derive
that

A=A, (47)

nez
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is a Z-graded x-algebra. Let p : A — B be the canonical conditional expectation (see
Proposition 6). In both cases g = su(2) and g = su(1, 1) the conditional expectation
p is not strong, because we have E*E € Y. A>N B, but E*E ¢ > B

Remarks

1. The Z-graded *-algebra (47) is the special case g = s/(2, C) of Example 8. In this
case, Q = Z and B = U(g), is just the commutant of the element H in the algebra
U(g). Note that s/(2, C) is the only simple Lie algebra g for which B = U(g) is
commutative.

2. For the real Lie algebra g = s/(2, R) the involution of the enveloping algebra
U(g)isgivenby E* = E, F* = F, H* = — H. In this case the decomposition (47)
remains valid and shows that U/(g) is a Z-graded algebra. But since (U£(g),)* =
U(g), forn e Z, U(g) = ®,U(g), is not a Z-graded *-algebra.

We derive three simple lemmas which will be needed below.

Lemma 21 ALet g be one of the real Lie algebras su(2) or su(1,1). A character y € B
belongs to B* if and only x (F**F*) > 0 and x (E** E*) > 0 for all k € N.

Proof Recall that x € B* if and only if x(b) >0 for all b € A> N B. Hence the
necessity of the condition is obvious. We prove that it is also sufficient. By Corollary
1, it suffices to show x (a}a,) > 0 for all homogeneous elements a, € A,, n € Z.

Let n e Ny and take a, € A,. By the definition of A, we have a, = E"b
for some b € B. Since x(E*E") >0 by assumption, x(aja,) = x(b*E*"E"b) =
X (E"E™) x(b*b) = 0. Similarly, for n < 0 the inequality y (F*" F") > 0 implies that
x(data,) > 0foralla, € A,. O

Lemma 22 Forn € N we have

E'"F'" = EF(EF+ H-2)(EF+ H-2+ H-4)

- (EF+ H-2+4---+ H-2(n— 1)), (48)
F'E" = (EF — H— (H+2) — ... — (H+2(n — 1)))
.--(EF — H — (H+2))(EF — H)
= FE(FE — (H+2))---(FE — (H+2) —--- — (H+2(n—1)))  (49)

Proof We prove the first equality (48) by induction on n. The two equalities
concerning F” E" are verified in a similar manner. Using the commutation relation
(41) we compute

E" Pt — EY(FE+ H)F" = E'"FEF" + (H - 2n)E"F" =
= E" Y FE+ H)EF'+ (H - 2n)E"F" =
= E"'FE*’F' +(H-2(n— D)E"F"+ (H —2n)E"F" = ...
co.=(EF+H—-2+---+(H—-2n)E"F".
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Inserting the induction hypothesis (48) for n and remembering that all elements
E*F* and H' mutually commute, we obtain Eq. 48 for n + 1. O

Lemma 23 B =U(g)) = C[EF, H] = C[C, H].

Proof Since the elements EF and H of U(g) commute, there is an algebra ho-
momorphism o : C[x;, x,] — U(g) given by o(x;) = EF and o(x;) = H. From the
Poincaré-Birkhoff-Witt theorem we derive easily that o is injective which gives
U(g)o = CLEF, H]. Clearly, we have also C[EF, H] = C[C, H]. O

Lemma 23 implies that the map B> x = (x(C), x(H)) € R? is bijective. Denote
by xs € B, s,t € R a character such that

Xst(c) =59, Xst(H) =1 (50)
Prqpositions 31 and 33 below describe the set of parameters s, ¢ € R for which

Xxs: € B in the cases g = su(2) and g = su(l, 1), respectively.

Proposition 30 Let g be one of the real Lie algebras su(2) or su(1, 1). If a character x,
belongs to Bt and if x!! is defined for n € Z, then we have

Xs'; = Xs,t+2n- (51)
Proof For n = 0 the proof is trivial. Assume that n > 0. In the case n < 0 the proof
is similar. Since y/; is defined, x,(E*" E") > 0. We compute

X (FUHEY o (F"E"(H +2n)) _

n H = = = Xs H 2 =1 2 = Xs n H .
Xt =2 ) o (F7E") Kor(H o+ 2m) = £ 200 = Xseaon (H)

Since C belongs to the center of A, we have x/}(C) = x,,(C). By the definition of x
we obtain Eq. 51. O

9.1 The Case g = su(2)

In this subsection we let A = U(su(2)) and B = Ao = C[EF, H] = C[C, H]. The next
proposition describes the set B+.

Proposition 31 A character xy defined by Eq. 50 belongs to B* if and only ift € Z
and s = (t +2n)(t + 2n + 2) for some n € Ny such thatn +t > 0.

Proof Since E*" = F", Lemmas 21 and 22 imply that x belongs to B* if and only if
the following inequalities are fulfilled for arbitrary k € N:
X(EXFYY = x(EF)y(EF+ H—=2)...x(EF+H -2+ -4+ H —2k) > 0, (52)
X(F*E*) = (EF — H)x(EF — H — (H +2))
...x(EF—H—---—(H+2k)) > 0. (53)

We claim that for every x € B* there exist m, n € Ny such that

Y(EF+m(H — (m+ 1)) =0, x(EF — (n+ 1)(H +n)) = 0. (54)
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Assume to the contrary that x (EF + k(H — (k+ 1))) # 0 for all k € Ny. It follows
from Eq. 52 that x is positive on all factors in Eq. 52, that is,

X(EF+H =244 H—=2k) = x(EF + k(H — (k + 1)))
— X(EF) + k(x(H) — (k+ 1)) > 0

for all k € Ny which is a contradiction. Hence y (EF + m(H — (m + 1))) = 0 for some
m € N. In the same way one proves the second equality in Eq. 54.
The solution of the system of Eq. 54 is

x(EF)=mnm+1), x(H) =m—n. (55)

It is easy to verify that for all m, n € Ny the characters x defined by Eq. 55 satisfy
both inequalities (52) and (53).
Putting t = m — n in Eq. 55 we get

x(C) = 4x(EF) + x(H* =2H) =4mmn+ )+ (m —n)> —=2m+2n =
=m+nm+n+2)=@C+2n)(t+2n+2),

iie. x = xyx wWhere t=m—ne€Z and s = (t+2n)(t + 2n+2). Clearly, we have
m,n € Nyifandonlyift € Z, n+1t> 0. O

We denote by Y, neNy, the character x,u12),—n € B* and by I' the subset
{Yy, n e No} of B*. By Propositions 30 and 31, each orbit under the partial action
of Z on B* contains precisely one of the characters from ', i.e. I is a section of the
partial action of Z on B*.

