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Abstract A class of shrinkage priors for multivariate location-scale models is
introduced. We consider Bayesian predictive densities for location-scale mod-
els and evaluate performance of them using the Kullback–Leibler divergence.
We show that Bayesian predictive densities based on priors in the introduced
class asymptotically dominate the best invariant predictive density.

Keywords Asymptotic theory · Jeffreys prior · Neyman–Scott model · Right
invariant prior · Kullback–Leibler divergence

1 Introduction

Let p(x) be a probability density on R that is symmetric about 0, and let x(l) be
an observation x(l) = (x1(l), x2(l), . . . , xd−1(l)) from a probability density

p(x1, x2, . . . , xd−1|μ, σ) :=
d−1∏

i=1

p(xi|μi, σ) :=
d−1∏

i=1

1
σ

p
(

xi − μi

σ

)
, (1)

where μ = (μ1, . . . , μd−1) ∈ R
d−1 and σ > 0 are unknown parameters. In the

following, we call the model (1) a multidimensional location-scale model. When
p(x) is the standard normal density, (1) is the Neyman–Scott model (Neyman
and Scott 1948). The location-scale model introduced by Fisher (1934) is one of
the most important examples of group models both in theoretical and practical
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aspects. The Neyman–Scott model has been extensively studied since it is a
typical model including many nuisance parameters.

Suppose that we have a set of independent observations x(N) = (x(1), x(2),
. . . , x(N)). An unobserved variable y := x(N + 1) = (x1(N + 1), x2(N +
1), . . . , xd−1(N +1)) from the same density (1) is predicted by using a predictive
density p̂(y; x(N)).

We adopt the Kullback–Leibler divergence

D{p(y|μ, σ), p̂(y; x(N))} :=
∫

p(y|μ, σ) log
p(y|μ, σ)

p̂(y; x(N))
dy, (2)

which has a natural information theoretic meaning, as a loss function. The risk
function is

E[D(p, p̂)|μ, σ ] =
∫

p(x(N)|μ, σ)

∫
p(y|μ, σ) log

p(y|μ, σ)

p̂(y; x(N))
dydx(N). (3)

A widely used method to construct a predictive density is to use a plug-in den-
sity p(y|μ̂(x(N)), σ̂ (x(N))), where μ̂(x(N)) and σ̂ (x(N)) are appropriate estimators
of μ and σ . However, Bayesian predictive densities have better performance
than plug-in distributions in many examples, see Aitchison (1975), Aitchison
and Dunsmore (1975), Geisser (1993), and Komaki (1996).

When we use the Bayesian procedure, the choice of a prior distribution is an
important problem. Non-informative prior distributions or vague prior distribu-
tions such as the Jeffreys prior are widely used to construct Bayesian predictive
distributions. Improper priors are often used for location-scale models. The
discussion based on the Bayes risk

Eπ [D(p, p̂)] =
∫

π(μ, σ)

∫
p(x(N)|μ, σ)

∫
p(y|μ, σ) log

p(y|μ, σ)

p̂(y; x(N))
dydx(N)dμdσ ,

(4)

where π(μ, σ) is a prior density, is not valid when we adopt an improper
prior. We evaluate the performance of predictive distributions by using the risk
function (3).

The univariate location-scale model is investigated in Example 2 in Komaki
(2006), and it is shown that the right invariant prior, based on which the best
invariant predictive density is constructed, is a positive superharmonic function
on the model manifold.

In the present paper, the multivariate location-scale model is considered. A
class of shrinkage priors for location-scale models is introduced and properties
of them are investigated by using the results of previous studies on asymp-
totic properties of predictive densities. Shrinkage priors give more weight to
parameter values close to a point or a subspace in the parameter space than
the Jeffreys prior does. Information geometrical approach (Amari 1985; Amari
and Nagaoka 2000) is useful to investigate Bayesian methods because prior
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distributions are naturally regarded as volume elements on model manifolds.
Bayesian predictive densities based on priors in the introduced class asymptot-
ically dominate the best invariant one, even when the dimension of the model
is 2, corresponding to the univariate location-scale model, although shrinkage
methods effectively work when the dimension of the model is large in many
examples. Liang and Barron (2004) showed that the best invariant predictive
density for the location-scale model is minimax. However, it has been an open
problem whether the best invariant predictive density is admissible or not. The
result in this paper gives a negative answer to this problem in the asymptotic
sense.

