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Abstract This paper considers the problem of estimating a periodic function in a
continuous time regression model with an additive stationary Gaussian noise having
unknown correlation function. A general model selection procedure on the basis of
arbitrary projective estimates, which does not need the knowledge of the noise correla-
tion function, is proposed. A non-asymptotic upper bound for £,-risk (oracle inequal-
ity) has been derived under mild conditions on the noise. For the Ornstein—Uhlenbeck
noise the risk upper bound is shown to be uniform in the nuisance parameter. In the
case of Gaussian white noise the constructed procedure has some advantages as com-
pared with the procedure based on the least squares estimates (LSE). The asymptotic
minimaxity of the estimates has been proved. The proposed model selection scheme
is extended also to the estimation problem based on the discrete data applicably to the
situation when high frequency sampling can not be provided.
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1084 V. Koneyv, S. Pergamenchtchikov

1 Introduction

Consider a regression model in continuous time
dy, = S()dt + d&;, ey

where S(7) is an unknown 1-periodic function in the space £2[0, 1], (&),5o is a
continuous Gaussian process with zero mean and such that foreachn > 1 the stochastic
integral fon f(¢)d&; is well-defined for any non-random function f from £;[0, n]. The
correlation function of noise & is unknown.

This process can be modeled in different ways.

Example 1 &, is a scalar non-explosive Ornstein—Uhlenbeck process defined by the
equation

dg, = 0&,dr + dwy, 2)

where (w;),5 is a standard brownian motion and ¢ < 0 is unknown parameter; the
initial value &, ~ N(0, 1/2|0]) if 6 < Oand &, = 0if 6 = 0.

Example 2 &, is a stationary autoregressive process of order ¢ > 2 satisfying the
stochastic differential equation

ét(q) — 9];&[((171) + oo+ 0,8 + iy 3)

Here (w,),~ is a white Gaussian noise and the unknown vector 6 = (6;, ..., Gq)’
belongs to stability region of the process

A= IQ € R? : max Rex;(0) < 0} , 4)

1<i<q

where (4,;(0));<; < q are eigenvalues of the matrix

6, - 6,
A=A@0) = ; (%)

1, is the identity matrix of order g.

Models of type (1) and their discrete-time analogues have been studied by a
number of authors (see Efroimovich 1999; Liptser and Shiryaev 1977; Konev and
Pergamensgchikov 2003; Nemirovskii 2000 and references therein). The estimation
problem of periodic signal S(z) in model (1)—(2) has been thoroughly studied in the
case, when (§;),-( is a white Gaussian noise [see, e.g., Ibragimov and Hasminskii
(1981) for details and further references].

A discrete-time counterpart of model (1)—(2) was applied in the econometrical
problems for modeling the consumption as a function of income (Golfed and Quandt
1972).
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General model selection estimation of a periodic regression with a Gaussian noise 1085

As is well known, the problem of nonparametric estimation of S(¢) comprises the
following three statements: the function estimation at a fixed point #(, estimation in the
uniform metric and in the integral metric. The first two problems are usually solved
by making use of the kernel and local polynomial estimates. This paper focuses on
the third setting with the quadratic metric. The estimation in the integral metric is
based, as a rule, on the projective estimates which were first proposed in Chenstov
(1962) for estimating the distribution density in a scheme of i.i.d. observations. The
heart of this method is to approximate the unknown function with a finite Fourier
series. Applying the projective estimates to the regression model (1) with a white
noise leads to the optimal convergence rate in L, (0, 1) provided that the smooth-
ness of S is known (see, e.g., Ibragimov and Hasminskii 1981). Another adaptive
approach based on the model selection method (see, e.g., Barron et al. 1999; Baraud
2000; Birgé and Massart 2001; Fourdrinier and Pergamenshchikov 2007) enables one
to study this problem in the nonasymptotic setting when the smoothness of function
S is unknown. It should be noted that this method can be used also for model (1)
under the condition that the correlation function E¢,&; is exactly known and besides
the unknown function § belongs to the subspace spanned by its eigenfunctions [see,
Theorem 1, p. 11 in Birgé and Massart (2001)]. In our case, when the noise correlation
function is unknown, this method cannot be applied. This paper develops a general
model selection method for the regression scheme (1) with unknown correlation prop-
erties.

Note that the usual nonasymptotic selection model procedure proposed in Barron
etal. (1999), Baraud (2000) and Birgé and Massart (2001) is based on the least square
estimators (LSE) which, as was shown in Golubev (1982) and Pinsker (1981), are
not efficient in the problem of nonparametric regression. Our approach is close to
the general model selection method proposed in Fourdrinier and Pergamenshchikov
(2007) for discrete time models with spherically symmetric errors which allows one
to use any projective estimators in the model selection procedure including the LSE.
In Sect. 2 we propose a general model selection procedure for a regression scheme
in continuous time (1) with unknown correlation structure of the Gaussian noise. In
Theorem 1, under some loose conditions on the noise, we establish a nonasymptotic
upper bound for the quadratic risk in which the principal term is minimal over the
set of all admissible basic estimates. The inequalities of this type are usually called
oracle.

In the case of the Ornstein—Uhlenbeck noise (2), the risk upper bound is shown to
be uniform in the nuisance parameter (Corollary 2).

The rest of the paper is organized as follows. In Sect. 3 we consider case of white
Gaussian noise &; and show that the possibility to choose different projective estimators
in the procedure may lead to a sharper upper bound for the mean square estimation
accuracy. In Sect. 4 the upper bound and the lower bounds for the minimax quadratic
risk are obtained under the assumption that the smoothness of S is unknown. In Sect. 6
we consider the estimation problem for the regression model (1) assuming that it is
accessible for observations only at discrete times # = k/p, k = 0,1,.... Such
observation scheme is more appropriate in a number of applications, where one cannot
provide high frequency data sampling. Theorem 5 establishes the nonasymptotic oracle
inequalities in this case. Appendix contains some technical results.
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1086 V. Koneyv, S. Pergamenchtchikov

2 Nonasymptotic estimation

In this section we consider the estimation problem for the model (1) in nonasymptotic
setting, i.e. assuming that the estimator of S is based on the observations (y,)y<, <, With
a fixed duration 7. For this we apply the general model selection approach proposed
in Fourdrinier and Pergamenshchikov (2007) for the discrete-time regression model.