Proposition 32 The representations Indy, x €T, are pairwise non-equivalent and
irreducible. Each irreducible well-behaved representation of A is unitarily equivalent
to Indy for some x € T'. A x-representation w of A = U (su(2)) is well-behaved (in the
sense of Definition 11) if and only if 7 is integrable (that is, t=dU for some unitary
representation U of the Lie group SU(2).)

Proof Clearly, the bijection xy > (s, t) of the space E onto R? (by Lemma 23) is a
homeomorphism. Hence Proposition 31 implies that B is a discrete space. It follows
from the formulas for the partial action of Z that I is a Borel section. By Proposition
29 all irreducible well-behaved representations are associated with orbits. Therefore,
by Theorem 5 we have that Indy, x € I, are up to unitary equivalence all irreducible
well-behaved representations. It follows from Proposition 31 that Orby,, n e Ny
consists of n+ 1 elements, and Proposition 16 implies that Indy,, n € Nj has
dimension 7 + 1. The latter implies in particular that each representation Indy, x €
I" is integrable.

Let 7 be a well-behaved representation of A and let E; be the associated spectral
measure on B*. Denote by p the restriction of Resgrm to Ran(E,(I")). It is easily
checked that n is unitarily equivalent to Indp. Since B* is discrete, p is equivalent to
a direct sum of characters y € I' (taken with multiplicities), so that 7 is equivalent to
a direct sum of representations Indy, x € I'. Because Indy is integrable as shown in
the preceding paragraph, = is integrable.
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Conversely, if 7 is an integrable representation, = is a direct sum of integrable
irreducible representations ;. Since each representation 7; is finite dimensional and
hence well-behaved by Proposition 18, 7 is well-behaved. O

Itis well-known that for each n € Ny the spin 7§ representation is the unique (up to
unitary equivalence) irreducible (n+1)-dimensional s-representation of A= (su(2)).
Since the x-representation Indy,, of A is irreducible and of dimension n+1, Indy,, is
equivalent to the spin 5 representation. We want to establish this equivalence by
explicit formulas.

Recall from Proposition 16, (i) that the vectors

[EF® 1]

—  k=0,1...
[(E* & 1] "

form an orthonormal base of the representation space of Indy,,. By definition of v,
we have ¥,,(H) = —n and ¥,(EF) = %wn(C — H?> 4+ 2H) = 0. Using Lemma 22 we
compute
JLE* @ 1|” = yu(F*E*) = yu(EF — H)(EF = 2(H + 1))
..(EF—k(H+k—-1)) =

X X k!-n! X
=n(2(n_1)).((n_ +1))=m, =0,1...,n.

Putting/ = 7, m; := Indy, and

[EF" @ 1] (I —m)! ’
= - Em @), m=—11+1,...,1,
= TE e Ty @ m B *

we calculate

[El+m+1 ® 1] _ ||[El+m+1 ® ]]” .
e ]~ e eu]

@i +m+ 1| A -m)!
VN d=m=1 @)+ mn!

=JVI-—m(+m+ Depsr, m=—L1+1,...,1

m(E)e, =

In the same manner we derive

1 (FYem = (I —m~+ 1)+ m)em_1, m(H)ey, =2mey,, m=—1,1+1,...,1.

These are the formulas for the actions of E, F, H in the spin / representation of
U(su(2)).

We now show that the representations m; can be also induced from the -
subalgebra C = C[H]. Let p;3 = p o p;, where p; is the canonical conditional
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expectation p;: A — B and p,:B — C is conditional expectation defined by
P2((EF)*) =0, p(H*) = H*, k € N. Using Lemma 22 we obtain

p (X A) =3 - HY C o HUH + (H+2) Y ¢
—HH+H+2)H+H+2)+H+4) ) C+...
= C—-HY CC+HH+1))Y CC—HH+HH+2)Y C+...

+(D*HH+D)H+2) .. (H+k=1)) C+....

Obviously, ps is a (3 A%, p3(3_ A?))-conditional expectation. It is easy to check
that Y- AN C[H] = Y_C?. Since p3(d_ .A?) is strictly larger than > C?, ps is not
a conditional expectation according to Definition 4. In particular we have seen that
the composition of two conditional expectations is not a conditional expectation in
general.

It is clear from the preceding formulas that the set of characters on C[H]
which are non-negative on the cone p3;(>_ A% and hence inducible via p; is the
set {xx, k € No}. Note that xx(H) = —k. It is not difficult to compute that the
corresponding induced representation Indyy;, / € %NO, is unitarily equivalent to 7;.

9.2 The Case g = su(1, 1)
In this subsection let A = U(su(1, 1)) and B = Ay = C[EF, H] = C[C, H].
We denote by yxy € B the characters determined by Eq. 50. It is convenient to
introduce the following subsets of B :
Xoo = {Xo0} .
Xie = {2k <t <2k+2, —co<s < ({t—2k)t—2(k+ 1)}, keZ,
Xok = {xatl2k <t <2k+2, s=@-2k)t—-2(k+ 1))}, ke Z,
Xy = {xult = 2k +2, s = (t — 2k)(t — 2k + 1))}, k € No,
Xak = {xult <2k, s =t —2k)(t —2(k+ 1))}, k € Z\Ny.

