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Abstract We compute the Euler characteristics of quiver Grassmannians and quiver
flag varieties of tree and band modules and prove their positivity. This generalizes
some results by G. Cerulli Irelli (2010). As an application we consider the Ringel-
Hall algebra C(A) of some string algebras A and compute in combinatorial terms
the products of arbitrary functions in C(A). These results are transferred to covering
theory.
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1 Introduction
1.1 Motivation

Fomin and Zelevinsky (see [11-13]) have introduced cluster algebras. For their
studies the Euler characteristics of a class of projective varieties, called quiver
Grassmannians, are important (see [5, 10]). For instance, Caldero and Keller have
shown in [6] and [7] that the Euler characteristic plays a central role for the
categorification of cluster algebras.
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756 N. Haupt

1.2 Basic Concepts

We use and improve a technique of Cerulli Irelli [8] to compute Euler characteristics
of such projective varieties. In general it is hard to compute the Euler characteristic
of a quiver Grassmannian, but in the case of tree and band modules we show that it
is only a combinatorial task.

Let Q be a locally finite quiver, M a finite-dimensional representation of Q over
C and d a dimension vector of Q (see Section 2.1). Then the quiver Grassmannian
Grq(M) is the complex projective variety of subrepresentations of M with dimen-
sion vector d (see Definition 2.1). Our aim is to compute its Euler characteristic
xa(M). This computation can be simplified by certain algebraic actions of the one-
dimensional torus C*, since the Euler characteristic of a variety equals the Euler
characteristic of the subset of fixed points under certain C*-actions.

To find suitable C*-actions we introduce gradings of representations of Q in
Section 4. A map 9: E — Z with a basis E of a representation M is called a grading
of the representation M. A grading d of a representation M induces an action of
C* on the vector space M. If this grading 8 induces also an action on some locally
closed subset X of Grq(M), it is called stable on X (see Definition 4.7). The linear
combinations of the basis vectors with the same values under a grading d are called
d-homogeneous. For a locally closed subset X of Grq(M) let

X0 = {U e X| U has a 9-homogeneous vector space basis. }. (1)

Theorem 1.1 Let Q be a locally finite quiver, M a finite-dimensional representation
of O, X € Grg(M) a locally closed subset and 3 a stable grading on X. Then X? is
a locally closed subset of Grq(M) and the Euler characteristic of X equals the Euler
characteristic of X°. If the subset X is non-empty and closed in Grq(M), then X° is
also non-empty and closed in Grq(M).

This theorem can be used for more than one grading at the same time or in an
iterated way.

1.3 Tree and Band Modules

Some special morphisms of quivers F: S — Q are called windings of quivers (for fur-
ther details see Section 2.3). Each winding induces a functor F,: rep(S) — rep(Q)
of the categories of finite-dimensional representations and a map F: NS — N
of the dimension vectors of S and Q. If § is a finite quiver and a tree and every
vector space of a representation of S is one-dimensional and every map non-zero,
this representation is denoted by 15 and the image of this representation under the
functor F, is called a tree module (see Definition 2.4). Let n € Z., S be a quiver
of type A;—; and Z§ the set of indecomposable representations V = (Vi, Vy)ies,.aes,
of S with V, is an isomorphism for any a € S; and dim¢(V;) = n for some i € Sy.
The representation F,(V) of Q is called a band module if V € IT§ and F,(V) is
indecomposable (see Definition 2.7).

In Theorem 1.2 we compute the Euler characteristics of quiver Grassmannians of
all tree and band modules and prove their positivity (see Corollaries 3.1 and 3.2).
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1.4 Quiver Flag Varieties

The projective variety Fqw . q0 (M) of flags of subrepresentations of M with di-
mension vectors d, ..., d? is called quiver flag variety (see Definition 3.8). The-
orems 1.1 and 1.2 are also generalized to analogous statements for such quiver flag
varieties (see Corollary 3.10).

1.5 Coverings of Quivers

Let Q be a locally finite qu1ver and G a group. An action of the group G on 0 is
a pair of maps G x QO — Qo, (g,i) — giand G x Ql — Ql, (g, @) — ga such that
gs(a) = s(ga) and gt(a) = t(ga) for all ge G and a € Ql. We say, the group G acts
freely on the quiver Q if for all i € Qo and all a € Q1 the stabilizers are trivial. Let
0= Q/ G be the orbit quiver of an action and 7 : Q — Q the canonical projection
map. If G acts freely on the quiver O,thenrisa winding.

In Theorem 1.2(c) we show that the Euler characteristic of a quiver Grassmannian
of some finite-dimensional Q-representation m,(V) is determined by the Euler
characteristics of the quiver Grassmannians of the Q-representation V. Since this
theorem holds for free and free abelian groups, we write “free (abelian) group”.

1.6 Main Result
In this section we state the main result of this preprint.

Theorem 1.2

(a) Let Q and S be finite quivers, F: S — Q a tree or a band, d a dimension vector
of Q and V any finite-dimensional S-representation. Then

XaF (V) =3 (V). @)

(b) Let S be a quiver of type 1211,1, t = (ti)ies, a dimension vector of S and V € T,
i.e. Vis a band module of S and dim¢ (V;) = n for somei € Sy. Then

(n—1)! t;! 1
xW =TT —— || I [[—| ®
t;! —)! tia) — Ls@)!
i€ Sy i€ Sy (n ) HES]([() ())
source sink
with 0! = 1, s! = 0 and Si‘ = 0 for all negative s € Z.
(c) Let Q be a locally finite quiver and G a free (abelian) group, which acts freely

on Q Let d be a dimension vector of Q = Q/ G and V a finite-dimensional Q-
representation. Then

xa@ (V=" xV). )

)

It is easy to see that relations I of a quiver Q do not affect these results. Let M
be a representation of a quiver Q with relations I. So M is also a representation

@ Springer
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of the quiver Q without relations. Any subrepresentation of the representation M
of Q is also a subrepresentation of the representation M of Q with the relations /.
Thus the variety Grq(M) for a finite-dimensional representation M of a quiver Q
with relations 7 equals the variety Grq(M) for the representation M of the quiver O
without relations.

1.7 Morphisms of Ringel-Hall Algebras

Let Q be a locally finite quiver, / an admissible ideal and A = CQ/I the correspond-
ing C-algebra (for further details see Section 2.1). We associate to the algebra A the
Ringel-Hall algebra H(A), its subalgebra C(A) and its completions 7:[(A) and é(A)
(for further details see Section 2.4). Trees, bands and coverings induce morphisms of
Ringel-Hall algebras.

Theorem 1.3

(a) Let F: S— Q be a tree or a band and A =CQ/I and B =CS/J finite-
dimensional algebras. If F induces a functor F,: mod(B) — mod(A), then the
map

C(F):C(A) - C(B), f+> foF, (5)

is a Hopf algebra homomorphism. If F is injective, this map C(F) is surjective.
If any A-module can be lifted to a B-module, i.e. F, is dense, the map C(F) is
injective.

(b) Let Qbea locally finite quiver and G a free (abelian) group, which acts freely on
Q Let Q = Q/G, A=CQ/I and B = (CQ/J be algebras and  : Q — Q the
canonical projection. If  induces a functor w,: mod(B) — mod(A), then the
map

C(): C(A) —» C(B), fr fom, (6)
is a Hopf algebra homomorphism. If any A-module can be lifted to a B-module,

this map is injective.

In both cases these maps are functorial, since C(id4) = id¢(4) and C(F o G) =
C(G) o C(F) for some maps F and G occurring in the theorem. Moreover these maps
C(F) and C(rr) can be extended to the bigger Ringel-Hall algebras:

H(F): H(A) — H(B), fr> foF., H():H(A) — H(B), fr> form,.

But these maps are in general no algebra morphisms. Nevertheless we use this
notation.

Let X C repg(A) and Y C rep,(A) be constructible and GL(C)-stable subsets. To
consider the multiplication of the Ringel-Hall algebra H(A) we have to compute the
Euler characteristic of the following constructible subset of Grq(M)

{N € Gra(M)|N € X, M/N € Y}.
The gradings used in the proof of Theorem 1.2 are also stable on the Grassmannians

appearing in the product C(F)(f * g) for some tree or band F and in the product
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C(m)(f *g) for some covering m. This simplifies the calculations of the Euler
characteristics of these Grassmannians.

1.8 Ringel-Hall-Algebras, Tree and Band Modules

Let F= (FU, ..., F”) with FO: §® — Q be a tuple of trees, B = (B, ..., BY)
with BO: TW — Q a tuple of bands and n = (n,, ..., ny) a tuple of positive integers
(see Definition 2.4 and 2.7). Let

1if3V; e 70, M= @, F (Lso) ® @, BY(V)),

Lepa(M) = {0 otherwise.

This defines constructible functions in H(A), which are not necessarily in C(A).

Let Fbe awindingand F = (FV, ..., F?) with F©: §© — O be a tuple of wind-
ings. We define a set of tuples by the following: Let Gr(F) be a set of representatives
of the equivalence classes of the set

{i‘ = (ﬁ(l), el ﬁ<’))|]7“(i): §® — QO winding, FF® = F® vi}

with the equivalence relation ~ defined by F ~ F iff 1 = 1 in H(A). Thus for all i
the diagram in Fig. 1 commutes. If r = 0, the set Gr(F) consists by convention of one
trivial element.

For the next statement it is not important if we compute the products in H(C Q)
or in H(CQ/I) for some admissible ideal I. It is only essential that F resp. = induces
a well-defined functor mod(B) — mod(A).

Proposition 1.4 Let F be a tuple of trees, B a tuple of bands and n a tuple of positive
integers.

(a) Let Q be a finite quiver and F: S — Q a tree or a band. Then
HOF) (Len) = D o o i LB (™)

(b) Let Qbea locally finite quiver, G a free (abelian) group, which acts freely on 0,
QO=0/Gandr: Q — Q the canonical projection. Then

H(x) (Lep.a) = Zﬁegn (F)ﬁegxm)ﬂiﬁ*“' ®)

Combining this proposition with the previous Theorem 1.3 we get useful corollar-
ies to compute the products of these functions 1 g , in H(C Q) (see Corollaries 3.17
and 3.25). Actually for a string algebra A = CQ/I (see Section 2.5) the computation

Fig. 1 Factorization property F
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of arbitrary products of functions in C(A) is reduced to a purely combinatorial task
(see Corollary 3.22).

1.9 Outline of Paper

The paper is organized as follows: First we define our main objects in Section 2 and
then we give some examples, generate some corollaries and explain our results in
Section 3. After that we introduce the gradings as a useful tool in Section 4 and then
we prove Theorem 1.1 in Section 5.1. Both are used to prove the remaining results
of Sections 1 and 3 in the remaining sections.