First we introduce some notations. Let X’ be the Hilbert space of square integrable
1-periodic functions on R with the usual scalar product

1
(x,y) =/0 x(1) y(r) d

and (¢;) ;> be a system of orthonormal functions in X, i.e. (¢, ¢;) = 0,if i # j
and ;1> = (¢, ¢1) = 1.

Then we impose the following additional conditions on the noise (&), in (1).
Assume that

(Cy) Foreachn > 1andk > 1thevectort(n) = ({(n), ..., &, (n)) withcomponents
1 n
¢i(n) = 7 /o ¢ () ds; (©)

is Gaussian with non-degenerate covariance matrix By, , = E ()¢’ (n).

(C2) The maximal eigenvalues of matrices By, ,, satisfy the following inequality

sup sup Apay (B ) < A%,

k>1 n>1

where \* is some known positive constant.

Processes (2) and (3) in Examples 1 and 2, as is shown in Lemmas 2 and 3, satisfy
condition (C,). Condition (C,) is satisfied for process (2) with A* = 2. Condition
(C,) holds also for process (3) provided that the value of vector 6 belongs to the
following compact set

Ks = [0 eA: 1m_ax Re);(0) < =6, |A(O)| < s~ @)
<i=q
where 0 < § < 1 is a known constant; | - | stands for the euclidean norm of matrix.

Under this assumption process (3) satisfies condition (C,) with

2
A =1"0) = 6—2F*(5) J*(8), (3)
where
by _ 4 25 @ L 2
D=5t gy MO R
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Let N be the set of positive integer numbers, i.e. N = {1, 2, ...}. Denote by M some
finite set of finite subsets of N and by (D,,),,ca¢ a family of linear subspaces of X
such that

D, = XGXZ)C:Z)»j(ﬁj,)»jER

jem

Let d, = dimD,, be the number of elements in a subset m. Denote by S,, the
projection of S on D,,, i.e.

Sw=D ajpj, a;=(S, ). ©)

jem

To estimate the function S in (1) we will apply a general model selection approach.
It requires first to choose some class of projective estimators Sy of S,,, which may
be any measurable functions of observations (y;)o<;<, taking on values in D,,. For
example, one can take the LSE §m of S, which is the minimizer, with respect to
x € D,,, of the quantity

1 n
ya) = x| — 2—/ () dy, (10)
n Jo
and has the form
—~ 1 n
Su=3 a0, @ = ;/O 6;(1)dyi. an
JjEM

Let (1,,),,e A be a sequence of prior weights such that /,, > 1 for all m € M. We set

= e lnin, (12)
meM

Further one needs a penalty term on the set M. We take it in the form suggested in
Birgé and Massart (2001). We define the penalty term as

2

[ d Z
P,(m) = p " with p= 40* —*—, (13)
n Z,— 1

where z, is the maximal root of the equation Inz = z — 2 which is approximately
equal to z,, ~ 3, 1462.

Minimizing the penalized empirical contrast y,, (Sm) + P, (m) with respect tom €
M one finds

i = argmin,, c v (v (Sp) + P, (m)) (14)
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1088 V. Koneyv, S. Pergamenchtchikov

and obtains the model selection procedure S~ corresponding to a specific class of
projective estimators (S,,),, M- For the LSE family (S )me- this yields SA with

i = argmin,, v {ya (Sw) + P, (m)}. (15)

Our first result is the following.

Theorem 1 Assume that the conditions (C1)—(C2) are fulfilled for the noise in (1).
Then for any class of projective estimators (S,,),,cp the general model selection
procedure Si; satisfies the following oracle inequality

*

= . — AT
EgIS7 — SI> < inf @,(S) + —2,
meM

(16)

where Eg denotes the expectation with respect to the distribution of (1) given S,

16/*z,
z,— 1

~ ~ d, I
@ (8) = 3Eg )| S — S|I* + 164"z, =22 and 7o =

The proof of Theorem 1 is given in the Appendix.
Remark 1 1t will be noted that the choice of the coefficient p in the penalty term
(13), as will be shown in the proof of the theorem, provides the minimal value of the
principal term a,, ().

Now we will find the upper bound (16) for the LSE model selection procedure SA

defined by (11) and (15). To this end we have to calculate the accuracy of S for any
m € M. We have

Eg IS, — SI* = IIS,, — SI* + Eg IS, — S,
2 ~ 2
=S, = SI*+ D> Eg @, — )%
jem
where §,, is given in (9). Moreover, the condition (C,) yields
5 1 n 2 a*
Es(Olj—Olj) ZEES (/0 ¢J(I)d$t) < 7
Therefore
< 2 2 *dm
Eg IS, — SII” = IS, — SIIF+ A o
Thus, we obtain the following result.
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gorollary 1 Under the conditions (C,) and (C,) the LSE model selection procedure
Sii, defined by (11) and (15), satisfies the inequality

*

A
o (17)
n

=~ 2 . ~
Eg 157 — SII© < mlg./f\/l a,,(S) +
where
-~ 2 * dmlm
a,, (S) =35, = Sl + 71 — 71 =3+ 16z,.

Consider the upper bound in (17) in more detail for the model (1)—(2).