The following two propositions describe the set B* and the partial action of Z
on it.

Proposition 33 The set B* is equal to the disjoint union

XOOUUXlkUUszU U X3 U U Xk

keZ keZ keNy keZ\Ny
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Proof The equality E*" = (—1)"F" and Lemmas 21 and 22 imply that a character
x € B belongs to BT if and only if the following inequalities hold:

(=D*Y(EF(EF+H—-2).. (EF+H -2+ H—4+---+ H -2k —1)))

>0, keN, (56)
(—=D*Y((EF — H(EF —H— (H+2))-...
(EF—-H—(H+2 - —(H+2k-1))) >0, keN. (57)

Straightforward calculations show that the solutions of the latter system of inequal-
ities are precisely the characters belonging to one of the above sets Xj;. One easily
verifies that the sets X;; are pairwise disjoint for different (i, j). O

Proposition 34

(i)  x{p is defined only for n = 0.

(ii) For xy € X1k U Xok, k € Z, the x}} is defined for all n € 7.
(iii) For xs € X3k, k € Ny, the x[ is defined forn > —k.
(iv) For xy € Xak, k € Z, the x} is defined forn < k — 1.

Proof Follows directly from Propositions 30 and 33. O

Set
.= X()() U X]O U Xz() U X30 U X4’_1 - g+.

It follows from the previous propositions that each orbit under the partial action
of Z on B* intersects I exactly in one point, i.e. I' is a section of the partial action.
As in the case of su(2), the topology on B* is induced from the standard topology on
R%. Hence T" is a countably separated Borel section of the partial action of Z on B*.

Explicit formulas for the representations Indy, x € I', can be derived in a similar
manner as in case of su(2). We omit the details. In the standard terminology of
representation theory of Lie algebras we have:

— the representation Indy, x € X, is the trivial representation,

— the representations Indy, x € Xjo, form the principal unitary series,

— the representations Indy, x € Xj, form the supplementary unitary series,
— the representations Indy, x € X3p U X4, form the discrete unitary series.

Using this description we obtain the following

Proposition 35 The representations Indy, x €T, are pairwise non-equivalent and
irreducible. Each irreducible well-behaved representation of A is unitarily equivalent
to Indy for precisely one y € . A x-representation of A = U(su(1, 1)) is well-behaved
(in the sense of Definition 11) if and only it is of the form dU for some unitary
representation U of the universal covering group of the Lie group SU(1, 1).

We close this subsection with the following
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Remark For a character yx € B* the following three statements are equivalent:

(i) x belongs to one of the series Xx or Xox, k € Z, corresponding to the principal
or supplementary unitary series,
(ii) x*is defined for all k € Z,
(iii) x(C) < 0, where C is the Casimir element defined above.

9.3 Enveloping Algebra of the Virasoro Algebra

Recall that the Virasoro algebra is the complex Lie algebra Vir with generators
L,, n € Z,and C and defining relations

(L, L] = (m—n)Lyym~+ 8, _m(m® —n)/12-C and [L,, C] =0 forn,m € Z. (58)

In this subsection we show that the unitary representations with finite-dimensional
weight spaces of the Virasoro algebra can be identified with the well-behaved
representations with respect to a canonical grading of a quotient algebra of its
enveloping algebra. For results on unitary representations of Vir we refer to [6] and
references therein.

Let W denote the enveloping algebra of Vir, that is, VV is the unital x-algebra with
generators L,, n € Z, and C and the same defining relations (58). It is a x-algebra
with involution determined by L} = L_, for n € Z and C* = C. Lemma 9 implies
that W is Z-graded such that L,, € W, and C € W),

The main result in [6] states that there are precisely two families of irreducible
unitary representations of V¥V with finite-dimensional weight spaces. The first series
consists of highest (resp. lowest) weight representations, i.e. representations gener-
ated by a vector v such that:

(i) Lov =av for some a € C, (ii) L,v =0 for all n > 0 (resp. n < 0), (iii)) Cv = zv
for some z € C.

These representations are uniquely defined by the pair (a, z) € C2. The possible
values of (a, z) for the representation to be unitary (that is, a *-representation in
our terminology) are the following ones (see [13]):

2
6 Ll(p’q) _ (np + C]) -1

a>0,z>1,orz,=1— ——, =
== n nnt+ 1) dnn+ 1)

: (59)
where the integers n, p, g satisfyn >2and0 < p < g < n.
The other series of unitary representations are defined on spaces of A-densities

(see [6]). They can be described as follows. Let {wg};c7z be an orthonormal base of
[2(Z). Then the action of W on [?(Z) is given by

1
Liw, = n+a+ kMNwyix, Cw, =0, k,neZ, € 3 + iR, a € R. (60)

Let Z denote the two-sided *-ideal of VV generated by elements

bd—db, b,d € Wy and ajciciay, — agaicicy, ax, ck € Wy, k € Z.

Lemma 24 7 is contained in the intersection of all kernels of representations described
above.
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Proof We prove the assertion for x-representations defined by Eq. 60. For highest
and lowest weight representations the proof is similar.

We fix a x-representation r given by Eq. 60, k € Z and ay, cx € Wk. It follows from
Eq. 60 that 7w (ap) W, = mWmik, T(CRWm = VigWiak, M € Z, for some [y, vy, € C.
This implies that

T (AL Cra ) Wy = Ao VinVmAm « Wy = T (aLa;,CLC ) Wi,

for all m € Z. Taking b,d € W, the same reasoning shows that m(bd)w,, =
w(db)w,,, m € Z. Therefore 7 is contained in ker 7. O

In view of Lemma 24 we introduce the *-algebra A = W/Z. Lett: W — A be the
quotient mapping and put I := ((Ly) for k € Z and ¢ = ((C). Since the generators of
7 are homogeneous, Lemma 9 implies that .4 is again a Z-graded *-algebra such that
Iy € Ag, k € Z, and ¢ € Aj. As usual we denote by B the subalgebra A.