In Sect. 2, we show that the model manifold endowed with the Fisher met-
ric is isometric to the Hyperbolic space and introduce useful coordinates on
the model manifold. In Sect. 3, we formulate the model as a group model
and obtain the right invariant prior. The Bayesian predictive density based on
the right invariant prior is the best invariant predictive density. In Sect. 4, we
introduce a class of prior densities for multivariate location scale models. The
performance of Bayesian predictive densities based on the Jeffreys prior, the
right invariant prior, and the proposed priors are evaluated by using asymptotic
theory. It is shown that Bayesian predictive densities based on priors in the
introduced class asymptotically dominate the best invariant predictive density.

2 The geometry of multivariate location-scale models

We obtain the Fisher information matrix for the multivariate location-scale
model and show that the model manifold is isometric to the Hyperbolic space.
The parameter space is regarded as a coordinate system of the model manifold.

We put

ξ i = μi (i = 1, . . . , d − 1), and ξd = σ .

The Fisher metric on the multivariate location-scale model (1) is given by

(gij) =
(

E
[{

∂

∂ξ i log p(x|ξ)

}{
∂

∂ξ j log p(x|ξ)

} ∣∣∣∣ξ
])

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

α2

σ 2 0 · · · 0

0
. . .

. . .
...

...
. . .

α2

σ 2 0

0 · · · 0
(d − 1)β2

σ 2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

α2 :=
∫ (

p′(x)

p(x)

)2

p(x)dx
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and

β2 :=
∫ (

x
p′(x)

p(x)
+ 1

)2

p(x)dx.

By rescaling μ as ξ i := α/(
√

d − 1β)μi (i = 1, . . . , d − 1), the metric tensor is
given by

(gij) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

(d − 1)β2

σ 2 0 · · · 0

0
. . .

. . .
...

...
. . .

(d − 1)β2

σ 2 0

0 · · · 0
(d − 1)β2

σ 2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

Then, the model manifold is isometric to the Hyperbolic space Hd(−1/{(d −
1)β2}) defined below (6).

Since the determinant of the n × n matrix (5) is

|g| = β2d(d − 1)d

σ 2d
,

the Jeffreys prior is given by

|g|1/2dξ1 · · · dξd ∝ σ−ddμ1 ∧ · · · ∧ dμd−1 ∧ dσ .

We put πJ(μ, σ) = σ−d. The prior density σ−1 is better than the Jeffreys prior
in many problems, see Sect. 3.

Example The metric on the model manifold of N(μ, σ 2) is given by

1
σ 2 dμ2 + 2

σ 2 dσ 2 = 2
σ 2 (dξ1)2 + 2

σ 2 (dξ2)2,

where

ξ1 := α√
d − 1β

μ = 1√
2
μ, ξ2 = σ .

Since d = 2, α2 = 1, and β2 = 2, as is widely known, the model manifold
endowed with the Fisher metric is isometric to the Hyperbolic plane H2(−1/2),
see Amari (1985).

We summarize properties of the hyperbolic space to be used.
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The metric on the Hyperbolic space Hd(−1/a2) with constant sectional
curvature −1/a2 in the upper-half space coordinates

(u, v), u = (u1, u2, . . . , ud−1) ∈ R
d−1, v > 0

is given by

a2 du1
2 + · · · + dud−1

2 + dv2

v2 , (6)

see Davis (1989) p. 176.

The volume element induced by the metric (6) of Hd(−1/a2) is

ad

vd
du1 ∧ du2 ∧ · · · ∧ dud−1 ∧ dv

corresponding to the Jeffreys prior πJ(μ, σ).
The Laplacian on Hd(−1/a2) in the upper-half space coordinates is

Δ = 1
a2

{
v2

(
Δu + ∂2

∂v2

)
− (d − 2)v

∂

∂v

}
,

where Δu is the Laplacian on R
d−1, since the Laplacian Δ on a manifold (M, g)

endowed with a Riemannian metric gij is defined by

Δf = 1√|g|∂i

(√|g|gij∂jf
)

= ∇i(gij∂jf ),

where f is a real function on M, see Davis (1989) p. 176.
Another important coordinate system for Hd(−1/a2) used in the following

is the geodesic polar coordinates. A point on Hd(−1/a2) is represented by the
distance aρ and direction from a fixed point O on Hd(−1/a2). The direction is
represented by a point on the unit sphere in the tangent space of Hd(−1/a2) at O.