Corollary 2 For the model (1)—(2) the LSE model selection procedure §,,q defined by
(11) and (15) with A* = 2 satisfies, for any 6 < 0, the inequality

EclISo — SI < inf By(S) + 2% (18)
s e ~ meM " n’

where 1 is given in (16),

- d. 1
b (S) = 3|1Sm — S|I* + 27y 2
n

Remark 2 Tt will be noted that for the model (1)—(2) the LSE model selection procedure
satisfies the oracle inequality uniformly in the nuisance parameter 6 including the
boundary of the stationarity region of the Ornstein—Uhlenbeck process, i.e. 8 = 0.

3 The improvement of LSE
In this section we consider a special case of the model (1)-(2) when 6 = 0, i.e.

dy; = S(@)dr + dw;. (19)
By applying the improvement method proposed in Fourdrinier and Pergamenshchikov
(2007) we will show that the upper bound in the oracle inequality can be lessened by

a proper choice of the projective estimators. Let us introduce a class of estimators of
the form

i () = Sy (1) + Wi (S (0). (20)

Here U, is a function from R into D, 1e.

W () = D vi(x) ¢j(1), xeR? 1)

jem
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1090 V. Koneyv, S. Pergamenchtchikov

and (v; () j¢, are R4 — R functions such that Eg vf(&) < 0o, where o = (&j)jem is
the vector with the components &j defined in (11). The functions v(x) = (v;(x)) jem
will be specified below. Let

An(S) = Eg IS5 — Sull> — Eg IS — Sull®. (22)
It is easy to check that
An(S) = 2Eg (W, Sy — Sw) + Eg [ Wl (23)

This function can be found explicitly for the model (19).
Lemma 1 Let S, be defined by (20)—(21) with continuously differentiable functions

vj such that Eg v?(&) < 00. Then Ay (S) = Eg L(@), where

2
L(x) = ;divv(x) + v (24)

Proof From (11) and (20), one has
- 1 [ 1 [
oaj = — / ¢j(ndyr = aj + — / ¢ (1) dwy,
n Jo n Jjo
where o; = fol ¢ ()S(1) dt. Therefore the vector o= (621-) jem has a normal distri-
bution N (e, n~! 1), where o = (ozj)jem and I, is the unit matrix of order d. This

enables one to find the explicit expression for the first term in the right-hand side of
(23). Indeed,

J ES(Wm,§m—Sm) = ESZUj(&)(&j—aj)

jem

E; (v@), @ —a) = /d (). u — o) g(llu — al?) du,
R

where

¢(a) = (%)d/2 e a2, (25)

Making the spherical changes of the variables yields
o
J = / / W), u — a) v, ,(du) g(r*) dr
0 Sr,d

= / h / (), e()) v, 4(du)r g(r?)dr,
0 Sr,d
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where S, ; = {u € R u—a| =r), v, 4(-) is the superficial measure on the sphere

S,qand e(u) = (u — a)/|lu — af| is a normal vector to this sphere. By applying the

Ostrogradsky—Stokes divergence theorem we obtain that

o0
J =/ / divv(u) durg(rz) dr
0 Br,d

with B, ; = {u € R? : |lu — | < r}. By the Fubini theorem and the definition of g
in (25) one gets

1 o0
J = —/ / g(a)dadivv(u)du
2 Jpd Jju—al?

1 1
= _/ g(lu —a|?) divou)du = — Egdivo(@).
n Rd n

This leads to the assertion of Lemma 1. O

In particular for d,, > 2, if one takes

(dn —2)u (dm —2)°
vu) = ——"——""—, then L(u)=———",
nllu? n?|ul|?

and hence, A,,(S) < 0, that is, the estimate (20) outperforms the least squares
esimate (11) in the approximation of S,,. This allows to improve the model selection
procedure by making use of the estimates (20) instead of the least squares {§m}. Asa
direct consequence of Theorem 1, one obtains the following result for the improved
model selection procedure S” ..

Theorem 2 For the model (19) the improvement model selection procedure S;,.
defined by (14) with S, = S and .* = 2 satisfies the inequality

. 271
Eg IS5 = SI* = inf w5, (8) + =2, (26)

where 1 is given in (16),

d, 1
ut (S) = 3Eg||Sk — S|I? + 32z, ’"nm.

4 Asymptotic estimation
4.1 The risk upper bound

In this section we consider the asymptotic estimation problem for the model (1). To
this end, we additionally assume that all functions in the orthonormal system (¢;) ;-
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1092 V. Koneyv, S. Pergamenchtchikov

are 1-periodic and the unknown function S(-) in the model (1) belongs to the following
functional class

O, = [SGC(IR{)OX : mai(nzﬁ c,(8) <2t (27)
: na

Here C(R) denotes the set of all continuous R — R functions and
o0
6,(8) =" 57, (28)
j=n
where (s;) j>1 are the Fourier coefficients for the basis (¢;) =1 ie.

1
sj = (S, 9)) 2/0 S(t) ¢ (r)dr;

B > 0 and r > 0 are unknown constants.
Similar “to Galtchouk and Pergamenshchikov (2006) we define now the risk for an
estimator S, (a measurable function of the observation (y;)y<,<, in (6)) as follows

Ru(Su.B) = sup sup Eg pllon(S, — 9|7, (29)
SeBp, Q€P,

where w, = w,(B) = n% Here P, is some class of distributions Q (in the space
C[0, +00)) of the noise process (&,),- satisfying conditions C;) and C,) with A* =
2*(Q) < k < oo for some known fixed parameter « . In addition, this class is assumed
to include the Wiener distribution Q. The second index in Eg , denotes that the
expectation is taken with respect to the distribution of the process (1) corresponding
to the noise distribution Q.