Because of the PBW-theorem there are two “natural” bases of the vector space

W
By ={C"L, Ly, ... Lyny <ny<--- <ny, k,r e No,n; € Z},
B2= {CkLnanz...Ln,|n1 >ny=---=n,, k,rENo,niEZ}.

Fix i=1,2. Since all elements in B; are homogeneous, the elements
C"Lnl Ly, ...L, B, Z/n}- =0, form a vector space base of the algebra W.
To define a character of W,, it is therefore sufficient to define it on these elements
CkL, Ly,,...L, €B,.

Let 7 be an irreducible unitary highest weight representation of Vir with weight
vector v. It defines a #-representation of V' denoted also by 7. One easily checks that
the subspace C - v is invariant under all operators 7w (b), b € W,. Therefore it defines
a character x on W, given by x(L,, ... L,,) =0, x(Lo) =a, x(C) =z, where n; <

- <mng, Y n >0, and (a, z) is one of the pairs defined by Eq. 59. By Lemma 24,
x annihilates the ideal Z, so it gives a character on the quotient algebra 5 = :(W),)
which we denote again by . It is defined by

XUn, . 1y) =0, x(lo) =a, x(c) =z, wheren; <--- <ni #0, Zn,:O, (61)

where (a, 2) is given by Eq. 59. The character x obviously belongs to B R
From the lowest weight representations we get another series of characters x e 5+
determined by

Xy - 1) =0, x(lo) =a, x(c) =z, wheren; > -~ >n #0, Y n, =0, (62)

where (a, z) is as in Eq. 59.
Let 7 be a representation given by Eq. 60. Considering the restriction of 7 to the
subspace C - wy we obtain a series of characters x € B defined by

k r
Xy - L) =] <a =S n+ n,A) , x(c) =0, (63)
r=1 s=1

wherea € R, A € § +iR.
Let ' C B* denote the union of all characters defined by the Egs. 61, 62 and 63.

@ Springer



Unbounded Induced Representations of x-Algebras 365

Proposition 36 Each orbit under the partial action of Z on B* contains precisely one
character from T. The stabilizer of each character in B* is trivial. For every x € B+
tolndy is a x-representation of VW with finite-dimensional weight spaces. Every
irreducible x-representation of VW with finite-dimensional weight spaces is unitarily
equivalent to ¢ o Indy for precisely one x € T.

Proof A straightforward computation shows that

Uos lndny . L= (i +na+ -+ n)lp by, .. Ly, ni €Z, r> 1.

r

Since every a, € A, is a linear combination of the elements /,,1,, ...l,,, n; +n, +
-+ +n, = n, it follows that

[lo, a,] = na,, foralla, € A,, ncZ. (64)

Let x € B* and n € Z. Assume that x" is defined. Then there exists an a,, € A,
such that x(a}a,) > 0. Using Eq. 64 we get

() = x(a;loay) _ x(a;a,ly + naj; an) _ <o)+ (65)
x (a@iay) x (axay)

Let 7 :=Indy. Since x satisfies condition (18), we can choose an orthonormal
base of vectors e, of the representation space H, such that w(ly)ex = Arex, Where
e = x*o) = x(lp) + k. This implies that 7(ly) acts as a semisimple operator and
that all eigenspaces of 7 (/) are finite dimensional. It is also clear that the stabilizer
of x is trivial, so the representation = is irreducible by Proposition 26. Therefore, by
Theorem 0.5 in [6] the representation ¢ o 7 is unitarily equivalent either to a highest
or lowest weight representation or to a representation defined by Eq. 60.

On the other hand, one easily verifies that Indy gives rise via ¢ either to a highest
or lowest weight representation or to a representation defined by Eq. 60. This implies
that B* is equal to the union of all orbits Orby, where x € T. O

10 Example: Representations of Dynamical Systems

Let f € R[x] be a fixed polynomial. In this section we consider the x-algebra
A =Cla, a*|aa* = f(a*a)).

Representations of the relation aa® = f(a*a) for a measurable real-valued function
f have been studied in detail in [28] by other means. From the very beginning this
important example gave us intuition for developing our theory.

By Lemma 9 the *-algebra A is Z-graded with grading determined by a € A, and
a* € A_,. From the definition of A it follows that every element of A is a linear
combination of elements

at, m>0; a*, k>0, aFam .. a%ad™, r>1, k>0, m > 0.
This implies that .4, is the linear span of elements

atia™ ™ r =1k =0.m =0, Y mi—Y ki=n.
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From the defining relation aa* = f(a*a) we easily derive that
ap(a*a) = p(f(a*a))a, p(a*a)a* = a* p(f(a*a)) for p € C[t]. (66)
Lemma 25 The x-algebra BB is commutative and spanned by the Hermitian elements

atagm | a ™ r>1, k>0, m >0, Zki = Zm]-. (67)

Proof For k € N, let By be the subalgebra of B generated by words w in a* and a
satisfying Eq. 67 and of length |w| less or equal to 2k.

We first prove by induction on k that the algebra By is generated by words
w, |w| < 2k, of the form a* Q for some word Q. For k = 1 the assertion holds, since
B is generated by the element a*a. Suppose that the assertion is valid for k > 1. Let
we B, |lwl <2k+2,k>1.1f w=a*Q for some word Q, then the induction proof
is complete. Let w = a"a* P, r > 0, for some word P. Using Eq. 66 we get

w=aa*P=a""flaa)P=a"f(faa)aP=---= f(a*a)a"P.

The word a’~! P belongs to the algebra B;_; and the element f”(a*a) belongs to B;. It
follows that w € Bi_; and the induction hypothesis applies. This completes our first
induction proof.

A second similar induction proof shows that By, k > 1, is generated by words
w, |w| <2k, of the form a* Qa for some word Q.

