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Abstract In this paper, we consider testing the homogeneity for proportions in inde-
pendent binomial distributions, especially when data are sparse for large number of
groups. We provide broad aspects of our proposed tests such as theoretical studies,
simulations and real data application. We present the asymptotic null distributions and
asymptotic powers for our proposed tests and compare their performance with existing
tests. Our simulation studies show that none of tests dominate the others; however,
our proposed test and a few tests are expected to control given sizes and obtain sig-
nificant powers. We also present a real example regarding safety concerns associated
with Avandia (rosiglitazone) in Nissen and Wolski (New Engl J Med 356:2457-2471,
2007).
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1 Introduction

An important step in statistical meta-analysis is to carry out appropriate tests of homo-
geneity of the relevant effect sizes before pooling of evidence or information across
studies. While the familiar Cochran (1954) Chi-square goodness-of-fit test is widely
used in this context, it turns out that this test may perform poorly in terms of not
maintaining Type I error rate in many problems. In particular, this is indeed a seri-
ous drawback of Cochran’s test for testing the homogeneity of several proportions
in case of sparse data. A recent meta-analysis (Nissen and Wolski 2007), addressing
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the cardiovascular safety concerns associated with (rosiglitazone), has received wide
attention (Cai et al. 2010; Tian et al. 2009; Shuster et al. 2007; Shuster 2010; Stijnen
et al. 2010). Two difficulties seem to appear in this study: first, study sizes (V) are
highly unequal, especially in control arm, with over 95% of the studies having sizes
below 400 and two studies having sizes over 2500; second, event rate is extremely
low, especially for death end point, with the maximum death rate in the treatment
arm being 2%, while in control arm, over 80% of the studies have zero events. The
original meta-analysis (Nissen and Wolski 2007) was performed under fixed effects
framework, as the diagnostic test based on Cochran’s Chi-square test failed to reject
homogeneity. However, with two large studies dominating the combined result, people
agree random effects analysis is the superior choice over fixed effects (Shuster et al.
2007). Moreover, the results for the fixed and random effect analyses are discordant.
While different fixed effect and random effect approaches are proposed, the prob-
lem of testing for homogeneity of effect sizes is less familiar and often not properly
addressed. This is precisely the object of this paper, namely a thorough discussion of
tests of homogeneity of proportions in case of sparse data situations. Recently, there
are some studies on testing the equality of means when the number of groups increases
with fixed sample sizes in either ANOVA (analysis of variance) or MANOVA (mul-
tivariate analysis of variance). For example, see Bathke and Harrar (2008), Bathke
and Lankowski (2005) and Boos and Brownie (1995). Those studies have limitation
in asymptotic results since they assume all samples sizes are equal, i.e., balanced
design. On the other hand, we actually emphasize the case that sample sizes are highly
unbalanced and present more fluent asymptotic results for a variety cases including
unbalanced cases and small values of proportions in binomial distributions.

In this paper, we first point out that the classical Chi-square test may fail in con-
trolling a size when the number of groups is high and data are sparse. We modify
the classical Chi-square test with providing asymptotic results. Moreover, we propose
two new tests for homogeneity of proportions when there are many groups with sparse
count data. Throughout this study, we present some theoretical conditions under which
our proposed tests achieve the asymptotic normality, while most of existing tests do
not have rigorous investigation of asymptotic properties.

A formulation of the testing problem for proportions is provided in Sect. 2 along
with a review of the literature and suggestion for new tests. The necessary asymptotic
theory to ease the application of the suggested test is developed. Results of simulation
studies are reported in Sect. 3, and an application to the Nissen and Wolski (2007)
data set is made in Sect. 4. Concluding remark is presented in Sect. 5.

2 Testing the homogeneity of proportions with sparse data

In this section, we present a modification of a classical test which is Cochran’s test
and also propose two types of new tests. Throughout this paper, our theoretical studies
are based on triangular array which is commonly used in asymptotic theories in high
dimension. See Park and Ghosh (2007) and Park (2009) for triangular array in binary
data and Greenshtein and Ritov (2004) for more general cases. More specifically, let
ek = {(nl(l), rrz(z), ...,n,ﬁk)) :0 < ni(k) < 1 for 1 <i < k} be the parameter space
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homogeneity test of binomial proportions 507

in which ni<k)s are allowed to be varying depending on k as k increases. Additionally,

sample sizes (n(ll), cee, n,((k)) also change depending on k. However, for notational

simplicity, we suppress superscript k from ni(k) and ngk). The triangular array provides

more flexible situations, for example all increasing sample sizes and all decreasing
7;s. On the other hand, the asymptotic results in Bathke and Lankowski (2005) and
Boos and Brownie (1995) are based on increasing k, but all sample sizes and ;s are
fixed. This set up provides somewhat limited results, while we present the asymptotic
results on the triangular array. Our results will include the asymptotic power functions
of proposed tests, while existing studies do not provide them.

2.1 Modification of Cochran’s test
Suppose that there are k independent populations and the ith population has X; ~
Binomial(n;, ;). Denote the total sample size and the weighted average of m;’s by

N = Z;‘Zl n; and T = % Z;‘Zl n;m;, respectively. We are interested in testing the
homogeneity of 7;’s from different groups,

Hy :my =m = --- = m;, = w(unknown). (D

To test the above hypothesis in (1), one familiar procedure is Cochran’s Chi-square
test in Cochran (1954), namely Ts:

k '_.:2
1y =y Kz nit) @

k
Zi:l Xi
k

i=1"

where 7 = . T s uses an approximate Chi-square distribution with degrees of

freedom (k — 1) under Hy. The Hj is rejected when T > Xlz_a’k_] where Xlz—ot,k—l
is the 1 — « quantile of Chi-square distribution with degrees of freedom (k — 1). In

particular, when k is large, Is _kk is approximated by a standard normal distribution

under Hy. Although Cochran’s test for homogeneity is widely used, the approximation
to the x? distribution of T's or normal approximation may be poor when the sample
sizes within the groups are small or when some counts in one of the two categories
are low. This is partly because the test statistic becomes noticeably discontinuous and
partly because its moments beyond the first may be rather different from those of 2.

We demonstrate that the asymptotic Chi-square approximation to 7 or normal
approximation based on Ts—;kk may be very poor when k is large or 77;s are small com-
pared to n;s. We provide the following theorem and propose a modified approximation
to Ts which is expected to provide more accurate approximation. Let us define

_ T - E(Ty

T
VB

3
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where Tg = Zk Kiomz)? By = Var(Tg) = Zle Var (M) = Zk B;

i=1 niz(1-7)° n 7 (1=7) i=1
and
Var( Xi —mi ) 5 207 (1 =7)* | mi(l—m)( —6m (1 — )
niw(l —7) 72(1 — )2 nin2(1 — )2
L 3w =) (= 2m) (i — 7)
72(1 — )2

dnii (1 — ;) (my — )2

72(1 — )2 ’

k ~\2
_ ni(mi —m)°  mi(l —m)
EUS)_;( -7 ﬁ(l—ﬁ))'

Note that 7g is not a statistic since it still includes the unknown parameter 7 =
Zle =i Tt will be shown later tha}tﬁ canbereplacedby 7 = % Zle n;7t; under Hy
since 77 has the ratio consistency (¥ — 1 in probability) under some mild conditions.
Define

i=1 i=1
and
Ts — k
To=——
~/ Bok

which is the T defined in (3) under Hy since E(7g) = k and By, = By, under Hy. The
following theorem shows the asymptotic properties of Ty in (4).

= — — . Zf:l(ez"“’»%)
Theorem 1 For 6; = m;(1 — ;) and 6 = 7 (1 — 7), zfm

Y n70 (mi =) 6+ 7
(7 (1-7))*B?

“)

— 0 and

— 0 as k — oo, then we have

- (21—
P(Ty > z1-o) — @ ( =
O

_Mk>_>0

where py = % crk2 = %‘k and ®(z) =1 — ®(z) = P(Z > 7) for a standard

normal distribution Z.
Proof See “Appendix”. O

We propose to use a test which rejects the Hy if

Ts —

VB

=~

Ty

> Zl—a )
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where 71— is the 1 — o quantile of a standard normal distribution, 30k =

S (2- &4 ) mad = D

ni nimt(1—
Using Theorem 1, we obtain the followmg results which states that our pro/?osed

modification of Cochran’s test in (5) is the asymptotically size « test, while & 5 may

fail in controlling a size « under some conditions.