2 Main Definitions
2.1 Quivers and Path Algebras

Let O = (Qo, QO1, s, 1) be a locally finite quiver (or quiver for short), i.e. an oriented
graph with vertex set Q,, arrow set O and maps s,¢: Q; — Qp indicating the start
and terminal point of each arrow such that in any vertex only finitely many arrows
start and end. A finite-dimensional representation M = (M;, M,)ic 0, qc0, of Q (or Q-
representation for short) is a set of finite-dimensional C-vector spaces { M;|i € Qp} and
aset of C-linear maps {M,: My, — Mqla € O} such that only finitely many of the
vector spaces are non-zero. A morphism f = (f)ico,: M — N of Q-representations
is a set of C-linear maps { fi: M; — N;l|i € Qo} such that fi, M, = N, fyqa foralla
0,. Let rep(Q) denote the category of finite-dimensional Q-representations.

A subrepresentation N = (N;)ico, of M = (M;, My)ic0,.qc0, 15 a set of subspaces
{N; € M;li € Qo} such that M,(Nyq) S Ny for all a € Q;. So every subrepre-
sentation N = (N;)icg, of a O-representation M = (M;, M,)ic0,.qc0, 1S again a Q-
representation by (N;, My, )icQ,.ac0, - In this case we write N € M. The dimension
of a Q-representation M is dim(M) := Zier dimc (M) and its dimension vector is
the tuple dim(M) := (dim¢ (M;))icg, € N o, So we assume for each dimension vector
d= (di)ier e N of QO that |d| := ZiEQodi < 0.

Let O be a quiver. An oriented path p = a, ...a, of Q is the concatenation of
some arrows ai, ..., a, € Qi such that t(a;;) = s(a;) for all 1 <i < n. Additionally
we introduce a path ¢; of length zero for each vertex i € Q. The path algebra CQ of
a quiver Q is the C-vector space with the set of oriented paths as a basis. The product
of basis vectors is given by the concatenation of paths if possible or by zero otherwise.

Let Q be a locally finite quiver and C QO the ideal in the path algebra CQ, which
is generated by all arrows. An ideal [ of the path algebra CQ is called admissible
if a k € Z. exists such that (CQ")K € I € (CQ™)% If the quiver Q is finite and
admissible, A = CQ/I is a finite-dimensional C-algebra such that the isomorphism
classes of simple representations are in bijection with the vertices of the quiver Q.

For a quiver Q it is well known that the category of finite-dimensional CQ-
modules mod(C Q) is equivalent to the category rep(Q). So we think of Q-represen-
tations as C Q-modules and vice versa. Let [ be an admissible ideal, A = CQ/I and
mod(A) the category of finite-dimensional A-modules. Again we think of A-modules
as Q-representations and some Q-representations as A-modules.
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An expanded introduction to (finite-dimensional) algebras over an arbitrary field
can be found in [1].

2.2 Quiver Grassmannians

Definition 2.1 Let O be a quiver, M a Q-representation and d a dimension vector.
Then the closed subvariety

Grq(M) := {U € M|dim(U) = d}

of a product of classical Grassmannians is called the quiver Grassmannian.

Hence this is a projective complex variety, which is by [21] in general neither
smooth nor irreducible. We denote the Euler characteristic of a quasi-projective
variety X by x (X) and the Euler characteristic of Grq(M) by x4(M) for short.

Example 2.2 Let Q =1 LN 2, M, = M, = C?>and M,: M, — M, alinear map with
rk(M,) = 1. Then M = (M,, M», M,) is a Q-representation such that Gr; ;,(M) can
be described as ({x} x P") U (P' x {x}) € P' x P'. This projective variety is neither
smooth nor irreducible and y 1)(M) = 3.

A proof of the following proposition is given in Section 5.2.

Proposition 2.3 (Riedtmann [19]) Let Q be a quiver, d a dimension vector and M and
N Q-representations. Then

XaMeN) =3 xe(M)xa-e(N) ©)

with (¢;)icg, = ¢ < d = (d))ic, if and only if c; < d; for all i € Q.

Thus it is enough to consider the Euler characteristic of Grassmannians associated
to indecomposable representations.

2.3 Tree and Band Modules

Let O = (Qo, O1,s,t) and S = (S, S1,5',¢) be two quivers. A winding of quivers
F: S — Q (or winding for short) is a pair of maps Fy: So — Qo and Fy: S; — O,
such that the following hold:

(a) Fis a morphism of quivers, i.e. sF| = Fys' and tF) = Fyt'.
(b) Ifa,b € Sy witha # b and s'(a) = 5'(b), then Fy(a) # Fi(b).
(¢) Ifa,b € S; witha # b and ¢ (a) = ' (b), then Fy(a) # Fi(b).

This generalizes Krause’s definition of a winding [17]. Let V be an S-representation.
Forie Qpanda € Q; set

(F.(V)i=EP Vi and  (F.(M).=

V
jeFy ) beF '@ ?

This induces a functor F,: rep(S) — rep(Q) and a map of dimension vectors
F: N% — N, The concatenation of windings behaves very well: Let F: S — Q and
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G: T — S be windings then FG: T — Q is again a winding and the functors (FG),
and F,G, are equivalent.

Let Q be a finite quiver. Then the Q-representation (M;, M,)icg,.ac0, With M; =
Cftoralli e Qpand M, =idc foralla € Q) isdenoted 1. Forn € Z. let IZ be the
set of all indecomposable Q-representations (M;, My)ic,,ac0, With dime (M;) = n for
alli € Qp and M, is an isomorphism for all a € Q.

A simply connected and finite quiver S is called a tree, i.e. for any two vertices in
S there exists a unique not necessarily oriented path from one vertex to the other.

Definition 2.4 Let O and S be quivers and F: S — Q a winding. If S is a tree, then
the representation F,(Lgs) is called a tree module. We call such a winding F a tree,
too.

By [14] all tree modules are indecomposable.

Example 2.5 Let Q, S and F be described by the following picture.

1 2 3 1 2
Y
8= \ﬂ l / - e \ l '
o y/ o

3y — 3 3 )
Let 15 and F,(1s) be described by the following pictures.

1s= ) 1(]:l : , F.1y) = ) C(E)
N Y (E>\£«g<

C —C

o—=O
—_o o

[=]=]=}
—

Then F: § — Qisatree and F,(1s) a tree module.

A quiver S is called of type A; for some [ € Z.y if So={l,...,I} and S| =
{s1,...,s.-1} such that for all i € Sy with i # [ there exists a &; € {—1, 1} with s(s7") =
i+ 1 and (s{") = i. (We use here the convention s(a~') = 7(a) and 7(a~") = s(a) for
all a € §;.) Figure 2 visualizes a quiver S of type A;.

Definition 2.6 Let O and S be quivers, S of type A;, F: S — O awinding and F, (L)
a tree module. Then F is called a string and F,(1s) a string module.

A quiver S is called of type Al_l for some l € Z_g if So={1,...,1} and §; =
{s1,...,s;}such thatforalli € Spaeg; € {—1, 1} exists with s(s') =i+ 1 and #(s}") = i.
(Weset [ +i:=iin Sy.) We draw a picture of a quiver of type A,_; in Fig. 4.

Fig.2 A quiver of type A, S 2 e

§y Si-1
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Definition 2.7 Let Q and § be quivers, B: § — O a winding and V € Z%. If S'is of

type A, and B.(V) is indecomposable, then B, (V) is called a band module. B is
called a band if S is of type A;_; and B, (1) is indecomposable.

Let S be a quiver of type A_jand B: S —> Qa winding. The module B, (1) is not
necessarily indecomposable. This well known feature is explained in the following
example.

Example 2.8 Let Q and S be quivers, S of type A;_;, B: § — Q a winding and V €
I§. We set sy :=s;in S| and g4, := ¢; for all i € S.

(a) If there is no integer r with 1 <r <[, B (s;) = Bi(si4+,) and &; = ¢;;, forall 1 <
i <[ and the Jordan normal form of the map V;'... V(! is an indecomposable
Jordan matrix, then B, (V) is indecomposable.

(b) If there is an integer r with r > 0 as above, then B.(V) = @;_, M? with s =

m and Q-representations M® of dimension n ged(r, [).

Remark 2.9 Let r € Z.,. Using the Jordan normal form, the indecomposable mod-
ules of the polynomial ring C[T, T~'] of dimension r are canonically parametrized by
C*. Let ¢,: C* — mod(C[T, T~']) describe this parametrization and ¢: C* x Z.¢ —
mod(C[T, T~']) with (A, r) = ¢, (L).

Let B: S — Q be a band and mod(C[T, T~']) the category of finite-dimensional
CIT, T~']-modules. There exists a full and faithful functor F: mod(C[T, T™']) —
rep(S) such that F(V) € Ig"" ™ for any indecomposable V € mod(C[T, T~']).

The map C* x Z. 5 mod(CIT, T~']) N rep(S) B rep(Q) is a parametriza-
tion of all band modules of the form B, (V). The image of (1,r) € C* x Z.( under
this map is denoted B, (%, r). Additionally, we define B, (%, 0) = 0 for all A € C*. We
remark that neither the functor F nor our parametrization of band modules of the
form B, (V) is unique.

Let A € C*andr, s € N with r > s. Then a surjective morphism B, (A, r) — B.(A,s)
and an injective morphism B, (A, s) < B, (A, r) exist. Let ¢: B,(A,r) = B.(%,s) be
such a morphism. Then the kernel and the image of ¢ are independent of ¢. So for all
r,s € N with r > s there exists a unique sub- and a unique factormodule of B, (A, r)
isomorphic to B, (4, s).

Example 2.10 Let Q = ({o}, {«, B}, 5,1), A € C* and B the band described by the
following picture.

1
B / \a
2 3
N/

B:S=

—>Q:<acojﬂ)

In this case we can assume that the band module B, (X, 3) is visualized by Fig. 3.
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764 N. Haupt

Fig. 3 A band module B, (1, 3)

Crawley-Boevey [9] and Krause [17] constructed a basis of the homomorphism
spaces of tree and band modules. This description yields the following lemma.

Lemma 2.11 Let Q, S, T be connected quivers, F: S — Q, G: T — Q tree or band,
Vel§and W eI}, If F (V) = G.(W) then a unique bijective winding H: S — T
exists such that F = GH and H, (V) = W.