We now prove by induction on k that B is commutative. The algebra B, is
generated by the single element a*a, so it is commutative. Suppose that By, k > 1,
is commutative. Let w; and w, be words of length between 2k and 2k + 2. Then, it
is enough to consider the case when the words w; have the form a*P;a, i = 1, 2, for
some words P;. Remembering that aa* € B, C By and using the induction hypothesis
we compute

wiwy = a* Pyaa* Pra = a*aa* Py Pra = a*aa™ P, Pya = a* Praa™ Pia = wow,.

Thus, By is commutative. O

Remark The algebra B is in general rather “large” when the polynomial f is not
linear. We shall see this from the description of the set B*cB given below.

The following Proposition allows us to use the theory developed in the Section 6.

Proposition 37 The Z-grading of the algebra A introduced above satisfies condition
(18).

Proof Using a simple induction argument one can prove the equalities
A, =Ba", A_, =a""B, neN. (68)

Then Proposition 12 completes the proof. O

We now describe the set B+, the partial action of Z on it and the representations
associated with orbits of this partial action.
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Let x € B* be fixed and let 7 be the induced representation Indy. Let A denote
the vector [a* ® 1] € H,, for all k € Z. We always put a* := a** for k € N and
a® =14

If hy = 0 for some k > 0, then for any ¢, € Ay we have [¢; ® 1] = 0. Indeed, by
Eq. 68 there exists b € B such that ¢, = ba* which implies [c; ® 1] = [ba* ® 1] =
7(b)[a* ® 1] = 0. Moreover, for all m > 0 we have Ay, = 7 (@™)h; = 0.

Analogously, if 4_; = 0 for some k > 0, then for any ¢_; € A_; we have [c_; ®
11 = 0. Indeed, by Eq. 68 there exists b € B such that c_; = a**b. It implies [c_; ®
11=[a"*b ®1]=[a"*® x(b)] = x(b)[a** ® 1] = 0. For all m > 0 we have h_;_,, =
a(a™h_; = 0.

Summarizing the above considerations we conclude that there exist K, M € NU
{£oo}, K <0 < M such that iy # 0 if and only if K < k < M. All hy are pairwise
orthogonal and Proposition 16 implies that the vectors A, span ‘H,. Using Proposition
16 we also conclude that w(a)h; = urhyy, for some u; € C. We choose numbers
v € C\ {0}, k € Z, vy = 1, such that the vectors e, := vihy, k € Z are of the norm
lif hy #0and

w(a)ey = Arepyr, w(a*)ex = Ag_1ex—1 for some Ay >0, k € Z. (69)

Thus the vectors ¢, K < k < M, form an orthonormal base of H,. Furthermore,

Ak > 0for K < k < M — 1 and relation (69) together with the defining relation aa* =

fa*a) imply 23 | = f(A2) for all K < k < M. In the case when K resp. M is finite
we have also f(A%_ ) =A% =0, resp. Ay =0, f(0) =213,_,.

For the fixed character x € B* we consider the possible cases depending on K and M.

1. Let K <0Oand M > Obe finite,so that A}, = f(A}) for K <k < M, f(A%,,) =

0, f(0) =23, ,.Since x(cic,) = lllck ® 11|* = 0 forall ¢y € Ak, k < K, k > M,

the character x¥ is defined only for K < k < M. It implies that the stabilizer of x

is trivial. Thus 7 is an irreducible finite-dimensional representation. Using Eq. 69
we get

w(a)ex = hkepyy, for K <k < M —1, w(a)ey_1 =0,
w(a*)ex = Ap_r1ex— for K+ 1 <k < M, n(a*)exy1 = 0.

2. Letonly M > 0 be finite, so that A2 | = f(A?) for all k < M and f(0) =13, ,.
As in the previous case we have that the stabilizer of x is trivial. Thus 7 is an
irreducible infinite-dimensional representation. By Eq. 69 we have

w(a)ex = Areryr, fork < M — 1, w(a)ey—1 =0,
w(a*)ex = Ax_1ex— fork < M.

According to the terminology of [28], 7 is the Fock representation.

3. Letonly K < 0 be finite, so that A7 | = f(A7) for K <k, f(3%_ ) =0. Asin the
case 1. the stabilizer of y is trivial. Thus 7 is an irreducible infinite-dimensional
representation. From Eq. 69 we obtain

w(a)ex = Arexy1, for K < k,
w(a*)ex = Ap_1ex—1 for K+ 1 < k, m(a*)exs1 = 0.

In the terminology of [28], 7 is called anti-Fock representation.
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4. Let both K and M be infinite, so that A7 | = f(A?) for k € Z. Recall that a
sequence {Ag}icz is called periodic if there exists m € N, such that Ay = Agym
for all k € Z. The smallest such m is called period of the sequence {Ax}ic7 . We
consider two subcases.

4.1.

4.2.

Let {)\i} keZ be not periodic. Then, in particular all numbers Ay, k € Z, are
pairwise different. From Eq. 69 we have n(a*a)ex = kiek and Proposition
16 (ii) implies that x*(a*a) = A;. Since {A;},_, is not periodic, all char-
acters x*, k € Z, are different. Thus, the stabilizer of x is trivial and the
representation x defined by Eq. 69 is irreducible.