Corollary 1 Under Hy and the conditions in Theorem 1, Ty in (5) is asymptotically

size o test. A normal approximation to szlkk is not asymptotically size o test unless
Box
SE— L

Proof We first show that fr/ﬁ — 1 in probability. Under Hy, m; = 7, we have
Zle n;7; ~ Binomial(N, r). Using Zf.;l n;mw; = Nm — oo under Hy, we have

leading to T /m — 1 in probability. From this, we have g—gi — 1 in probability

under Hy. Furthermore, under Hj, since we have %k" = 1 and E(7g) = k, we
obtain T, — T = ( 80" — DT =0,(1)0,(1) = 0p,(1) which means T, and T are

asymptotically equlvalent under the Hy. Since Py, (T > z1—q) — D (z1—q) — 0, we

have Py, (T) > zl a) —a — 0 which means T, is the asymptotically size o test. On

«/Tk does not have an asymptotic standard normality

unless By /(2k) — 1 since 621]( BO" T, under the Hp. O

Under Hy, since By, = 2k + (n(1 — —0) Zl 1 77> We expect 5p* B k to converge to 1

when (n(l - —0) Zi=1 a = = o(k) where m; = m = m under Hj. Th1s may happen
when 7 is bounded away from O and 1 and n;s are large. If all n;s are bounded by
some constant, say C, and |ﬁ — 6| > § > 0 (this can happen when m < €1 or
7w > 1 — e for some €; > 0 and €, > 0), then % does not converge to 1. Even for
n;s are large, if 1 — 0 fast enough, then B(;(" does not converge to 1. For example, if

7 =1/kandn; =k ask — oo, then 5% — 3/2 which leads to TSJ;: — N(0, 3)in

distribution. This i @(\/gzl,a) > «, so the test
obtains a larger asymptotic size than a given nominal level. To summarize, if either 7
is small or ;s are small, we may not expect an accurate approximation to 7321: based

on normal approximation, so the sparse binary data with small ;s and a large number
of groups (k) need to be handled more carefully.
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510 J. Park

2.2 New tests

In addition to the modified Cochran’s test T, we also propose new tests designed
for sparse data when k is large. Similar to the asymptotic normality of T, it will be
justified that our proposed tests have the asymptotic normality when k — oo although
n;s are not required to increase. Toward this end, we proceed as follows. Let ||m —
7T | |121 = Zf'(:l n; (7r; — )% which is weighted [, distance from &t = (71, 2, ..., ) to
T =(m,m,...,7)wheren = (ny, ..., ny). The proposed test is based on measuring
the ||r — 7| |121. Since this is unknown, one needs to estimate the || — 7| |%. One typical
estimator is a plug-in estimator such as ||7 — T ||n; however, this estimator may have
a significant bias. To illustrate this, note that

k k k

LA n;mi (1 — ;) 2

Ellz - x| =) il =)+ > 1 — W Elniﬂ'i(l — )
1= 1= 1=

k
+> ni(m —7)°

i=1

k
=Y am(l —m) +|Im — 7|l
i=1

where ¢; = (1 — %). This shows that ||T — 7:r||12l is an overestimate of ||r — 7't||,21
by Zf:l ¢imi(1 — m;) which needs to be corrected. Using E [ni"il (1l — ﬁi)] =
7;(1 — ;) for 7; = 7, we define d; = 1% and

n k k
T=) n@—7)7=Y dfti(l—#) =& —xllz — Y _di&i(l—#) (©6)

i=1 i=1 i=1

which is an unbiased estimator of ||x — 7| |121- This implies E(T) = || — 7_’”121 >0
and “=" holds only when Hj is true. Therefore, it is natural to consider large values
of T as an evidence supporting Hy, and we thus propose a one-sided (upper) rejection
region based on T for testing Hy. Our proposed test statistics are based on 7' of which
the asymptotic distribution is normal distribution under some conditions.

We derive the asymptotic normality of a standardized version of 7 under some
regularity conditions. Let us decompose 7' into two components, say 77 and 7»:

k k
T=) ni—m+m—7+7—m)7 > difi(l—#)
i=1

i=1

k ~ A A A - —_
= Zi:l {”i(ﬂi —)? = dii (1 = 7)) + 2n (R — 70) (0 — @) + ni (7w — ﬂ)z}

T

N
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~N@ —7)° ®)
—_———
T2
where T = Zi-;] Ty; for Ty; = n; (7 —7'[,')2 —diti (1 —7;)+2n; (w; — ;) (m; — ) +
n; (m; — )2. To prove the asymptotic normality of the proposed test, we need some

preliminary results stated below in Lemmas 1, 2 and 3 and show the ratio consistency
of proposed estimators of Var(7) in Lemma 5.

Lemma 1 Let0; = m; (1 —m;). When X; ~ Binomial(n;, ;) and w; = %, we have

N (1 —27;)6; R 302 (1 —60,)6;
E[(fi — 1)’ ] =~ E[( — i)' = =0 + 50
l’li ni ni
A N n — 1
E[#(1 — 7)) = ——6;,
n;
Wl -1 j
I i .
i =E| ———— <7Ti__> , forni >landl =1,2,3,4.
l [T (i =) ]11) ni

Proof The first three results are easily derived by some computations. For the last
result, note that when X; ~ Binomial(n;, ;), E[X;(X; — D) ---(X; = [+ 1)] =
nimi—1) - —1+ l)nl.l. Let X = Zle Z'/”:l Xij ~ Binomial(N, ), then we

have the above unbiased estimators under Hy using 7 = % = % Zle n;7;. O

1

We now derive the asymptotic null distribution of ——L—— and propose an unbiased
ymp NVar prop

estimator of Var(77) which has the ratio consistency property. We first compute Var(77)
and then propose an estimator Var(77).

Lemma 2 The variance of Ty, Var(Ty), is

k k
Var(Ty) = Y Au6f + Y At

i=1 i=1

k k
+4> il — 7)%0; + % Y onilri =1 =216 )

i=1 i=1

2 2 2
where Aj; = (2—3—‘1—"+%—%+12d,~”;;1> and Ayi = 3 for di =

nj nj n n;
ni ( }’l)
l’li*l N
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Proof See “Appendix”. O

Under the Hy (7; = m for all 1 < i < k), the third and fourth terms including
m; — 7 in (9) are 0, and therefore, we obtain the Var(77) under Hy as follows;

k
Varp, (1) = V| = Z {A1i9,-2 + A2i9i} (10

i=1

k k
=Vie=@U-m) Y Ai+rl-m))y Ay (D

i=1 i=l1

V1 in (10) and V), in (11) are equivalent under the Hp; however, the estimators
may be different depending on whether 6;s are estimated individually from x; or the
common value 7 is estimated in Vy, by the pooled estimator 7. We shall consider
these two approaches for estimating V; and Vy,.

First, we demonstrate the estimator for V; in (10). V}; = .A]i@iz + A»;0; is a fourth
degree polynomial in 7;, in other words, Vy; = aj;imi + aziniz + agin33 +a 1471;‘ where
a;j;’s depend only on N and n;. As an estimator of V| = Zle(aum + a2i7Tl'2 +
ag,-nf + a4inl.4 ), we consider unbiased estimators of 7;, nl.z, n,.?’ and 771'4 .Letn; = 71[.1,
[ = 1,2,3,4, then unbiased estimators of n;, say 7;;, are obtained directly from
Lemma 1, leading to the first estimator of V', as

k4
Vi=) ) aui (12)

i=1I=1

nl

where ni = m
J=130

]_[lj_:lo (ﬁi — r{_,> for/ =1,2,3,4 from Lemma 1 and

ar; = Aoi, ari = A1 — Az, az = —2A1, as = A

The second estimator is based on estimating Vy, in (11). Since all 7; = 7 under
Hy, we can write V}, = Zle Z?:l al,-nil = Zf;l Z?:l a;i7" and use an unbiased
estimator of 7/ using Zle x; ~ Binomial(N, m) from Lemma 1. This leads to the
estimator of Vi, under Hy which is

k4
Vie= > aiiy. (13)
i=11=1

N N! I—1 [ A Jj ~ 1 k ~ .
where nj = ——— | [ _ (71 — —) and m = + ) ., n;m;, as used earlier.
L .l/'=()(N—]) 1_[]_0 N N Z'_l r

Remark 1 Note that f)] is an unbiased estimator of V| regardless of Hy and Hj. On

the other hand, ]A/l* is an unbiased estimator of Vp, only under the Hj since we use
the binomial distribution of the pooled data Z{'(:I x; and use Lemma 1.
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homogeneity test of binomial proportions 513

For sequences of a, (> 0) and b, (> 0), let us define a, < b, if 0 < liminf ”b’—z <

lim sup Z—: < 00. The following lemmas will be used in the asymptotic normality of
the proposed test.

