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Abstract

In this paper we study generalized semi-Markov high dimension regression mod-
els in continuous time, observed at fixed discrete time moments. The generalized
semi-Markov process has dependent jumps and, therefore, it is an extension of the
semi-Markov regression introduced in Barbu et al. (Stat Inference Stoch Process
22:187-231, 2019a). For such models we consider estimation problems in nonpara-
metric setting. To this end, we develop model selection procedures for which sharp
non-asymptotic oracle inequalities for the robust risks are obtained. Moreover, we
give constructive sufficient conditions which provide through the obtained oracle
inequalities the adaptive robust efficiency property in the minimax sense. It should
be noted also that, for these results, we do not use neither sparse conditions nor the
parameter dimension in the model. As examples, regression models constructed
through spherical symmetric noise impulses and truncated fractional Poisson pro-
cesses are considered. Numerical Monte-Carlo simulations confirming the theoreti-
cal results are given in the supplementary materials.

Keywords Regression model - Generalized semi-Markov processes - Fractional
Poisson processes - Non-asymptotic estimation - Robust estimation - Model
selection - Sharp oracle inequalities - Asymptotic efficiency - Adaptive estimation
1 Introduction

1.1 Motivations

In this paper we study the following linear regression model in continuous time
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q
dy, = <Zﬁjuj(t)>dt+dc§,, 0<t<T, (D

=1

where the functions (u;), ;. are known linear independent 1-periodic R — R func-
tions, the duration of observations 7 is an integer number and (&), is an unobserv-
able noise process defined in Sect. 2. The process (1) is observed only at the fixed
time moments

_J -

(yt/.)()gjgn , f] = 1—7 and n=pT, )
where the observation frequency p is some fixed integer number. We consider the
model (1) in the case when the parameter dimension is greater than the number of
observations, i.e., ¢ > n. Such models are called big data or high dimension regres-
sion in continuous time (see, for example, Fujimori, 2019 for diffusion processes).
The problem is to estimate the unknown parameters (f;),;<, on the basis of the
observations (2). Usually for such problems one uses either the Lasso algorithm or
the Dantzig selector method. It should be emphasized that to apply these methods
one needs to assume sparsity conditions which provide the nonlarge (“reasonable™)
number of the nonzero unknown parameters and, moreover, the parameter dimen-
sion g must be known (see, for example, Hastie et al., 2008). It should be noted
also that the case of unknown parameter dimension g is one of the crucial points in
important practical problems such as, for example, signal and image statistical pro-
cessing (see, for example, Beltaief et al., 2020 and the references therein).

For the model (1) we consider a nonparametric setting, i.e., this is the setting for
the estimation problem of the function

q
NOEDWHGE
=1

ie.,
dy, =S(ndt+d¢,, 0<t<T, 3)

where S is an unknown 1-periodic function, S : R — R, such that the restriction
of S to the interval [0, 1] belongs to £,[0, 1]. This model means that we observe
T times, i.e. on the interval [0, 7], the same function S defined on [0, 1], with
values in R. Here we do not assume neither sparsity conditions, nor the condition
that the parameter dimension is known; in particular, we can assume that g = +co.
Now the problem is to estimate the unknown function S in the model (3) on the
basis of observations (2). Originally, such problems were considered in the frame-
work “signal+white noise” models (see, for example, Ibragimov and Khasminskii,
1981; Kutoyants, 1994; Pinsker, 1981). Later, these models were extended to the
“colour noise” models defined through non Gaussian Ornstein-Uhlenbeck pro-
cesses (see Barndorff-Nielsen and Shephard, 2001; Konev and Pergamenshchikov,
2012, 2015). The problem here is that the dependence defined on the basis of the
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Ornstein-Uhlenbeck processes disappears very fast, i.e., at a geometric rate. This
means that such models are asymptotically equivalent to models with independent
observations. To keep the dependence in the observations for large time periods for
the estimation problem on the complete data, in the article (Barbu et al., 2019a) it is
proposed to define the model (3) through semi-Markov processes with jumps. Such
models considerably extend the potential applications of statistical results in many
important practical fields such as finance, insurance, signals and image process-
ing, reliability, biology (see, for example, Barbu et al., 2019a; Barbu and Limnios,
2008 and the references therein). In this paper we extend the semi-Markov regres-
sion models to the generalized semi-Markov processes by introducing an additional
dependence in jump sizes of (£,);5

1.2 Methods

In order to estimate the 1-periodic function S defined on the interval [0, 1], we
develop model selection methods using the quadratic risks defined as

1
RoGr8) =Egs I8~ SIP. I = / Fs)ds, @
0

where §T(~) is some estimate based on T periods of the observations of the model
(3) (i.e. any 1—periodical function measurable with respect to the observations
o-{y,o, y,ﬂ} given in (2)) and E ¢ is the expectation with respect to the distribu-
tion Py, ¢ of the process (3) corresponding to the unknown noise distribution Q in
the Skorokhod space D[0, T] and to the function S. We assume that this distribution
belongs to some distribution family Q; specified in Sect. 2. To study the proper-
ties of the estimators uniformly over the noise distribution (what is really needed in
practice), we use the robust risk defined as

R;(ST, S) = QS:ST RQ(ST’ S) . (5)

It should be noted that statistical procedures that are optimal in the sense of this risk
possess stable mean square accuracy uniformly over all possible admissible noise
distributions in the model (3). This means that the corresponding statistical optimal
algorithms have high noise immunity and, therefore, significantly improve the qual-
ity and reliability of statistical inference obtained on their basis.

To construct model selection procedures on the basis of the discrete data (2) we
use the approach proposed in Konev and Pergamenshchikov (2015). It should be
noted that the main analytic tool in that paper is based on the exponential decrease
rate of the dependence in Ornstein-Uhlenbeck models, and, therefore, we cannot
apply those methods to the semi-Markov models of the current work, since these
models can retain a dependence in noises for a long time. So, in this paper, to study
the estimation problem based on the discrete observations (2) for the model (3) with
noises defined through semi-Markov processes, we develop new methods based on
the special renewal theory from Barbu et al. (2019a); based on these techniques we
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can analyse the approximation errors in the discrete observations and obtain non-
asymptotic sharp oracle inequalities. Moreover, as a consequence, we found con-
structive sufficient conditions on the observation frequency that provide the robust
efficiency for proposed model selection procedures in an adaptive setting, i.e., in the
case when the regularity properties of the function S are unknown.

1.3 Main contributions of this paper

As previously mentioned, in this paper we use for the first time nonparametric adap-
tive methods for estimation problems in the framework of the big data generalized
semi-Markov regression models. To this end, we develop model selection proce-
dures and corresponding analytical tools providing, under some constructive suffi-
cient conditions, the optimality in the sharp oracle inequality sense and the robust
adaptive efficiency in the minimax sense for the proposed estimators. It turns out
that these conditions hold true for important practical cases such as, for example,
regression models constructed through truncated fractional Poisson processes intro-
duced in Barbu et al. (2019b). Moreover, in this paper, we extend for the first time
the model from Barbu et al. (2019a) using the generalized semi-Markov models
obtained by introducing a dependence structure in the sizes of the jumps. As an
example, we use spherically symmetric random variables, which play very impor-
tant role in many practical applications (see, for example, Fourdrinier and Perga-
menshchikov, 2007 and the references therein).