Let {i;},., be periodic with a period m € N. Repeating the arguments
from the previous case it follows that the stabilizer H of yx is equal to mZ C
Z. Let 'H,,, be the Hilbert subspace spanned by the vectors e, r € Z.
Let p € Nand ¢, € App. Then Eq. 68 implies that ¢, = b ja?" for some
b, € B. Using Eq. 69 and Proposition 16 (ii) we get

T(Cpm)erm = X" (D 1D ori ... Am—D)Perypym = X (B 1) (hoAt ... hm—1)P et pym-

Thus 7 (cpy) acts as a scalar multiple of the bilateral shift on H, ,,. This
implies that

x(b1aP™) = x (b 1) (hor1 ... Am—1)?, peN, (70)

defines a character on the algebra .4 y. The restriction of ¥ to 5 coincides
with x. Therefore, by Proposition 27 the Mackey obstruction of y is trivial.
We denote by ¢, z € T, the character of the group H = mZ defined by
¢,(m) = z. Then, using Eqgs. 38 and 70, we see that all representations
0z, 7 €T, of Ay satisfy condition (36). These representations are one-
dimensional, that is, they are characters. For ¢, = ba?”, pe N, b € B,
we have

Pz (Com) = X (ChCp) L (pm) = K (5,0 P X (C ) 2 2P
= x (B D) 2 (hort ... Am—12)P,

where z € T.

We now compute the representations induced from p,, z € T. Let n, denotes the
induced representation Ind 4,440, on the space H,. One easily verifies that the

vectors

fe=x@*d) " d*®1], k=0,....,m—1,

form an orthogonal base of the space H,. We calculate the action of 7 (a) on the
base vectors f;. Using Proposition 16 (ii) and formulas (69) we find that x (a**a*) =
Agri... A7 |, ke N.Taker =0,...,m — 2. Then we have

X(a(r+l)*ar+l)]/2

X (ar*ar)l/Z

w(a) f; =

Jrat = Ay fran.

For f,,—1 we get

72(a) frue1 = x (@™ V" )2 @ 1] = x (@ Va1 @ p.(@)] =
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Now suppose we are given asequence 1y > 0, K <k < M — 1, where —oco < K <
0 < M < oo. Suppose also that f(A%,,) =0 resp. f(0) = Aj,_, in the case when K
resp. M is finite. We call such a sequence nonnegative orbit of the dynamical system
(f,10, +00)). Then Eq. 69 defines a x-representation 7 of A and the restriction of
Respm to C-ey gives a character x € B*. Let us describe this characters x in the case
4. explicitly. Take an element a**1a™ ...a**a™ € B, r > 1, k; >0, m, >0, Y k; =
> m;. Using formulas (69) we obtain

m,—1 k, ky
xky m sk, my\
X((l ta™ . .a™a ) = l_[ )"il_[)\m,—i T 1_[}"m,—k,+m,_|—-~+m|—i-
i=0 i=1

i=1

We summarize the above discussion in the following

Proposition 38 The Eq. 69 give a one-to-one correspondence between nonnegative
orbits of the dynamical system (f, [0, +00)) and orbits of the partial action of Z on
BT. A representation r defined by Eq. 69 is reducible if and only if the sequence \y is
periodic and 1y > 0 forall k € 7.

Finally, we consider the problem of associating irreducible well-behaved repre-
sentations of .4 with orbits in B* (cf. also [28]).

Proposition 39 Assume that the function f is one-to-one and there exists a measurable
set ' C [0, +00) containing precisely one point from each nonnegative orbit of the
dynamical system (f, [0, +00)). Then every irreducible well-behaved representation of
A is associated with an orbit in B*.

Sketch of Proof Let m be an irreducible well-behaved representation of .A. Then

7 (a*a) is essentially self-adjoint. Using Proposition 33 in [28] we conclude that the

spectral measure of w(a*a) is ergodic with respect to f. Applying Proposition 34 in

[28] it follows that the spectral measure of (a*a) is concentrated on a single orbit of

the dynamical system (f, [0, +00)). O
For the case, when f is not bijective, we refer to Theorem 15 in [28].

11 Further Examples

In this section we mention and briefly discuss some other classes of examples, where
the theory developed in the previous sections can be applied.

Example 17 (Compact Quantum Group Algebras) The simplest example is the
quantum group SU,(2), ¢ € R. The corresponding *-algebra A has two generators
a and ¢ and defining relations

ac = gca, ca* = ga*c, cc = cc*, aa* + q*cc* =1, a*a+c*c=1. (71)

Then A is Z-graded such thata € A, a* € A_y, c € Ay.

Set N := a*a. Then the subalgebra B = A, is equal to C[c, ¢*, N]. It follows from
Eq. 71 that B is commutative and A = a*B, k € Z. Proposition 12 implies that
condition (18) is satisfied and our theory applies. From the defining relations (71)
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it follows at once that every *-representation is bounded and hence well-behaved by
Proposition 18.

Suppose that g € (—1, 1), g # 0. In what follows many arguments are similar to
the case of the Weyl algebra (see Examples 1, 10 and 16). The last two equations in
Eq. 71 imply aa* — g?a*a = 1 — ¢*. By induction on k € Z one proves the following
formulas:

1
aa’* = a**V (g*@a*a) — ¢** + 1), a*d* = W“k_l(ﬂa* +q* -1, (72)
q
n 1 n—1
d'a" =[]0 - ¢ +¢*N). a"a" = P [TN+a* -1, (73)
e k=0

From Corollary 1 and formula (73) we obtain

Y ANB=Y B+N)Y B+ - +NN+g—D...(N+¢g* -1 B +...

R (74)
Equations 71 and 74 imply that the only characters y € B which are positive on
> AN B are:

Kk k € No, ue C, |u| =1, defined by xi.,.(N) =1 — g%, xr.u(c) = g*u, and
® X defined by x50 (N) = 1, x00(c) = 0.

From Eq. 73 we derive the partial action of Z on B*. For Xkais %n(Xk.u) 18 defined
and then equal to xx_,, if and only if n < k. For x., we have o,(xx) = xoo for all
n € Z. The set { Xo.us U] = 1} U {xoo} is a section of the action, i.e. it contains exactly
one point from each orbit. By Proposition 29 every irreducible representation is
associated to some orbit.

The stabilizers of yxo,, |u| =1, are trivial. Hence, by Theorem 5, 7, := Indyg,,
is the only irreducible representation, up to unitary equivalence, associated with
Orbyp . From Proposition 16 we obtain explicit formulas for the actions on some
orthobase ( fx, k € Ny), where f_; :=0:

(N fie = (1 = ™) fict, mu(@) fo = (1= ¢* ™'Y firr, mu(©) fie = ¢ ufe, k e No.