Lemma 3 Suppose n; > 2 for 1 <i < k. Then,

1. we have V| < Zle 02 + # Zle n;0;. In particular, if0 < ¢ <m; <l—c <1
for all i and some constant ¢, we have V| < k.
2. we have

k
> A2 = Var(Ty) = K (Vi + 11w — 7112, ) (14)
i=1

for some constant K > 0 where || — 7t||n9 = Zﬁ;l n;(m; —ﬁ)29i. If|lmi — 7| >
1;{,6 forsome e > 0and 1 <i <k, we have

Var(Ty) =< Vi + |Im — 7|[2,. (15)

Proof See “Appendix”. O

We provide another lemma which plays a crucial role in the proof of the main result.
As mentioned, we have > two types of variances such as V; in (10) and Vi, in (11) and
their estimators V; and V... For T7 in (8), we consider two types of standard deviations
based on Var(77) and Var(T1)..

The following lemma provides upper bounds of n*E(# — )8 and E(7 (1 — 7))*
which are needed in our proof for our mail results.

Lemma 4 If X ~ Binomial(n,7), T = % and 7); is the unbiased estimator of '
defined in Lemma 1, then we have, for 6 = (1 — ),

0
n*E# — 1) < Cmin {94, —}
n

0
E#(1 —#)* < C’'min {94, —3}
n

Erl =x —|—0< ) forl =2 (16)
211
E(frl—nl)2=0< ) orl >2
211
E(ﬁ,—n’)2=0< = 1) forl =2 (17)

where C and C' are universal constants which do not depend on 7 and n.

Proof See “Appendix”. O
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514 J. Park

Remark 2 Tt should be noted that the bounds in Lemma 4 depend on the behavior
of & = m(1 — ) and the sample size n in binomial distribution. In the classical
asymptotic theory for a fixed value of =, if 77 is bounded away from 0 and 1 and 7 is
large, then 0% dominates g (or %). However, n is not large and 7 is close to O or 1,

then & (or &) is a tighter bound of n*E(# — )8 (or E(# (1 — #))*) than 6%,
The following lemma shows that f/l and ]}1* have the ratio consistency under some
conditions.

Lemma 5 Forf = r(l—-m), 7= % Zﬂ;l nimiandm; < § < 1forsome0 <§ < 1,
we have the followings;

zhi(#+3)
i —>Oask—>0,h

Ry Y v
(2 (452 7)) 1

(9)2 i=1 ni +0 Zl 1 3
2. if Y, V'* — 1 in probability.

2
(k@r+ T )
Proof See “Appendix”. O

— 1 in probability.

Remark 3 Lemma 5 includes the condition 77; < § < 1 which avoids dense case that
the majority of observations are 1. Since our study focuses on sparse case, it is realistic
to exclude 7r;s which are very close to 1. When data are dense, the homogeneity test
of 7; can be done through testing 7 = 1 — 7 and x}; = 1 — x;;

Remark 4 As an estimator of nil or! forl = 1,2, 3, 4, we used unbiased estimators
of them. Instead of unbiased estimators, we may consider simply MLE, (ﬁ,-)l or (ﬁ)l
forl = 1, 2, 3, 4. For the first type estimator f)l, when sample sizes n; are not large,
unbiased estimators and MLE are different. Especially, if all n;s are small and k is
large, then such small differences are accumulated so the behavior of estimators for
variance is expected to be significantly different. This will be demonstrated in our
simulation studies. On the other hand, for ]>1*, unbiased estimators and MLEs for
()" under Hy behave almost same way even for small n; since the total sample size
N = Zf‘z | ni is large due to large k. The estimator of V; based on 77;, namely fi{”le
has the larger variance

k
(v =3 (L4 L) ey il
iz \' ”i izg M

A 3
while E(V) — V1)? < Zle <% + 55) Similarly, we can also define lee based

k
on the 7 = % Even with the given condition 3%, ( > /K, 07 +

ﬁ Zle %)2 = o(1), V{"le may not be a ratio-consistent estimator due to the addi-
tional variation from biased estimation of nl.l for [ = 2, 3, 4. We present simulation
studies comparing tests with V; and ]A/i”le later.
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homogeneity test of binomial proportions 515

In Lemma 5, we present ratio consistency of f}l and fil* under some conditions.
Both conditions avoid too small ;s compared to n;s among k groups. It is obvious
that the conditions are satisfied if all ;s are uniformly bounded away from 0 and 1. In
general, however, the conditions allow small ;s which may converge to zero at some
rate satisfying presented conditions on ¢;s in lemmas and theorems.

Under Hj, we have two different estimators, V1 and Vl* and their corresponding
test statistics, namely Tpew and Thew2, respectively:

T T
Tnewl = > Tnew2 = —r—

A

Vi f}] *

The following theorem shows that the proposed tests, Thew1 and Thew2, are asymp-
totically size « tests.

Theorem 2 Under Hy : wj = 7 for all 1 <i <k, if the condition in Lemma 5 holds
k 1
i=1 E

and o 0 for @ = (1 — ) under Hy, then Tyew1 — N (0, 1) in distribution
and Thewo — N (0, 1) in distribution as k — oc.

Proof See “Appendix”. O
93 i=1 n; +9 Z %
l

2
(k92 N2 Zt 1 nl)
This condition includes a variety of situations such as small values of 7 as well as
small sample sizes. Furthermore, inhomogeneous sample sizes are also included. For
example, when the sample sizes are bounded, we have Zf-;l % = k and Z{-‘Zl n% =k
i

3 1
6 i=1 n; +GZ 13
i

Remark 5 The condition in Lemma 5 under the Hj is

= o(1).

n

(ko245 T8 )2
happens when 7 = k~1/3for0 < € < 1/3 which s allowed to converge to 0. Another
case is that sample sizes are highly unbalanced. For example, we have n; =< i“ for
o > 1 which implies Y o, nl_, < ooand ) oo, ’% < 0. Therefore, the condition

3 1
o 11n+92 Vg
L

< L which converges to 0 when k6> — oo. This

leading to 0

Ly = 0ifm < k€ for —3 <

6346 6346 1
+ 7

. - 0
18 = w262 = Wer T 26

(k2o X, )2
€ < 0. In this case, the sample size n; diverges as i — 00, s0 sample sizes are highly
unbalanced. For the asymptotlc normality, additional condition Zl_l oy L/k63) — 0
in Theorem 2 is satisfied for —3 <e <O

From Theorem 2, we reject the Hy if
Thew1 (O Thew2) > Zl—q
where z1_4 is (1 — o) quantile of a standard normal distribution. As explained in

Sect. 2.2, note that the rejection region is one-sided since we have E(7") > 0, implying
that large values of tests support the alternative hypothesis.
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516 J. Park

Although they have the same asymptotic null distribution, their power functions
are different due to the different behaviors of V] and Vl* under Hj. In general, it is not
necessary to have the asymptotic normality under the Hp; however, to compare the
powers analytically, one may expect asymptotic power functions to be more specific.

The following lemma states the asymptotic normality of 7/./Var(T}) where
Var(T7) isin (9) in Lemma 2. In the following asymptotic results, it is worth mentioning
that we put some conditions on 6;s so that they do not approach to 0 too fast.

k 04+ 6;
i=1 0 +37)
(Zh o+ o, %)

— 0 where ||t — 7_t||§n = Zle ni (i — 7)%6;, then

Theorem 3 If (i) |m; — 7| > < for 1 <i <k, (ii)

> — 0and

max; (7r; —7)% (n;6;+1)
111 —
(iii) Vitlm—z|2,

T — Yk ni(m — 7)?
 Var(Ty)

where Var(Th) is defined in (9).

— N(0, 1) in distribution

Proof See “Appendix”. O

Using Theorem 3, we obtain the asymptotic power of the proposed tests. We state
this in the following corollary.