Proof Since F, (V) is indecomposable the endomorphism ring End o (F..(V)) is local.
Thus by [9] and [17] such a winding H exists. Since F and G are trees or bands the
modules H,(V) and W are isomorphic. The winding H is unique since there is no
non-trivial automorphism H': S — § with F = FH’ for a connected tree or band
F:§— Q. O

Remark 2.12 Let Q be a quiver of type A;_;. The category rep(Q) is well known
and described in [22]. The indecomposable representations are divided into three
classes of representations: The classes of preprojective, regular and preinjective
representations. Let M be a band module and N a string module of Q. Then the
following hold:

The band module M is regular.

Homg (N, M) # 0 and Homg(M, N) = 0if and only if N is preprojective.
Homg (N, M) = 0 and Homg (M, N) = 0if and only if NV is regular.

Homg(N, M) = 0 and Homg (M, N) # 0if and only if N is preinjective.

If N is preprojective and dim(N) < dim(M), then an injective map N <— M and
an indecomposable preinjective representation with dimension vector dim(M) —
dim(N) exist.

e [If N is non-regular, then N is determined up to isomorphism by its dimension
vector.
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e If Nis preprojective, then all short exact sequences0 - M — L — N — 0 with
some Q-representation L split.

e If N is preinjective, then all short exact sequences 0 > N — L — M — 0 with
some Q-representation L split.

Let M and N be indecomposable preprojective Q-representations with dim(M) >
dim(N). Then Homg(M, N) = 0if M 2 N and all short exact sequences 0 - M —
L — N — 0 with some Q-representation L split.

2.4 Ringel-Hall Algebras

The Ringel-Hall algebras of finite-dimensional hereditary algebras over finite fields
are well known objects (see [20] for an introduction). We now consider the Ringel-
Hall algebra H(A) of constructible functions over the module varieties repgq(A) of
C-algebra A = CQ/I with a locally finite quiver Q and an admissible ideal / (see
definition below). This is an idea due to Schofield (unpublished manuscript), which
also appears in works of Lusztig [18] and Riedtmann [19]. An introduction to the
construction of Kapranov and Vasserot [16] and Joyce [15], which we are using here,
can be found in [4]. For completeness we review the definition.

Let A =CQ/I be a path algebra of a locally finite quiver Q and an admissible
ideal 1. For a dimension vector d € N let

repg(A) := {(Ma)a € HateHomC (Cd:(a)’ (]:d/(w)

(C*, Ma)i’a € mod(A)}

be the module variety of the A-modules with dimension vector d. The algebraic
group GLq(C) =[] o, GL4 (C) acts by conjugation on the variety repy(A) such that
the GL4(C)-orbits are in bijection to the isomorphism classes of A-modules with
dimension vector d.

A function f: X — C on a variety X is called constructible if the image is finite
and every fibre is constructible. A constructible function f: repy(A) — C is called
GL4(C)-stable (or GL(C)-stable for short) if the fibres are GLq4(C)-stable sets.

Let Hq(A) be the vector space of constructible and GL4(C)-stable functions on
repg(A). Let H(A) = Ggepor Ha(A) and x: H(A) @ H(A) — H(A) with

Ax+1y)(M)=x({0S NS M|Ne X, M/N €Y})

for all M € rep,4(A) and all constructible and GL(C)-stable subsets X C repy(A)
and Y C rep.(A). For a dimension vector d let 14 be the characteristic function of
all representations with dimension vector d and 1 ¢ the characteristic function of the
semisimple representations with dimension vector d. For an A-module M let 1, be
the characteristic function of the orbit of the module M.

Proposition 2.13 The vector space H(A) with the product * is an associative, N90-
graded algebra with unit 1.

Let C(A) be the subalgebra of H(A) generated by the set {1q|/d € N%}. The
algebra C(A) is a cocommutative Hopf algebra with the coproduct A: C(A) —
C(A) ® C(A) defined by A(f)(M, N) = f(M @ N) for all f e C(A). This is known
by Joyce [15] and also stated in [4]. Moreover for a dimension vector d and the
antipode S holds S (14) = (=11 in C(A).
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Let 7:((14) = [Taenoo Ha(A) be the completion of the Ringel-Hall algebra H(A)
and é(A) the one of C(A).

2.5 String Algebras

Let Q be a finite quiver and / an admissible ideal. Then A = CQ/1 is called a string
algebra if the following hold:

(a) At most two arrows start in each vertex of Q.

(b) At most two arrows end in each vertex of Q.

(¢) Ifa,B,y € Q) witha # B,thenay € Ior By € .
(d) o, B,y € Qwithp #y,thenaf € [oray € 1.
(e) The ideal I is generated by oriented paths of Q.

Example 2.14 Let Q be as in Example 2.10. Then A = CQ/(a?, B%, afa) is a string
algebra and the set {e,, o, B8, @8, Ba, BaB} of paths is a basis of the vector space A.

Let A be a string algebra. Then it is well known that every indecomposable A-
module is a string or a band module.

3 Corollaries and Examples

In this section we give some examples, generate some corollaries and explain our
results in more detail.

3.1 Tree and Band Modules

All the corollaries and examples of this section are strictly related to Theorem 1.2(a)
and (b).

Corollary 3.1 Let F: S — Q be atree or a band and d a dimension vector of Q. Then
we have to count successor closed subquivers of S with dimension vectors in F~'(d) to
compute xa(Fi(1s)).

This corollary follows immediately from Theorem 1.2(a).

Corollary 3.2 Let Q be a quiver, M a tree or band module and d a dimension vector
of Q such that the variety Grq(M) is non-empty. Then xq(M) > 0.

Proof The inequality xq(M) > 0 is clear by Theorem 1.2. We prove the statement
of Theorem 1.2(a) by applying Theorem 1.1 several times. So also the stronger
inequality xq(M) > 0 follows. O

If the quiver Sis an oriented cycle, each band module B, (V') has a unique filtration
with n = dimg (V;) pairwise isomorphic simple factors of dimension |Sy|. In this case
Theorem 1.2(b) holds (see Example 3.3).
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Therefore we assume without loss of generality that S is not an oriented cycle.
Let {i1, ..., i} be the sources of S and {7, ..., .} the sinks. We assume that 7 > 0 and
1 <iy <ij <ip<iy... <i <i, <l Then the quiver S is visualized in Fig. 4.

Example 3.3 Let S, V and t be as in Theorem 1.2(b). Lett;y =#, = ... =t < n. Then
xe (V) =1

The next example shows one result of [8, Proposition 3] as a special case of
Theorem 1.2(b).

Example 3.4 Let S, V and t be as in Theorem 1.2(b). Let r =1, =1 and i} = /.

Then
1 n—1t (& —1)!
V) = _—.
xt (V) (,1) (n —lz) M2l iy — 0!

Example 3.5 Let Q, B be as in Example 2.10 and V € 73. Using Theorem 1.2, it is
easy to calculate the Euler characteristics x4(B.(V)). For instance,

x4(B+(V)) = x0.022 (V) + x0.2,02 (V) + x0.1,1,2(V) + xa,1,1,n(V)
4 l4441=7

since F_l(4) ={t=(t,th,t3,14) € NS°|I| +t+1t;3+ 1ty =4} and Gr(V) = g if s(a) >
t(a) for some a € S or t; > 2 for some i € 5.

S
ir

& — — —
- - - =
-
& - — =

Fig. 4 A quiver of type A;_,
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Example 3.6 1f F is a tree or a band, Theorem 1.2(a) holds for any S-representation
V. Let F be the tree described by the following picture.

2

F:S= lﬁ, —>Q=(aCODﬂ>

o o

1 — 4 — 3

Let V be an indecomposable S-representation with dimension vector (1,1, 1,2).
Then the dimension vector of a subrepresentation U of V with dim(U) =3 is in
{(1,0,1,1),(0,1,1,1),(0,0, 1, 2)}. Thus

x3 (Fe(V) = xa.01.0(V) + x0,1.1,0 (V) + x0,0,1,2 (V) = 3.

Example 3.7 If S is not a tree and not a band, Eq. 2 does not hold in general. To see
this we consider the winding F described by the following picture.

Then F, (1) is indecomposable and

Xoan (Fu(ls) =2#0=)" Xe(Ls).

teF-1((0,1,1))

It is easy to see that there exists no quiver S and no winding F such that a formula
similar to Eq. 2 holds. So it is not possible to describe these Euler characteristics
purely combinatorially using our techniques.

3.2 Quiver Flag Varieties

Definition 3.8 Let Q be a quiver, M a Q-representation and dV, ..., d"” dimension
vectors. Then the closed subvariety

of the classical partial flag variety is called the quiver flag variety.

We denote the Euler characteristic of Fqw g0 (M) by xqo0...a» (M). The follow-
ing corollaries of Theorem 1.2(a) follow immediately from the analogous statements
for the quiver Grassmannians.

Corollary 3.9 (Riedtmann) Let Q be a quiver, dV, ..., d" dimension vectors and M
and N Q-representations. Then
Xe...en (M) xaw—cw . .a0n—en (N).

0<c®<d®
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Corollary 3.10 Let Q and S be quivers, dV, ..., d" dimension vectors of Q and V an
S-representation. If F: S — Q is a tree or a band, then

(O cF-1 (d“)) Xl(”,,_,,t(” (V) .

In particular we have to count flags of successor closed subquivers of S with dimension
vectors in F~1(d") to compute xqo _qo (F.(1s)).

Example 3.11 Let Q = (1 = 2),n € Nwithn > 3 and M an indecomposable module
with dimension 2xn. Then

Xa,2),23) (M) =8(n —2).

A detailed proof of this equation is given in Section 7. For this calculation it is enough
to count flags of successor closed subquivers of the quiver

1M 1@ 10

NN N

2D 2(2) ce 2 (n=1) 2(m)

associated to the dimension vectors (1, 2) and (2, 3).

Corollary 3.12 Let Q be a quiver, M a tree module and dV, . . ., d") dimension vectors
of Q such that Grqw . __qo (M) is non-empty. Then xqo . qn (M) > 0.

..........

3.3 Coverings of Quivers

We give two examples of coverings. In one case Theorem 1.2(c) holds and in the
other it fails. This shows that for this it is necessary that G is free and acts freely

on Q.

Example 3.13 Let Q =(Z,Z)and G = Z withs(n) =n,t(n) =n+landgk=g+k
for all k € QuUQ; and g € G. Let I be a ideal of CQ generated by the passes of
Q of length m and I = f/ G. Then Q = Q/G is the one loop quiver and CQ/I is
isomorphic to C[T]/T™. Let | < m. For any indecomposable CQ/I-module M of
length [ there is an indecomposable CQ/ I-module N with 7,(N) = M. Then for 0 <
k <Ilwehave (M) = x({U € N|dimU = k}) = 1.

