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Abstract We give a description of the bimodule of double derivations of a finite
dimensional semi-simple algebra S and its double Schouten bracket in terms of a
quiver. This description is used to determine which degree two monomials induce
double Poisson brackets on S. In case S = C®", a criterion for any degree two
element to give a double Poisson bracket is deduced. For § = C®" and §' = C®"
the induced Poisson bracket on the variety of isomorphism classes of semi-simple
representations iss, (S x 7)) of the free product S * T is given.
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1 Introduction

Throughout this note, we will work over an algebraically closed field of characteristic

0 which we denote by C. Unadorned tensor products will be over the base field C.
Double Poisson algebras were introduced by M. Van den Bergh in [4] as a general-

ization of classical Poisson geometry to the setting of noncommutative geometry. The
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438 G. Van de Weyer

key fact to this generalization is that an algebra A equipped with a double Poisson
bracket has a canonical Poisson structure on all its finite dimensional representation
spaces rep,,(A). More specifically, a double Poisson algebra A is an associative unital
algebra equipped with a linear map

{— -3 A®A—> AR A

that is a derivation in its second argument for the outer A-bimodule structure on
A ® A, where the outer action of A on A ® A is defined as a.a’ ® a’b := (ad’) ®
(a"b). Furthermore, we must have that {a, b}} = —{{b, a}}° and that the double Jacobi
identity holds for alla, b, c € A:

{{a. b, ey} @ b, o} + {lc.a}” @ {{b. {lc, a}'}}

+{{e.fla. by} ®a. b} ® {{c, fla, b)) =0,

where we used Sweedler notation, that is {{x, y}} = > {{x, y}} ® {x, y}}’ forall x, y €
A. Such a map is called a double Poisson bracket.

A double Poisson bracket yields, for each n, a classical Poisson bracket on the
coordinate ring C[rep,(A)] of the variety of n-dimensional representations of A
through {a;;, br} := {a, b}}}{/{{a, b}}ie. This bracket restricts to a Poisson bracket on

CIrep, (A)]®%, the coordinate ring of the quotient variety iss, (A) under the action
of the natural symmetry group GL,, of rep,(A).

In this paper, we study double Poisson brackets on a direct sum S = M, (C) &
-+ @ M, (C) of matrix algebras over C. Because such algebras are smooth, we know
from [4] that all double Poisson brackets are determined by double Poisson tensors.
That is, elements of degree 2 in DS = TsDer(S) where Der(S) = Der(S, S® S) is
the module of double derivations. That is, the module of derivations from S to the
S-bimodule S ® S, where the S-action on S ® S is the outer action. Der(S) is an
S-bimodule through the inner action: (s.9.1)(u) = ¥ (u)'t ® sv (u)".

A first important result is the explicit description of Der(S) and Der7(S). Here,
Der7(S) is the bimodule of T-linear double derivations with 7 C S a subalgebra.
That is, double derivations that are identically zero on 7. We have that

k
Der(8) = P My, (O & @) M, (©*
i=1 i#j

as S-bimodules where § acts on the right hand side expression by matrix multipli-
cation. If 7= M,,(C) @ ... M,,(C) a finite dimensional semi-simple subalgebra of S

with Bratelli diagram with respect to S given by (aif)gf}[)):(m)’ then

k
Derr(S) = P My, (C)%" & @D Myyxa,(C)¥
i=1 i
as S-bimodules, with r; = Y\ a@®, —Tand r;; = ¥ _,
formulated in Theorems 1 and 2.

Using these two theorems, we are able to formulate in Theorem 3 an ex-
plicit description of the graded Lie algebra DS/[DS, DS][1], where the bracket on
DS/[DS, DS][1] is the bracket associated to the double Schouten-Nijenhuis bracket
on DS. This description is formulated in terms of a duo-tone quiver, defined in

a;y,aj,. These descriptions are
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Double Poisson structures on finite dimensional algebras 439

Section 3. Briefly, this is a quiver where each arrow i <— j is marked by an index
in I; where I;; is a finite set for all pairs of vertices (i, j). Assign to S a quiver @S onk
vertices with one arrow between each two vertices i # j and one loop in all vertices
i for which d; > 1. Choose as index sets C;; ={1,...,d;} x {1,...,d;} if i # j and
Ci={1,....d;} x{1,...,di}\{(1, 1)}, then DS/[DS, DS][1] is isomorphic as a graded
Lie algebra to CQg/[CQg, COglsuper, Where the bracket on two words w; = vy ... v,
and wy = u; ... uy, in CQg/[CQyg, COgluper is given by

1 iy

e — o e — o
”m/ \\”z ”m/ \\Hz
] [ ] [ ] ]
7\ [C0) \1/ . ,T ) \L :
] [ ] L] [ ]
Ui e </—a Ui Uit a</— e 1
o .9 . -
;) (=1)ltie=h (p,5) T = —(=1)@+iHDE-D = i rnq)
ae(Qg)g (.5 X : )
e —// > a a —// > e

vj ‘ Vis2 vj Vjt2

/! ! /!
A | 1 |
AN / AN e

vy Uy vy Up
e <— o e <— o
vy vy

This result can then be used to determine all monomials of degree 2 in DS that yield
nontrivial double Poisson structures on S. In Section 4 we use this result to compute
the first double Poisson-Lichnerowicz cohomology groups for S.

Although the representation varieties of finite dimensional semi-simple algebras
are rather simple and the quotient varieties consist of a finite number of points, dou-
ble Poisson structures on these algebras yield interesting noncommutative geometry
as they can be extended to double Poisson structures on the free product of such
algebras. For such a free product S * T, the quotient variety iss, (S * T) is no longer
trivial and double Poisson structures can yield nontrivial Poisson structures on this
variety. In the final section of this paper, we give an explicit description of the Poisson
brackets on the quotient variety iss,, (C®? x C%7).