1.4 Organization of the paper

The rest of the paper is organized as follows. In Sect. 2 we state the main condi-
tions under which we consider the model (3). In Sect. 3 we present the truncated
fractional Poisson process and its main properties. In Sect. 4 we construct model
selection procedures on the basis of weighted least squares estimates. In Sect. 5 we
state the main results. In Sect. 6 we develop the stochastic calculus for the general-
ized semi-Markov processes. Section 7 gives the proofs of the main results. Some
auxiliary tools are given in an Appendix.

2 Main conditions

First, we assume that the noise process (&), o in the model (3) is defined as
S =ow, oL+ 037, (6)

where ¢,, 0, and g5 are unknown coefficients, (w,),» ¢ is a standard Brownian motion,
L= /OI /R* x(u(ds, dx) — fi(ds, dx)), u(ds dx) is the jump measure with deterministic
compensator p(ds dx) = dsIT(dx), I1(-) is the Lévy measure on R, = R\ {0} (see,
for example, Liptser and Shiryaev, 1989 for details), with
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=1 and 1P < . 7

Here we use the usual notations for IT(|x|") = fR |z|™ IT(dz). Note that IT(|x|) may
be equal to +o0. In this paper we assume that the “dependent part” in the noise (6) is
modelled by the generalized semi-Markov process (z,),» o defined as

NI
=) ®)
i=1

where ({;);» | are random variables satisfying the following conditions:

(C))Foranyi>1,wehave E¢; =0, ECZ.2 = land {, = sup;,; EC;‘ < 00;

(C)E( ¢ =0forany i #

(C3) For any 1 <k <k, < k3 < ky, the random variables (¢ )]<,<4 are such that
EC 2 =0 for any 1, ...,14, € {0,1,2,3} for which 3 < Z _, i <4 and at
least one among them is equal to one.

Now we give some examples for the correlation conditions (C,)~(Cs). To
this end, we first remind the definition of spherically symmetric distribution
(see, for example, Fourdrinier and Pergamenshchikov, 2007). A random vec-
tor { = (), ...,¢,) is called spherically symmetric if its density in R? has the
form g(| - |?) for some nonnegative function g. Here the prime denotes the trans-
position. Note that there is a very important particular case of the spherically
symmetric vectors represented by Gaussian mixture distributions. The vector
¢=(¢,.... &) is called a Gaussian mixture in R if it has the spherically sym-
metric distribution with

1 -
)=E———¢ 27,
80 =E o )
where s is a non-negative random variable. It should be emphasized that in radio-
physics such distributions are very popular for statistical signal processing (see, for
example, Middleton, 1979; Kassam, 1988). Using these definitions it is easy to see
that the following random variables satisfy the conditions (C,)~(C;):

— (§));» that are i.i.d. random variables satisfying condition (C,);

— For some d > 1, a random vector (¢, ..., ;) that has a spherically symmetric
distribution in RY, with E¢? = 1, E¢} < oo and such that the random variables
(¢})j> 4 are independent and satisfy condition (C,);

— For some d > 1, a random vector (¢, ..., ;) that is a Gaussian mixture with
mixture variable s for which Es?> = 1 and Es* < .

Note that the process N, in (8) is a general counting process defined as

No= 25 s (10)

k=1
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with (7));5 ; an i.i.d. sequence of positive integrated random variables with distribu-
tion 7 and mean 7 = E, 7; > 0. We assume that the processes (N,)»o, (¥;);» and
(L,);»o are independent. In the sequel we will use the renewal measure defined as

TEDIES (11)

=1

where 1) is the Ith convolution power of the measure 7.

Remark 1 Note that in the case when the random variables (¢)j»1 are i.i.d., then (8)
is the semi-Markov process used in Barbu et al. (2019a).

To use the renewal methods from Barbu et al. (2019a) we assume that the dis-
tribution # has a density g for which the following conditions hold true.

(H,) Assume that, for any x € R, there exist the finite limits g(x—) = lim__,,_ g(z)
and g(x+) = lim__, ., g(z) and, VK > 0,36 = 6(K) > 0 for which

sup df < o

Ix|<K

/5 lg(x + 1) + g(x — 1) — g(x+) — g(x—)|
t

(H,) ¥y > 0, the upper bound sup, z"|2g(z) — g(z—) — gz+)| < oo.

(H;) There exists # > 0 such that [R+ e g(x)dx < oo.

(H,) There exists t* > 0 such that the Fourier transformation g(6 — it) belongs
to £,(R) for any 0 < 7 < #*, where 2(z) = 2x)~! [, e g(v)dv.

Moreover, to check these conditions, we will use the following assumption.

(H}) The density g is two times contmuously dlﬁerennable with g(0) =
and there exists f>0 such that f e () + g @) + |8 ()])dx < o0 and
lim,_ ., e™(g(x) + g )]) =

It is clear that the condmons (H,)—-(H;) hold true in this case. To obtain the
condition (H,) it suffices to calculate the integral in g, integrating by parts two
times. For example, one can take the gamma distribution of order m > 2

mxm 1

glx) = ™50, and a>0. (12)

It should be noted that, in view of Proposition 5.2 from Barbu et al. (2019a), Condi-
tions (H; )~(H,) imply that the renewal measure (11) has a continuous density p such
that for any b > 0

supxblY(x)| <oo and Y(&) = pkx)-— ;
x>0 T

Note that this implies

+oo
lpl. = sup|p()] <co and [[Y]|, =/ Y ()ldry <oo. (13)
0

>0
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Remark 2 1t should be noted that Condition (H,) does not hold for the exponential
random variable (7;);5, since its density is not continuous in zero. But for exponen-
tial random variables, i.e. in the case when (V,),5 is a Poisson process, the renewal
density can be calculated directly, i.e. p(x) = 1/7and Y = 0.

Now we describe the class of possible admissible noise distributions used in the
robust risk (5). To this end we set

2

GQ:()%+0§+T. (14)
T
As to the parameters in (6), we assume that
6. <op<¢”, (15)

where the unknown bounds 0 < ¢, < ¢* can be functions of 7, i.e. ¢, = ¢,(T) and
¢* = ¢*(T), such that for any b > 0

“(T
Jim 7°¢ (1) =+c0 and  lim ¢ @

T—o0 Tb =0 (16)

We denote by Q; the family of all distributions of the process (6) in D[0, T'] satisfy-
ing the properties (15)—(16).

Remark 3 As we will see later, the parameter (14) is the limit of the Fourier trans-
form of the noise process (6). This limit is called variance proxy (see Konev and
Pergamenshchikov, 2012).

3 Truncated fractional Poisson processes

As an example of the process (10) that satisfies Conditions (H;)~(H,), we give the
truncated fractional Poisson process introduced in Barbu et al. (2019b). To this end,
we remind the definition of the fractional Poisson process (see, for example, Biard and
Saussereau, 2014; Laskin, 2003). The process (10) is called fractional Poisson process
if the i.i.d. random variables (z;) have the Mittag-Leffler distribution which, for some
a > (0, is defined as

P(z, > t) = &y (—at'), (17)

where 0 < H < 1is called the Hurst index,

_ S zr _/+oo —1 -t
gH(Z)_kZZOF(1+Hk) and T'(x) = ; e dr.