Note that for the model (1)-(2) P, is the class of distributions of the processes (2)
with 6 < 0. In this case k = 2. For the model (1)—(3)

Pe=Qs U{Qp}

where Qjy is the family of distributions of the processes (3) of order ¢ > 2 with
the parameters belonging to the set (7) for some 0 < § < 1. In this case k =
max (2, A*(8)), where A*(8)) is given in (8).

We will apply the ordered variable model selection procedure (see Barron et al.
1999, p. 315), for which M = {m, ..., m,} withm; = {1, ..., i}, therefore d,,, = i.
Then

i
D, =1xed, :x:Zajrbj,ajeR
j=1
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For the ordered variable model selection procedure one can take /,, = 1 forallm > 1
and find

n 4 1
R
= e—1

In the sequel we denote by ./S’\;,% the LSE model selection procedure (11), (15) replacing
A* by k. Now we will show that the risk (29) for this procedure is finite.

Theorem 3 The estimator §% satisfies the following asymptotic inequality

lim sup sup R, (5%, B) < oo. (30)

n—o0o  B>0

Proof Taking into account (17) one gets, for any Q € P,

Eg olIS5 — S|

IA

me n

d
inf (3 IS, — SII2 + TlK—m) + —
M n

IA

inf (3 IS, — SI? + rlK’_) 4 X
! n

1<i<n
Further, for any function S from ® ,r» ONE has
o
a2 2 2.-28
IS, — SI* = Z s7o<rtith,

j=i+1

Therefore foreach 1 <i <n

~ I TOK
sup Eg oS5 — SI* < (3r2i—2/S + rlx—) Sy
Q€P, n n

1
Substituting i = i,, = [n2F+1] 4 1 leads to (30). O

4.2 The risk lower bound

Now we study the lower bound for the risk (29). We assume that the orthogonal system
(¢j)jzl in (27) is trigonometric, i.e.

¢1(x) = 1, andfor j>2 ¢;(x) = V2Tr;2n[j/2)x), (31)

where Trj(x) = cosx foreven j > 1 and Trj(x) = sinx for odd j > 1; [a] is the
integer part of a.
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1094 V. Koneyv, S. Pergamenchtchikov

Theorem 4 The lower bound of the risk (29) over all estimates is strictly positive, i.e.
forany B > 1

lim, , . inf R, (S,, B) > O. (32)
Sn

Proof In order to show (32) it suffices to check this inequality for the model (19), i.e.
that for any g > 1

lim, . inf sup Ego llwn (Sy — S)I1? (33)
n SEOﬂ

To this end we apply the method proposed in Fourdrinier and Pergamenshchikov
(2007) to our case. First, we construct an auxiliary parametric class of functions in
the set Op,. Let = k + « with k = [l and 0 < @ < 1. Let V() be k +
1 times continuously differentiable function such that V() = O for |#| > 1 and

1
f_ll V2Z(u)du = 1. Let m = [n2+1] and I["s be a cube in R” of the form

Is ={z=G1....72m) €R" ¢ |z| <8, 1<j<m},

where § = v/w,, v > 0. Now, viewing the function V (-) as a kernel, one introduces
a parametric class of 1-periodic functions (S;) zeTy where

S =" zj;(0), 0<t<1; (34)

j=1
(Y ()< j<m are 1-periodic functions defined on the interval [0, 1] as ¥;(z) =
% (’%) with h = 1/2m and a; = (2j — 1)/2m.
It will be observed that, forO <i <k —1andz € I,

(@) i 0) v
sup |S;V ()| < 2" sup |VV()| —7—7577— =0 as n— oo.
0<r<1 z lal<1 nB—D/2B+1)

In order to check the second condition in (62), we estimate the increment of kth
derivative of S, (). Forany 0 < s, t < 1 and z € I's, one has

k k v
159w = sVl = —+

n

) )

A,,, 35)
where

—_

j=1

@ Springer



General model selection estimation of a periodic regression with a Gaussian noise 1095

If s and 7 belong to the same interval, that is, a — h<s <t< aj, + h, then putting
V*=sup, |V &+D (q)| one obtains

A = ly® (L% _ o (2%
" h h

_ ol
ZV* |t S| < 21—o¢ V* |t sl
2h T h“

IA

(36)

for each 0 <« < 1. If s and ¢ belong to different intervals, that is,
ajy—h=<s=<aj+h <a; —h=<t=a;+h, jo<j,

Jo

then setting s* = a jo thand s, =a; — h, similarly to (36), one gets

t—a; ty —a;
A = ly® ny _ oy Jl
" ' ( h n
s—a; s*—a.
v oY _y® jo
+‘ ( h h

_ 1 1
< 2! “v*h—a (It — 1] + |5 —s*|%) < 22 ah—aV*lt—s|“.

From here and (35)—(36) we come to the estimate

p
SO @) — s®(5)] < 22yl g
Wy

Therefore (see Lemma 5 in Sect. 6.4) there exist v > 0 and ny > 1 such that
S, € ®g, forall z € I's and n > n. Further, we introduce the prior distribution on
I's with the density

u

- 1
() =7(21, ...y 2Zm) = l]} 7T1(Zl), 7T1(M) = gG (5) .

1
The function G(u) = G,e -« for |u| < 1 and G(u) = O for |u| > 1, where G, is a
positive constant such that f_ll Gu)du = 1.

Let En(-) be an estimate of S(-) based on observations (y;)y<;<, in (1). Then for
any n > n, we can estimate with below the supremum in (33) as

sup Eg o IS, — SI* > / Eg 0,15 — S:1° 7(2) dz.
NSOy T N
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1096 V. Koneyv, S. Pergamenchtchikov

Moreover, by the definition of S, we obtain
_ m 1 m
1= 8P = Y@= [ vRod =y G-
=1 =1
where 7 = [ S,(x) ¥1(x) dx/[[¥]|. Therefore,

m
sup Eg o 15, = SI>=h > A, (37)
SE@ﬁ,r =1

where A} = fl‘s Eg (z1— 21)?m(z)dz. To apply now Lemma 6 we note that in this case

n n
G@z) = /0 Yi(t)dy, — /0 Sz (1) Y (2)de
and, therefore, A; = E 5.0, ¢ ,2 (z) = fon %2 (t)dt = nh. Moreover, in this case

> (i (w))?