The Riemannian metric on H2(−1/a2) in the geodesic polar coordinates is
given by

g = a2(dρ2 + sinh2 ρ dτ 2),

where dτ 2 is the Riemannian metric on the unit sphere in the tangent space at O.
The Laplacian in the geodesic polar coordinates is given by

Δ = 1
a2

{
∂2

∂ρ2 + (d − 1)
cosh ρ

sinh ρ

∂

∂ρ
+ (sinh ρ)−2ΔS

}
, (7)
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where ΔS is the Laplacian on the unit sphere in the tangent space at O, see
Helgason (1984) p. 158.

Let aρ be the Riemannian distance between two points (u, v) and (ū, v̄) in
the upper-half space coordinates. It is known that the relations

1
2

+ 1
2

cosh ρ = cosh2(ρ/2) = |u − ū|2 + (v + v̄)2

4vv̄
(8)

and

cosh ρ = |u − ū|2 + v2 + v̄2

2vv̄
. (9)

hold.

3 The best invariant predictive density for multivariate location-scale models

Multivariate location-scale models can be formulated as a group model. We
obtain the left and right invariant priors for the model. The right invariant prior
is important when we consider Bayesian procedures.

Suppose that εi (i = 1, . . . , d − 1) independently follows a probability density
p(x) on R that is symmetric about 0. Let

⎛

⎜⎜⎜⎜⎜⎝

1
x1
x2
...

xd−1

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ1 σ 0 · · · 0

μ2 0 σ
. . .

...
...

...
. . .

. . . 0
μd−1 0 · · · 0 σ

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

1
ε1
ε2
...

εd−1

⎞

⎟⎟⎟⎟⎟⎠
.

Then (x1, x2, . . . , xd−1) follows (1).
We consider a group of matrices

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ1 σ 0 · · · 0

μ2 0 σ
. . .

...
...

...
. . .

. . . 0
μd−1 0 · · · 0 σ

⎞

⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣

μi ∈ R (i = 1, . . . , d − 1), σ > 0

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭
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under the multiplication

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ̄1 σ̄ 0 · · · 0

μ̄2 0 σ̄
. . .

...
...

...
. . .

. . . 0
μ̄d−1 0 · · · 0 σ̄

⎞

⎟⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
a1 b 0 · · · 0

a2 0 b
. . .

...
...

...
. . .

. . . 0
ad−1 0 · · · 0 b

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ1 σ 0 · · · 0

μ2 0 σ
. . .

...
...

...
. . .

. . . 0
μd−1 0 · · · 0 σ

⎞

⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
a1 + bμ1 bσ 0 · · · 0

a2 + bμ2 0 bσ
. . .

...
...

...
. . .

. . . 0
ad−1 + bμd−1 0 · · · 0 bσ

⎞

⎟⎟⎟⎟⎟⎟⎠
. (10)

This group is identified with the parameter space {(μ, σ)|μ ∈ R
d−1, σ > 0} for

the location-scale model. Thus the location-scale model is a group model.
From (10), we have

dμ̄1 ∧ · · · ∧ dμ̄d−1 ∧ dσ̄ = bddμ1 ∧ · · · ∧ dμd−1 ∧ dσ

=
(

σ̄

σ

)d

dμ1 ∧ · · · ∧ dμd−1 ∧ dσ ,

and

σ̄−ddμ̄1 ∧ · · · ∧ dμ̄d−1 ∧ dσ̄ = σ−ddμ1 ∧ · · · ∧ dμd−1 ∧ dσ .

Thus, the left invariant prior is given by

πL(μ, σ)dμ1 ∧ · · · ∧ dμd−1 ∧ dσ = σ−ddμ1 ∧ · · · ∧ dμd−1 ∧ dσ ,

which coincides with the Jeffreys prior.
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Since

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ̄1 σ̄ 0 · · · 0

μ̄2 0 σ̄
. . .