Note that, if H = 1, then we obtain the exponential distribution with parameter a > 0
and, therefore, the process (10) is a Poisson process. If 0 < H < 1, then the density
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of the distribution (17) (see, for example, Repin and Saichev, 2000) can be repre-
sented as

; +oo H ,—tx
£ = a SII;(_HH) / xfe d. (18)
0

x2H + a2 4+ 2axt cos(nH)
Form here we can directly obtain that
fa@ ~ N S~ Lo~ T as 10 (19)
and
fa@ ~ T f 0~ i~ st (20)

In particular, this implies that the Mittag-Leffler distribution has a heavy tail, i.e.

Pz, >1) ~ 7 a t- o, 1)
ie. E7; = 400. Therefore, the condition (H;) does not hold for the distribution
(17). To correct this effect, in Barbu et al. (2019b) it is proposed to replace the
Mittag-Leffler random variables in (10) with i.i.d. random variables distributed as
TT = min(Xi’,X*), where X, is a Mittag-Leffler random variable with 0 < H < 1,
0<b < H/3 and X* is a positive random variable satisfying the condition (H}).
Such processes are called truncated Poisson processes. Using the asymptotic prop-
erties (19) and (20) one can check directly that the random variable 7} satisfies the

I
condition (H}) and, therefore, the conditions (H;)~(H,) hold true for this case.

Remark 4 1t should be noted also that the process (10) with the Mittag-Leffler ran-
dom variables has a “memory” in its increments (see, for example, Maheshwari
and Vellaisamy, 2016) in the sense that, for any 6 > 0 and s > 0, the correlation
coefficient

Corr((NH&—Ns),(N,+§—N,)) ~ 3 as oo,

It should be noted that this property is very important for many practical problems
and it essentially allows to expand the possible applications of statistical results.
Unfortunately, we can’t use directly the fractional Poisson process in the regres-
sion model (3) since the impulse noise of the fractional Poisson processes will be
very rare, since the time between jumps is not integrable, i.e. very large and, there-
fore, they have almost negligible influence in the observation models. On the con-
trary, the truncated process has an exponential moment, i.e. the same property as
Poisson processes, and, moreover, it keeps a dependence on large time intervals.
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4 Model selection
In this section we construct a model selection procedure for estimating the unknown
function S given in (3) starting from the discrete-time observations (2) and we estab-

lish the oracle inequality for the associated risk. To this end, note that for any func-
tion f : [0,T] — R from £,[0, T], the integral

T
1) = / e, 22)
0

is well defined, with EQ I:(f) = 0. Moreover, as it is shown in Lemma 1 under the
conditions (H, )-(H,),

T
E, I3(f) < xg / fAs)ds and  xp =07 +05+ 03 ol (23)
0

In this paper we assume that the observations frequency p in (2) is odd and we will
use the trigonometric basis (¢;)» | in £,[0, 1] defined as

¢ =1, ¢®=V2Tr@alj/2k). j> 2, (24)

where the function Tr;(x) = cos(x) for even j and Tr;(x) = sin(x) for odd j, [x] denotes
the integer part of x. Note, that these functions are orthonormal on the points
(tj)ls/‘Sp’ ie.foranyl <i,j<p

P
1
@9, = ,Z‘ bi(t)(t) = 1, - (25)
In the sequel we denote by ||x||£ = (x,x),. Now note that, for any 1 </ < p,
p
Sty =Y, 6,4(t) and 6, =(S.4),. (26)
J=1

Using the approach from Konev and Pergamenshchikov (2015), we estimate the
Fourier coefficients Hj,p on the basis of the observations from the interval [0, T] as

T n
~ 1
o= ) w0 w 0= S0l @D

Note here that the functions (y; ),
val [0, 1], i.e. in £,[0, 1],

<j<p are 1-periodic and orthonormal on the inter-

1
W W) = / v, Ow, (A = (@B, = 1) - (28)
0

The Fourier coefficients of S for this basis in £,[0, 1] can be represented as
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934 V.S.Barbu et al.

1
0, =S w;,) = A SOy, ,(ndt =6,,+h;,, (29)

where h; ,(S) = 11):1 ft’tjl &;(t,)(S(t) — S(7)))d . Taking into account here that the
functions (y; ), are 1-periodic and using the observation model (3) in (27) we

obtain, that

<isp

~ 1 [T 1 /"
0,,= T / ZMONO RS T / wip(Ddg,
0 0

1 T
1
[2mm] = / Vi, (OS@d 1+ / v, (DdE, .
0 0
Therefore,
6 =0+ d - L
ip = Ojp T ﬁéj,p and &, = ﬁ TWjp) - (30)

As in Barbu et al. (2019a), we use the model selection procedures based on the fol-
lowing weighted least squares estimators

P
S, =Y, AB,w,0, 0<i<l, 31)
j=1

where the weight vector A = (A(1), ..., A(p))’ belongs to some finite set A from
[0, 117. Here the prime ' denotes the transposition. Moreover, we set

P
m, = card (A) and A, = max Zl 16)50) » (32)
=

where card (A) is the cardinal number of the set A. We assume that A, < T. Now we
use the same criteria as in Barbu et al. (2019a) to choose a weight vector in A, i.e.,
we minimize the empirical error

Err (A) = |IS, — S|1%. (33)
which can be represented as
p P o
Err (1) = ) ()8}, =2 D), 4))8;,6;,, + IISIP- (34)
=1 i=1

Note that the Fourier coefficients (6;,)»; are unknown. Therefore, using the
approach from Barbu et al. (2019a) to minimize this function we replace the terms
0, ,0;, by their estimators

~ _~ Og
9131’_9],17
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where the proxy variance o, is defined in (15). In the case when this variance is
unknown we use its estimator, i.e.

= _m  Op T v »
9”, = 0],’,, - ? and or = ; z 6}.,], . (35)
J=IVT]
Now, using this estimator we define the penalty term as
3 8TM" 2 < 2,
Pr(A)= —— d A= A() -
()= —— and |4 ; ) (36)
In the case when the variance o, is known we set
0'Q|/1|2
Pp(A) = (37
T
Finally, we define the cost function as
p . p - .
Ty = Y 2(O2, =2 ) A8, + 8 Pr(A), (38)
j=1 =1

where 6 > 0 is some threshold which will be specified later. Now we set the model
selection procedure as

/S\* = :S} and A= argmin; ,J7(4). (39)

In the case when 7 is not unique we take one of them.

5 Main results
5.1 Oracle inequalities
First, we obtain non-asymptotic oracle inequalities for the procedure (39).

Theorem 1 Assume that the conditions (C\){(Cs) and (H\-H,) hold true. Then,
there exists some constant ¢* > 0 such that for any T > 1 and any noise distribu-
tion Q € Qr and 0 < 6 < 1/6, the procedure (39) satisfies the following oracle
inequality

1436
1-36

m A
+c*5—;(6Q+A*EQ|6T—6Q|).