The stabilizer of x. is Z and Az = A. Let p be as in Theorem 5, that is, p
is an irreducible representation of A such that Resgp is a multiple of x... Then
p(c) = p(c*) =0 and p(a*a) = p(aa*) = 1. Hence p is one-dimensional and equal to
Pu, Where p,(c) =0, p,(@) =u, ueC, |ul =1. Since Indp >~ p, every irreducible
representation associated with {x} equals to some p,,, |u| = 1.

Example 18 (Quantum Disk Algebra) Suppose that 0 <u <1, 0<g <1, and
(1, q) # (0, 1). The two-parameter unit quantum disk x-algebra A has generators
a and a* and the defining relation

qaa® —a*a=q — 1+ pu(l —aa*)(1 — a*a).

Then A is Z-graded such that a € A; and a* € A_;. As in the case of the dynamical
systems in the previous section one shows that B = A, is commutative and condition
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(18) is satisfied. There is a one-to-one correspondence between orbits in B* and
orbits of the dynamical system ( f, [0, +00)) where

@+mwr+1—g—pu

A) =
@) P

For a more detailed analysis of this x-algebra see [23] and [28], p. 101.

Example 19 (Podles’ Quantum Spheres) Let g € (0, co). For r € [0, 00), O(S;,) is the
unital x-algebra with generators A= A*, B, B* and defining relations (see [29] or
[24],4.5)

AB=qBA, AB*=¢*B*A, B'-B=A — A> +r, BB*=¢*A — ¢*A* +r.
For r = oo, the defining relations of (’)(S;m) are
AB=q?BA, AB*=¢’B*A, B'B=—-A>+1, BB* = —¢*A> + 1.

In both cases A = O(SZ,) is Z-graded such that Be A, B*€ A_| and A € A,.
One can check that B = 4, is commutative and condition (18) is fulfilled. It follows
immediately from the defining relations that all x-representations of .4 are bounded.

Example 20 (Twisted CCR) Let 1 € (0, 1) be fixed. The twisted canonical commuta-
tion relations (briefly, TCCR) *-algebra A = A, is generated by elements a;, af, i =
1,...,d, with defining relations (see [34])

aa’ =1+ plata, — (1 — p?) Za,’zak, i=1,d,
k>i

aja; = pajaj, I < j, a;d; = paja;, i < j, aja; = paa;, i # J.

For i =1 we get the d-dimensional Weyl algebra. For all u € (0, 1], A is Z4-
graded such that a,, a; € A, , where gy, ..., g, are generators of 74, the subalgebra
B = A is commutative and condition (18) is satisfied.

Example 21 (Deformations of CAR Algebra) Let g € (0, 1) be fixed. The twisted

canonical anti-commutation relations (briefly, TCAR) x-algebra A = A, is gener-

ated by elements a;, a¥, i =1, ..., d, with defining relations (see [33])
afa; =1—aaf — (1 —qz)Zajaj‘», i=1,...,d,

j<i
* * . . 2 .
ajaj = —qaa;, ajg; = —qa;a;, i < ja; =0,i=1,...,d.

For g = 1 we get the “usual” CAR algebra. For all g € (0, 1], A is (Z/ZZ)d—graded
such that a,, aj € A, where g, ..., gq are generators of (Z)27)%, the subalgebra
B = Ay is commutative and condition (18) is satisfied.

The Wick analogue of TCAR (denoted as WT'CAR) was studied in [19, 31, 32].
The WTCAR x-algebra A is obtained from TCAR by omitting the relations between
a; and a;. Hence A is Z?-graded such that a; € A, where g, ..., g4 are generators of
74 1n this case the x-subalgebra B = Ay is not commutative. However, it was shown
in [19, 31] that in any irreducible representation of WTCAR the relations

. .2 .
aja; = —qaa;, i < j, a; =0,i=1,...,d—1,
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hold automatically. Then our theory applies to the quotient of WTCAR x-algebra by
the latter relations.

Example 22 (Quantum Algebras U, (su(2)) and U, (su(1, 1))) For g € R, ¢> # 1, the
g-deformed enveloping algebra U, (s/(2)) is the complex unital (associative) algebra
with generators E, F, K, K~' and defining relations

K- K™

KK'=K'K=1, KEK ' =¢*E, KFK ' =¢7°F, [E,F] = —.

The involutions defining the x-algebras U/, (su(2)) and U, (su(1, 1)) are given by the
formulas

E*=F F"=E, K=K, K" =K',
E*=—-F, FF=-E K=K, K=K,

respectively. Let 4 be one of the x-algebras U, (su(2)) or U, (su(l, 1)). Then A is
Z-graded with grading determined by E € A;, Fe A_,, and K, K~! € Ay, the *-
subalgebra B = A, is commutative, and condition (18) is valid. The Mackey analysis
for A is similar to that of I/ (su(2)) and U (su(1, 1)).

The algebra U, (s/(2)) was introduced in [25], see e.g. [24], 3.1. Representations of
Uy (su(2)) and U, (su(1, 1)) have been investigated in [43] and [3], respectively.

Example 23 (CAR Algebras) Let A be the direct limit of matrix sx-algebras
M, (C), k € N, where the embedding M, (C) < M1 (C) is given by the canonical
injection Mx(C) ® I, = My (C). Here I, € M,(C) is the identity matrix. The
representation theory of A was studied in [15], see also [37] and [20].