Corollary 2 Under the assumptions in Lemma 5 and Theorem 3, the powers of Tpew1
and Tyewn are

N Yi nilm —7)? N
VVar(Ty) VVar(Ty)

P(Thew! > Z1—a) — é (—Zl—a -

and

«/Var(Tl)Zl_a  Var(Ty)

ko =32
P(Tnew2 > Zl—a) — é ( Vl* Zi:] n; (7T1 7'[) ) -0

where ®(x) =1 —®(x) = P(Z > x) for a standard normal random variable Z and
Var(Ty) defined in (9).

2.3 Comparison of powers

In the previous section, we present the asymptotic power of tests, Trewi and Thew2.
Currently, it does not look straightforward to tell one test is uniformly better than
the others. However, one may consider some specific scenario and compare different
tests under those scenario which may help to understand the properties of tests in a
better way. Asymptotic powers depend on the configurations of (7/s), (n}s) and k. It
is not possible to consider all configurations; however, what we want to show through
simulations is that neither of Thew; and Tyew2 dominates the other.
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homogeneity test of binomial proportions 517

Let B(T) be the asymptotic power of a test statistic limy_, o, P(T > z1—y) Where
T is one of Ty, Thew and Thewn.

Theorem 4 [. Ifsample sizesn| = --- = ny = nand max|<j<x 7; < %— \%, then

lim (B(Thew2) — B(Thew1)) = 0.
k—o00
Ifni=nforalll <i <kandnm(l — ) — o0, then

Jim (B (Thew2) — B(Ty)) = 0.

2. Supposewri =mw =k Vforl <i<k—landny=k77Y +38for0O<y < 1las
wellasn; = nforl <i <k —1, and ny = [nk®] for 0 < a < 1 where [x] is the
greatest integer which does not exceed x. Then, if n — 00,

@ for{(, ) :0<a<1,0<y <l,0<a+y <1,0<y < %}, then
limg (B(Thew,) — B(Tnew2)) = 0.

) for{(a,y):0<a<1,0<y <l,a+y > 1,0 > %}, thenlimy (B (Thew,) —
B(Thew2)) > 0.

3. Suppose m; = k™V + 38 andny = n — oo and w; = k™Y and n; = [nk*] for
2<i<nForO<y<landd<a<1,if0<y < l/2andk1_°‘_7’ = o(n),
then

kli?;o(ﬂ(TnewZ) — B(Thew,)) > 0. (18)

Proof See “Appendix”. O

From Theorem 4, we conjecture that Tyewo has better powers than others when
sample sizes are homogeneous or similar to each other. For inhomogeneous sample
sizes, Thew! and Tpew2 have different performances from the cases of 2 and 3 in
Theorem 4. We show numerical studies reflecting these cases later.

Although we compare the powers of the proposed tests under some local alternative,
it is interesting to see different scenarios and compare powers. Instead of an analytical
approach, we present numerical studies as follows: Since the asymptotic powers of
Thew1 and Tpewo depend on the behavior of V; and V1., we compare those two variances
under a variety of situations. If Vi, > V), then Tpew| is more powerful than Tpeyw2;
otherwise, we have an opposite result. Although we compared the powers of tests in
this paper in Theorem 4, there are numerous additional situations which are not cov-
ered analytically. We provide some additional situations from numerical studies here.
We take k£ = 100, and we generate sample sizes n; ~ {20, 21, ..., 200} uniformly.
The left panel is for w; ~ U(0.01, 0.2) and the left panel is for = ~ U (0.01, 0.5)
where U (a, b) is the uniform distribution in (a, b). We consider 1, 000 different con-
figurations of (n;, m;)1<i<100 for each panel. We see that Var(77) and Var(71), have
different behaviors when 7;s are generated different ways. If ;s are widely spread
out, then Var(7T7), is larger, otherwise Var(77) seems to be larger from our simulations
(Fig. 1).
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Fig. 1 Comparison of Var(77) and Var (T} )x

We present simulation studies comparing the performance of Thewi, Thew2 and
existing tests. They have different performances depending on different situations.

3 Simulations

In this section, we present simulation studies to compare our proposed tests with
existing procedures.

We first adopt the following simulation setup and evaluate our proposed tests. Let
us define

ng = 20(2,2%,23,2% 23,20 27 28)
ngy =20, n3, ... %) =202,...,2,2%,...,22,...,28, ... 2%)

where n), = (2™,2",...,2™) is a 8 dimensional vector. We consider the following
simulations (Tables 1, 2, 3, 4, 5, 6).

Setup 1 7; =0.001 for 1 <i <k — 1 and r;, = 0.001 4 § for k = 8 and ng

Setup 2 ; = 0.001 4§ for k = 1 and r; = 0.001 for 2 < i < k for k = 8 and ng

Setup3 71 = 0.001 + 8 and 7; = 0.001 for2 < i < 8, k = 8, n; = 2560 for
1<i<8

Setup4 m; =0.001 for 1 <i <k —1and mx = 0.001 + § for k = 40 and n4g

Setup 5 7; = 0.001 4§ fork = 1 and ; = 0.001 for 2 < i < k for k = 40 and n4g

Setup 6 w; = 0.001 4+ 6 fori = 1 and 77; = 0.001 for 2 < i < k. n; = 2560 for
1 <i<40

As test statistics, we use Tpewl, M1, Thew2, M2, TS, modTS and PW. Here, as
discussed in Remark 4, M| uses V’”l ¢ as an estimator of V in Tpew1 and M3 uses V’”le
for Vi, in Thewz. TS represents the test in (2) and modTS represents the test in (10)
Chi represents Chi-square test based on Ts > sz—l,l—a where sz_ 11— isthe (1 — )
quantile of Chi-square distribution with degrees of freedom k — 1. PW is the test in
Potthoff and Whittinghill (1966), and BL represents the test in Bathke and Lankowski
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Table 1 Powers under Setup 1

8 Thewl M1 Thew2 M2 TS modTS Chi PW

0.000 0.009 0.005 0.029 0.022 0.114 0.048 0.103 0.006
0.001 0.070 0.052 0.023 0.022 0.066 0.029 0.060 0.000
0.002 0.249 0.184 0.092 0.091 0.053 0.025 0.048 0.001
0.003 0.490 0.375 0.253 0.251 0.057 0.022 0.046 0.022
0.004 0.688 0.562 0.455 0.449 0.112 0.032 0.082 0.085
0.005 0.838 0.717 0.648 0.642 0.217 0.073 0.169 0.217
0.006 0.925 0.831 0.803 0.797 0.391 0.170 0.315 0.397
0.007 0.966 0.895 0.897 0.893 0.561 0.312 0.490 0.588
0.008 0.987 0.936 0.953 0.950 0.717 0.487 0.649 0.723
0.009 0.995 0.964 0.979 0.977 0.835 0.651 0.786 0.841

The cases of § = 0 represent Type I errors of tests. M| uses \7{"’ ¢ as an estimator of V] in Ty and
M> uses l}ﬁl" for Vi in Thew2. TS represents the test in (2), and modTS represents the test in (10).
Chi represents Chi-square test. PW is the test in Potthoff and Whittinghill (1966)

Table 2 Powers under Setup 2

8 Thewl M1 Thew2 M2 TS modTS Chi PW

0.00 0.009 0.006 0.029 0.023 0.110 0.048 0.097 0.005
0.01 0.009 0.005 0.043 0.038 0.130 0.065 0.117 0.009
0.02 0.014 0.004 0.091 0.087 0.149 0.085 0.138 0.010
0.03 0.027 0.007 0.140 0.137 0.168 0.107 0.155 0.011
0.04 0.054 0.011 0.213 0.209 0.182 0.121 0.171 0.018
0.05 0.083 0.020 0.284 0.282 0.191 0.136 0.181 0.027
0.06 0.122 0.033 0.359 0.357 0.216 0.157 0.206 0.034
0.07 0.168 0.053 0.432 0.430 0.236 0.178 0.226 0.045
0.08 0.214 0.073 0.495 0.494 0.249 0.195 0.238 0.069
0.09 0.274 0.103 0.566 0.565 0.260 0.202 0.248 0.092

The cases of § = 0 represent Type I errors of tests

(2005). Note that BL is available only when sample sizes are all equal. For calculation
of size and power of each test, we simulate 10,000 samples and compute empirical
size and power based on 10,000 p values.