B, =
—s m(u)

1
du =815 I;= 8/ u>(1 — u®)"*G ) du.
0
Thus, by the inequality (66), one obtains that

1 < 1
sup E S, —S|I? > — _
SEQI;J 5.0, 15 I 2m & nh + w2v=2]

=
1
2nh + Zw%v_zlc ’

v

This immediately implies (33). Hence Theorem 4. O

5 Estimation based on discrete data

The model selection procedure developed in Sect. 2 is intended for continuous time
observations. However, in a number of applied problems high frequency sampling
can not be provided. In this section, we consider the estimation problem for model
(1) on the basis of observations ()’t,-)05 j<np of the process (y,),>( at discrete times
t; = j/p, where p is a given odd number. To solve this problem, we will modify
the model selection procedure of Sect. 2. Let X, be the set of all 1-periodic functions
x : R — R with the scalar product

1 P
(x,2), = > > xtpay). x.zek,. (38)
j=1
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Let (¢j)15j5p be an orthonormal basis in Xp, ie. (¢;, ¢j)p = 0,ifi # j and

b ||f7 = 1. One can use, for example, the trigonometric basis (31).

Assume that the noise (&), in (1) is such that
(CY) The vector £*(n) = &, ..., {;‘(n))’ with components
&) = Z Gt AL, NE =& —& (39)

f P=
is Gaussian with non-degenerate covariance matrix B »= Ec*(n)(¢*(n))';
(C3) The maximal eigenvalues of matrices B* are uniformly bounded :

SUp Sup Apay (B, o) = A

n>1 p>1 B

where \* is some known positive constant.
Conditions (CT) and (C;) are satisfied for processes (2) and (3) (cf. Lemmas 2-5).
Now we denote by M, some set of subsets of {1, ..., p} and by (D, ,),epm @
, »

family of linear subspaces of A, such that

Dm’pz XEXPZXZZ)\/'(]H,)»./ER

jem

Let S, , denote the projection of S on D,, ,, in X, and S p» denote an estimator
of Sm P 1 e. a measurable function of the observatlons (v )0< j<np taking on values
in D, One can use, for example, the LSE S for Sm P’ which is defined as the
minimlzer with respect to x € D, , of the dlstance

2
_ Z (ﬁ _ x(tk))

that is, the quantity

1 n,
Vup@®) = Xl = 2= > x(0) Ay, (40)
k=1
and has the form
R 1 np
Smp =22 Cipbis Tip = = 2 8500 Ay (41
jem k=1

Let the penalty term P, (m) be defined, as before, by (13). Then the model selection
procedure, corresponding to a family of projective estimators (S, ,),,c A - 1s defined
’ p
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1098 V. Koneyv, S. Pergamenchtchikov

as S,ﬁ ,p Where

i, = argming, e Vnp S ) + Py(m)} (42)

In the case of the LSE family (Sm p)mEM it will be S},’ﬁ P

As a measure of accuracy of the appr0x1mat10n ofal perlodlc function S of con-
tinuous argument ¢ by its values on the (), < ;- ,, we will use the function

Hy(S) = Z hp(S), h(S) = —/ (S() — S(#))dr. (43)

=1

The following theorem gives the oracle inequality for a general model selection pro-
cedure S5, based on the discrete time observations.
e

Theorem 5 Assume that the conditions (C7)—(C3) hold. Then the estimator S~
satisfies the oracle inequality

P

B 155, = S < inf @, ,(S) +8H,(S) +

P

ZTOA*

(44)
where

~ I 2 * lmdm

am,p(S) = TEg ||Sm1p — S||p + 3217z, o

Now we obtain the oracle inequality (44) for the least square model selection
procedure S5 . To this end, we have to calculate the estimation accuracy of S, , for
» :

Sm,p, which is the projection of S on Dm’p, i.e.
1 2
Snp = 20 pbis =S8y = D S0
jem k=1

First of all, we note that in this case

Ty — = LS gms + & / 6, (1) d.

k=1

where ¢; , = 2P @) L, 4 (®)- In view of the condition (C3), this implies

that
1 (<& > n 2
L (Z ¢j<rk>hk<s>) o ( /0 0 da)
k=1

)\’*
H,(S) + —.
n

~ 2
Eg(@;, —a;,)

IA
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Corollary 3 Under the conditions (C7)—(C%) the LSE procedure TS’\,%, p satisfies the
inequality

SI% < inf b, ,(S)+8H,(S)+ , (45)
meM,

E; 15 2 .

pP
where
A 2 * dm
bm,p(S) = 7||Sm,p — Sllp + 7dep(S) + A7 (7 4 3224 lm)7.

Now we consider the estimation problem for the model (1)-(2) on the basis of
discrete data in the asymptotic setting. First, for any 8 > 1, we set

Ry p(Sns B) = sup  sup Eg pllwn(S, — S5, (46)
S€B,, QeP,

where the set ® B.r is defined by (27) with the use of the trigonometric basis (31),

wp = wp(B) = nZﬂ% and the set P, is defined in (29). As in Sect. 4, in order
to minimize this risk, we apply the least square model selection procedure /S\,gp, D>
constructed on the basis of the trigonometric system (31) with the ordered selection,
thatis,/\/l,, ={my,.. .,mp} withm; = {1, ..., j}. Inthis casedmj = andlmj =1
forl <j <p.