Ry(,.8) < min R (S, )

(40)

In the case when o, is known, the inequality (40) has the form given in the next
result.
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936 V.S.Barbu et al.

Corollary 1 Assume that the conditions (C)+C;) and (H,~(H,) hold true and that
the proxy variance o is known. Then there exists some constant ¢* > 0 such that for
any T > 1 and for any noise distribution Q € Qr and 0 < 6 < 1/6, the procedure
(39) with 6, = o satisfies the following oracle inequality

oom,

1+36 . ~ "
1_35r/111€1/r117€Q(S,1,S)+c 5T

Now we study the estimator &, defined in (35).

Proposition 1 Assume that the conditions (C,)«C;) and (H,)-(H,) hold true for the
model (3) and that S(-) is continuously differentiable. Then, there exists a constant
c* > 0 such that foranyT > 4,0 € Qrand p > \/7“,

Epsl6r —opl < ¢ (1 + ISIH(1 +0p) g7, » (41)
where g, = \T/p + 1/+/p.
Now Theorem 1 and this proposition imply directly the following result.

Theorem 2 Assume that the function S is continuously differentiable and that the
conditions (C;)HC;) and (H,)-(H,) hold true. Then there exists some constant
¢* > 0 such that for any continuously differentiable function S for any T > 4, for any
noise distribution Q € Qr, p > \/7“yand 0<68<1/6,

1436
1-36

m* a2 *
—-(1+0) (14181 )(1 + A*gT’p) .

Rp(S,.9) < min R (S, 5)
(42)
+c*

Now, to study asymptotic properties of the term g;p as T — oo and to provide
an efficient estimation for the function S, we have to assume some condition on
the frequency of the observations p.

(Hs) Assume that the frequency p is a function of T, i.e. p = py, such that

.. Pr
hﬁg}f T5j6re >0 for some €>0. (43)

Remark 5 This condition is the same as in Konev and Pergamenshchikov (2015)
(see (3.41)). Note that it is not too restrictive since we use only observations of the
process (3) at discrete time moments. It should be noted also that, to provide optimal
asymptotic properties for the model selection procedure (39), one needs to approxi-
mate the model (3) on the basis of the observations (2) such that to minimise the
right-hand side of the inequality (42). To do this, we need to find a family of optimal
estimators S, 4 and, moreover, we need to minimise the estimation accuracy for the
variance o, For these reasons we have to use the lower bound (43).
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Moreover, to study the last term of the right-hand side of the inequality (42), we also
need a condition for weights.

(Hy) The parameters m, and A, defined in (32) can be func-
tions of 7, ie, m,=m/ (7)) and A, = A/T), such that Vb>0
lim;_, T°m,(T) =0 and lim;_ T7'/3PA(T)=0.

Now, Theorem 2 implies the following oracle inequality.

Theorem 3 Assume that the function S is continuously differentiable and that the
conditions (C)HC;) and (H,)«(Hy) hold true. Then, for any T > 4, p > ﬁ and
0 < 6 < 1/6, the procedure (39) satisfies the following oracle inequality

inR*(S,, S Ui
min S8+ —

1+36 T
T6°

R*(S..8) <
O T

where the term U; > 0is such that, for anyr > 0 andb > 0,

lim sup T_bU; =0.

T=o0 3)1<r

(44)

To obtain the efficiency property, we specify the weight coefficients in the procedure
(39). Consider, for some 0 < € < 1, a numerical grid of the form

A={1,... K} x{e,...,[1/}e}, (45)

where k* > 1and € are functions of 7, i.e. k* = k*(T) and € = £(T), such that

. ) . k*(T)
leT_)oo k*(T) = +o0, hm.T_m T - 0, (46)
lim;, eT)=0 and lim;  T°e(T) = +c0
for any b > 0. One can take, for example, for 7 > 2
1 * *
e(T) = T and k' (T)=ky+ VInT,
where k(*) > 01s a fixed constant. For each « = (k, r) € A, we set the vector
Ay = (/la(f))lgjsp
through its components which are defined as
AD) =1\ ganry + (1- (f/wa)k) Linr<ica,) » (47)
where o, = (Tk rvT) 1/(2k+1),
_k+DEk+1) _ .
Tk = T y l)T = T/g
and ¢* is introduced in (15). Now we define the set A as
A= {4,,aeA}. (48)
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These weight coefficients are used in Konev and Pergamenshchikov (2009a; 2012;
2015) for continuous time regression models to show the asymptotic efficiency. Note
also that in this case the cardinal of the set A is m, = k*m. Moreover, taking into
account that for k > 1 the coefficient w, < (rv;)!/®**D, we obtain that the norm of
the set A defined in (32) can be bounded as A, < sup,c, @, < (vp/€)'/3. There-
fore, the properties (46) imply the condition H).

5.2 Robust asymptotic efficiency

Now we study the asymptotic efficiency properties for the procedure (39), (48) with
respect to the robust risks (5) defined by the distribution family (15)—(16). To this
end, we assume that on the interval [0, 1] the unknown function S in the model (3)
belongs to the Sobolev ball

k
Wik {fe Ck,10,1] Zuf@||23r}, (49)

j=0

where r > 0, k > 1 are some unknown parameters, Cker[O, 1] is the set of k times
continuously differentiable functions f : [0,1] = R such that f@(0) = f?(1) for
all 0 < i < k. Note, that the class (49) is an ellipsoid, i.e.

{ =) 0¢ : Za02<r} (50)

j=1

where a; = Z:;o (27r[j/2])2i and 0, = (f,¢)) = /0 f(O$;(n)dz. Similarly to Barbu

et al. (2019a) we will show here that the asymptotic sharp lower bound for the nor-
malized robust risk (5) is given by the well-known Pinsker constant defined as

Kk >2k/(2k+l)

k+ Gh

I, =L = (2k+ l)r)]/(2k+l) <

To study efficient properties we need to use the set Z; of all possible estimators §T
measurable with respect to the sigma-algebrac{y,, 0 <t < T}

Theorem 4 For the risk (5) with the coefficient rate vy = T /¢*

lim inf oD e sup RESS) 21, (52)

Sr€Er SEW, i

Note that, if the radius r and the regularity k are known, i.e. for the nonadaptive
estimation problem on the continuous observations (y,)y<,<r» in Barbu et al. (2019a)
it is proposed to use the estimate s o defined in (31) with the weights (48)

A= Agy» = (k,ry) and ry=I[r/ele. (53)

Now, we show the same result for the discrete observations (2).
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Proposition 2 Assume that the conditions (C,)«C,) and (H)-(Hs) hold true. Then

2Kk PN <
e g R < (54)

For the adaptive estimation we user the model selection procedure (39) with the
parameter 6 defined as a function of 7, i.e. § = 6, such that

lim 6;,=0 and lim T"§; = +c0 (55)

T— T—

for any b > 0. For example, we can take 6, = (6 +In 7).