From the above scenario, we consider inhomogeneous sample sizes (Setups 1, 2,
4 and 5) and homogeneous sample sizes (Setups 3 and 6). Furthermore, when sample
sizes are inhomogeneous, two cases are considered: one is the case that different 7;
occurs for a study with large sample (Setups 1 and 4) and the other for a study with
small sample (Setups 2 and 5). Setups 1-6 consider the cases that only one study
has a different probability (0.001 + §) and all the others have the same probability
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Table 3 Powers under Setup 3

s Thewi M1 Toewz M2 TS modTS  Chi PW BL

0.0000 0.036 0.023 0.054 0.060 0.040 0.034 0.030 0.018 0.065
0.0005 0.057 0.041 0.080 0.085 0.057 0.050 0.045 0.032 0.099

0.0010 0.123 0.099 0.152 0.158 0.119 0.106 0.095 0.078 0.186
0.0015 0.244 0.207 0.283 0.291 0.229 0.209 0.193 0.175 0.315
0.0020 0.388 0.345 0.430 0.436 0.379 0.358 0.341 0.309 0.459
0.0025 0.545 0.498 0.580 0.585 0.537 0.513 0.492 0.461 0.614
0.0030 0.669 0.631 0.696 0.700 0.671 0.649 0.632 0.598 0.738
0.0035 0.789 0.760 0.813 0.815 0.790 0.775 0.756 0.726 0.839
0.0040 0.863 0.842 0.880 0.882 0.863 0.853 0.840 0.816 0.900

0.0045 0.922 0.909 0.932 0.933 0.919 0.913 0.903 0.893 0.945

The cases of § = 0 represent Type I errors of tests. BL represents the test in Bathke and Lankowski (2005)

Table 4 Powers under Setup 4

s Thewl M1 Thew2 M2 TS modT$S Chi PW
0.000 0.022 0.003 0.042 0.042 0.196 0.060 0.186 0.016
0.001 0.080 0.018 0.067 0.069 0.160 0.048 0.151 0.088
0.002 0.285 0.090 0.202 0.204 0.199 0.057 0.189 0311
0.003 0.562 0.242 0.445 0.448 0.296 0.099 0.282 0.603
0.004 0.787 0.441 0.690 0.694 0.462 0.185 0.442 0.829
0.005 0.919 0.623 0.864 0.866 0.659 0.355 0.640 0.939
0.006 0.971 0.765 0.946 0.947 0.804 0.542 0.791 0.983
0.007 0.991 0.857 0.982 0.982 0913 0.723 0.906 0.995
0.008 0.998 0.928 0.995 0.995 0.964 0.855 0.960 0.999
0.009 1.000 0.963 0.999 0.999 0.989 0.934 0.987 0.999

The cases of § = 0 represent Type I errors of tests

(0.001). On the other hand, we may consider the following cases which represent all
probabilities are different from each other (Tables 7, 8).

Setup 7 w; = 0.001(1 +¢;), k =40, n; = 2560 for 1 <i < 40 where ¢;s are equally
spaced grid in [—4, §].
Setup 8 m; = 0.01(1 + ¢;), k = 40, nj, where ¢;s are equally spaced grid in [— 8, §].

From our simulations, we first see that Tpew Obtains more powers than My, while
Thew2 and M» obtain almost similar powers. The performance of Thew1 and Thew2
is different depending on different situations. When sample sizes are homogeneous
(Setups 3, 6 and 7), Thewz obtains slightly more power than Tpews as shown in 1 in
Theorem 4. On the other hand, when sample sizes are inhomogeneous, Thew] Seems
to have more advantage for the cases that different probability occurs for large sample
sizes, while Thew2 seems to obtain better powers for the opposite case. Overall, the
performances of Thew and Tyeyo are different depending on situations. Cochran’s test
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Table 5 Powers under Setup 5

8 Thewl M1 Thew2 M2 TS modTS Chi PW
0.000 0.021 0.004 0.047 0.045 0.186 0.059 0.179 0.021
0.002 0.028 0.005 0.102 0.101 0.216 0.081 0.207 0.017
0.004 0.059 0.015 0.221 0.221 0.252 0.103 0.243 0.021
0.006 0.130 0.040 0.371 0.370 0.280 0.118 0.270 0.028
0.008 0.232 0.097 0.507 0.506 0.313 0.144 0.305 0.045
0.010 0.335 0.158 0.626 0.626 0.339 0.156 0.331 0.061
0.012 0.454 0.252 0.730 0.729 0.364 0.175 0.356 0.091
0.014 0.553 0.339 0.800 0.800 0.383 0.189 0.373 0.126
The cases of § = 0 represent Type I errors of tests

Table 6 Powers under Setup 6

8 Thewl M1 Thew2 M2 TS modTS Chi PW BL
0.000 0.049 0.029 0.058 0.059 0.048 0.038 0.041 0.032 0.061
0.001 0.093 0.065 0.107 0.108 0.093 0.079 0.083 0.067 0.114
0.002 0.273 0.222 0.297 0.299 0.271 0.240 0.249 0.236 0.300
0.003 0.535 0.479 0.560 0.562 0.535 0.504 0.512 0.511 0.568
0.004 0.776 0.736 0.793 0.795 0.777 0.756 0.761 0.739 0.803
0.005 0.902 0.884 0.910 0911 0911 0.901 0.903 0.891 0.921
0.006 0.966 0.957 0.969 0.969 0.966 0.961 0.963 0.966 0.974
The cases of § = 0 represent Type I errors of tests

Table 7 Powers under Setup 7

8 Thew! M1 Thew2 M2 TS modTS Chi PW BL

0 0.044 0.027 0.053 0.053 0.046 0.036 0.039 0.031 0.066
0.25 0.080 0.052 0.096 0.094 0.084 0.069 0.072 0.061 0.102
0.50 0.240 0.182 0.271 0.268 0.229 0.195 0.205 0.200 0.280
0.75 0.596 0.513 0.633 0.630 0.601 0.553 0.569 0.541 0.645
1.00 0.927 0.889 0.941 0.940 0.930 0911 0.917 0.904 0.945

The cases of § = 0 represent Type I errors of tests

seems to fail in controlling a given size; however, the modified TS achieves reasonable
empirical sizes. When sample sizes are homogeneous, the modified T'S has comparable
powers; however, for inhomogeneous sample sizes, the modified TS has significantly
small powers compare to Tyew| and Tyew2 for Setup 8 (Tables 8).

As suggested by a reviewer, we consider the following two more numerical studies

when k is extremely large (Tables 9, 10).

Setup 9 7; = 0.01(1 + ¢;), k = 2000, n; = 100 for 1 < i < 2,000 where ¢;s are

equally spaced grid in [—§, §].
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Table 8 Powers under Setup 8

s Thewl M1 Thew2 M2 TS modTS Chi PW

0.00 0.047 0.025 0.059 0.059 0.073 0.051 0.073 0.030
0.25 0.123 0.079 0.089 0.089 0.026 0.017 0.026 0.039
0.50 0.487 0.409 0.353 0.353 0.061 0.044 0.061 0.088
0.75 0.893 0.858 0.793 0.792 0.265 0.222 0.265 0.179
1.00 0.996 0.994 0.985 0.985 0.721 0.673 0.721 0.355

The cases of § = 0 represent Type I errors of tests

Table 9 Powers under Setup 9

s Thewl Ml Thews M2 TS modTS  Chi PW BL

0.0 0.0507 0.0118  0.0563 0.0563 0.0544  0.0234 0.0544  0.0499  0.0548
02  0.1119 0.0334  0.1197  0.1197  0.1171 0.0659 0.1171 0.1110  0.1178
04  0.5031 0.2796  0.5205 0.5204  0.5142  0.3868 05142  0.5014  0.5157
0.6 09709 09012 09730 09730 09727  0.9425 09727 09706  0.9728
0.8 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

The cases of § = 0 represent Type I errors of tests

Setup 10 7; = 0.01(1 + ¢;), k = 2,000, n = (1,250, 12,250, - - - , 18,250) Where
ny 050 = (2™,2™, ..., 2™)isa250 dimensional vector with all components
2™ and ¢;s are equally spaced grid in [— §, §].