Example 3.14 Let: QO — Q be the winding described by the following picture:
1
a b
/ \ 1
2 ¥ | = <l

b ”\ /la/ 2

1
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Then 1 is indecomposable and has only one two-dimensional subrepresentation.
But 7,.(1,) is decomposable and has three two-dimensional subrepresentations.

Thus
Xa.n (”* (HQ» =270= Zter'«l,lnx‘ (]lQ) '
3.4 Ringel-Hall Algebras

We are studying the products of functions of the form 1gp, in H(A). Using the
following lemma and following example, it is enough to consider the images of
indecomposable A-modules.

Lemma 3.15 Let A = CQ/I be an algebra, f, g € C(A) and M and N be A-modules.
Then

(frMaN) =} (ﬁ” * g§1>) (M) (ffz) « g§z>) N
where A(f) =Y, " ® £7 and A@) = X8 @ g,

Proof By definition A(f)(M, N) = f(M & N) for any f € C(A). Since C(A) is a
bialgebra the comultiplication A is an algebra homomorphism. O

Example 3.16 Let F be a tuple of trees, B a tuple of bands and n a tuple of positive
integers. Then

A (]]-F,B.n) = E 1po g n0 @ Ly Bo no.
FOUF® =F,BOUB =B,n)Un®=n

In this example we have been a little bit lazy: 1 g n is not necessarily in C(A), but we
can extend the comultiplication in a natural way to all functions of the form 1g g j.

Using Theorem 1.3 and Proposition 1.4 we get the following corollary. The proof
of this corollary is given in Section 9.

Corollary 3.17 Let F and ¥’ be tuples of trees, B and B’ tuples of bands and n and n’
tuples of positive integers.

(a) Let Q be a finite quiver, F: S — Q atree or a band and V € rep(S). Then
(Tpn* Lo pw) (Fa(V) =D (Liga * 15 5u) (V). (10)

where the sum is over (F,F,B,B) € G(F) x Gr(F) x Gr(B) x Gp(B).
(b) Let Q be a locally finite quiver, G a free (abelian) group, which acts freely on Q
0= Q/G T Q — Q the canonical projection and V € rep(S). Then

(Legn* Lo ) T(V) =Y (T ga* 1 ) (V). (11)

where the sum is over (F, ¥, B, B') € G, (F) x G, (F) x G, (B) x G (B).

The functions 1g g n, 1p p n and the corresponding products are in H(C Q). The
other functions 1§ § . 1 j » are in H(CS) or H(CQ). So this corollary shows: To
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calculate (]lF.B,n * ]lF/_B/,,,/) (F«(V)) it is enough to consider some combinatorics and
S-representations, where S is a tree or a quiver of type A;_;.

Proposition 3.18 Let A be a finite-dimensional algebra, F and ¥’ tuples of trees, B
and B’ tuples of bands and n and W tuples of positive integers.

(a) Let F.(1s) be a tree module of A such that
(Lp.Bn * Lpp.w) (Fi(ls)) # 0.

Thenl(B) =I1(B) =0.
(b) Let B.(V) be a band module of A such that

(Lpn * 1p pw) (B:(V)) #0.

Then B, B’ € {0, (B)}, F and ¥’ are tuples of strings and I(F) = [(F'), where [(F)
denotes the length of the tuple F.

Proof Corollary 3.17 shows: To compute (Lgpn* Lpp.w) (Fi(V)) with a tree or
band F: § — Q we have only to consider the products (1§ g, * 1§ § ) (V), where
S is a tree or a quiver of type A;_;, and some combinatorics.

Thus for part (a) we assume without loss of generality that Q is a tree and F
is the identity winding. So we have to compute (]lm;,,, % ]lFf.Bf,,,r) (1p) in H(CQ).
All sub- and factormodules of the tree module 1, are again tree modules. If
(]]-F,B,n * ]]-F’,B/.n’) (]].Q) 7+— 0, then I(B) = Z(B/) =0.

For part (b) we assume without loss of generality that A = CQ, where Q is a
quiver of type A;_;. All Q-modules are string or band modules B (V') such that
B': Q — Q is the identity winding. If (Lgn * Lp g ) (V) # 0, then [(B), [(B') < 1
by Remark 2.9.

The equality /(F) = /(F') is shown by induction. Let V be a band module and U a
submodule, which is isomorphic to a string module. It is enough to show that for the
representation V/U = (Wi, Wo)ic0,.qc0, the equality

dim(V/U) - 1= ZaEQ rk(W,)

holds, where rk(W,) is the rank of the linear map W,. This is clear since V is a band
and U a string module with dim(U) ¢ Z(1, ..., 1). O

Remark 3.19 The calculation of the image of a tree module under a product 1g g *
1p g w is now a purely combinatorial task: Using this proposition it is enough to
consider (Lpw_ poy * Lpar, poy) (Fi(Lg)). By Corollary 3.17 it is even enough
to count successor closed subquivers T of S with F.(17) = @, F9(140») and
F.(1s/17) = @, FO(1s0).
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Example 3.20 Let F be the string described by the following picture.

1 I

@ B B o

Frs=( /N0, N
2

3 — 3% 2

1
o B
- Q= / \ )
2 3 )

‘C

Let F=2—> 0.353)> Q) and F =(1 - Q,(1 >2)— Q). We compute
(1p % 1p) (Fy(1s)) with Corollary 3.17. Then

G ={2—-5(353)=5),@2 -5 (353)->9)),
GroF)={(1> S, (IS 2) > 8),(I'> S, (152) - S)}

and thus (1f % 1p) (Fi«(1s)) = 2 by counting these subquivers.

Proposition 3.21 Let Q be a quiver of type Ai_y, F and ¥ be tuples of strings,
B: O — Q the identity winding, m € N and ). € C*.

(a) Letn,n € Nwithn+n <m. Then
(Lp.8n * Lp ) (Bs(h, m)) = (Ip * 1p) (By(h,m —n —n')). (12)

(b) Letn e IN F a string and F(n) = (F, ..., F) with [ (F(n)) = n such that F,(1y)
and F (]15(1)) are preprojective, dlm(F (1)) > dlm(F(')(]lSm)) and F,(1g) 2
FO (Lg0) for all i. Then (Lggyup * Lp) (B (k, m)) =

> o @rxlE) (B* (x, m— Z;k,) ® @;Iki) (13)

with I, an indecomposable representation with dim(ly,) = (ki, ..., k;) —
dim(F,(1y)) for all i.

A proof of this is given in Section 9. If dim(B. (%, k;)) > dim(F,(Ls)), the module
I exists, is preinjective and determined up to isomorphism uniquely by Remark 2.12.

Let Q be a quiver of type A;—, F” and F’ be tuples of strings and V' € Z{; such
that (1 * 1p)(V) # 0. Without loss of generality we assume that d1m(F”(l)(Ils)) >
dim(F/” (1)) for all i. Then F/?”(1s) is preprojective for all i and we apply
Theorem 3.21(b) with F = F"" and F = {F"®|F"®(15) 2 F(1s)}. Thus we get the
following corollary.

Corollary 3.22 Let A =CQ/I be an algebra, M a direct sum of tree and band
modules of Q such that M is an A-module. Let F and ¥’ be tuples of trees, B and
B’ tuples of bands and n and W tuples of positive integers. Then 1y pn * Ly g w (M)
can be computed combinatorially.
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3.5 String Algebras

In this section we consider the Ringel-Hall algebras of string algebras. The proofs of
these corollaries and of Eq. 14 are stated in Section 10.

Corollary 3.23 Let A be a string algebra. Let F be a tuple of strings, B a tuple of bands
and n a tuple of positive integers. Then

Ip#1pn =1pBn = Lpn* Ly.
Example 3.24 Let Q = (1 == 2), F and F tuples of strings, B: Q — Q the identity
winding and m € N such that (1g * 1p) (B, (A, m)) # 0. Then

I(F)! I(F')!

(Ig * 1p) (B.(h, m)) = : —
e [T iroja= [LFON T progy = [LF O]

(14)

where {F?|i}/ = is the set of isomorphism classes and |[[F®]| is the number of
elements in the isomorphism class of F®. For instance,

(]]-SQ’”’@P(SI)" * ﬂsrﬂ@l(sz):) (Bi(hym+r+9)=(7)5)

with m, r,s € N, S; € mod(A) is the simple representation associated to the vertex
i€ Qp, P(Si)) e mod(A) is the projective cover of S; and I(S;) € mod(A) is the
injective hull of S;.

In general it is much harder to give an explicit formula for (1y * Lg) (B, (X, m)).

Corollary 3.25 Let A be a string algebra. Then every function in C(A) is a linear
combination of functions of the form 1g g n with some tuple F of strings, some tuple B
of bands and some tuple n of positive integers.

4 Gradings
4.1 Definitions

Let Q be a quiver and M = (M;, M,)ic0,,ac0, @ Q-representation. Let / = {1,2, ...,
dim(M)} and E = {e/| j € I} be a basis of P, ,, M; such that E € .o, M.

Definition 4.1 A map d: E — Z is called a grading of M.

So every grading depends on the choice of a basis E. It is useful to change
the basis during calculations. A vector m =}, mje; € M with m; € C is called
d-homogeneous of degree n € Z if d(ej) =n for all je I withm; #0.lf me M is
d-homogeneous of degree n € Z, we set d(m) = n.

The following grading has been studied by Riedtmann [19]: Let M = @) _, Ni,
where Ny is a subrepresentation of M for all k and E C (J;_, Ni. Then the grading
d: E — Z with d(ej) = k if ej € Ny is called Riedtmann grading (or R-grading for
short).
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Definition 4.2 Let 0 and 9,,...,09, be gradings of M and A(y,z,a) € Z for all
y.z € Z" and a € Q; such that

A(@m(€))1<m=r, @m(e))1<m=r, a) = d(e;) — d(e)) (15)

for all i, je I and ae Q; with ¢; € M;y,), ej € My, and m; #0 for M,(e)) =
> ke Mrex. Then 9 is called a nice 9y, . . ., d,-grading.

Example 4.3 Let O = ( 1 =2 ), M, =M, =C* M, = () and My, = (§}).
b

Then M = (M;, M>, M,, My) is a Q-representation. Let {e; = (}), fi = (9)} be the
canonical basis of M; for each i € Qg and E = {ey, fi, ez, f2}. Let 3,0,: E — Z be
gradings with d(e;) = 3(f;) =0, d(ex) =3, 3(f2) =5, 91(e;) =0 and 9,(f;) =1 for
each i € Qp. Then 9 is a nice 9;-grading, since A(0,0,b) = d(e;) — d(e;) =3 and
A(1,1,b) =3(f,) —3(f1) = 5. But 3 is a not a nice @-grading, since for A(J, &, b)
we have: d(ex) — d(ey) =3 £ 5= 3(fo) — a(f1).