Theorem 5 Assume that the conditions (C,)+C;) and (H,)-(Hy) hold true. Then the
robust risk (5) for the procedure (39) with the coefficients (48) and the parameter
0 = o7 satisfying (55) has the following upper bound

lim sup vik/(zkﬂ) sup R’}(g*,S) <l,.
T—o0 SEW, k

Theorems 4 and 5 imply the following result.

Theorem 6 Assume that the conditions (C,)+C;) and (H,)~(Hy) hold true. Then the
procedure (39) with the weight coefficients (48) and the parameter 6 = 6y satisfying
(55) is asymptotically efficient, i.e.

inf; SUPsew,, R’}(@T, S) |

lim —rT
o0 Supgeyy,, R3G,.9)
and
Tlim vzrk/(zkﬂ) sup R;(:S\’*,S) =1,.
-0 SEW, x

Remark 6 1t is well known that the optimal (minimax) risk convergence rate for the

Sobolev ball W, is T2*/Ck+D (see, for example, Pinsker, 1981; Konev and Perga-
menshchikov, 2009b). We see here that the efficient robust rate is vik/ (2k+1), ie. if
the distribution upper bound ¢* — 0 as T — oo we obtain a faster rate with respect
to T2%/k+D) and if ¢* — oo as T — oo we obtain a slower rate. In the case when ¢*

is constant the robust rate is the same as the classical non robust convergence rate.

5.3 Big data analysis for the model (1)

Now we consider the estimation problem for the parameters ()<, in (3) with
unknown g. In this case we have to estimate the sequence f = (f;);» in which §; =0
for j > g+ 1. To this end we assume that the functions (u;);5, are orthonormal in
£,[0,1], i.e. (u-,uj) = 1{,»#}.

1
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Indeed, we can use always the Gram-Schmidt orthogonalization procedure
to provide this property. Thus, in this case we estimate the parameters f = (f);;
through the estimator (39) as ﬁ (ﬂ* izl and ﬂ* = (u S ) Slmllarly, usmg the
weighted estimators (31) we define the basic estimators (ﬁ ) aea as B, = = (ﬂ, 1)j>1 and
ﬁ/ 1= (u, S »)- Taking into account that in this case .

1B, = BIP = X2, By = B = IS, = SI? and |§, — pI> = |IS, — S||>, Theorem 3
implies the followmg oracle inequality.

Theorem 7 Assume that the function (3) is continuously differentiable and that the
conditions (C)HC;), (H,)-Hs) and (15)—(16) hold true. Then, for any T > 4 and
0 < 6 < 1/6, the following oracle inequality holds true

*

+35 . ~ 2 T
1= 36 44 peo, Eoslbs=BI"+ 75 -

sup EQ,sm\* - ﬂ|2 <

Q€Qr

where the term U7, > 0 satisfies the property (44).
Moreover, Theorem 6 implies the following efficiency property.

Theorem 8 Assume that the conditions (C,)«(C5) and (H,)~(H) hold true. Then the
estimator f, constructed through the procedure (39) with the weight coefficients (48)
and the parameter 6 = oy satisfying (55) is asymptotically efficient in the minimax
sense, i.e.

infz  supge)y . SUppeo. E ,s|ﬁT_ﬂ|2
lim Lo S 0SS 00 =1 (56)

T=e SUPsew,, SUPgeo, EyslB. — BI?
and
lim vak/(ZkH) sup sup EQSLB - B> =
T—eo SEW,  0€9Q;

where the infimum is taken over all possible estimators ﬁT measurable with respect
the field o{y,, 0 <t < T'} and the lower bound 1, is defined in (51).

Remark 7 1t should be emphasized that the efficiency properties (56) are obtained
without sparse conditions on the number of nonzero parameters f; in the model (1)
(see, for example, Hastie et al., 2008). Moreover, we do not use even the parameter
dimension g which can be equal to +oo.
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6 Stochastic calculus for generalized semi-Markov processes

In this section we study some properties of the stochastic integrals (22). First, note
that using the conditions (C;) and (C,) and the stochastic calculus developed in
Barbu et al. (2019a) for semi-Markov processes we can show the following Lemmas
1 and 2.

Lemma 1 Assume that the conditions (C,)~(C,) and (H,)-(H,) hold true. Then, for
any nonrandom functions f and h from L£,[0, T]

E, L(NL() = (0% + 03) (f. h), + 03 (f. hp), (57)

where (f, h), = fol f(s) h(s)ds and p is the density of the renewal measure (11).

It should be noted that this lemma implies directly that the stochastic integral (22)
satisfies the properties (23).

Lemma 2 Assume that the conditions (C,)~C,) and (H,)-(H,) hold true. Then, for
any bounded [0, ©) — R functions f and h and for any k > 1,

k-1

Eo (I (N1 (W) | G) = (0] + 6D(f . ), + 0} Y, F(t) h(ty),
=1

where t, = Zk

Flrjandgza{t,, [>1}.

Lemma 3 Assume that the conditions (C,)~(C5) and (H,)-(H,) hold true. Then, for
any nonrandom bounded [0, T] — R functions f and h,

the expectation E, fOT If_(f)I,_(h)h(f)dft =0.

Proof Setting L, = o,w, + 0,L, , we can represent the integral (22) as
1O =1 + o 1(F). (58)

where I(f) = [, f(w)dL, and I(f) = [ f(u)dz,. Note that using the condition (7)
and the inequality for martingales from Novikov (1975) we can obtain that
E, supog<r Itg(f) <oo. Since L, and z are independent, we get
E, /o I-(HI,_(Wh(1)dL, = 0. Moreover, the conditions (C,) — (C3% yield that, for

any nonrandom (c;) and k>1, E ( E,]:ll cug) & =0 and

2
E (25:11 o JCJ> <Z]k:_]1 cy JC]->C . = 0. Therefore, taking into account that the
sequence ({});»1 does not depend on the moments (t,),»; and the process (L,),»(, and
using the same method as in the proof of Lemma 8.4 from Barbu et al. (20192a) we

obtain
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T
E, /0 (DI (Wh(dz, = By Y iy oy 17 (D, _(Wh(t)¢, = 0.

k>1

This implies the desired result. O
Now we study the integrals TT(f) = I%(f) - Eng(f) as functions of f.

Proposition 3 Assume that the conditions (C,)«Cs) and (H,~(H,) hold true. Then,
for any [0, ) — R functions f, h such that |f|, < land|h|, < 1, one has

[Eol; (NI (W] < o, (4 (3 +3T¢) (59)

where  €=47|Y 1, (2+7lpl, + 1Y) + TG + ol &, =sup, EC and
[Fl. = supyzo lF (L

Proof First of all, note that in view of the Ito formula and using the fact that for the
process (6) the jumps Az, AL, = 0 a.s. for any s > 0, we obtain that

dIP(f) = 20_(NAL () + o3 fA(nyd ¢
+03d Z FA)AL)” + 03d Z FA(s)(4z,)* .