It is shown in Sect. 6.7, that if p > n!/2, then for any ¢ > 0

o~

lim, , ., sup Rn’p(anﬂp,ﬂ) < 00 @7
B=1+¢ !
and if p > n'/2, then for any f > 1
lim __inf R, (S, ) > 0. (48)
Sn '

It means that the adaptive estimator :S?n; with the p > nl/2 (in particular, one can

pP
take p = 2[n1/ 2] + 1) is optimal in the sense of the risk (46).

6 Appendix
6.1 Properties of processes (2) and (3)

We start with the result for process (2) which shows that both conditions (C,) and
(Cy) and (CY) and (C3) are satisfied.

Lemma 2 Let (&) be defined by (2) with® < 0, f = (f;) j= be a family of linearly
independent cadlag 1-periodic functions on R, I,(f) = fé f(u)d§,. Then the matrix

Vk,n(f) = (Ui,j(f))lgi,jfk (49)
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1100 V. Koneyv, S. Pergamenchtchikov

with elements vi,j(f) =EI ()1, (fj) is positive definite for each k > 1, n > 1 and
0 < 0. Moreover, if (f;) j> is orthonormal, then for any 6 < 0

1
sup sup sup — Z'Vkﬁn(f)z <2. (50)
k>1 n>1 |z]=1 1
Proof Assume thatforsomen > 1,k > landz = (z;,...,2;) € R¥ ZVia(Hz=0.
Since

V. (Hz=EIXg),
where g(¢) = ZI;.ZI z; fj (t),onegets I,,(g) = fot g(t)d&; = 0Oa.s. Taking into account
that the distribution of /, (g) for model (2) is equivalent to that of the random variable
fon g(t)dw;, this implies that g(f) = O forall t € [0,n]. Thusz; = -+ =2, =0

and to we come the first assertion. Let us check (50). By applying Ito’s formula one
obtains

n n
E1%(g) =20 / g El () &dr + / g% (1ydt,
0 0
where
1 t
EL(9)& =5 / g’ du.
2 0
Therefore,
n n n
EI’(g) :9/ e“/ g(t)g(t—v)dtdv+/ g (H)dr. (51)
0 v 0

From here, it follows that for any 8 < 0

n o0
Vi (f)z 5/ g (tdr (1+9/ egvdv)
0 0
1 k
< 2n/0 gA(ndr = 2nzz§ = 2n.
j=1

This completes the proof of Lemma 2. O

Lemma 3 Let (&,) be defined by (3) with0 € A, f = (f}) j=1 be a family of linearly
independent cadlag 1-periodic functions on R. Then the matrix (49) is positive definite
foreachk > 1, n > 1and 6 € A. Moreover, if (fj)1<j<k is orthonormal, then for
any0 <8 < landf € K

1
sup sup sup —z'V; ,(f)z < 1%(8), (52)
k=1 n>1 |z]=1 1

where A*(8) is defined in (8).

@ Springer



General model selection estimation of a periodic regression with a Gaussian noise 1101

Proof Let n, be process (3) with zero initial values, i.e.

q
dnt(q_l)z Zéjnt(q_j) dt + dw,

j=1
andng=--- = r;(()qfl) = 0. Then &, can be written as
£ ="Y), +n,. (53)

where (X); denotes the ith component of a vector X; A is the matrix defined in (5) and
Y is a Gaussian vector in R? independent of (1,),>( with zero mean and covariance
matrix

o0 ’
F = / e D, e du, (54)
0

where D, is ¢ X g matrix in which all elements exept of the (1, 1) element are equal
to zero ant the (1, 1) element is equal to 1. In view of (53), one has

I,(g)=¢ +/ g(®)dn,, (55)
0

where ¢ = ( fO" g(n)AerdrY) ;- Integration by parts yields

n n
/ ¢(d, = / G, (dna),
0 0

where G (t) = g(¢) and Gj(t) = j;" Gj_l(u)du forl <j<gq-—1.

Now assume that forsomen > 1,k > landz = (z;, ..., zk)/eRk z/Vk,n(f)z =0.
Since

n 2
Z/Vk,n(f)Z:EIj(g)zEgz"'E (/ g(l)dm) )
0

this implies that

n 2 n 2
E(/ g(t)dn,) =E(/ Gq_l(t)dnl(q_l)) =0.
0 0
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Taking into account that the distribution of the process (nqul))oﬁgn in C[0, n] is
equivalent to Wiener measure we have

n
/ G, 1(Ndw, =0 as.
0

and therefore Gq_l(t) = 0forall 0 <t < n and hence g(-) = 0 and we obtain
7y = -+ =z = 0. This leads to the first assertion.
Let us show (52). By direct calculations we find

E If(g) = 2/n<AeAuFA’)q’q (/"—u g(u—+s) g(s)ds) du.
0 0

where (A); ; denotes the (i, j)-th element of matrix A. By applying the Bunyakovskii—
Caushy—Schwartz inequality one gets

n n
El’(g) < 2/ gz(s)ds/ (A FA), ,|du.
0 0

Since

n 1 k 1
/ gz(s)ds = n/ gz(s)ds =n sz/ sz(s)ds =n,
0 0 oo

we obtain the estimate

1 1 * Au / 2
L2 Vin(flz =2 [(Ae™ FA"), ,ldu < 2|AI7|F|J(A),
0

where J(A) = fooo leA|du. In order to come to (52) it remains to use the following
inequality for matrix exponents of order ¢ > 2 (see, e.g., Kabanov and Pergamen-
shchikov 2003, p. 228)

g—1
1 .
tB tA o J
e <e 1+2|B|§ j!(ZlIBI) .

j=1

where A = max; <, Re )Lj, Aj are eigenvalues of the matrix B.
Indeed, from (54) for any A € K we find that

|F| < F*(§) and J(A) < J*(),

where the functions F*(8) and J*(8) are defined in (8). Hence Lemma 3. m]
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6.2 Mean forecast inequality

Lemma 4 (Galtchouk and Pergamenshchikov 2005) Let « and & be two positive
random variables. Let 8 be a positive real number and {I",, x > 0} be a family of
events such that, for any x,

P >a+px, T,)=0.