Setup 9 is the case of a extremely large number of groups with small sample sizes.
As mentioned in introduction, we focus on sparse count data in the sense that ;s are
small, so we take 7; = 0.01 and homogeneous sample sizes n; = 100 so that we
have E(X;) = n;m; which represents very sparse data in each group. For the number
of groups, we use k = 2000 which is much larger than n; = 100. Table 9 shows
sizes and powers of all tests, and we see that all tests have similar performances when
sample sizes are homogeneous. On the other hand, for the case that sample sizes are
highly unbalanced which is the case of Setup 10, Table 10 shows that our proposed
tests control the nominal level of size and obtain increasing patter of powers, while
tests based on Chi-square statistics fail in controlling the nominal level of size and
obtaining powers. In particular, those Chi-square-based tests have decreasing patterns
of powers even though the effect sizes (§ in this case) increase. PW controls the size
and has increasing pattern of powers; however, the powers of PW are much smaller
than those of our proposed tests. All codes will be available upon request.

4 Real examples

In this section, we provide real examples for testing the homogeneity of binomial
proportions from a large number of independent groups.
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Table 10 Powers under Setup 10

s Thewl M1 Thew2 M2 TS modT$S Chi PW
0.0 0.034 0.000 0.055 0.055 0.182 0.046 0.182 0.043
0.2 0.055 0.000 0.050 0.050 0.002 0.000 0.002 0.055
0.4 0.164 0.003 0.101 0.101 0.000 0.000 0.000 0.081
0.6 0.458 0.042 0.278 0.278 0.000 0.000 0.000 0.122
0.8 0.840 0.360 0.650 0.650 0.000 0.000 0.000 0.200
1.0 0.985 0.875 0.933 0.933 0.000 0.000 0.000 0.309

The cases of § = 0 represent Type I errors of tests

Table 11 p values for homogeneity tests

Thewl M1 Thews M2 TS modTS  Chi PW
MI/Rosig 0.000 0.000  0.000 0.000  0.000  0.000 0.000  0.000
DCV/Rosig  0.063 0.133  0.003 0.004  0.000  0.004 0.002  0.059
MI/Cont 0.000 0.000  0.000 0.000  0.000  0.000 0.000  0.000
DCV/Cont 0.107 0242 0.079 0084 0609  0.406 0.584  0.229

Rosig rosiglitazone group, Cont control group, MI myocardial infarction, DCV death from cardiovascular

We apply our proposed tests and existing tests to the rosiglitazone data in Nissen
and Wolski (2007). The data set includes the 42 studies and consists of study size (N),
number of myocardial infarctions (MI) and number of deaths (D) for rosiglitazone
(treatment) and the corresponding results under control arm for each study.

We consider testing (1) for the proportions of myocardial infarctions and death rate
(D) from cardiovascular causes. There are four situations, (i) MI/rosiglitazone, (ii)
death from cardiovascular (DCV)/rosiglitazone, (iii) MI/control and (iv) death from
cardiovascular(DCV)/control. Table 4 shows the p values for different situations and
different test statistics. In case of Ml/rosiglitazone and Ml/control, all tests have 0 p
value. On the other hand, for the other two cases, some tests have different results. For
DCV/Rosiglitazone, Thew2, TS and modTS have small p values, while Tpey1 and PW
have slightly larger p values. For DCV/Control, Tyew1 and Tyew2 have much small p
values (0.107 and 0.079) compared to Ts, modTS, Chi and PW (0.609, 0.406, 0.584
and 0.229, respectively) (Table 11).

5 Concluding remarks

In this paper, we considered testing homogeneity of binomial proportions from a large
number of independent studies. In particular, we focused on the sparse data and het-
erogeneous sample sizes which may affect the identification of null distributions. We
proposed new tests and showed their asymptotic results under some regular conditions.
We provided simulations and real data examples, which show that our proposed tests
are convincing in case of sparse and a large number of studies. This is a convincing
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result since our proposed test is most reliable in controlling a given size from our
simulations, so small p values from our proposed test are strong evidence against the
null hypotheses.

Appendix
A Proof of Theorem 1

We use the Lyapunov’s condition for the asymptotic normality of % Let7g; =

Xi—ni7)* R N = Xioma)?  oni—)?  mi(l-m)

(i > then we define Di = Tsi — E(Tsi) = S0y — wimm) — madm =

WL]-T)((X,' — n,-n',-)z +2n;(X; —njm;)(w; — 1) —n;m; (1 — ;). We show that the
4

Lyapunov’s condition is satisfied, Z":‘B—?D")

— 0. We see that

Y EDH 1 Xk: nf E( — )" + 2%} (ri — )} EGry — m)* + i (1= m)*
B? T B o nt@(l — )4

k
_ 1 4 07, 2 =\dan2 (1 — 66;)6; 4i|
=GR ; [(91 + n,-> i (i = )G+ —— =) + 6,
_XL () syhmacn-nte+ b

F(1 - ) B @1 -2 B

-0

from the given conditions. Therefore, we have the asymptotic normality of % —
N(0, 1) in distribution. Furthermore, we also have the asymptotic normality of
Ts — k B Ts—k+k—E(TS) Ts — k
0= = —_— = o‘k
v Bok Box /By VBok vV Bi

+ Mk

which leads to P(Tp > z1—¢) = P(ok{j[%kk + Uk > 2—e) = P(TSTZ;:‘ > Z;_;a — ).

TS—J[_T:‘ — N(0, 1) in distribution, we have P(Ty > z1_¢) — qS(Z;—;”‘ — Ug) = (I):I

Using

B Proof of Lemma 2

Since T7; and Ty fori # j are independent, we have V| = Var(T}) = Zle Var(T1;)
where

Var(T1;) = n?Var[(7; — 7;)] 4+ d*Var[7; (1 — ;)] + 4n? (7r; — 7)*Var[(7; — 7))
— 2n;d; Cov((R; — m1)*, i (1 — 7))
+2Cov(n; (7 — mi)?, 2n; (i — 7:) (i — 7))
—2Cov2n; R — 7)) (i — 7), difi (1 — 77)).
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Using the following results

Var[(#; — m:)*] = E[(#; — m)*] — (E[(7: — 7:)*])?
20} L (=606,

n? n?
1—0)6; 26;(1 —46; 1 — 66,)6;
Varli(1 — ) = U000 _ 200 —46) | (1= 6606
n; n; n;
Cov((#i — ), 74 (1 — 7)) = —66))
i
1 — 27;)6;
Cov((i —m)?, 71 — 1) = EGi — mp)® =
n;
1 —27;)6; 1
Cov((#t; — ), i (1 — 74;)) = 0 =2t (1 — —) :
n; n;
we derive
k 2 2 2
6 d> 84> 6d -1
Var(TQ:Z{@}( ————‘+—2——+12d )
N n; n; n- n. n.
i=1 i i i
1 d*> 2d* 4> 1
4o —+ - T M
niooomony w i

k k
_ 4 _
+4 Y nin = 7% + 5 Y nilm — ) (1= 270

i=1 i=1

k k
ZAh@ —I—ZAz,Q +4Zn (711—71)9
i=l i=1 i=1

k
4 -
o i = (1 = 27)6)

n; n; " i
i i nl i

2 2 2 2 2
WhereA1i=< _ﬁ_"_f+%—ﬂ+12d,"ln >and,42i=<"ii+j—fi—%

+ 4o, ;12>=%fromd,'=ni"—il(—"ﬁ’). o

C Proof of Lemma 3

1. Using d; = T 7]( ") < 2, we can derive Aj; is uniformly bounded since
Al,_2———%+8:—2—6d2+12 (1 ')=2+%—w+ ,( 1+
—_——)(1— ).Letxini <1t enf(x)—( 1+2 = —6(x—3%)2+]
Wthh has the value —1 < f(x) < 5. Therefore, we have 2 + r% — % + ni >
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A > 2+——Q——l Using n; > 2 and N — oo as k — oo, lower and
upper bounds are uniformly bounded away from 0 and oo forall i. Therefore we
have A; < 1 and Ay = N leading to V) = lel .Ah@lz + lel A =<
k k

Y1 67 + 5z iz nibi.