0<s<t 0<s<t

Note also that Lemma 1 yields EQIQ(f) (g%+p§)|[f||l2+0§“f\/;”t2 with
11?2 = /0 f2(t)dt. Therefore,

d[t(f) = 21:—(f)f(t)d§r +f2(t)d’7"t > ’711 = 0%’71; + Oémt >

where i, = Y (AL)? —tandm, = ¥ _ _(4z,)* — [, p(s)ds. Thus,

T T
E L (NI;(h) = E, / I,_(Hdl,(h) + E, / I,_(dL(f) + Eo [1(H), 1(h) 17
0 0

Using here Lemma 3 and, taking into account that (171,) - is a square integrable mar-
tingale, we get

T T
E, / 1_(HdI(h) =E, / I_(HR*(t)dim, = 03E,, / I> (HR*(H)dm, .
0 0
The last integral can be represented as
T
E, / I (Hk*(ndm, = J, — I, (60)
0

where J, = EQ2k>] ¢ (f)hz(tk)l <y and J, = fo EQIZ(f)hz(t)p(t)dt By
Lemma 2 we get
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1y =Eg ) Ey (Itzk—(f)lg>h2(tk)1{tkg} = (0] + 01,1 + 0312,
k>1

T
where J; | = E, Yo |V||t2kh2(tk)l{tkg} = [, W I?R*(@)p(2)dt and
k=1

Jip= EQ Z Z fz(tz) hz(tk)l{tksT} = EQ Zfz(tl) Z hz(tk)l{tksT}

k>1 I=1 >1 k>1+1

T T—x
= / ) </ R (x+ t)p(t)dt> p(x)dx.
0 0

Moreover, using Lemma 1 for the last term in (60), we obtain that

J, = (0} + 03) / IF1I2H(t)p(1)dt + 03 / I \/plIZH*(t)p(r)dt

and we can represent the expectation in (60) as

T T T
E, /O I* (HR*@dm, = 03 /0 f2(x)< / h2(t)(Y(t—x)—Y(t))dt> p(x)dx .

X

Therefore, [E,, /, 12 (HR*(0)dm,| < 203T|Y ||, |pl, and

1
T~ ~
IE, / 7 (O] < 26 TIY 1, 1ol 61)
0

Furthermore, note that

(), Ty =< T(F), () > +Dy(f, ),

where Ic(f) 20, /0 I(f)f(s)dw and D;(f, h) = Z()<t<T Id(f)AId(h) In this case
Id(f) 2/0 Iv_(f)f(s)dfd +f0 fz(s)dm and .f = 0,L, + 032, Therefore in view of
Lemma 1,

E, < F()T(h) >= 46 /0 QDI Oh(ds
=407(0] + 03) / (. h), f(Oh)dr + 40703 / (fs hp) f(Dh(r)dt
= 20%,, (f, h)2 + 4020} / (f. gY) f(Oh(D)dr .
Since [f], < Tand|hl, < 1,we get /| [(f, AY)f(Oh)]dt < T|[Y |, and
E, <T(.T(h) >T| < og (2, Wy +4T7(Y 1L, ) - (62)

To study the process Dy(f,h) note that AZ?Am, = 03(AL)* + 03(4z,)*. Note also
that for any ¢ > O the expectation E,/,(f) = 0. Therefore, using the definition of the
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process L,, we obtain through the Fubini theorem that, for any bounded measurable
nonrandom functions V, V : [0,T] — R, we have

T
E, ) VO (HAL) = () / V(OE, 1,(f)dt = 0.
0<1<T 0

Moreover, since the processes (Lz)rzo and (z,),»( are independent we get

E, Y VOIL_(H4z)* =Ey Y| VI)GE (I, _(H)IG°) =0,

0<I<T k>1

where the integral 7t(f) is defined in (58) and the G° = 6{z,, t > 0}. Note that the
condition C;) implies that for any £ > 1and nonrandom (¢;);»; E Q< Z/]': C,Cj) g‘s =0.
Therefore, Ey Yo, <7 V(t)If_(f)(Azt)3 =0 and

Ey Y L (OO (0)AE a7, =By Y 1 (Wh()f* (DA A7, = 0.

0<t<T 0<t<T

So, the expectation of D, (f, &) can be represented as
E,D/(f.h) = 405E, D, 1(f, h) + 403E, D, 1(f. ) + Ey Dy 1 (f. h) ,
where D, 7(f, 1) = Yozer - (D1 (MF (OR()(AL,)?,

Dy (f ) = Y, (DI (Wf (Oh(D(4z,)?

0<t<T

and Dy 1 (f, h) = Y <r f2(2) B*(1)(Amm,)*. First, since IT(x*) = 1, we get

T T
E,D, ;(f.h) = /0 FOROE LR dt = (07 + 03) /0 FOhQ@) (f, h), dt

[l

T h)2 T
+03 /0 FWh) (- ho), dt = 0= + 03 /0 FOWD (F. 1Y), dt

and |E,D, +(f, )| < oy ((f,W2/2+ TT||Y|l;). Then, taking into account that
E( 2 = 1 and using Lemma 2, we find, that

EyD,,(f.h)=E Z Eo (I, (Ol _(WIG)f t)h(t) 11 <7,

k>1

= (0] + 0)Eq D (- Wy f(t)R(t) 11y <7y + 03 Eo D) 1(f, h)

k>1

T
= (0] +03) /0 (> ), fOh@p(Ddt + 03E, D, (1) ,

where D), /(f.h) = Y0 Tio £(t) h(t)f (¢)h(t,) 1, 7. Note, that
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T T
/ (f,h),f(t)h(t)p(r)dt=%v,h)% / (f, b, f(ORDY (H)dt,
0 0

ie.

T
‘ / (fs W), fOhOp(t)de| < %(f, ;. +TIY; -
0

Furthermore, the expectation of D/Z,T(f , h) can be represented as

E,D, ,(f.h)=Eq Y ft)ht) Y Ftht) 1 <)

1>1 K>lt1
T T—x
- / FO0800) ( O+ Dh(x+ op(r)dz)poc)dx
0 0
- 21?(1‘, W2+ Dl (1),

where

T—x

T
D, . (f,h) = / J@)h(x) < S+ Dh(x + )Y (1)dt > p(x)dx
0 0

T T—x
+ ; / fh(x) < fx+Hh(x + t)Y(t)dt) Y (x)dx.
T Jo 0

Since T > 1, we can obtain that

T
" 1 1
DLl < [ peaev il + LI < 7(1oL v, + 21vIR)
0

and, therefore,

2

(. h
|Ey D, 1(f, )| < GQ( el

+T(IIYIL, A +7lpl,) + IIYIIT)) :
Moreover, using that {, = sup;5, ECJ 4 < 00, we get directly

T T
E,D; 1 (f, h) < 03 1T(x*) / LR+ 03¢, / P20 K1) p(t)dt
0 0

<To3 (M6 +F1pl.).-

Therefore, |E, DT(f h)| <o (2(f h)2 + m where € is given in (59). Now, using
(62), we get EQ I(f) I(h)]T <o (4(f h)2 + 27") This bound with (61) implies

(59). Hence the proof is achieved.