2 Double Derivations and Quivers

Consider a finite dimensional semi-simple algebra S = M, (C) & --- & M, (C). As
seen in the introduction, the set of double derivations Der(S) := Der(S, S ® S) for
the outer action of § on S® § can be equipped with an S-bimodule structure
using the inner action of Son S® S, defined asaod ® @’ ob := (a’b) ® (aa"). The
S-bimodule of double derivations can be described as
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440 G. Van de Weyer

Theorem 1
k
Der($) = @) M4, (C)*"" & €D M, (©)%4
i=1 i#]

as S-modules where the actions on Der (S, S ® S) are the inner actions and the actions
on the right hand side are just matrix multiplication:

(Slv oo ,Sk).(m], cee, My, My, .., mi[? LR m(k*l)ks mk(k*l))-(tlz L) tk)

= (S1mty, ..., kMt STty o, ity ooy Sk 1M 1)kl SKEMk(ke—1)Ek—1) -

Proof First of all note that because S is semi-simple all derivations must be inner,
that is, any derivationd : § — S ® S is of the form

d(y) = di(y) =x' ® (x"y) — (yx') @ x"
forsome x =x' ® x” € S ® S. So we consider the morphism
D:S®S —» Der(S) : x+— d,

of S ® S modules for the inner action and will compute its kernel.

First of all note that S ® S for the inner action is isomorphic to EB{-‘Zl My, (©)%% @
@i# Mga, (C)®%4;, Indeed, denote by e),, the standard basis elements for My, (©),
then for s € M;,(C) and ¢t € M;,(C) we have

5. (e;q ® efs) q= (eipqt) ® (sel)

i,

U

1

€p

1b=1

b t‘lb ® ezlzssar'

a

That is, on the subspace spanned by
=, e, 1<a<d;, 1<b<d

we have

dj d
pS 4 Ps
s.fig = Z Zsa,fab tab -

a=1 b=1

But this is nothing else than taking the n x m matrix with 1 on row r and column g
and zeroes elsewhere, and multiplying it on the left by the matrix s and on the right
by the matrix ¢, and we have d;d; such subspaces for each i and j.

In order to compute the kernel of the map D, decompose x € S® S as in the
previous paragraph, that is, x = (x?, xqr)l<p<k,l<q7ér<k with x? € M;,(C) ® My,(C)
and x?" € My, (C) ® M, (C). For this decoﬂlpbsiﬁon we have

de(y1. .o yi0) = (XPyp = ypxl X1y, — yqxqr)lfpsk,lﬁq#rsk'
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Double Poisson structures on finite dimensional algebras 441

Now if d, = 0, fix r and take y, = 1 and y, = 0 for s # r which yields x?" = 0 for all g.
Taking y, = € yields x"e; — e;;x" = 0, whence

dy

ro__ r 124
X = z:xabp ab *

a,b,p=1

Finally, taking y, = efj. yields x’e{/ — el*jx’ = 0, which gives xu, = Xupg = Xap for all
1 <p,q,a,b <d,. Butthen

dy

ro__ r PP
X = E:Xah ab

a,b,p=1

So for the decomposition of S ® S as a direct sum of modules of matrices, we get
Ker(D) = Mg, (C) @ - - - & M, (C) from which the theorem follows. O

This description can be encoded using the language of quivers.

Definition 1 Let S be a finite dimensional semi-simple algebra M, (C)®--- @
M,,(C), then the double derivation quiver Qg for S is the quiver with k vertices,
d? — 1 loops in vertex i and d;d; arrows from vertex i to vertex jfor all i # j.

As we already indicated in the introduction, the tensor algebra DS =
TsDer(S, S ® S) plays an important role in the study of double Poisson brackets.
This algebra can be seen as a ‘path algebra’ of the double derivation quiver Qg of
S. In order to clarify what we mean, note first of all that Der(S) is generated as an
S-module by the elements

P i
X,y =€y ®ey, € Mg (C)

with (p, q) # (1, 1) and
ygq = 621 ® e{q € My (C)

with i # j. Identifying x/, with the loops in vertex i of Qs and y}, with the arrows
from vertex j to vertex i, the multiplication of two elements of degree 1 in Dy, say
u = sat and v = s'a’t’ with a and &’ arrows in Qy is then easily seen to be zero unless
h(a) = t(d).

We can easily see that in case S = C®" the algebra DS is indeed equal to the path
algebra of the double derivation quiver.

Proposition 1 Let S = C*", then Ds = CQy.

Recall that for a subalgebra 7' C S, a double derivation ¢ is called T-linear if
and only if ¥ (7) = 0. Next, recall that a finite dimensional semi-simple subalgebra
T=M,C&...M,,(C) of S is completely determined by its Bratelli diagram
(a,'j)gf’/f):(l,l), listing for each component M, (C) its multiplicity in M, (C). For
T-linear derivations we can state the following result.

@ Springer



442 G. Van de Weyer

Theorem 2 Let T = M, (C)® ... M,,(C) be a finite dimensional semi-simple subal-
gebra of S with Bratelli diagram with respect to S given by (a,-]-)fff'jl)):(lq 1y then

k
Der7(S. S® 8) = P My, (O)®" & €D M (O
i=1 i#]

—landr;= 3

u=1

as S-modules, with r; = Zl

u=1 zu ail‘af”'

Proof We use the identification from Theorem 1. Write ,’;j](i) for the basis elements
in M,,ll.((C)f[f—1 (1<rs<d,1<p<d,?2<qg=<d)and ;f](i, j) for the basis ele-
ments in Mdixdj((C)d"df (i#j,1<p,s<djl=<gq,r<d).Letx € Der(S,S® S). Let
v4,, be the (v, w)-th basis element of the u-th component of T, then y¥,  is embedded
in the i-th component of § as

ajy—1

E €(niu+he,+v) (niu+he,+w)
h=0

where n;, = ajey + ... aju—1yeq—1 for i > 1 and n;; = 0. Then the term of x(y%,) in
S;® S;fori# jequals

ny - (did)  au—

Z Z Z ’(fl/u+v+h€u) )fr(’lm+w+h€u)(l ]) (1)

r=1(p.q)=(1,1) h=0

nitage,  (didj)  au—1

+ Z Z Z r("/11+U+hCu) )f;(n,ﬁuwhcu) i, ) (2)

r=ny+1 (p,q)=(1,1) h=0

di  (didj)  ap-1

DD IED I A T A ) ()