2. LetG, = 4 35 ni(mi —70)260;+4-5 Yb i —7)(1=27m)6; = 4 34, 6;G;
where G; = n; (m; — )% + %(m —7)(1 —2m;). Iif wedefine B ={i : |m; — 7| >
“Nﬁ} for some € > 0, then we decompose

= (A6 + A + > (A6} + A (19)
ieB ieB¢
Fi T2
Gn=4) 6:Gi+4 > 6;Gi = 4Gy + 4G (20)
ieB ieB¢
—— ——
gnl gnZ

Fori € B, we have % |(1 — 27;) (7w — 71)6;| < %(m — 7)26; which implies

(2+e) 0
)20 < 4G < T %ni(ﬂi_n) 0;.

teB

This leads to 4G, < Y ;.gni(mw; — 7)26; and

Fi+4Gu < Fi + ) _ni(wi — 7)%6;. 1)
ieB

For B¢ = {i||m; — 7| < %}, we first show F, + 4G, > Ziegc A],-Giz. For

i€ B andx = m — 7, we have G; = mj(x + (1 — 2m))2 — U=20)m >
m leading to
Fa 4G = Y Aubl + 53 N (1-a-2m?)
ieB¢ ieB¢
= ZA1,92+ S Y mif =" Aub} +4 ) A6}
ieB¢ ieBe ieBe ieB¢
S P (22)
ieB¢

The upper bound of 4G, is

41
4G,, < (N+6) > w6y _4(1—1—6)ZA21 ;
ieB¢
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resulting in

Fr+4Gn <4 +e) Yy A} +4(1+e) Y Ayl +4 > ni(m; — 7)%6;
ieB¢ ieBe ieB¢

<4l +e)(F+ Zni(ﬂi —7)%6,). (23)
ieB¢

Combining (22) and (23), we have
DA < Fa+ G <40 +6(Fa+ Y nilm —7)°0).  (24)
ieB¢ ie¢

From (21) and (24), we conclude, for K = 4(1 + ¢€),

k
D A6} < Var(Ty) < K(vi + |Im — % [5g)-

i=1
In particular, if B¢ is an empty set, then we have Var(T) = F| + 4G, 1, therefore
(21) implies (15). O

D Proof of Lemma 4

Let X = )", X; where X;s are iid Bernoulli(r). In expansion of (X — nr), each
term has the form of (X;, — )" (X}, — )" --- (X;, — pi)" forl <iy,...,ix <n
and m| + - -- + my = n, so if there exists at least one m; = 1, then expectation of
the term is zero. We only need to consider the terms without (X;; — 1), so we finally
have

n 8
EXX —nm)® = E (Z(Xi - ﬂ))
i=1

= <'1’>E(x1 — )

8
N 2) (Z)E(Xl —mOEX, — )2
n

TN N
>

W 0 N oo
[\
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We have E(X; —m)" = 3L, (P EXD(=m)" ™ = (=m)" + XL, () E(XY)
(=)™~ and using E(X’i) = E(X;) = m fori > 1, we obtain E(X; — )" =
(=) 47 Yy (1) ()" = (=)™ = m (=) g () (=) = (1=
()" + 7l —2)" =7(1 —2)(=D"7"™ '+ (1 —7)" ") < 7(1 — 7) for
m > 2. Since all coefficients in the expansion of E(3_;_, (X; —)) are fixed constants,
for some universal constant C > 0, we have

E(X —nm)® < Cmax(nn(1 — ), (nr(1 — 7))%, (nw(1 — 7)), (nr(1 — 7))*)
= Cmax{nw(l — 1), (nw(1 — 7))*}.

since maximum is obtained at either ny (1 — ) or (nw (1 —7))* depending on nw (1 —
n)y<lornm(l—m)>1. .

For the second equation, we first consider the moment of E #Y and E((1 — 7)%).
The latter one is easily obtained from the first one by changing the distribution from
B(n, ) to B(n, 1 — ). We first obtain

4 4 6720 dw(1-2m)0 30> (1—60)0
Er*=n"+ + 5 + =t
n n n n
. 673 Tn? oxm
S R
3 71'2 b
<7(n4+—+ 2+—3)
n n n
= 28 max (n4, %)
n

where the last equality holds due to the fact that the maximum is obtained at either 77*

or n% depending on 7w > % ormw < % Similarly, the following inequality is obtained

A4 4 1—m
E(l—m)" <28max | (1 —m)7, 3 .
n

Using Ea*(1 — #)* < min(E#*, E(1 — 7)*), we have

E#*(1 —)* < min(Ex*, E( — )%

. 4 T g 1=
< 28 min max(n ,—3>,max (1 —m)", 3
n n
1
2
1—m 1
1 —m)%, if —.
max(( ) 3 ) 17'r>2

v .
= max (n4, —) ifmr <
l’l3
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Ifr < %,71 >2n(l —m) =20;ifnr > %, 1 —m < 26. So the last equality is

0
E7*(1 — #)* < €' max (94, —3>
n

for some universal constant C’.
We use the following relationship: for some constants b,,,, m = 1,...,1 — 1

l -1 m
X' =][X=j+D+) ba[[X—j+D.
j=1 m=1  j=1

Forexamplewehavex3 =x(x—1)(x—2)4+3x(x—1)+x.Using E ]_[ljzl(X—j—H) =
[Ty — j+ D,

-1
E#! —El_[(X—j+1)+%Zb E l—[(X—j-l-l)

j=1
-1 vz
+ 0 =
n
m=1
-1 .
_ 1
=7 +0<—+1—1>.
n n

Using this, we can derive

i !
=1 +0|—
n

7l

Y/ N2 _ ps2 21 w2l 7
E(n'—n')y"=FE —2'ERl + 7% =0 —+ =)
n n

E —aY? =E@ —#+ 7 —m)? <22E(y — 72 + 22E@# — 7)%.

Since i — #! = Ao + YZj#T0(k), we have E(f — 7 ) <

{E(nZI)O( ) 4+ Sl R es 1 )}. Using E72 = =% + 0(n2[ x?
from (4), we obtain

A AN 1 2 T w2l
E(m—n)—O - T+ 0 W_F—
n n n

/

-1 20-2i—1
2l—2i T T 1
B ol ) o ()
)] -
=0 ( n2[_1> . (25)
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,,(1 i

(l—i) 2-1
We can show < form > %

2(/ i)

z/1+ f0r2<1<l—151nce

ps

< _nZH form < Z' Usmg this, we have (25) < O (n;,’—,l + ”2:1) which
provesE(ﬁl—ﬁ’)2:0< . S ') 0

E Proof of Lemma 5

~ Y202
For the ratio consistency of V), it is enough to show %;;‘” — Qas k — oo.

Since f)l is an unbiased estimator of V),
Var(Vy) = E[(V) — V1)?]

ko4

= > aiElGu —m)* 1+ Y > anari ELGu — mi) Grir = nvin)]
i=1[=1 iil 1l
ko4

=Y apElGi — mi)*]

i=1I=1

where the last equality follows since E[(f;; — nu)(Mri — )] = E[(i —
mi)1EL(Myi» — npir)] = 0 because 7;; and 7y are independent for i # i’ and both are
unbiased estimators. Since V| depends on 6; = TTi (1— n,) we have the same result if
we change 7; to 1 — 7;; in other words, Var(V}) = Zl 121 v ak (i — mi)? =
Zle ZL] alzi(ﬁ” nll.) where 7/ = (1 — 7))l and n); is the corresponding
unbiased estimator. For w1 < 1/2, we use V| = Z{;l Z?:lali”il and obtain

A~ 3
Var(V)) = O(Zle(% + %)) from Lemma 4. Since m; < 8§ < 1, we have

A 3 . 63 )
Var(V)) = O(Zle(Z—’i + Z_,é ) = O(Z{.‘:l(n—‘i + % ). From Lemma 3 and the
given condition, we obtain

k 0 | o
v _ Zf:l(""+"?>

=o(l)
Vz k 1 6 2
1 (S (02 + 7))
Similarly, we can show, for some constant C’,
. 5 ko1 Sk 1
Var(V1,) @’ Yisim 0y
NS oW

(k02 + Zyi, L)
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F Proof of Theorem 2

Since the condition in Lemma 5 holds, f}l and lA}l* are the ratio-consistent estimators
of V| = Vi, under the Hy. From —& = D=2 we only need to show (i) - —
1= Vi 0 N y v

N (0, 1) in distribution and (ii) «/T_\Z)T — 0 in probability. To prove (i), we show the
Lyapunov’s condition (see Billingsley 1995) for the asymptotic normality is satisfied.
Yi E(TH
Var(1,)?
T = ni(7; — m)? — d;7;(1 — 7;) with E(Ty;) = 0; therefore, the Lyapunov’s
condition is Z _1 E(T, )/Var(T1)2 — 0. Using Lemma 4, we have Z?:l E(Tﬁ.) <
24y ntE G —n,>4+d4E(ﬁ,~(1—ﬁ,->)4> = O 1 (6 + ) + O (i, (67 +

8% = o(ke* +

In other words, under Hj, we need to show — 0. Under Hy, we have

L )) since all 6; = 6 under Hyp. Combining this with the

Z/\
1t 1in L 3 h Y BT Ok6*+6 Y, 7 ) - ko0 3L m
resu in Lemma 3, we have S7ro5" = (k(-?2+% S T 15 < o =
Yo Py
]i + ’]{_93 " — 0 as k — oo from the given condition ;93"’ — 0 which shows
i
o N (0, 1) in distribution.