Each matrix algebra M, (C) has a natural Z-grading such that each matrix unit e;;
belongs to the (i— j)-component. Since the embeddings M,«(C) < M1 (C) respect
this grading, A is also Z-graded. One checks that condition (18) is valid for My (C)
which implies that the Z-grading on A also satisfies Eq. 18. The *-subalgebra 5 = A4,
is the direct limit of commutative algebras C?. It can be considered as a (dense)
x-subalgebra of the x-algebra of all continuous functions on the Cantor set. The
conditional expectation defined by the Z-grading is strong, so B* coincides with B
which is equal to the Cantor set. All representations of A are bounded. The partial
action of Z on B* has trivial stabilizers. All irreducible representations associated
with orbits in B* are direct limits of representations. In this case the assumptions
of Proposition 29 are not satisfied and there exist irreducible representations of A
arising from ergodic measures under the partial action of Z on B* which are not
supported on single orbits.

Appendix

The main result of this Appendix (Theorem 7) is related to condition (i) of Definition
11, but it is also of interest in itself. Its proof is based on the spectral theorem for
countable families of commuting self-adjoint operators, see [37], Theorem 1. We
equip R*® =R x R x ... with the product topology and denote by B(R*) the Borel
structure on R* induced by this topology.
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Theorem 6 For each family Ay, k € N, of strongly commuting self-adjoint operators
there exists a unique resolution of the identity E on the Borel space (R*, B(R*)) such
that

Ar = fkkdE(M, A2, ...) forallk € N.

In the notation of Theorem 6, the joint spectrum of the family Ay, k € N, is the
intersection of all closed subsets X of R such that E(X) = E(R™). R

Let B be a commutative unital x-algebra. As in Section 7, we equip the set 3 of
all characters of B with the weakest topology for which all functions f,, b € B, are
continuous, where f;, is defined by f, (x) = x(b) for x € B. Clearly, if B is generated
by elements b,, n € N, then this topology coincides with the weakest topology for
which all functions f;,, n € N, are continuous.

Theorem 7 Suppose that BB is a countably generated commutative unital x-algebra. We
equip B with the Borel structure induced by the weak topology. Let C be a quadratic
module of B and let B* denote the set of all characters x € BB which are nonnegative
on C. If w is an integrable representation of B, then:

(i) There exists a unique spectral measure E, on B such that
7(b) = / fo(X) dE; () forallb € B.

(i) Assume in addition that (x(c)p, ¢) > 0 for all c € C and ¢ € D(x). Then the
spectral measure E is supported on B which is a closed subset of B.

Proof

(i) First we fix a sequence of self-adjoint generators by, k € N, of the x-algebra B
and consider B as a subset of R> by identifying

B x < (x(b1), x(b2), x(b3),...) € R™.

We prove that Bis closed in R*°, hence Borel. Let x,, = (x,(b1), xu(b2),...) €
B, n eN be a sequence of characters converging to x € R* in the product
topology. We claim that there is a character x on B such that x(by) :=
lim,, 00 X, (b k). Indeed, let m € N and p € C[1, ..., t,,] be a polynomial such
that p(by,...,b,,) = 0. Since

p(Xn(bl)van(bm)) :Xn(p(blv’bm)) :0,

we conclude that
p(x(1), ..., x(bm) = p( 1Lm Xn(b1), ..., lgn Xn(bm)) =0

for all n € N. Therefore x € R* defines a character on B, i.e. x € B.

A sequence x, € B converges to x € B if and only if x,(bx) = f»,(xn) con-
verges to x(bx) = fp,(x) for every fixed k as n — oo. Since the elements
by, k € N, generate B, it follows that the topology on B induced from R
coincides with the weak topology. In particular, the Borel structure on B
coincides with the one induced from R*.
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Since 7 is integrable, the operators w(by), k € N, are self-adjoint and pairwise
strongly commuting ([39], Corollary 9.1.14). Therefore, by Theorem 6 there
exists a spectral measure E, on the set R> such that

N(bk) = \/)“kdET[()“l’ )\2, .. )

for all keN. For every polynomial peR[f,...,1,] the operator
p(by),...,w(by)) is essentially self-adjoint and from basic properties
of spectral integrals we obtain

p(ﬂ'(bl), e ,ﬂ(bm)) = /p()\.l, ey )\m)dEjT()\l,)\.z, .. ) (75)

Next we show that the spectral measure E, is supported on B <R, or equiv-
alently, that theioint spectrum o (w(b,), w(by), ...) of the family w(by), k € N,
is contained in B. Let x = (x1, x5, ...) € R® be a pointin o (7 (by), 7 (bs),...).
Again, let m € N and py € R[t, ..., t,] be such that po(by,...,b,;) =0. Then
we obtain

7(pob1,....bpw) =0.

Assume to the contrary that po(xy, X2, ..., x;;) # 0. Then for every open neigh-
borhood O(x) we have E, (O(x)) # 0. Using Eq. 75 we get

0=7T(p0(b17-~-’bm)) = pO(ﬂ(bl)vn-’”(bm))

= /po(k],...,A.m)dEﬂ()\‘],A.2,...) 750,

which is a contradiction. That is, we have po(xy, X2, ..., x;;) = 0. Thus we have
shown that x(by) := x; defines a character and E, is supported on B. The
uniqueness of the spectral measure E, follows at once from the corresponding
assertion in Theorem 6.

(ii) Since Bis a closed subset of the separable space R*, Bis also separable. Similar
arguments as used in the proof of (i), show that B*i is closed in B.
Assume to the contrary that E, (B\B*) # 0. Since Bis separable and B+ isa
closed subset of B there exists a countable dense subset {x;};cy of B\B+ For
every y; there exists an element ¢; of C such that x;(c;) < 0. Since {x;};cy is dense
in B\B™, the open sets fgl((—oo, 0)) cover B\B*. From the latter it follows
that there exists a k € N such that E,T(fcll((—oo, 0))) # 0. Hence there exists
a vector ¢ € RanEn(fC;l((—oo, 0))) N D) such that (m(ck)e, ) < 0 which
contradicts our assumption. O

Definition 15 If B, 7 and E; are as in the previous theorem, we shall say that the
integrable representation 7 and the spectral measure E, are associated with each
other.
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