s=1 (p.g)=(L.1) h=0

d;, d ) aj—1

+ Z Z Z r(n/u+v+he,,) )flr)(n,,,+w+heu) i ) (4)

r=nju+n+1 (p.9)=(1,1) h=0

Now x € Derr(S, S® S) if and only if x(y) = 0 for all ye T. Letting «, v and w run
over all possible values, lines (1) and (4) in the expression above then yield that for
reny+1,njuen] and s & [nj, + 1, nj,41] the term of x in the (7, s)-th component
of Mdixd,,((C)@d'df is zero. Choosing v = w and running over all possible values,
lines (2) and (3) imply that for r € [ny + 1, Bisy] and s € [nj, + 1, Rjuqr)] With
r=n; +xe,+yands=nj, +ae,+b,y, b < e, the termin the (7, s)-th component
of Mdixdj((C)@dfdf is zero unless y = b. Choosing v # w and letting these indices run
over all possible values again then yields that for y = b we have that the term in the
(r, s)-th component of Mdixdj((C)@dldf is equal to the term in the (/, s)-th component
for r' = n;, = xe, + y'. This means that we only have a;,a;, nonzero components of
x for each u, yielding the multiplicities r;; of the theorem.
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Double Poisson structures on finite dimensional algebras 443

The multiplicities r; are obtained through a completely analogous reasoning,
taking into account that because of Theorem 1 we start with d? — 1 copies of M, (C)
instead of d,d; copies. O

3 Double Poisson Tensors and Cycles

Because a finite dimensional semi-simple algebra is formally smooth, all double
Poisson brackets are determined by linear combinations of degree two elements §A
in DS that are nilpotent (modulo commutators) with respect to the Schouten bracket
on DS [4, Proposition 4.1.2]. The double bracket corresponding to such a degree 2
element being defined as

fla.b} = AB)s@)" @@ AD) —5(b) A" ® A(a)s(b)".

Recall from [4] that the double Schouten bracket {—, —}}; on DS is a double
Gerstenhaber bracket defined as

{s. s =0

{8, sps = 8(s)

{6, Afs = {6, Al + {8, A},
where

{8, Al = 73 {8, Alljand {8, AR, = T {8, ALy
with
{6, A= ®@ DA - (1®A)éand {5, Al}; := (1 ® A — (AR 1)§

viewed as elements of Der(S) ® S respectively S ® Der(S). The Schouten bracket on

DS becomes

Proposition 2 For the generators of DS defined in the previous section, we have

0 Ty
L 1 1 L L
€p1 ® e1gXpy — Xrs€p1 ® €1q

i J _
{xs X} = P S I SR P
pa S + €5 ®quer] - e]squ ® € L=
i i i i
+ 8rgX)ys ® €] — 8pseyy ® X,

0 i#u,v
; v i i v i v 0 i .
y Voo = Is pqtrl qr) ps 11— Yrs®p1 1 -
x;q u s el ®x e, + 8,V Qe V€ ® €, u=1

i i ui i ui i 0 U _
epl ® elqyrs - 8p3611 ® yrq - elsqu ® €1 V=1

r s ycd d s ,C d s c cd ,r S
€1 ® €1, Vah T, ® Vpu€a =€, Vpg ® €1 —Vap€py ® €1, r #d,c £ s

d d —
g vab s = —dnres ® iy r=dc#s
—0pp€y @ Xgq + 8gaX,, ® €3 r=d,c=s
. i d; ;
where we use the shorthand notation x\; = = ", x..

@ Springer



444 G. Van de Weyer

Proof We show the first equality holds. The other computations are analogous. By
definition of the double Schouten bracket it is obvious that {{x’},q, xi ) =0ifi# ]

Now assume i = jand denote x;q = Xpq and xis = X5, then for z € M4, (C) we get

(1 ®qu)xrs(z) — (s ® l)qu(z) =e1Q® €pl ® €14€1sZ — €r1 ® €1s2€p1 ® €lq
—z26r1 Q@ ep1 Qegeis + 26 Q ei5€p1 @ €ig
—er Qesep e+ epie Qe ez

+e1® €152€p1 ® €1g — Z€p1ér1 Qe ® €iq
Applying 715 to this expression yields
€pi ® equrs(z) +ei5® qu(z)erl - Spsell ® xrq(Z)~

Changing the sign, interchanging the indices and applying to the previous computa-
tion t(23) then yields

_els-qu(z) ®r1 _(Srqxps(z) e+ xrs(z)epl ® €iq-

Adding this expression to the one found in the previous paragraph then yields the
expression in the statement of the proposition. O

For the remainder of the paper, we will use the shorthand notation introduced in
the preceding proposition for the index (1, 1) at a loop.

For § = C®" this structure descends to the following double Gerstenhaber bracket
on the quiver Qg.

Corollary 1 The double Gerstenhaber bracket on CQyg for S = C®" is determined by

i< jk<il=—-i®k<«j)(j#k
k—ii< =k« )Di(G#kK
{{i < j, k < £}y = 0 (otherwise)

More generally, we know DS/[DS, DS][1] is a graded Lie algebra with graded
Lie bracket {—, —},. This algebra can be described in terms of a duo-tone quiver.
That is, a quiver where each arrow j— i has an bi-index in the colour index set
Ci={1,...,n} x{1,...,n;}. For S a finite dimensional semi-simple algebra as
before, let Q¢ be the duo-tone quiver with k vertices, one arrow between each pair
of different vertices, one loop in each vertex not corresponding to a component C
and colour index sets C;; ={1,...,d;} x{1,...,d;}if i # jand C; ={1,...,d;} x
{1,...,di}\{(1, D}. The first index will be called the primary colour of the arrow and
the second index will be called the secondary colour of the arrow.
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Theorem 3 For a semi-simple algebra S, we have that DS/[DS, DS] with bracket
{—, =} is isomorphic as a graded Lie algebra to CQg/[CQg, CQlsuper with bracket
defined as follows