Furthermore, from Lemma 3 under the Hy, we have V| < k6% +0 Zle ni[_; there-
fore, we obtain E (%) = E(NEHWIH) ) \/keﬂ Zk T < \/LE — 0 which leads
to \/T\271 — 0in IA)robabiAlity. Combining the asymptotic normality of # with the ratio
consistency of V; and Vi, we have the asymptotic normality of Tyew1 and Thew2 under
the Hy. O
G Proof of Theorem 3

Since T = T1 — T» from (8), we only need to show the following:
=12
a) % — N(0, 1) in distribution
(I0) \/%(m — 0 in probability.

For (I), we use the Lyapunov’s condition for the asymptotic normality of T77.

Sk E(Tii—n; (m—7)?)*
We show Var, 2

ni(fi — m)? — difi(1 — ) + 2n; (& — m)(w; — 7). Using Y| E(GH <
S (PE(G — 7)) + dFE(G (1 — 7)) 4+ 20t E G — m)* (o — 7)*). From
Lemma 4, we have ntE((#; — 7;)%) < O (9;‘ + 3—) d'E((Fi(1 — 7))t <

— 0 where G,‘ = Tli — n,-(m — 77[)2 =

2
24<n +m> < 0(9—1'2 + e—g) where O(-) is uniform in 1 < i < k.

i

Using the result in Lemma 1, we have 2% Z 1 n4E(n, — )t Zle(m —7)* <

30 —60:)0: _
04 Zz 1Fl4(7Tz _ 71)4 <n_21 + (1:#) < maxj<j<k {n,’(rri - 7T)2 (9i + nl—l)}

i i
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Si ity — 7926 = maxy iy {niCmy = % (6 + 1) Ll - #2113, Therefore,
we have

S BGh _ Tiet (04 ) maxisise [ =20 (6 -+ 51) | e — 11,

Var(T1)?  ~ (v +Ilw — i”%n)z
(26)
1 0+8) v unerr(0- )
= 7t v+ [Im — 7|2 -0
(Z{F:l (912 + Z_’z)) § " "
(27)

from the given conditions.

NE# —7)2 _
~/ Var(ry)

by (15) from the condition (i). This leads

The negligibility of 7, = N (7 — )% can be proven by noting that

9_ — l Zleniei - max; 9,' Zf;ln,'
VVaray N NVara) TN V-7,

172
i0'2 .. .. 2 _7)2 .
to (mx—’> — 0 from the condition (ii), so we have NA-D" 5 0in

Vi+lr—713, V' Var(r)
o .. T—Y%_ ni(mi—7)? .
probability. Combining (I) and (II), we conclude ’% — N(@,1) in
Var (1)
distribution. O

H Proof of Theorem 4

1. Proof of 1 : We prove B(Thew2) = B(Thew1). For this, we only need to show
that V) > Vi, from Corollary 2. Let f(x) = 2x2(1 — x)2 + )@, then

f(x) is convex for 0 < x < %— \%,/14—% since f”(x) > 0 for 0 <

x < % — \% 1+ % Furthermore, V| = ZLI f(@r;) and Vi, = kf () for
T = % len,'m. From the convexity of f,if n; = nforall 1 <i <k, we

have %Vl = % Zle f@m) = f(r) = lvl*. Therefore, V| > Vi, which leads to
limy s 00 (B(Thew2) — B(Thew1)) = O for the given 0 < m; < § — % for all i.
Under the given condition, BOk = 2k(1 4+ 0,(1)) and

Zf:l ni (7t — )% — Zf:l A (1 —77)

Thew2 = = ~ ¢! +0p(1))
V2kn(l —m)
k (A 2 2 _ a3 _ a3
T, = Zi:l ni (7w — 1) km(1 7T)(1 +0p(1))

V2kr(1 = 7)
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which leads to

kn(l—n) Z, (71— 7))
\/an(l —ﬁ')

Using kx(1 — 1) = Y5, 7:(1 = 7), limg s 00 P(Thewz — Ty = 0) — 1 which
leads to limy oo (B(Thew2) — B(Ty)) > 0.

2. Proof of 2: Note that Aj;; = 2(1 + o(1)) and Ap; = 4(1 4+ o(1)) where o(1) is
uniform in i. Using 7 = (k™Y + 8k* (1 + O(k~")) and 6 = 7 (1 + o(1)), we
obtain

Thew2 — T I+ Op(l))-

k k
= (2203 +4Z%) (1+0(1))
i=1 i=1""

= (Z(k — DK 42k 8%+

(k—Dk™Y n kK7 +6
n nk®
-y

- (2k‘—2V + 282 + 4 ) (1+o(1))

k
V0w =2k(k™” +8k*")2(1+ O™ +492_
i=1
= 2k'Y 4 45k 4 2822
k—1 1
+AGkY + 8k*71) <— + —) (1 +o(1))

k'Y + sk
— ok sk 4ol 44l O

(1 +o(1))
S0

Vi =V @8k +82(k2 7 — 1)) + 2521 +0(1))
Vi k127 4282 4 257 (1 4 o(1))

(28)

@ if a +y < 1and @ > 1, then k%77 = o(k>*~"), therefore (28) =
8221y +2
L)l" — 0 where I () is an indicator function.

K1=2r 5242k Y
25k —52 4252
_ K-y

k1=2r 482425~ P
—§2424

k127 45242k 7

n

@ ifa+y <l,a < % and y > %, then there are two cases depending on the

—82

behavior of n. When kl—_y — 0, then (28) — =5 = —1. When kIT_y — 00,
ka

(b) ifot+y<l,a<%andazy,then(ZS): — 0.

(c) ifot+y<l,a<%,yg%anda<y,then(28)= — 0.

(28) = (1+o0(1) = k¥tr=1 = 0.

le
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272a—1 K
i
K1-2y zkl‘y
R Y
—kl';<1+o<1>> — 0.
I(y=3)+62+25

‘”jy(+(1)>—

(e) ifa+y >1,a>Landy < 1, then (28) = (1 4 0(1)) = oo.
® ifa+y > l,a > 2arldy > 2,then(28)_

() ifa+y > LLa < tandy > 1 thene < y and (28) =

kY »
—32 - ;1 — (1 + o(1)). There are two situations depending . When £ o0,
+ n
(28) = —8 tliy (1+ o(1)) — oo. When = — 0, we have —y 0, s0 we
+

derive (28) = —5—‘2(1 +o(1)) > —1.
In(a)U(b)U(c)—{(oz ) :0<a<1,0<y<l,0<a+y <1,0<
y < } we have lim,, 1{;‘* = 1 leading to lim, (B8(Thew1) — B(Thewt)) = 0. In
QU ={a,y) 0<a<1,0<y<la+y>11>a> %},Wehave
lim Y > 1 which leads to limy, (8(Thew1) — B(Thew2)) > 0.
In (e) and (g), the performances are different depending on the sample sizes.
3. We first have

46+ k7 kY
Vi =207 +8) + 2%k — DK™ + RPN 4(k o
n

41 —r—a
- (232 +2k1 7 4 T) 1+ o(1)).

Since § = 7(1 — 7) = “l’jfj—j“(l +o0(1) = k71 +0(1)) from0 < o < 1
and0 <y <1,

4k=Y k—Dk™Y
n ( )

nk®

l-y—«a
_ <2k1—2V + %) (14 o(1)).

Vi =2k""% 4

If1 —2y < 0and k'=7~% = o(n), then V| = §2(1 + o(1)) and V = o(1), we

have 5_11‘ — 00 which leads to B(Thew2) — B(Thewt) > 0. O
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