Example 4.4 In this example we state two extreme cases of gradings.

e Letdand 9’ be gradings such that 3": £ — Z is an injective map. Then 9 is a nice
d’-grading.
e Let 0 be a grading such that d(e;) = d(e;) for all i, j € 1. Then 9 is a nice grading.

The definition of 9y, ..., d,-nice gradings generalizes the gradings introduced by
Cerulli Irelli [8]. He only considers the nice @-gradings, i.e. r = 0. (We say nice
grading for short.) Now we successively apply these gradings.

By the following remark, we describe a way to visualize a nice 9y, ..., d,-grading 9
of some representations of the form F,(1s).

Remark 4.5 Let Q and S be quivers and F: § — Q a winding. Let M = F,(15) and

{fi € (Ls)li € So} be a basis of EBieso(]lS)i- Then E := {F.(f)]i € So} is a basis of

@ier M;.

e Now we illustrate each grading 9: £ — Z of M by a labelling of the quiver S.
For this we extend 9 to E U Sy by a(i)) = a(F,(f;)) for eachi € S.

e For each nice 9y, ..., d,-grading d we further extend 9 in a meaningful way to
EU S() U Sl by

d(a) = A((Bm(s(a)))lfmsr, (am(t(a)))lsmgr’ F (a))
for alla € S;. Then by Eq. 15
d(a) = a(t(a)) — a(s(a)) (16)

foralla € S;.
e Letd: SoUS| — Z be amap with the following conditions:

(S1) The Eq. 16 holds for all a € S;.
(82) 3(a)=09(b) foralla, b € S| with Fi(a) = F,(b), 9,,(s(a)) = 9,,(s(b)) and
O (t(a)) = 0,,(t(b)) for all m.

Then the map d induces a nice 9y, ..., d,-grading 9: £ — Z on M.

@ Springer



Quiver Grassmannians and Ringel-Hall Algebras 775

e JetSbeatreeandd: S; — Z be a map such that the condition (S2) holds. Then
the map 9 induces a nice 9y, ..., d,-grading d: E — Z on M.
e Letd: S — Z.If Sis connected, such an induced grading 9 is unique up to shift.

Example 4.6 Let F,(1y) be the tree module described by the following picture.
1 1
«| Lo
2 2
5\ e
3

Then F,(1ys) has a basis E = {F.(f1), F«(f1), F«(f2), F«(f2), F«(f3)} as above.

Let 9;: S > Z,y — 1 for all y € S| and 9,(F,(f1)) =0. This induces by the
previous remark a unique nice grading 9, of F,(1y). In particular 9,(1) = 9,(1") =0,
912)=0;(2)=1and 9;(3) =2. Let 3,: S; > Z,B+— 1,y —~0forall B £y €S
and 9,(F,(f1)) =0 . This induces a unique nice 9;-grading 9, of F,(Ls). So in
particular 9;(1) = 9;(2) =0, 9, (1") = 9;(2) = 3;(3) = 1.

4.2 Stable Gradings

Let Q be a quiver, M a Q-representation and 9 a grading. The algebraic group C*
acts by

s C* — Endc (M), ¢y()(ej) := 1"@e; (17)

on the vector space M. This defines in some cases a C*-action on the quiver
Grassmannian Grq(M).

Definition 4.7 Let X be a locally closed subset of Grgq(M) and 9 a grading of M. If
forall U € X and A € C* the vector space ¢y (1)U is in X, then the grading 9 is called
stable on X.

Let X be alocally closed subset of Grq(M) and 9y, . .., 9, gradings. Let
X" :={U e X|U has a basis, which is 9;-homogeneous for each i}.  (18)

This equation is a generalization of Eq. 1. By definition, each stable grading on X
is also a stable grading on X219,

Lemma 4.8 Let Q be a quiver, M a Q-representation and d a dimension vector.
Let U e Grg(M) and 9, ...,9, gradings. Then U € Grg(M)* % if and only if
o, (MU = U as vector spaces for all i and 1 € C*.
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Proof If U € Grq(M) has a basis, which is d;-homogeneous for each i, we get
¢5,(M\)U = U for each i and A € C*.

Let U € Grq(M) such that ¢y, (A\)U = U for all i and A € C*. Our aim is to find
a basis for U, which is d;-homogeneous for each i. Let s € N with 1 <s <r and
{my,...,m;} be a basis of U, which is d;-homogeneous for each i with 1 <i <.
For each jwith 1 < j<tletmj=), ,Aje; with 1;; € C. For each z € Z and je N
with 1 < j <t define m;; := 3, ;)= Mijei € M. Then m;. is d;-homogeneous for
eachiwith 1 <i <s, 9y (W) (m;;) = A*m; forallr e C* and m;=)"__, m;.. Then
s, (M) (mj) =3 2 'm;; € Uforall . e C*and so m;; € U for all z € Z and all ;.
Since {m |1 < j <t z e Z} generates U, a subset of this set is a basis of the vector
space U, which is 9;-homogeneous for each i with 1 < i < s. The statement follows by
an induction argument. O

We will show that all R-gradings and all nice gradings are stable on Grgq(M).

Lemma 4.9 Let Q be a quiver, M a Q-representation and d a dimension vector. Then
each R-grading 9 is stable on Grq(M).

For this lemma it is enough to show that M, and ¢; (1) commute for alla € Q; and
A e C*.

Lemma 4.10 Let 0y, ..., 9, and 9 be gradings of M. Then 9 is stable on the variety
Grg(M)?>? for all d e N if and only if for all » € C*, ac Q, and d,,...,
d,-homogeneous elements u € M we have

M, (py(MNu) € (M Uy, .5 (), (19)
where Uy, .. 5 (u) is the minimal subrepresentation of M such that u € Uy, 5 (u) and
Us,...5,(w) € Grg(M)? % for some d € N,

If U e Grg(M)?+% and V € Gre(M)?>%, then Lemma 4.8 implies UNV ¢
Grgimwnv) (M) _So the submodule Uy, . 5 () is well-defined and unique.

Proof 1f 9 is stable on Grg(M)* % for all d e N, then ¢;(1)Us,
subrepresentation of M forallx € C* andu € M.

Let U e Grg(M)%%. If Eq. 19 holds for all AeC*, aec Q; and di,...,
d,-homogeneous u € M, then M, ((pa A) Us(a)) C @y(M) Uy forall A € C* and a € Qy,
since U is generated by 9y, ..., ,-homogeneous elements. Thus ¢, (1)U € Grg(M).

O

;9,(11) iS a

,,,,,

Lemma 4.11 Let Q be a quiver, M a Q-representation and d a dimension vector. Then
every nice 91, . .., d,-grading 9 is stable on Grq(M)? %,

Proof By Lemma 4.10, it is enough to consider A € C*, a € Q; and a homogeneous
ue M. We write u=73,_,ure, with w, € C, M,(ex) = Zjelm,kej with mj € C
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for all k € I and Mo(u) = }_,.7r 1y With (0 (mz))m = 2. SO My =3 ict (e pym=z
uim ge; and

Mo (paOow) =) ueMa (W7 Der) =

d(ex)
urh mige;
k. jel k k€]

= Zk jel)ha(ek)_a(ej)”kmik% (Rej

O ) (€
) (Zk /E[)LA« @), Om(e))) a)ukmjk3j>

4.3 Ringel-Hall Algebras

In the theory of Ringel-Hall algebras one has to compute the Euler characteristic of
the following locally closed subsets of the projective variety Grq(M). Let U and M
be Q-representations and X a locally closed subset of Grq(M). Let

XV.={veX|V=U M/V=MU}

Lemma 4.12 Let Q be a quiver, U and M be Q-representations. Then every R-grading
9 is stable on Grq(M)Y.

Proof The linear map ¢y(A): M — M is an automorphism of Q-representations for
all A € C*. O

Lemma 4.13 Let QO be a quiver, M a Q-representation and F,(1s) € M with F: § —
O a tree such that M/ F,(Ly) is a tree module, too. Let d be a nice grading on Grq(M).
Then 9 is also stable on Grq(M)T+@s),

Proof Leta e Qy, » € C* and U € Grg(M)™®9, Since d is a nice grading we know
M,y (1) = 1?@g5(1) M, by the proof of Lemma 4.11. Let i € Sy and p; the unique
not necessarily oriented path in S from i to some j € Sy. Then we associate an integer
d(p)) to each path p; such that f; — A%%?) f; induces an isomorphism U — ¢;(1)(U)
of quiver representations. The same holds for the quotient. O

Lemma 4.14 Let Q and S be quivers, B: S — Q a winding, M a Q-representation
and 9 a nice grading on Grq(M). Let

X ={U € Grqg(M)|3B.(V) band module, U = B,(V)},
a locally closed subset of Grq(M). Then 9 is also stable on X.

Proof We use the proof of Lemma 4.13. In this case the representations U and
©@y(A)(U) are in general non-isomorphic. But they are both band modules for the

same quiver S and the same winding B: S — Q. |

The next example shows that this lemma is not true if we restrict the action to one
orbit of a band module.
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Example 4.15 Let F,.(1y) be the tree module described by the following picture.

1 1 1
F: —> o B
N I
2 2
Let U be the subrepresentation of F,(1s) generated by F.(fi + fi). Let A € C* with
A # 1 and 0 a nice grading of F,(1s) with (@) = 1 and 3(8) = 0 (see Remark 4.5).

Then ¢y(A)U is generated by F.(fi + Af1r), and U and ¢3(A)U are non-isomorphic
band modules.

5 Quiver Grassmannians
5.1 Proof of Theorem 1.1
The following proposition is well known.

Proposition 5.1 (Bialynicki-Birula [2]) Let C* act on a locally closed subset X of a
projective variety Y. Then the subset of fixed points X" under this action is a locally
closed subset of Y and x(X) = x(X®"). If the subset X is non-empty and closed in Y,

then X is also non-empty and closed in Y.

Proof The subset of fixed points X is closed in X. By [3], this is non-empty if X is
non-empty and closed in Y.

So we decompose X into the locally closed subset of fixed points X and its
complement U = X — X% in X. So x(X) = x(X®) + x(U). Since U is the union
of the non trivial orbits in X, the projection U — U/C* is an algebraic morphism.
Since x (C*) = 0 the Euler characteristic of U is also zero. O

The action ¢, of the algebraic group C* on the projective variety X is well-defined.
Thus Proposition 5.1 yields the equality of the Euler characteristic of X and the
Euler characteristic of the set of fixed points under this action. By Lemma 4.8, a
subrepresentation U of M in X is a fixed point of ¢, if and only if U has a basis of
d-homogeneous elements. This proves Theorem 1.1. ]

Corollary 5.2 Let Q be a quiver, M a Q-representation and 9y, . .., 9, gradings of M
such that for all 1 <i <r the grading 9; is a stable grading on Grqg(M)* %1, Then
xa(M) = x (Gra(M)™-%).