R L

) o </—a 1 iy a</—e u;
. (r.q) .9
_HG+pon=1) .
% (=D (p,x)T = _(_l)(i+j+1)(n—l) = i(u[)
€
s @ *p)
e —// > a a —// = e
1)]»/ ‘ Vi v,‘/ Vj2
° ° ° ° °
: 7\ (O3} ¢ : : ? (O3] ¢ :
[ ] [ ] [ ] [ ]
Uz\ /17,, 172\ /17,,
e <— o e <— o

vy vy

That is, we fix representatives for w, and w, in CQg and for every vertex a € (Qg)o we
look for an occurrence of ain wy and in w,. If a = h(u;) in wy and a = t(vj12) in w, and
the secondary colour of u;\ equals the primary colour of vj., we remove u; from
wy and vjy from w, glue w to w, in a and connect the loose ends t(vj.1) and h(ui)
with an arrow with primary colour equal to that of u;1, and secondary colour equal
to that of vj;1. The necklace thus obtained is multiplied by a factor (—1)"D=D_ An
analogous procedure is followed each time a is the tail of an arrow in w; and the head
of an arrow in w,, with the roles of primary and secondary colours interchanged and
factor —(=1)EADE=D,

Proof First of all, note that DS/[DS, DS] is generated as a vector space by all
necklace words for Qg because for generators u; € {x},, y¥¢} and elements ¢; € S we
have for any word

. h(uy) t(ur) h(up) )
CiluCUy .. .CpUpCpp) = C1€ "U1€ "Cr...C1€ 11 " Up€ | Cpyi

@)™ ()" (cpe)" ™y .. u, mod [DS, DS].

Now let uju, ... u,, and viv; ... v, be two necklaces in DS, then

{{v1v2 LU, Ul .. um}}

—1 n—1

3

i(n—1
(_])z(n )ul N uia(lz)(vl e v/{{ui+|, Uj+]}}l},‘+2 e Un)lzl,urz Uy

Il
o

=0
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We have four different settings to consider. First of all assume u;; = x%,, and vj =
xf’s. Proposition 2 then yields {{u;1, vjii 1)) =0ifa # b and

uy ... uioaoy (. vl v v vt Ly
= (_1)]‘("7/)”1 e u,—equfsvﬁg LU, QUp ... vje’;,lu,-+2 Uy
— (—1)(7“)(”*’;1)u1 e u,—e‘fqvj+2 LU, QU vjxfse;’,]u,-H oo Uy
+ (—1)j(”7j)u1 - u,-x‘]’]qefl Vjg2 .- Uy @ V1 ... vje‘isuiﬁ LUy
— (—1)(j+')(”*"*1)u1 e uief, Vjy2 ... Up Rvy... vje‘l’sx‘]’]qu,“ oo Uy
+ (—1)('”1)("7}.71)5,6]“1 e uie‘fl Vjt2...Un Rvy... ij;SMi+2 oo Uy
— (—l)j(nij)gpsul e uiquvj+2 U QUr.. . vje‘l’lui+2 oo Uy

Now by definition (p, g) # (1, 1) and (r,s) # (1, 1), so modulo commutators this
expression is mapped by the multiplication to

i+1)(n—j—1 a
(Srq(—l)(l =] )ul...ul-vj+2...vnv1...vjxpsui+2...um
j(n—j a
—(Sps(—l)]( ’)ul...uixrqvj+2...vnv1...vjui+2...um.

Next, assume u;y; = x?,q and vy = yff. This yields {{#t;11, vjy1}} =0ifa #b,cand a
similar computation as the previous yields

up... LtiU(]z)(Ul e vj{{u,-+1, 1}]‘+1}}Uj+2 - vn)ui+2 oo Uy
8gr (=)= 0y s L vy ...vjy';§ui+2 U
ifa =b and
uy . uioqy vl v v vt -ty >
— SPS(—l)j(”fj)ul c UV L VYT ijf,)qcul'+2 oo Uy
if a = c. For u;,; = y2¢ and vy = x4, we get
up... Lt,'O'(]z)(Ul e vj{{uH.l, vj+1}}vj+2 e vn)ui+2 oo Uy
- Bq,(—l)’(”_j)ul c UVjD L U ...vfyll’,guprz Uy
ifa = b and
uy ... ujoq2y (Vi - VUi, Vg Ui - V) U - Uy >
(Sps(—l)(]ur])(nijil)ul < UV L VY v]-yf;u,qrz oo Uy

if a = c. Finally, for u;;; = y% and vy = y& we get {ui11, vy 1}, = O unless b = c or
a = d in which case we get either
up... u,—o(lz)(vl c U {u,‘+1, Uj+1}}l}j+2 RN Un)l/ti+2 o Uy

j(n—j cb
- (Sq,(—l)]( Dy, . G U Y Vj2 <o UnVL e Vi) o U,
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ifa=dand b #c,
up... M[U(lz)(vl . vj{{u,-+1, vj+1}}vj+2 e Un)uH_Q oo Uy >
i+1)(n—j—1 ad
Sps(—])(/ Jn—j )Lll c UV L UV v,-y,quiﬁ e U,
if b =canda # dor
up... LtiO'(lz)(Ul e Uj{{bti+1, U]'+1}}Uj+2 e vn)u,-H oo Uy
— 85(—1 jn—=J) . B s
sp ) Ul oo UiXpgUjgs oo VgVl oo Vjlligy - o Uy
i+1)(n—j—1 a
+ Sq,(—l)(J n=i=Dy, CUVD - Up VL VX Ui Uy

ifb =canda=d. O

Now, in order to determine which length two elements in DS yield nontrivial
double Poisson brackets on S, note that

Lemma 1 For P_quyuv or P=y®x bg With i, p,q,r.s,u,v arbitrary and for
P =y v with p,q,t, uarbitrary and s # v or w # r we have that

{— —3r=0.

Proof This is due to the fact that in the definition of {{—, —}} p the tensor products are
obtained through componentwise multiplication. O

This lemma, in combination with the proposition preceding it, proves that

Proposition 3 Let {—, —}} be a nonzero double bracket on S, then {—,—} is
completely determined by a linear combination

pq . ,qp i i
Z aabcdyab Yed + 'Befghxefxgh

with all o'} and B, in C.

abc efgl

The next two lemmas determine which cycles of length two yield double Poisson
brackets.