Assume also that there exists some positive integrable on R4 function M (x) dominat-
ing P(I'). Then

Et < Ea + SM*,

where M* = fooo M (x)dx.

Proof We setn = (§ — a),. Thus E§ < Ea + En. Moreover,

Enz/ P(n>z)dz=/ P& > o +2z2)dz
0 0

=,8/OOP($ > o + Bx)dx fﬁ/ooP(F;)dx < pM*.
0 0

6.3 Proof of Theorem 1
By making use of (1) and (10) we obtain
lz = SI* = v (@) + 2Faz) + IS, (56)

where F,(z) = n~! f(;q z(t) d&,. Further, from the definition (14), it follows that for
eachm € M

Va(Si) < va(S,) + P, (m) — Py().
Thus
155 = SI? < 1S = SI? + 2F @) + @, (m, i), (57)
where 7 = :S",Z — S, and w,(m,m) = P,(m) — P,(m). Now for each x > 0,
0 < u < 1/2)1* and set t € M we introduce the following Gaussian function on
D, +D,

2F,(2)

U @)= —5—5——,
o 1% + o7, (x, 1)

z€D,+D,, (58)
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where

N +dl 1
%J%u)=4Jdm LELTE ith e(u) = — In(1 - 22"
, ”

and N =dim(D, +D,,).

Moreover, let functions ¢>l-1, el qbiN be the subset of (¢;) =1 which is a basis in
D,+7D,,. It should be noted that N < d, +d,,. Then one can write a normalized vector
7 = z/|z|| for z # 0 as

N N
=D aj¢;, with > aj=1.
j=1

j=1

Therefore

2n” 2 2|

N
1 n
U@m?————Eﬂmm;=—/¢@
o Il + 02 (o) Y P e T

By applying the Bunyakovskii—Cauchy—Schvartz inequality one gets

1

U, @) £ —=——n, (59
* Ve, (x, i)

where n, = /Z;-V:l ;s - Now note that by the condition (C;) the vector (¢; ., ..., &, )

is Gaussian with zero mean and a non-generate covariance matrix B,. Therefore

MZJ 1(

dx,

_ 7§x T
(2n)N/2,/detB /RN

where T, = (Bt’1 —2uly) Vand I  1s the identity matrix of order N. One can easily
verify that

MZ =1 6 \/m 1
detB, /det(Iy —2u1B,) '
Thus, in view of the inequality
det(Iy —2uB) = (1 = 21t Apax (B))"
and the condition (C;), we obtain
MZ] | CI < (1= 2u0%)N/2 = N

where c(u) is defined in (58).
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Now, by the Chebyshev inequality, for any » > 0 and 0 < u < 1/21*, we obtain
that

P(1y, > b) < eUIN—ub? (60)

Choosing in this inequality

c(W)N+dl +x
i

1
b=>by(x,1) = Z\/ﬁgn,t(x’ W) = \/

yields
P(n, > bi(x,0) < el

Now let I', = {sup,c aq 1,/b«(x, 1) < 1}.Itis easy to see that

P(M°(x)) < D Py, > bu(x,0) < D e 4 = e
teM teM

Thus, we obtain the following upper bound on the set I,

sup sup |U, (z, w)| < 1/4,
1eMzeD+D,,

which implies

~ I ~ 1 ~
2F@) = U, 5@ wUEIP + 0 700) = 5155 = SI2 + 515 = SI?

4 4
+E(C(/‘L)dm L, + (c(u) + Ddglz) + E X.
By making use of this inequality in (57) we obtain, on the set I',., that

~ , 1 = s 3.~ 5 ~
I1S7 — S| SEIIS;%—SII +5”Sm_S” + @, (m,m)
4 4
+a(c(,u)dm L, + (c(uw)+1Ddzl;) + mx
1 ~ 3~ 5 4
=S IISa = SI7 + S1Sm — SI7 + Q200, w) + — x,
2 2 nu
i.e.

~ ~ 8
IS5 — SII> < 31ISm — SI* +2R(p, 1) + P
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where

4 d,l 4 4 d= 1~
Qp, ) = (,0 + C(M)) mim ( c(pu) + _ ,0) Ginim
" n I n

It is clear that to obtain a nonrandom minimal upper bound for this term we have to
resolve the following optimazation problem

L A de(p) +4 P

— min subject to 0. (61)

One can check directly that the solution of this problem is u = (z, — 1)/2A*z, and
the optimal value for p is given in (13). Thus, by choosing these parameters we have
on the set I',

~ ~ [ d 16z, A"
1S — SI2 < 318 — SI% + 1637z, 2 4 22
n n(z, —1)
Applying now Lemma 4 with § = 1S5 — S|I%,
~ 16z, \*
= 3|8, — SI? + 161%z,1,d, /n, B = —2"—
(o4 1Sm I~ + Lxbm m/n B n(z*—l)
and M (x) = [*e™ we obtain the inequality (16). Hence Theorem 1. O

6.4 Some properties of the Fourier coefficients

Lemma 5 Let S be afunctionin Ck[0, 1] such thatS(j)(O) = S(j)(l)forallO <j<k
and, such that, for some contants Lo > 0, L > 0and 0 < « < 1

max  max IS )| < Lo and |SP(x) —SPG) <Lix—y* (62)

0<j<k—10=x=

forall x,y € [0, 1]. Then the Fourier coefficients (ak)yq and (by)y= of the function
S, defined as

o0
S = 2 13 (ay cos (@2 kx) + by sin(2 kx)),
2 k=1

satisfy the following inequality

172

supn + P [ D @7 +bD) | <c*(L+ Lo, (63)

n>0 j=n
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where B = k + « (k being an integer and 0 < o < 1) and

5 Jo© w3 sin* (r u) du

=142 47%9 7 .
8 fo/" u* sin*(r u) du

Proof of this lemma is given in Fourdrinier and Pergamenshchikov (2007), Appen-
dix A4.