This corollary follows directly from Theorem 1.1, since different C*-actions
commute.

5.2 Proof of Proposition 2.3
We choose any basis of M and any basis of N. So the union induces a basis of M &

N. Using a R-grading 9, we have to compute the Euler characteristic of the set of
fixed points. This variety Grg(M @ N)? can be decomposed into a union of locally
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closed sets X, where the subrepresentation of M has the dimension vector ¢ and the
subrepresentation of N has the dimension vector d — ¢. Then xa(M) = Y, x(X.) =
Zc Xe(M) xa—c(N). O

6 Tree and Band Modules
6.1 Proof of Theorem 1.2(a)

If Fisatree, Theorem 1.2(c) yields this theorem by the following property: If F: S —
Qs a tree and 7: O — Q a universal covering, then a factorization F = m¢ exists
such that i: § — Qis injective. But we give in this section an independent proof.

For this it is enough to consider V = 15. By Remark 4.5 the set E = {F,(f;)li €
So} is a basis of F,(1g). We write d(i) instead of a(F,(f;)) for all i € Sy. To prove
Theorem 1.2(a) we will use the following proposition inductively. This proposition
holds in general and not only for trees and bands. But in the case of trees and bands
there exist enough nice gradings such that Theorem 1.2(a) follows (see Lemmas 6.3
and 6.4).

Proposition 6.1 Let Q and S be locally finite quivers, T a finite subquiver of S,
F: § — Qawinding of quivers and d a dimension vector of Q. Let d be a nice grading
of F.(17). Define a quiver Q' by

Qy ={(Fo(D), 3(D)li € So}

Q' ={(3(s(a)), (t(a)), Fi(@)la € S}
s'(3(s(@)), 8(t(@)), Fi(@)) =(s(Fi(a)), I(s(a)))
1 (3(s(a)), 3(t(@)), Fi(a)) =(t(Fi(a)), d(t(a))) for all a € Q.

Define windings F': S — Q' by i+ (Fy(i), 3(i)), a — (3(s(a)), 9(t(a)), Fi(a)) and
G: Q' — Q by (Fy(), 9(D) = Fo(), (3(s(a)), 3(t(a)), Fi(a)) = Fi(a). Then

Xa(Fu(lp) =) X (F o(17)). (20)

teG-1(d)

Proof By definition of Q’, F’ and G holds F = GF' and Grg(F,(17))? =
{U - F*(]lT)]dim(U) =d, U has a 9-homogeneous vector space basis.}
= UteGil(d)Grt(F*(]lT)).
Thus Theorem 1.1 implies

Xa(Fu(lp) = x (Gra(Fu(17))’) =) X(FL(17).

teG-1(d)
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Example 6.2 We have a look at Example 4.6. Let Q" and F’ be described by the fol-
lowing picture.

1 i 1
gl Lol el

S= 2 2 — Q' = 2
ﬂ\ /a, sl

3 3

G
= o /3
— 0 ( C o D )
Using the nice grading 9y, it is enough to observe F, (1s) and x; (F h (1 5)) to compute
xa(F«(1s)). So the nice 9;-grading 9, induces a nice grading of F, (15).

Lemma 6.3 Equation 2 holds for each tree module F,(1s).

Proof By Proposition 6.1 it is enough to treat the cases when Fy: Sy — Qy is sur-
jective and not injective. If i, j € Sy exist with Fy(i)) = Fy(j) and i # j, we construct a
nice grading d of F,(Ls) such that d(i) # 3(j). So we do an induction over |Sy| — | Qp|.

Let 8’ be a minimal connected subquiver of S such that there exist i, j € S with
Fy(i) = Fy(j) andi # j. Then S’ is of type A;. Let F': § — QO be the winding induced
by F. Since Sis a tree, every nice grading of F,(1s) can be extended to a nice grading
of F,(1y).

So without loss of generality let §' be equal to S. So Sp={1,...,[} and §, =
{s1,82,...,85_1} asin Section 2.3 and Fy(1) = Fo(l) and 1 <. S0 d: Sog — Z,i — §;
defines a grading of F,(1s) with a(1) =1 # 0=209(l). Since Fy(2) # Fo(l — 1), we
have Fi(s;)~® # Fi(s;—1)®" and so for all 1 < k <[ the equation Fi(s;) # Fi(sk)
holds by the minimality of S. Therefore 9 is a nice grading. O

Lemma 6.4 Equation 2 holds for each band module F,(Lg).

Proof Leti, j € Sy with Fy(i) = Fo(j),i < jand j— i minimal (i.e. Fo(k) # Fy(m) for
allk,m € Sy withi <k <m < jand (i, j) # (k, m)). If no such tuple (i, j) € Sg exists,
we are done. By Proposition 6.1 it is again enough to construct a nice grading 9 of
F,(Ls) such that 9(i) # 9()).

For eacha € QO let p(a) := Zgzl €i8q, 7, (s and 09: Q) — Z,b > 8, amap.

e Ifae Q) with p(a) = 0, then 3 induces a nice grading ¥ of F, (1) such that

- ]71
090 — 9 () =D _exdario-

e Ifab e Qi then 9@ := p(a)d3® — p(b)d® induces similarly a nice grading
9@ of F,(1g).

If p(Fi(s;)) = 0, then 716D (j) — N 6D () = ¢; since j — i is minimal. Thus F(s;) #
Fi(sg) forall k € Sy withi < k < j.

If p(Fi(si)) #0, we should have a look at 39U1¢)-Fi60) for all ke S,. If
96, Fis) (jy — g(Fien. Frs) () =£ 0 for some k € Sy, we are done. So let us assume
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dF1 ). Fi60) )y — g Fiso) () = 0 for all k € Sy and for all tuples (i, j) € S3 with
0 < j— i minimal. If F;(s;) # Fi(sx), then

0 :a(Fl(Si)aFl(Sk))(l') _ a(F](»Yz)vFl(sk))(]')

j-1
=p(Fi(s:) (Zm:i+18m8Fl(sk),F1 (s,,,)) — p(Fi(sk))ei

=p(Fi1(s)er — p(Fi(sk))e;

for some k' € Sy with i < k' < jand F(sx) = Fi(sg). SO ek p(Fi(sk)) = emp (F1(spm))
for all k,m € Sy. In other words, p(F;(sx)) # 0 for all k € §; and ¢, = ¢, for all
k,m e Sy with F(sx) = Fi(s;). So some r € Z. exists such that F(sx) = Fi(Skyr)
for all k € Syp. By Example 2.8, the representation F,(1g) is decomposable if r < [.
This is a contradiction. O

6.2 Proof of Theorem 1.2(b)

Let S be a quiver of type Zl,l and {i,...,i} be the sources and {7}, ...,i.} be
the sinks of . It is visualized in Fig. 4. For all i, j € Sy with i < jlet §;; be the full
subquiver of S with (S;))o = {i,i +1,..., j}.

Lemma 6.5 Let S be a quiver as above, V = (V;, Vy)ies, € L and t = (t,, ..., 1) bea
dimension vector of S. Then

_ ti n—t; (1,1) /
Xt (V) - ZkeZ( k] )( k l )X[il —k.k.k.n—t;, _k(t) (21)
with
b Ot =iyl = i by = Gy — K Gy = Gy G — 1) ifr =1,
O, i1 = iy oo By = By Bty oo Bmty By — By o Biym1 — By) ifr> 1.

Foralls,t € Soand «, B, y, 5 € N we define XE}QM(t) to be

Xt (M (Sit101) @M (Si;+1,i1—1)ﬂ ® M (Si10-1) &M (Si,+1.i.—1)3) ,
where M(S;)) is an indecomposable S;j-representation with dimension j— i+ 1 for all
i,je Sowithi < j.
(We use here the convention (;) =0 forallr,s € Zif s <0 or s > r.) We visual-

ize the representations M(Si.(*l'i/r*l)’ M(Sifﬁrl,il*l)? M(Sil+l’i;71) and M(Sl'/+l,l‘]*l) in
Fig. 5.

Proof of Lemma 6.5 Using Remark 2.9 we get a basis {eyx|i € So,1 <k <n} of V
such that the following hold.

(a) Forall 1 <m < n, the vector space V" := (¢;(|i € Sy, | < k < m) is a subrep-
resentation of V and a band module.
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i It i It

, ,
/ N N
i —1 i+ 1 \ i+ 1
i

i [r+1 i [r41

A AV WAV

!
ll

Fig. 5 Modules occurring in the definition of X, fé)y 50

(b) There exists a nilpotent endomorphism v of V such that ¥ (e;;) =0 and
V(ex) = ek foralll <k <mandallie S.

Let U = (U;, V|u,)ies, € Gry(V). Using the Gauss algorithm, a unique tuple
) =(1<ji<p<...<j, <n) (22)

and unique Axj(U) € C exist such that

Jm—1
e j, + E Amj(U)e;,
{ im =1, j# ik m]( ) 0]

is a basis of the vector space U;,. The variety Gry(V) is decomposed into a disjoint
union of locally closed subsets

Gr(V)j == {U € V|[dim(U) = t.j(U) =},

1Sm§ti|}

where j € N . For each such tuple j let
Gry(V)] :={U < V|dim(U) = t,j(U) = j, 1,;(U) = 0V j}.

These are locally closed subsets of Gri(V). The projection 7 : Gr(V); — Grt(V)JQ
with

UL (4 @i @) (23)

is an algebraic morphism with affine fibres, since the map Gr(V); — Gr¢(V); with
U~ (14 x(U)y~7) (U) for each 1 < j < ji can be described by polynomials and
for each U € Grt(V);) holds:

ji—1 o .
JT_I(U) = {1_[;:1 (1 +,LLj1/f]l_]) (U)’,bb], cees -1 € C} = C]l_l.

Thus x (Gr(V)j) = x (Gr(V))).
For U € Gr(V)! let U; be the subrepresentation of V generated by e;, ;. Let V; be
the subrepresentation of V with vector space basis

{eirlii =k =n}Ufelis #ie So.1 <k <n}.
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Then U; € U € V;j € V and thus Glrt(V)j0 = Gry—dimw; (Vj/ Uj). This implies

0
(V) =3 1 (GrV0f) = 37 ety (Vi Uy) (24)
Using the representation theory of S, we get
0ifif <i<i,
dim(Uj)l.: 2 ifr=1,iy =iand j; > 1,

1 otherwise.