Lemma 2 For P = y?!yi we have that

1) if S, #Cand S, # C then
{P, P} =0mod [DS,DS]1 < (a—d)(b —c) #0

2) ifS, #Cand S, = C then

(P, P} = 0 mod [DS,DS] < a—d #0
3) ifS,=CandS, # C then

(P, P} = 0mod [DS,DS] & b —c #0
4) if S, =Cand S; =Cthen

{P, P} = 0mod [DS, DS]

and in each of these cases {—, —}} p is nontrivial.
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Proof Using the description of the bracket on CQg/[CQg, C Q] from Proposition
3, we compute

(a,b) (c,d)

(c,d) (c.d) P41 7
P4, P af="2% Wl\ /C’d) + 285 (a‘d\ /m :
(a,b) (a.b)
p q

Which is nonzero if a = d and the loop at p exists or if b = ¢ and the loop at p
exists, yielding the four situations described in the lemma. The fact that the bracket
obtained from this double Poisson tensor is non-zero is easy to verify. O

Lemma 3 For P = xj, x;; we have that
{P, P} = 0mod [DS, DS]
and {—, =} p is nontrivial if and only if either (p —q)(p —s)(r —s)(r —q) # 0, or

p=q=r,orr=s=p.

Proof Again we use the description of the bracket from Proposition 3. We have

(P.q) (p.q)
u —u Uu —u
(p.a)
w T up =28, — 28
(r.q) (r.s) (r,r) (P.@)
(r.s)
u u
(p.q@) (p.p)

u — u u —u
+28,4 — 28,4
(r.s) (p.s) (r.) (r.5)
u u

Which is exactly nonzero when the conditions formulated in the lemma are satisfied.
Again, nontriviality is straightforward. O

For § = C%", we can easily show the following

Proposition 4 Let
P = Zai/’yijyﬁ (S ]D)S,
i<j

then P determines a double Poisson bracket on S if and only if the following relation
between the o holds:

Vi< j< koo 4 oo — ogie = 0.
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Proof A straightforward computation shows that for i, j, k, £ pairwise different
we have

0 mod [DS, DS]

[Tyl yhyiky = —ykiyikyil  yiiykiyik mod [DS, DS]

[Tyl ykykiy = —yikyiiyki _ ik yiiyki mod [DS, DS]

{YIyT, ykykiy = yikyliyki 4y yilyki mod [DS, DS]

[yl ykiyikY = yikyiiyki 4 yikyiiyki mod [DS, DS]
} =

{ t}y]z ke [k

This yields
{P, P} = ZZO(,‘]‘O[M y y yklylk}
i<j k<t
=Y aijouj (yF YTy 4y Tk
ik<j
_ Z i je (yj(’,yijy(fi +yjiy€jyi£)
i<j<t

+ Z i (yizyjiye;' + y;‘zyijya)
i<jt

- Z aijarg yikyi +y”yk’y”‘) mod [DS, DS]
k<i<j

= Z 2(cvjjorik + okt i — Qi jic) (y” kiyik 4 ykiyiky, ”) mod [DS, DS].

i<j<k
So we have a double Poisson bracket if and only if for all i < j < k we have

i + it i — oo = 0. 0

The cycles of length two can be seen as being analogous to the classical Poisson
tensors 5= A 5. In classical Poisson geometry, these Poisson tensors play an impor-
tant role n the Sphttmg Theorem [5], where any Poisson structure can be split into a
symplectic part and a totally degenerate part, the totally degenerate part being of the
form ‘/’ij(x)aix, A 8% If ¢;j(x) = ¢;j, the totally degenerate part gives rise to an affine
Poisson structure for any choice of ¢;; [2]. In the case of double Poisson structures,
the previous proposition shows that this no longer holds.

Another important concept introduced in [4] is that of a moment map for a double
Poisson bracket. In the case of a finite dimensional semi-simple algebra § = C®" we
have

Proposition 5 Let S = C®" with orthogonal idempotents e; and let P = Zl</ cijd;id
determine a double Poisson bracket with d;; the derivation corresponding to e; ® ej,
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then there exists a moment map v for P if and only if all c;; are nonzero. In this case,
the moment map . is unique up to a constant term and can be written as

"1
= - —e.

Proof First of all note that for the double Schouten bracket we have

{6A, ult = {{n, SAR”
(—=8{m, A + fu, SA)P
=8 x A(p) + () * A.

So for u =), nie; we get

(P =) cylldd i,

i<j

= Z Cij(_dij * dﬁ(/l) + dij(,u)dji)

i<j

= Zcij(_(,ui —pnjlej®dij+ (uj— puid; Q e;)

i<j
= Zcij(ﬂj —1i)ej®dij+d;i @ ej).
i<j
Under the multiplication this maps to
> i — i) (dij + dj),
i<j
which on e; is equal to
Y i — ) (—ei®ej+ei@e) + Y il — e ®ej—e; @ er).
i<j i>j
Now
Ee)=1®e—¢6®1= Zej®ei_ei®€j,
J#
so {P, u} = —E implies ¢;j(u; — ;) = —1if j>1i and ¢;j(u; — ;) =1 if j < i. This
means all ¢;; must be nonzero and for i < jwe have
1
Wi—Mj=—,
Cij
which means the c;; have to satisfy the additional relation fori < j < k:
CijCjk = CijCjk — CikC ji-

But as P determines a double Poisson bracket, by Proposition 4 we know this
condition is automatically satisfied. The uniqueness follows from the fact that e; +
..+ +e¢, = 1 and the fact that one u; determines all other coefficients. O
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4 Double Poisson-Lichnerowicz Cohomology

In [3], Lichnerowicz observed that d,, = {w, —} with = a Poisson tensor for a Poisson
manifold M is a square 0 derivation of degree +1, which yields a complex

05 oS5 pomy S A2pOoMy S

the homology of which is called the Poisson-Lichnerowicz cohomology. In this
section, we show there is an analogous cohomology on DS that descends to the clas-
sical Poisson-Lichnerowicz cohomology on the quotient spaces of the representation
spaces of the algebra.