O
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In order to prove the oracle inequalities we need to study the conditions intro-
duced in Konev and Pergamenshchikov (2012) for the general semi-martingale
model (3). To this end, we set for any x € R” the functions

(63)

M-
=

P
By =Y x (Eggfp - aQ) and B 5(x) =
=1
where o, is defined in (15) and £, = £ Byl

Proposition 4 Assume that the conditions (C)«C,), (H,)~Hs) hold true. Then
there exists some constant ¢* > 0 such that for any Q € U, Q;

L, =sup sup ’BLQ(x)’ <c'oy
=3 xe[-1,1pP (64)
#x)<T

and
Lyp=sup sup E, Bg,Q(x) <c aé,
=3y <1 (65)
#x) T

where |x|> = 2 x and #(x) = 37| 1, o

Proof Firstly, using here Lemma 1, we obtain that

2

o5 [T o [T
hES A y/fp(x) p()dx =0, + 7 /0 l/{]?p(x) Y(x)dx.

B, =oj+o)+ =

From (13) it follows that 'EQé‘jzp — o-Q| < 20§||Y||1/ T and, therefore, taking into
account that #(x) < T, we obtain the inequality (64). Next, note that

14 2 p P
1 ~ ~
E, (Zx :s,,,,> < o5 2 2 Wl lEg Ty () (66)
=2

j=1 1=1

where T,(f) = I2(f) — EpI3(f). Now Proposition 3 and the property (28) imply, that
for some constant ¢* > 0 and for |x| < 1

P 2 » 2 4o
E £ * 1 % X
Q<2xj§j,p> <c |x|2+ T( z |Xj|> <c* <1+T>.
=2 j=1

Since #(x) < T, we obtain the upper bound (65). O
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7 Proofs
7.1 Proof of Theorem 1

Using the cost function given in (38), we can rewrite the empirical squared error
in (34) as follows

P
Err (A) = Jr(A) +2 Y ()9, + [ISI* = 6P7(A), (67)
J=1
where
=~ - A 1 - 1~ 1 0g = Or
8p =0ip = 0,0, = ﬁ ipSip T TSP + TSiT + T
with ¢, = g2 —opand &, = & —Ey&? . Setting
1 )4 _ 14
M) = 7 2 M), and L) =Y AG) (68)
T j=1 j=1

and using the functions (63) through the penalty term (37), we rewrite (67) as

~

6y —Or

Err (4) = Jp(4) + 2

B, o(V(A) .
+ M’m% +ISI? = 6P7(4),

where v(4) = A/|4]. Let 4y = (Aﬂo(j))lsisp be a fixed sequence in A and 7 be defined
as in (39). Substituting 4, and A in (69), we obtain

L(A) + 2M(A) + %BLQ(A)
(69)

~ ~ 6,—0
Err (3) — Err (4g) = J;(3) — J7(Ag) + 2—2 TL(w)+]%Bl,Q(w)+2M(w)
—B, (V) Byo(Vo)  m om n
+ 2/ Pr()—2= — 2/Pr(hg) —— — P1(3) + 5P1(2).
o O'QT

where @ = 4 — gy V= v(;l\) and v, = v(4y). Now, in view of the inequality
2|ab| < 6a* + 6~'b* we get that

By o(v(D) B} ,(V(2)

Then, taking into account that |L(w)| < L(;l\) + L(A) < 2A, and using the definition
(64) we get
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W, 2B, 4A|5, -0, .
L0 20 L0 L 25P (M),
T " booT T

Err (2) < Err (Ay) + 2M(w) +

where B* = SUp,c4 32 ((v(/l)) Using now the definitions (36), (37) and the ine-
quallty MO Zp 22 )< A,, we can estimate the penalty term P r(4) as

PT(ﬂo) SPr(Ap) + A |aT ool/T. Therefore, using this in the last inequality, we
get, thatfor0 < 6 < 1

2L1,Q 2B;,Q 6A*|8T_6 |

N 0
Err (1) < Err (4y) + 2M + + 26P+(A) .
rr (A) < Err (4p) (=) T 5ol T 7(4o)

To study here the term M(-) we define for any x = (x(j))1<]<p € R? the function
S, = Z x(]) . p¥jp- Then, using the definition of §; , in (30) we get through (68),
that M(x) =1;(S,)/ ﬁ and, therefore, thanks to (23)

S 2 1 14
E M () < xy ) “ = TZ (70)

Moreover, setting here Z* = sup,c, TM*(x)/||S,[|* and A; = A — 4y, we get

VA
2IM@)| < 8IS, II* + 75 (71)

The last term here can be estimated from above as

EQZ* < Z Z xg = Xom,,

XEA| ” XEA|

TE QM2 (€9

where m, = card (A). Moreover, note that, for any x € A,,
~ L —2 ~
2 2 _ 2
ISP = IS.112 = Y ()@, - 82 ) < =2M, (), (72)
=1

where M, (x) = T~1/2 Z,p: . xz(j)aj’pijp. Taking into account now that, for any
x € A, the components |x(j)| <1, we can estimate this term as in (70), i.e.
E, M%(x) < xg IS, |I>/T . Similarly to the previous reasoning setting

Z} =sup,ey, TMf(x)/Ilellz, we get Ey Z7 < x,m,. Using the same type of argu-
ments as in (71), we can derive

2IM, ()] < 8|IS,II* + 4 (73)
1 — X T5'
From here and (72), we get
115,112 A
1,117 < 1 (74)
1 T6(1 —6)
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for any 0 < 6 < 1. Using this bound in (71) yields

SIS Z+Z;
2M(x) < .
1-6 T6(1 —6)

Taking into account that |§w |> < 2 (Err (;1\) + Err (1)), we obtain

25(Err (A) + Err (A)) Z*+Z;

2M(w) <
[ Ta(1—6)
and, therefore,
+5 VAR VA 2L, , 2B, ,

Err (2 < Err (49) + + : ’

T S35 B 5 38 T T 38) T 501~ 38)0aT
6,167 — o

[2mm] + L ¢ 25__p ().

T(1—-36) * (1-30)

Note here, that (65) implies E;, B} 0 =< < Den EQB Q(v(ﬂ)) <m,L, , and, therefore,
taking into account, that1 — 36 > 1/2for 0 < § < 1/6, we get

4}(Qm* 4L1’Q 4m*L2,Q

R,(..S < R 5.8
0%->9) R T b0,T
12A.E, |6, — o,| 28
*—Q 17T 0
2 Pr(4p).
(2mm] + T i—3s) 1
Now Lemma 4 yields
1+35 4xom, 4L,, 4m.L,,
Ro(S,, S < R 5.8+
05,9 oBi S+ =5+ 5+ 57
124, |+ 25L1,Q
ATy v

Moreover, noting here, that x, < (1 +7|p|,)o, and using the bounds (64) and (65)
we obtain the inequality (40). Hence we obtain the desired result. a

7.2 Proof of Proposition 1

Letx = (x})lgsp with xj’. = 1| /71<;<,)- Then (30) and (35) yield

R T 14 14
b= 2 G TN s Y 8 (75)
J=IVTI J=IVT

. . . . "o " " _1/2
where M is given in (68). Setting x = (xj )]S/SP and X, =p / 1{[ﬁ1<i<p}’ one can
write the last term on the right-hand side of (75) as
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14
1 2 1 " 1 ’
P 2 &= %Bz,g(’“ )+ [;Bl,Q(x )+
J=IVT

where the functions B, , and B, ,, are defined in (63). To estimate the first term in
(75) we note, that Zj>[ VA 772 < 2[/T1"" and \/T > 2. Therefore, using Proposi-
tion 4 and Lemma 6, we come to the following upper bound

(- [VT1+ Doy,
. :

) 2
16(/0‘ |S(t)|dt)T o7 L, Vi ooVT

+ =K, IM(X)| + —= + + :
[VTIp P P

E,l6; —0,| <
o¥r 0 \/—
14 p
In the same way as in (70) through Lemma 6, we obtain

1/2

N B 7 4xp)'? [} 18(0)1dr
E M) <|Z2 Y 5, | <—2—2 .