Soif j; =1 we get

Vi/Up = VD & M (Si110-1), (25)
andif j; > 1 we get
Vi/Ui =V i g M (Si+1.i-1) ® M (Siy10-1) @ M (Si|+1,i171)jl_2~ (26)
Letnj := {1 <i<nli # j,Ym,3m :i+ 1 = j,}|. A simple calculation shows

il =l = (%) (")

We do an induction over t;,. Then Eq. 26 occurs nj-times, Eq. 25 occurs (4, — nj)-
times and so Eq. 21 holds in general by an inductive version of Eq. 24. O

The rest of the proof of Theorem 1.2(b) is done in the next two combinatorial
lemmas.

Lemma 6.6 Leta,b,c,d,e, f € N. Then

()= (=9 C)
e (o20) (") (') (57 = () (7) (267570)

Proof The first equation can be shown using the definition. The second equation is
a consequence of the first one. O

Lemma 6.7 Let S, V, t, nas aboveand 1 <m <r. Then

4 n—t; (m,m) /
Xt (V) :Amrilim keZ ( lipy I—k) < k : >Xtim —k.ktiy —ti,, +hk,n—t;, —k(t ) (27)

with

—

1 j—
A= [ Lt ! !

|
: , Ci=||—F—
plie fi,! (n—1t;)! 1:[[ (ex(tx — tr1))!
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and

©,....0, ti ;1 —tips ooty — by
, [i; -t —k, l‘iH_] — iy, .oy b1 — til) lfm =r,
t =

O, ..., 0, tir1 =iy ooty — b by 1y e By

t,‘;—[,'l,...,l‘,‘]_l—lil) ifm<r.

Proof For m =1 this is the statement of Lemma 6.5. We prove the lemma by
induction. Let 1 < m < r. Then

_ L n—t; (m—1,m—1) ’
Xt (V) —Am—l Fili”H Z (t“mﬂ 7k) ( k l )Xt’m—l —koktiy —ti, _ +hon—t; _k(t )
k
14

_ i n—i iy ~liy,_y Tk n—tj, —k
=Am—1Tii,, E : (ti,,,,]*k)< k I ) E ([i;n_lffimflfp g
k p

Lt ., (m—1,m) ”
(tl;nfl tlm—l)'rlrn—llﬁm ty  —k=pktpty—ty  tktpn-g —k—p(t )
- n—

N 1, n—t;, tiy =t +k n—t; —k
=Apalig DD (t,‘mil—k)( e Ja—t  +p )\ n-t,—p
P\ k

. 4 | y(m—1,m) /"
(tl/m—l Ly ) 'Xti;n_l —p.poliy =ty +pn—ty—p (t)

witht’ = (0,...,0, til/n—l+17 ce g =iy, e Loy — [il). Lemma 6.6 ylelds

. i 1
=Ml 3 (50 (o) ()
p

Lt | y(m—1,m) ”
(t, , tznﬁl)'Xt,»/"pr,p,t,]ft,ﬂ;nfﬁp,nfz,ﬁp(t)

m—

ty ! t -
_ mel n—t;, il i P p
_Am_l t 'Flllmil Z < P )(tiiﬂfl_p) Z ( ;r'fm*k ><k)
p k

Im—1"*

, _ .\, (m,m) /
(tlm—l tlm)'r’:nfllm Xti,,, —k.k ti) —ti, +k.n—t; —k (t )
ty ! I ty -
_ m-1" n—t; iy A P
=t L (5 (05 ) (550 (F)
Im-1 k P

) . (m,m) /
([l,m—l - tlm) !Xz,'m —k.k.tiy —ti, +k.n—t; —k (t).
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Using Lemma 6.6 again, we get

|

ti;n—l i li n—t; n—Lliy,
X (V) =Am-r =T, > (timLk)( . )(nfti;n_l )

im—1* &

(m,m) /
(ti//n—] — ti,)! lim =k Jeotiy —tiy +hn—1;) ()

I

_ o n—t; (m,m) ’
=Amlii, (;,,n —k)( K )Xt,,,l—k,k,til iy oty k()
k

Corollary 6.8 Let S, V, tand n as above. Then Eq. 3 holds.

Proof We have to show ¢ (V) = A,y 141 With ;. = ;. Lemma 6.7 implies
ti —t A ’
xi (V) = AT, (zi,ik) (n kt] )Xlgi)k,k,l,-] —ti, +k.n—t;, ()
k

with ¢ =(0,...,0, 641 — ... . tp 1 — Lty — 8 — Kk, tiyr — iy, .. 81 — 1) SO
we have

_ o tiy n—t; n—t;; —k (r,r) "
x (V) = ATy (,rk)( i )(r,-;—n-, )X eyttt s, )
k

= AT Z (t‘.:llk) (n_ktll )(;:t;:]:i) (ti; — ti.)!I’,vr,'l (ti’, — l,-r)!F,-,,»;

k

witht”=(0,...,0, Lip1—lips oo i1 — 0y, 0, lig1 =ty s li—1 —ti]). USiIlg Lemma 6.6
again, we obtain

—t; i
xe (V) = Arrll(:lz—tii ) <;: ) (6 — 1) (t — 1) = Ara T

7 Quiver Flag Varieties

In this section we explain and justify Example 3.11. Let B: Q — Q be the identity
winding. For each u € C there is an automorphism of the algebra CQ such that
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B. (%, n) is mapped to B.(A — u, n). This is not necessarily a band module. So we
assume without loss of generality that M is a string module. Let

1M 1@ 1m

A NN o |

2(1) 2(2) ce 2 (n=1) 2(m)

1M 1@ 1

el N SN -

2 20 ces 2(n=1)

For any subquiver V of T™ let
dim(V) = (|[{i|1” € Vo}|. |{i[2? € Vo}]).
For any dimension vectors ¢ and d of O we set
X(V)y={RC V‘R is a successor closed subquiver of V, dim(R) = c},
Xea(V)={RS SCV|Re Xc(9), S € XaW)}.

Using Corollary 3.10, it is enough to show the following equality.

n
[ X203 (T?)] =D {(RSS) € Xuz.em (T™)[17 € Ro}

i=1
n

= Xon.a2 (T"")[ + Z | Xy (UPOT)]
i=2

= () [Xa2 (T )+ (| Xon (T"?) |+ [ Xan (T"?)))

n—1

£ (X (U] 4+ Ko (TOD)]) + Xy (00)]
i=3

=2((F)+ (PN () + )+ =D @D 42
=8(n—2).

8 Coverings of Quivers
8.1 Proof of Theorem 1.2(c) for a Free Abelian Group

It is enough to consider the representation V = 11 with some finite subquiver 7' =
(Ty, T)) of the quiver Q So without loss of generality we assume that G is of finite
rank, e.g. G = Z*. By induction and Proposition 6.1 it is enough to assume G = Z.
Let Ry be a set of representatives of the Z-orbits in Qo. Since Z acts freely on 0
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there is a unique z; € Z and r; € Ry for any i € Qo with i = z;r;. The Q-represen-
tation . (17) has a basis {fili € Ty}. We define a grading of =.(17) by a(f;) = z;.
This grading is well-defined and so it is enough to show that 9 is a nice grading. Let
a,b € T, such that they are lying in the same Z-orbit, i.e., there exists z € Z with
za =b.Thus zs(a) = s(za) = s(b) and z4,) + 2 = Zsv)- SO

I (fier) = 3 (fiwy) = 2y — Zst0) = @iy + 2) = Zsi@) + 2)
= 2w — s = 0 (fuw) = 3 (fiw) -

8.2 Proof of Theorem 1.2(c) for a Free Group

This part of Theorem 1.2 can be proven again by using Theorem 1.2(c) in the case
with G = Z. In order to prevent a tangled mass of notation we only give an example
instead of proving it.

Example 8.1 Let Q = ({x}, {«, B},s,¢) and 7: Q — O the universal covering. The
fundamental group of Q is a free group with two generators. For m € N let Q" be
the quiver with

0y =7", 0" = [oe. Bele  OF"),

c+e ifm>0
s(ae) = ¢, tae) = .
c otherwise

cteqp ifl<e <m

$(Be) = ¢, t(Be) = {

c otherwise

for any ¢ € Q). Then Q© = Q and Q" is described by the picture in Fig. 6. Let
7™ Q™ — O be the canonical projection. Thus Theorem 1.2 holds for 7™ by
induction. Let V be any Q-representation. To prove Theorem 1.2(c) for 7, (V) it is
enough to consider V as a Q™ representation for some large m. Thus Theorem 1.2
holds also for x.

%n—1 o, Qpt1 Cpy2
W s Xn Xn41 Xn42 cee
w0: g U U »o=(«Cx )
Bn Bt Bni2

Fig. 6 The coveringz™: 0 — Q
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9 Ringel-Hall Algebras
9.1 Proof of Theorem 1.3(a)

For V € mod(B) and dimension vectors d” € N2 we have:

e (T 2a0) V)

=x({o=U02c...cU” = F.(V)[dim(U?/U"") = a"Vi})
=x(fo=U"c...c U™ = F,(V)|dim(U?/ UD) = aDvi} """
=x({o=U02c...cU” =V|dim(F.(U?/U"")) = d"Vi})
= (TT_,com @an) v
with some gradings 9y, ..., d, as in the proofs of Theorem 1.2, Lemmas 6.3 and 6.4.
For d € N9 holds
CH o) = ZteF*‘(d)]lt’ CHAs) = ZteF*I(d)]lS‘.

Thus C(F) is a well-defined algebra homomorphism. For any f € C(A) we have
CE) @CU)) (AN (V, W) = (A(f) o (F, F)) (V. W) = A(f) (Fu(V), Fu(W))
= f(F(V)& F.(W) = f(F(Ve W)
=CIENH Ve W)=ACH/ WV, W)

and for d € N@

SCEHAN =5 (Y piglt) = DY L, s
= (=DIC(F) (1ga) = C(F) (S(La)) .

By this C(F) is actually a Hopf algebra homomorphism.

If F: S — Q is injective, F,: mod(B) — mod(A) is injective and C(F)(1lpq)) =
14 holds for each dimension vector d € N%. The functor F, induces an embedding of
varieties mod(B, d) — mod(A, F(d)). Thus C(F) is surjective.

Let feKerC(F) and W € mod(A). If F,: mod(B) — mod(A) is dense, a
B-module V with F,(V) = W exists. By f(W) = f(F.(V))=C(F)(/)(V)=0 is
Ker C(F) = 0 and C(F) is injective. O

9.2 Proof of Theorem 1.3(b)

This part can be proven in a very similar way as Theorem 1.3(a). O
9.3 Proof of Proposition 1.4

This proposition is a direct consequence of the following factorization property.