6.5 Lower bound for the parametric model
We consider in this section the following model
dy, = S, z)dr 4 dw;,, (64)

where (w,),~ is a standard brownian motion; z € R is unknown vector parameter.
Let now 7 be a prior distribution density on R of the form

m
7o) =[] =,
=1
where 7; is a positive density on the interval [—§;, §;] for some §; > 0. This means
that the density 7 has the following support
C=[-68;,8;1x -+ x[=6,.8,]

We set

9
() = / 50,2y, - S, ). 65)
0 <]

Now we give some version of the van Trees inequality Gill and Levit (1995) for process
(64).

Lemma 6 Foreachl > 1, any estimator 7; based on observations (y,)o; <, satisfies
the following inequality

/ Eg G —z)*n(d2) > (66)
LS

A+ B’

where Eg denotes the expectation with respect to the distribution of process (64),

5 (e 2
Alz/E& g“f(z)n(z)dz and B,:/[ Mdu
_—

-5, 77[(”)
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Proof Tt will be noted that the density of the distribution of process (64) with respect
to the Wiener measure p,, on Y = C|0, n] is defined as

f(y,2) =eld SOdy—3 i SO,

Therefore, by applying the method from Gill and Levit (1995) we obtain the lower
bound (66). Hence Lemma 6. O

6.6 Proof of Theorem 5

To prove this theorem we adapt the proof of Theorem 1 for this case. In this case
equality (56) becomes

Iz = SI% = ¥,,@ + 2F, () + 2G,(z.S) + IS,

with

1 np 1 P
Fop@ = = ; 2t) g, Gz, S) = ;; 2(t) hy (S),

where the sequence £ (S) is defined in (44). Similarly to the proof of Theorem 1, one
can show that

. . dl
EgllS; , = SI% < 3EglSm, — SI3 + 16x*z*%

A 1y
+4Eg|G |, (Zp, S| + ; (67)

n

pP

where 7, = S~ . — S, »,. Now we note that for any v > 0
14 m,,p P y

26, S)

IA

VI3 + v Hy(S)
2v]|S~ SIS + 20018, — SI% + v~ Hp(S).

IA

P’p

Therefore, taking into account the last inequality in (67), we obtain the following
upper bound

< 3+4v 5 16A*z, dpl
EsllSy,p = 15 < T 180, = SIp + 3= =
Aty 2
+ + H,(S).

(1—=4v)n vl —4v)
By minimizing the last term with respect to v (i.e. maximizing v(1 —4v)) we find that

v = 1/8. Thus the last inequality implies the upper bound (44). Hence, Theorem 5.
O
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6.7 Proof of (47)

Consider first the principal term in (45). Let (s;) =1 be the Fourier coefficients for

S in £,[0, 1] used in (H)ﬂ’r. By setting A;(t) = S — Z{:l s;¢; (t) , one can estimate
2

IISmj’p — S|l as

J
2 . 2 2
18n;.p = Sl = inf 1S > aj¢illy < 1813
""" i=1

By the definition of ¢;(S) in (28) we obtain that

2
18,13

IA

1 [
0 k=1 " Tk—1

p tr i, 2
26,1108 + 22/ (/ Aj(u)du) dr. (68)
k=1 "1Tk-1 1

Moreover, the Bunyakovskii—Cauchy—Schwartz inequality implies that

2 2 A 2
1815 = 26,009 + —5 14,1,

Notice now that for the trigonometric basis (31) and for the functions S from ® B.r
with 8 > 1 we obtain that for any j > 0

o o0
1A IP= D" stlil> <7 D sti?
i=j+1 i=j+1
<TG+ D76 () 427 DG+ 1D 51y (S)
i>j
< P2a2G+ e L (©9)
B —1
Therefore for 1 < j < p
2 2:2
sup 115,,,, = SI2 = 24 (14 ZF 2. (70)

SeByg

Moreover, taking into account that H,,(S) < p~2|1S|I%, through (69) with j = 0 we
get that for p > nl/2

,37'[2 r2 ‘37.[2 r2
H,(S .
o =0T = a0
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Thus (45) implies that for any ¢ > 0 there exists some constant C* = C*(r, €¢) > 0
such that forany 8 > 1 +¢, p>n'/?andfor1 < j < p

~ .28 i 28 1
Rn’p(Sﬁp,p,ﬂ) < C* ((] + n) 2+ 4 op 2 )

1

This bound with j = j, = [#%+T] + 1 implies immediately inequality (47). O

6.8 Proof of (48)

Notice now that for any estimator S,, by putting 7, (S,)(t) = Z‘}’zl Sn (t./)l(tj,l,tj ]
we can represent the accuracy of this estimator as

- L ~
1S, = SI2 = > / (Tp(S) () — S(@x))* dr.

j=1"1tj-1
Therefore, for any 0 < € < 1 we can estimate with below this accuracy as
T 2 3 2 1 - [ 2
[1Sn = SII, = (= NTp(Sn) = SI7 = (e — 1)2/ (S(r) — S(1j))"de.
j=1"1-1
Moreover, similarly to (68)—(70) we obtain that
P

tj .
> / (S@) = Sa)*dr < p 2 |SI* < ra’n”".

t

j=1 j—1

Therefore

RypGo ) = (1= ) inf R,(T, ) = (7 = Dyrrn” 771,

n

where the risk R, (7,,, ) is defined by (29) for some estimator 7,,. Now Theorem 4
directly implies (48). O
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