Let A be an associative algebra with unit. From [4, §7] we know that the Poisson
bracket on rep, (A) and iss,(A) induced by a double Poisson tensor P corresponds
to the Poisson tensor #7(P). We furthermore know that the map ¢ : DS/[DS, DS] —
/\ Der(O(rep,,(A)) is a morphism of graded Lie algebras, so we have a morphism of
complexes

dp dp
0 ——= (DS/[DS, DS — (DS/[DS,DS))! —— (DS/[DS,DS))2 ——— ---

\L I \L tr \L tr
di(p) dir(p)

0 ——> O(rep,(A)) ———— Der(O(rep,(A))) —— AZDer(O(rep,(A))) —> -

which restricts to a morphism of complexes

dp dp
0 — (DS/[DS,DS))° ——= (DS/[DS,DS))! —— (DS/[DS,DS)H? —— ---

di(p) dirp)

0 —— O(iss,(A)) ——— Der(O(iss,(A))) — A?Der(O(iss,(A))) —> -+

So there is a map from the homology H%(A) of the upper chain complex, which
we call the double Poisson-Lichnerowicz cohomology to the classical Poisson-
Lichnerowicz cohomology on rep, (A) and iss,(A).

Using the description of DS/[DS, DS] from Proposition 3 we can compute the
double Poisson-Lichnerowicz cohomology for a semi-simple algebra § when the
double Poisson bracket is given by a single necklace in a straightforward way. We
illustrate this for the zero-th and first cohomology groups. It is easy to see that
HY%(S) = 0 from the description of the double Schouten bracket. For HL(S) we get

(P.q)

Proposition 6 For a double Poisson bracket P = i ;j j withq#rand p #s
(r.5)

we have that H,(S) is generated by

e all loops of all bi-colours in vertices k # i, jin Qs

e the loop in i with all possible bi-colourings where the primary colour is different
from q and the secondary colour is different fromr,
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the loop in j with all possible bi-colourings where the primary colour is different
from s and the secondary colour is different from p,

e thesum (rr) Ci + j/) s.) and
7 ~

e thesum (p.p) C i+ J Q @9 ,

and hence has dimension Y (n; — 1) + (n; — 1)? + (n; — 1)
ki, j

(p.q)

For a double Poisson bracket P= |~ i we have that H,(S) is generated by

(r.s)

all loops of all bi-colours in vertices j # i and the loop in i with all possible bi-colours
where the primary colour differs from s and q and the secondary colour differs from p

andrif (p—q)(p—)F—s)r—q) #0.

Proof The first claim follows immediately from the fact that

(P.q) (p.q) (p.v)
L, o wy) s — 5 L
1 -~ J ., 1 — 1 = Oyr 1 ~ ] - ug 1 -~ ]

(r,5) (u,s) (r,s)

(P L .9 W.q)
R NN . W . P e NN 5 . .

1 <~ ] ] —=] = Osw 1 - ] + vp 1 <~ ]

(r,8) (rv') (1,5)

and
(p.a)
N (u,v)
i 7 —k =0
~——

(r.s)

if k # 1, j, in combination with the fact that { P, S} = 0. The second claim follows
immediately from

P.q) (u,q) (X))

. A . . (u’v) . . A . . A .
i i, 0 —>10 (=—08p i i+ 0us i i
~-— ~—— ~-——
() () (r,v)

(P.q) (p.v)
+8ur i i —Ouq i i
~— ~—

(u,s) (r,s)
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It becomes clear from the proof that the double Poisson-Lichnerowicz cohomol-
ogy for a generic finite dimensional semi-simple algebra will never become zero. For
the simplest non-trivial semi-simple algebra S = C @ C one easily sees that

1 i#0even

dim Hp(S) = { 0 otherwise

5 Double Derivations on Amalgamated Products

In [1], the notion of a tree of semi-simple algebras was introduced and linked to the
representation theory of SL,(Z) via the amalgamated product Z¢ *z, Z4. The study
of the finite dimensional representations of this amalgamated product can be seen as
equivalent to the study of the finite dimensional representations of the amalgamated
product of semi-simple algebras C®° xce: C®*. More generally, the representation
theory of any torus knot group can be reduced via the representation theory of
Zp, % Zq to the representation theory of C®? « C®4. Adriaenssens and Le Bruyn show
in [1] that the representation spaces of these amalgamated products have an étale
cover characterized by a symmetric quiver and hence has a double Poisson structure
as well.

From [4, Prop 2.4.1] we know that each pair of double Poisson brackets on the
factors of an amalgamated product induces a unique double Poisson bracket on
the product, so combining the nonzero double Poisson brackets we determined
in the previous section of the paper, we obtain double Poisson structures on the
representation spaces of the amalgamated products themselves rather than on an
étale cover. In this section, we will formulate an explicit description of the Poisson
brackets they induce on the quotient space iss, (S x T)

We begin by fixing notation for the rest of this section. We let §= C®"
with orthogonal idempotents ey, ..., e, and T = C®" with orthogonal idempotents
fi,..., fm- By Os and Or we denote as before the double derivation quivers of S
and T. The arrows in Qg will be denoted by a;; and the arrows in Qr will be by
with h(aij) =1, t(a;)) = J, h(byy) = k and t(by;) = /. Finally, we let P = Ziyjc,'ja,'jaﬁ be
a double Poisson tensor in CQg and P’ = Zk, 1 dbby a double Poissson tensor in
CQ7. We have the following expression for the double Poisson bracket induced by
Pand Pon SxT.

Lemmad Letx =e¢;, = fi - xe, % fy and y = e, * f; ¥k X fi,- Define for
all 1 <i,j<nand 1 <k, £ <m the elements ¢;; = c;j — cj and dy, = dgy — dy in C
and the elements ¢; = — Zx#i Cises and f, = — Z#i dises then

P4
{{x,y}}:ZZdi%jrk(ejl*~'-*e,k*(ﬁrg*~--*ﬁfp®eil>x<~->ke,'/*ffk
=1 k=1

Tty
—f/'k*eim*'“*ﬁ;@ez‘l*'--*ﬁ;)*€/k+l*-"*fj;,)
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q
+ E cigjk(ej] *---*f]kal*(eié*---*firp(@eil*---*fi/lil*ejk

JkFie

—ejk*f;l*u-*firp@)eil*--~*ei(>*f]~;(*~-->kfﬂ[)
q J—

+Zej]*--~*e‘,«k*<ﬁ2*~--*ﬁ;®eil*~-~*ei(*ffk

=ty
q

—?fk*ew*-~-*ﬁ;®6i1*~-~*ﬁr[>*e,'k+l*-~->z<f,-,

q
+ E ej,*"'*fj;H*(ei[*"'*ﬁ‘/p@eil*"'*fi}_l*ejk
k=1

Jk=ie

—Ejk*fl-;*---*fi;@)eil>x<-~-*e,~[>*ffk>x<--~*f}-;].