Proposition 9.1 (Factorization Property) Let F be a tuple of trees, B a tuple of bands
and n a tuple of positive integers.
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(a) Let F: S— Q beatreeoraband and V € rep(S) such that 1y g n(F.(V)) = 1.
Then there exists a tuple (F B) € Gr(F) x Gr(B) with 1§ g ,(V) = L

(b) Let O bea locally flmte quiver, G a free (abelian) group, which acts freely on
Q 0= Q/G and 7 : Q — Q the canonical projection. Let V € rep(Q) such
that 1g g n (. (V)) = 1. Then there is a tuple (F,B) € G, (F) x G, (B) with 1% 8n
(V)= 1.

Proof of Part (a) If F is a tree, a factorization F' = w: with the universal covering
7: O — Q and an embedding ¢: S < O exists (see Fig. 7, left hand side). By the
additivity of F, and [14, Lemma 3.5] we assume without loss of generality that V,
(V) and F, (V) are indecomposable. The module F, (V) can be lifted to a Q-module.
By Ly gn(Fi(V)) = 1 the module F,(V) is a tree or a band module. If F, (V) is a band
module, it cannot be lifted to a Q-module since Q is a tree. This is a contradiction.

So F,(V) = F"(150) is a tree module. Since F( is a tree, there exists another
factorization F) = 7/ with an embedding ¢ : SO < Q (see Fig. 7, left hand side).
Using the proof of [14, Theorem 3.6(c)] we get t.(V) is (up to shift by some group
element) isomorphic to ¢, (Lsa). So we can modify ¢" such that «.(V) = ¢, (1sn) and
some winding FV': S — S exists such that the diagram in Fig. 7 commutes. In
particular V is a tree module.

If Fis a band, then V is a direct sum of some string and band modules. Since F, is
additive we assume again without loss of generality that V is indecomposable. Thus
V is a tree or a band module and there exists a winding G: T — S with G, (W) =V
for some W € I’T’/. Since FG: T — Qis a winding and 1g g ((FG).(W)) = 1 we get
I(F)+1(B) =1.

If /[(F) =1, then (FG),(W) = F,.El)(]ls(l)). By Lemma 2.11 there exists an iso-
morphism of quivers H: S — T such that (FG)H = F. By setting F) = GH
the statement follows (see Fig. 7, right hand side). For /(B) = 1 the result follows
analogously. O

Proof of Part (b) By the additivity of F, and [14, Lemma 3.5] we assume without
loss of generality that V and (V) are indecomposable. And by 1g g n(7.(V)) =1
the module 7, (V) is a tree or a band module.

If 7. (V) is a tree module, we get m, (V) = F,E”(Ilsm). Since G acts on Q and Q =
Q/G the tree F factors through 7. Let F() be the factorization, e.g. 7 F) = F®)
(see Fig. 8, left hand side). Then n*(ﬁil) (Lgm)) = Fil) (1sn) = 7. (V) and by the proof
of [14, Theorem 3.6(c)] we get F\"(1sw) is (up to shift by some group element)

NS
N G F
N T S > Q
¢ b T N /]\
~o | ~ \
F | Q » Q N | F(/
7 oo FO
I < S
S e R

Fig. 7 Windings occurring in the proof of Proposition 9.1(a)
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isomorphic to V. So we can modify again FO such that F\”(Lgn) = V and still
7 FO — FO.

If 7,(V) is a band module, we get 7, (V) = B(l)(Vl) for some V; eITm

p: TM — T be the universal covering of T (see Fig. 8, right hand side). Slnce
7. (V)= B (V)) and G is a free (abelian) group, which acts freely on Q we get not
only a lifting B of BDp but also a lifting BV of BV, Then the result follows as
above. O

9.4 Proof of Corollary 3.17(a)
We consider the products of functions of the form 1g g, in H(A). By the proof of

Theorem 1.3(a), Lemmas 4.13 and 7.14, and Proposition 9.1(a) we get

(g0 * 1p g ) (Fu(V))

= x({U € Fa(V)|Lega(U) = 1, 1p g w (F(V)/U) = 1))
= x({U € V[l pn(Fu(U)) = 1, Lp g w (Fu(V/U)) = 1})

= (H(F) (Lg.g.n) * H(F) (1ppw)) (V)

= Z (]]‘f“,ﬁ,n * ]]'i’,ﬁ’,n’) (V)

So we only have to use the representation theory of trees and quivers of type A,
to calculate the Euler characteristics of the occurring varieties. O

9.5 Proof of Corollary 3.17(b)

This corollary can be proven in a very similar way as Corollary 3.17(a). O

9.6 Proof of Proposition 3.21(a)

Let M := B.*(A,m), m: M — B.(A\,m—n) a projection, K :=p, FP(1¢0) and
K =& F;(’)(]lsm). By Remark 2.9, there exists a unique U C B,(x,m) with

Fig. 8 Windings occurring in P ~ 4
the proof of Proposition 9.1(b) Q — 0 O —» 0
K + = N
N F B | AN N BM
Foo N I BY
S TO —» 7O
P
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U = B,(A,n), so we can assume B,(A,n) C B,(A,m —n’) C B,(A, m). Define the
varieties

X :={Uc M|U=B.(,,n)®K,M/U = B,(\n) & K'}
X:={VCMV=ZK M/V=K]

with U := (UN By(h,m —n"))/B.(A,n) for all B,(A\,n) CU C M and an alge-
braic morphism ¢: X — X by U > U. Using Remark 2.9 again, B, (A, n) C U C
B.(A,m —n') for all U € X. So ¢ is well-defined and injective.

LetV e X.Since V= Kand M/V = K wehave B,(A,m —n')/n~"(V) = K’ and
M/B,(A,m —n') = B,(%,n'). There exist two short exact sequences

0— B.0,n)—>a (V) > K—=0

0— K — M/~ (V) > B,(\,n') = 0

Using Remark 2.12, we assume without loss of generality that the direct summands
of K are preprojective Q-representations and the direct summands of K’ are prein-
jective ones. So both sequences split and this means that 7 =' (V) = B,(x,n) ® K and
M/m~ " (V)= K' @ B,(x,n'). Thus 7~ (V) € X and 7! (V) = V. This shows that the
Euler characteristics of both varieties are equal. O

9.7 Proof of Proposition 3.21(b)
Proposition 3.21(b) follows inductively by the following lemma.

Lemma 9.2 Let OQ,m, B: Q— Q, F: S— O, F(n), Fand ¥ as in Proposition 3.21(b).
Let M = B,(A,m)andn € Z.o. Then

(Lpgyor * Lp) (M) = Z (Lpp—1 ® 1) % A (L) * A (Lp)) (Bi(h, m — k), I)
keN
with I an indecomposable module and dim(I;) = dim(B. (X, k)) — dim(F,(1y)).
Proof of Part (b) Let M=(M;, My)ico,ac0,» ¢:=dim(F,(1s)), d? :=dim(F\" (150))

for all i and d = ne+ )_;d?”. By Remark 2.12, we know L) * 1 = Lp,op. SO we
have to calculate the Euler characteristic of

X={0CUCWCM) e FnealM)|LpwU) = Lg(W/U) = 1p(M/W) = 1}.

We use now the arguments of the proof of Lemma 6.5 in Section 6.2. Let {ejy|i €
0o, 1 < k < m} be a basis of M such that the following hold.

(a) Foralll < p < m, the vector space MP) := (e;x|li € Qp, 1 < k < p) is a subrep-
resentation of M isomorphic to B, (A, p).

(b) There exists a nilpotent endomorphism v of M such that y¥(e;) =0 and
Y(ei) = ek foralll <k <mandalli e Qy.

The quiver S is of type A\ such that So = {1, ..., |e[} and S| = {s1, ..., S)¢-1}-
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Let OC U C WC M)e X. Then U = F,(1s)". Using the Gauss algorithm, there
exists a unique tuple j(U)=(1<j, < hp<...< j, <m) as in Eq. 22 and unique
Akj(U) € C such that the vector space U is spanned by

—1 i1
€1 £q . I . .
(MF] o M (s,,>) (eml),,p +y l.],;&jkw{x,,,(U)epo(l),]>

J=

with 1 < p <n and 0 < g < |c|. This is well-defined since all linear maps M; are
isomorphisms. The variety X can be decomposed into a disjoint union of locally
closed subsets

X ={(U W) eX|(j)), =k}
For each k let
X0 :={(U < W) e X |njU) =0V},

a locally closed subset of X. Equation 23 defines again an algebraic morphism
7: Xk — X} with affine fibres.

For each k there exists a U, € M such that U, = F.(1g), Uy C U for all (U C
W) e X) and M/Ux = M9 @ I with an indecomposable module I; as in the
lemma. Since |¢| > |[d?| for all i and F, (1) is preprojective, all sequences of the
form

0— F.(ls) > 7' (W) > F.(s)"' & @ FP(1s0) > 0
L
with a projection 7 : M — M/ F,(1s) and a submodule W € M/F, (L) split. Let
X = {(UcweM™R) (W < 1)
Lpu-n(U) = Lp(W/U & W) = 1p (M /W & L/ W') = 1}.
Using an R-grading, we conclude, as in the proof of Proposition 3.21(a), that
X (X9) = x (X7) = (Lo ® 1) 5 A (L) % A (1) (M™ 7, 1)

and by x (X) =Y, x (X}) this proves the lemma. |

10 String Algebras
10.1 Proof of Corollary 3.23
If A is a string algebra, then every indecomposable A-module is a string or a band

module. So Corollary 3.23 follows directly from Proposition 3.18, Lemma 3.15 and
Example 3.16. O

10.2 Proof of Eq. 14

This can be proven by iterated use of Proposition 3.21(b). We give here an alternative
proof. By Section 7, it is enough to show Eq. 14 for a string module F,(1s) with
dimension vector (m, m). Using Theorem 1.3, this can be computed by counting all
orderings of the strings in F and in F'. O
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10.3 Proof of Corollary 3.25

We use an induction over the dimension vectors of Q. Let d be a dimension vector.
Then the set

Hq := {1pgn|IM € rep(Q), Lgpn(M) # 0, dim(M) = d}

is finite and the function 14 is the sum of all functions in Hy.

It remains to show that each product 1g g » * 1p g .w € Ha(A) is a linear combina-
tion of functions in Hy. Using Lemma 3.15 and Example 3.16, we have to check that
for all bands B and m € N the product 1g g * Lp g w (B, (A, m)) is independent of
A € C*. This is clear by Proposition 3.21(b) and an induction argument. O
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