T Jp -
J=IVT a

Taking into account, that /01 |S(#)|dt < ||S]| and ko < (1 +7|p|,)oy and using the
bounds (64) and (65) we obtain the inequality (41). Hence Proposition 1 holds true.
O

7.3 Proof of Theorem 2

This proof directly follows from Theorem 1 and Proposition 1. O

7.4 Proof of Theorem 4

First, we denote by Q, the distribution in D[0, n] of the noise (6) with the parameter
01 =¢" 0, =0and o5 =0, i.e., the distribution for the “signal + white noise” model.
So, we can estimate from below the robust risk R"}(ST, S) > RQU(ST, S). Now, Theo-

rem 6.1 from Konev and Pergamenshchikov (2009b) yields the bound (52). Hence we
obtain the desired result. O

7.5 Proof of Proposition 2

First, we note that in view of (31) one can represent the quadratic risk for the empiric
norm|| - ||, defined in (25) as

p
S 2 _ 1 2 2,5
Bo I8, =Sl = 7 2, H0Eo 8, +6,.
J=

_ _ \2
where 0, = le <9j!p - () Hj’p> . First, note that
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p
Sx ; *
w B3 408, < & 3 A+,
0€Q = i—

T J=1 j=1
where L ;. = supyco, L o. Taking into account that v, = T/c*, we get

*

14
sup Ey IS, —SI2 < Z o)+—+@
0€Qr j=1

Recalling here, that A, = A%, we get that

; T A0 g ) /A2
o D/ e+ DK+ D)

(76)

where w, = w,, = (z,ryvr) Ve = [r/€]e and 7, is given in (47). Indeed, this

follows immediately from the fact that lim;,_,  r, = r and

R . R .
Jim o 3 (1= G} = Jim - 3% (1= o))
0 j=(inT) 0 j=1

L ke 2K

Now, from (29) we obtain that for any 0 < £ < 1
_ p
<A+HO,+1+EH Y P, (77)
J=1

where ©, = Z;’:l (1 = A,())? 9]'2,;' Moreover, in view of the definition (53)

[wp] P
8]’ = 2 (1= AO(].))Z 9}‘2,17 + Z 91'2,17 = @1,17 + @2,17 >
Jj=[nT] J=lwyl+1

Note here, that 92 <1+ ~)92 +(1+ 8_1)(9 — Bj)z for any £ > 0. Therefore, in

[wo ]

view of Lemma 8 usmg the bound Z : 72 5 a)o, we get

=[InT
[(00] [(00]
0, <(1+8) Y (1= A() 0 +az*r(1+E)p2 Y/
j=[nT] j=[nT]
[wu]
SA+E) Y (1= 40 +4x* (1 +E ) ) p~
Jj=[InT]

Through Lemma 7 we have O, S (1+%) Z/’Z[wulﬂ 9].2 + (1 +&YHrp2. Hence,
6, <(1+8 0" +(1+&") (4z*rw) +r)p?,  where the first  term

o = s (1= 4())* 67 Moreover, note that
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sup max b2 < |IS|IPp~2 < rp2.
sew,, 1sisp 7P

Moreover, W, x € W, , for any kK > 2. From here and Lemma 9 we get
Sup 2 hjz,p < (P ety + 30 i)

and, therefore, in view of the condition (Hs)

: 2k/(2k+1) (] 3 -2\ _
Hm v, (P~ Loy +@pp™") =0.
This implies, that
lim sup U2Tk/ @ht) sup 5,, < limsup vak/ (@htl) sup OF.
T—o0 SEW, x T—o0 SEW, x

To estimate the term @* we set

Uy = o7 sup (1= 4D /.
j=InT

where the sequence (aj)jZl is defined in (50). This leads to the inequality

sup U;k/(2k+1) 8* S UT Z aj 9}2 S UTI‘.
SeW,, 7>l

o . —2K/(2k+1
Using limy_ o =1, we get limsup;_ . Uy < 77%(g r) ek

coefficient 7, is given in (76). This implies immediately that

, where the

_ 1/(2k+1)
. 2k/(2k+1) r

lim sup v sup O, < ————. 78
e T som, ! (g /D 78)

Therefore, from (76) and (78) it follows that
2k/(2k+1)

lim vy

sup sup E,|IS, —SIP<1,.
o ”3’ oee,. 0 (79)

p—

Using now Lemma 5 and the condition (Hs), we get the upper bound (54). Hence we
obtain the desired result. O

Appendix

Property of the penalty term

Lemma4 Foranyn > land A € A,
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Pr(A) <Ry@S S)+Iﬂ
T —= o\ T s
where the coefficient P (A) is defined in (68) and LI,Q is defined in (64).

Proof From (30) and (33) we obtain

s D _ A 2
= 2 <('1(i) = Do, + %@J’) :
j=1

p . _
Err (4) > Z <ﬂ(l')9j,p - 9}'#)
=1

Now Proposition 4 implies

I L
S 1 . 1,0
Rd%$=EQHNDZ?zﬂ%m@%zpﬂ@—ﬁf~
J=

Hence we obtain the result. O

Properties of the Fourier coefficients

Lemma5 Let f be an absolutely continuous function, f : [0,1] = R, with ||f|| < oo
and g be a simple function, g : [0,1] - R of the form g(t) = Z;zl ¢ )((t,-_lst,-l(t)’
where c; are some constants. Then, for any € > 0, the function A = f — g satisfies the

following inequalities

IA11?

1417 < L+ BAI + 1+

2 2 1, IFI1P
Al <A +DI41"+ A+ )—.
p

Lemma 6 Let the function S(¢) in (3) be absolutely continuous and have an abso-
lutely integrable derivative. Then the ?oefﬁ‘icients (0, ,)1<j<p defined in (29) satisfy the
inequalities max, e, j10;,,| < 2\/5/0 NOIG

Lemma 7 For any p 22,1 <N <p and r >0, the coefficients (6, ,),<j<, of func-

tions S from the class W, satisfy, for any € >0, the following inequality
;;N Hﬁp < 1+8) Xy 01.2 +(A+&YHrp™=

Lemma 8 For any p > 2 and r > 0, the coefficients (0, ,),j<, of functions S satisfy

the inequality max, ., SUPgeyy (IHN, -0 - 274/rjp~') <0.

Lemma 9 For any p > 2 and r > 0 the correction coefficients from (29) satisfy the
inequality sUpseyy, , X7 b2 < 3rp~>.

Lemmas 5-9 are proven in Konev and Pergamenshchikov (2015).
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