Proof We will prove the statement by induction on the length 2p of x. First of all
note that

q
Uhoesn fixome s fiy =D ejw-wei s {{ fon fi} xej % fj,
k=1
and
q
{{eaeji s frx--xes o fily =D e fi o+ {lew e} * fiox % £,
k=1

because {{ f5, —}} is an S-linear double derivation and {{e,, —}} is a T-linear double
derivation. This means for p = 1 that

flea * fo, Y} = ea o { fo. v} + flea Yo fo

q
:eaoZe/I*---*ejk*{{fb, fjk}}*e,-kﬂ * ook f
k=1

q
+Zefl Foeee ok ffk—l * {{ea’efk}} * fjk ook szl)o fb'
k=1

Now by definition of the double brackets associated to P and P’ we get

Ufo fil) = @i —din) (fs @ fic — [ic ® fo) b # i
e H}) = _Z(dbs —dp) (6 ® fi— [ ® fb)

s#b

fr®fy—Fo®fo
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and
{lea, €} = (cuj — Cja)ea ®ej, — €, D eq) a# ji
flea el = =D (Cas — Cra)(ea ® €5 — €, ® €4)
s#a
=e, e, —e€,Qe,.
So

q
flea s fo ) = Y dyjej 5 xej % (fy ®eax fi — fi, ®eax fo) e, *- % fj,
it

q
—|—ZEajkej] * ook [ *(ea*fb ®ej —ej* fp ®ea)*fjrk*---*f,;[
k=1

JxF#a

q
—l—Zej,*~~>|<e,-k*<fb®ea*fb—fb ®ea*fb>*ejk+l*~-~*fj&
k=1

Je=
q

+Zejl>k-~-*fj;(_l>k(ea*fb e, —e* fp ®ea)*f]-;(>k---*fﬂl
J':==la

which means the claim holds for p = 1. Now assume the lemma is correct up to
p — 1, then

{{x, y) = (e,»I %k fl-;H) o {{ei, * f,vp,y}} + {{ei, x - % f,-/lH,y}}o (eip * f,vp).

The first term in this expression is equal to

q
E dipjk<ej] *---*e,k*(ﬁ;*---*ﬁ})@e;, *~-->x<e,<p*fjrk
Tl

—f,-;{*e,ﬂl*---*ﬁ;}@eil*~~-*ﬁr{))*ejk+l*-~*fj;]>

q
+ E Cip/k<ej1 koo ok f/ﬁ{,l *(ei,;*"-*ﬁ’!,@eil koo ek ﬁ;}il * €,
<k:].
Jk#Fip

—ejk*ﬁ/l)*-n*fi;@eil>x<--~*el~p)>|<f,~k>x<---*fj‘rl)

q
+§ ej]*...*ejk*<ﬁ/p*...*ﬁvp®eil*..-*el‘p*fj;(
=ty

_f/';(*ei,,H*"'*ﬁ;,®el'1*"'*ﬁ;;)*ejkﬂ*.”*fj;i
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—I—E e kk [k (eip*---*fyp@eil>x<-~->|<f,-/pil*ejk

Ik ZP
ej* fi x oo x fi ®ey *~-'>keip>>l<fj;(*~-'>kfj;.
and the second term becomes

p—1

a
{{x, v} =ZZE‘M<€“ ~~>:<ejk>x<(fié>|<~~->kf,-;}<§§)e,'l>i<~~~>l<e,'ﬂ>:<fj;c
i

—f/’k*eim*“'*ﬁ;,@ei]*"~*ﬁ;)*€jk+1*"'*ff;,)

—l—g c,l,k(e]] ~«>x<f,-rk7]*(ei[*-'-*ﬁrp@eil*~-~>x<firlil*ejk

lk#u
—e,'k*ﬁ;*-u*ﬁ})t@eil*-~-*e,'l)>kfj;(*-~*f,vq)
q —
+ E e,l*---*ejk*(ﬁr[*-n*ﬁ/ﬁ@eil*---*eil*fj,k
k .
=t
_fj;(*eizﬂ *-ok fi Qe *-u*fQ)*eij koo f

q
+ E e,l*---*fj;{il*(ei(*n-*firp@eil*~-->1<f,-24*ejk

Jk=ie
—Ejk*f;l*u-*firp@eil*---*eQ)* fi'k*"'*ff&'

Adding these two terms together then yields the expression from the lemma. O

Proposition 7 With notations as before, the Poisson bracket induced by P and P’ on
iss(S * T) is equal to

14 q q
{tr(x), r(y)} = E tr| o® () x E dyj 0 (y) - 2 :Eiéjko.Zk—l(y)
=1 . -
i i

q q
20 = 2k = 2k
—tr [ o) x| Y diy o™ ) = Y o™ ()
k=1 k=1
Je#ly JFle

@ Springer



Double Poisson structures on finite dimensional algebras 457

q
+ Z tr (02£—1(x) * GZk_l(yk)) —tr (02[ (x) * O'Zk(yk))
i

q
+ Z tr (02([71)()6) * az(kfl)(ky)) —tr (ngfl(x) * JZk*l(ky)) .

k=1,
Jk=le

Klth o(a x x) = x x athe cyclic permutation and where y = e, * f %% f;  xej

fjk*ejk+1*'.‘*ejq*f]‘;] andky:ejl*f/l*---*fj;ﬁl *Ejk*f,'k*-u*ejq*fﬂi.

Proof By definition of the bracket induced on iss, (S * T) we have
{tr(0), tr()} = {{x, yBiflx, v}

Using the expression found in the previous lemma this becomes

14 q
E E diljk((ejl*.“*e].k*ﬁz*...*ﬁ;;)m(eil*.“*eiﬁ*fj;f*ejkﬂ*.“*fj;l)sr
=1 k=1

Ty

—(e,—l>x<-~-*e]-k*fj;(*e,-[+l>x<-~-*ﬁ/p>m<e,-]*~-->x<ﬁ«[>x<e,-k+]*~-->x<f,—;) )

sr

q
+ E c,-”k((ejl oo *fj;(_l *e, k- *fi;’)rs(ei' ook fi},l * e * f,-/k PEERE f]-;,>sr
k=1
JkFle

_(e/'l*"'*fj}H*e/'k*fi;*"'*fi’p) (eil*-u*e,'[*fj;(*n-*f,;]) )
rs

sr

q

+E ej]*u-*e,-k*ﬁ;*---*ﬁ/p) eil*---*eig*ff*ejk+l*---*fj/qv
— rs k sr
=t

_(efl*".*ejk*fj}(*eif+l*“'*ﬁ/p>m(eil*'.'*ﬁi/*efk+l*"'*fj;)

sr

sr

q
+ E (ejl *"'*ffk,, *ei[*-n*ﬁ;)m(eil >x<-~->|<fl-2_l *ejk*ffk*"'*fjﬁ,)

k=]

Jk=1¢

—(eil*"'*fj’k,l*Ejk*fi;*"'*ﬁ;,)”(ein*"'*eif*fj;(*"'*fj;)

sr
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This is equal to

P q

E E d,‘g,'k<tr(e,'1 *---*ejk*fi;*---*f,»rp*e;] *~-->|<e,<[>x<f,»;(*e,'k+] *~-->x<f,';1>
=1 k=1
i i)

~

—tr(ej,*«-~>|<e,'k>x<f,»;(>ke,'m*--~>|<f,-rp>x<e,<]*u-*ﬁ/g*e,-kﬂ*-u*f/q))
q

+ E Ci[,-k(tr(e,-l*u-*fj;H*ei[*-u*firp*e,-l*---*firli]*ejk*ff;(*-~-*fj;)
JkFle

—tr(e,-l*...*fj;{il*e,-k*fié*---*fi;*eil*-“*ei,;*fj’k*"'*f/;))

q
+ E tr(ejl*---*e,',{*ﬁ-rl*-n*ﬁ;*eil*---*ei{*fjfk*eml>x<--~*fj11)
k=1

Je=ty
—tr(e,'l*'-'*ejk*fj’k*eim*"'*fi;*eil*"'*ﬁ@*ejk+l*"'*fj;,)
q
+ E tr<ej1*'“*ijk,l*eil*”'*ﬁ;;*eil*.”*ﬁi_l*ejk*fj;(*..'*ff;>
Jk=le

—tr(e,»l>x<-~-*fjrkil*E,-k*f,-r(*---*fi/p*eil>x<-~-*eiz*fjrk*~-->x<f,»;>.

Using the fact that traces are invariant under cyclic permutation, we may rewrite
this as

Poq
E E ik tr(ﬁ;*~--*ﬁrp*eil*--~*e,~{>kffk*ejk+l*-~-*fj/q*ej]*--~*ejk)

Ji#ly a2-1(x) o2k=1(y)

—tr(e,-w*--~>|<f,vp*e,~1*--~*f,~;*ejk+]*---*fj/q*ej]*--~*ejk*fjrk)

o2 (x) o (y)

q
+ E Ciy jx tr(eiz*---*fi/p*eil*-~->l<firlil*ejk*fj;*n-*f,'&*e,'l*---*f,Ll)
k=1

Ji#Fie o2(=1 (x) a2k=D(y)

—l‘r(*fi;*"'*ﬁ’p*eil *~-'*€i;*fj;{*"'*f/[,*3/1*~~~*f]j(7| *ejk)

(72[’]()6) azk—l(y)
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q
+ E l‘r(ﬁ;*-'~*ﬁ/ﬁ*el~l>x<-~~>kei(*fj;(*ejk+l*n-*f]-;l*e]-]*~-~*ejk)
k=1

j}(:ié UZi—l(x) O.zk—l(yk)

—tr(e,—,“*---*ﬁ/p*e,-l>x<-~-*f,-2>|<ejk+]*--~>x<f1-;>x<ejl>k-~-*ejk*fj;c>

o2 (x) a2 (yi)

q
+ t"(ei(:*"'*ﬁ"p*eil*"'*fi,;,l*efk*fﬁ*'”*f]}',*efl*"'*fl'icfl)
k=1

Jk=ip o2=D (x) o 2k=1)(; y)

—tr(f,-;*n-*fi;)*eil*-~-*ei5>|<f}-/k>x<-~-*fjlrl*ejl*~--*f]vkil*éjk).

o2-1(x) o1 (ey)

Regrouping this expression then gives the expression from the proposition. O

Although this expression yields nontrivial Poisson brackets in general, note that
we have the following corollary.

Corollary 2 For S = C®2 and T = C® with d arbitrary, any Poisson bracket induced
by double Poisson tensors P and P’ becomes the zero-bracket.

Proof First of all note that for § = C®? the ring of invariants C[rep,, (S  T)] is
generated by expressions of the form tr(ey * f;, x ey * fi,--- e * f;)). But then

UZZ—I(X) *O_Zkfl(y) — O_Zﬁ(x)o,zk(y)

O_ZZ—I 2k—1

) = o2 (x) % 0% ()

o? V@) x0TV y) = o W) 0¥ ey

(x)*0o

up to cyclic permutation, so the bracket becomes zero. O

From Theorem 2 we know the module of C®2-relative double derivations on C®*
can be depicted as

D D
and the module of C#®2-relative double derivations on C®® can be depicted as
O/_\f O/_\/*O-
The last corollary then also means that we only get the trivial bracket on this
amalgamated product, so in case of SL,(Z) we do not obtain a Poisson structure
on the quotient spaces from the double Poisson structures on the factors, whereas
Adriaenssens and Le Bruyn obtain nontrivial Poisson structures on an étale cover.

For higher dimensional factors, however, the above formula yields nontrivial Poisson
brackets on the quotient variety.
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