...
...

...
. . .

. . . 0
μ̄d−1 0 · · · 0 σ̄

⎞

⎟⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ1 σ 0 · · · 0

μ2 0 σ
. . .

...
...

...
. . .

. . . 0
μd−1 0 · · · 0 σ

⎞

⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
a1 b 0 · · · 0

a2 0 b
. . .

...
...

...
. . .

. . . 0
ad−1 0 · · · 0 b

⎞

⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
μ1 + a1σ bσ 0 · · · 0

μ2 + a2σ 0 bσ
. . .

...
...

...
. . .

. . . 0
μd−1 + ad−1σ 0 · · · 0 bσ

⎞

⎟⎟⎟⎟⎟⎟⎠
,

we have

dμ̄1 ∧ · · · ∧ dμ̄d−1 ∧ dσ̄ = (dμ1 + a1dσ) ∧ · · · ∧ (dμd−1 + ad−1dσ) ∧ bdσ

= bdμ1 ∧ · · · ∧ dμd−1 ∧ dσ

= σ̄

σ
dμ1 ∧ · · · ∧ dμd−1 ∧ dσ .

Since σ̄−1dμ̄1∧· · ·∧dμ̄d−1∧dσ̄ = σ−1dμ1∧· · ·∧dμd−1∧dσ , the right invariant
prior is given by

πR(μ, σ)dμ1 ∧ · · · ∧ dμd−1 ∧ dσ = σ−1dμ1 ∧ · · · ∧ dμd−1 ∧ dσ (11)

The Bayesian predictive density based on the right invariant prior is the best
invariant predictive density (Zidek 1969; Komaki 2002), and the best invariant
predictive density for the location-scale model is minimax (Liang and Barron
2004), conditioning on at least two observations (N = 2). This prior (11) has
been recommended when p(x) is the standard normal density also in the context
of the reference prior theory, see for example Robert (2001) p. 133.

4 A class of shrinkage priors

We introduce a class of priors defined by

fc,ū,v̄

πJ
(μ, σ) ∝ 1

(cosh ρ + c)d−1

=
(

2vv̄
|u − ū|2 + c(v + v̄)2 + (1 − c)(v2 + v̄2)

)d−1

(0 ≤ c ≤ 1),

(12)
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where (u, v) = (αβ−1(d − 1)−1/2μ, σ), the point (ū, v̄) is an arbitrarily fixed
point that is the center of shrinkage, and

√
d − 1βρ is the Riemannian distance

between (u, v) and (ū, v̄). The equality in (12) holds because (8) and (9). When
we set ū = 0, we have

fc,v̄

πJ
(μ, σ) ∝ 1

(cosh ρ + c)d−1

=
(

2v̄σ

α2β−2(d − 1)−1|μ|2 + c(σ + v̄)2 + (1 − c)(σ 2 + v̄2)

)d−1

.

We evaluate the risk of Bayesian predictive densities based on the right
invariant prior and priors in the proposed class by using the following theo-
rem on asymptotic properties of predictive distributions. Information geometry
provides a useful viewpoint over the results concerning predictive distributions
for general models.

Theorem (Komaki 2006) Let {p(x|θ)|θ ∈ } be a parametric statistical model
and f (θ) be a smooth prior density on a model manifold (M, g) endowed with
the Fisher metric.

The risk difference between pπJ(y|x(N)), the Bayesian predictive density based
on the Jeffreys prior, and pf (y|x(N)), the Bayesian predictive density based on f ,
is given by

(Risk function of pπJ(y|x(N))) − (Risk function of pf (y|x(N)))

= − 2
N2

(
πJ

f

)1/2

Δ

(
f
πJ

)1/2

+ o(N−2). (13)

The Bayesian predictive density based on f (θ) asymptotically dominates the
Bayesian predictive density based on the Jeffreys prior πJ(θ) if and only if

(
f (θ)

πJ(θ)

)1/2

is a non-constant positive superharmonic function on (M, g). 	

See Komaki (2006) for the proof of the theorem above and Komaki (1996)

and Hartigan (1998) for related results.
First we evaluate the risk of the Bayesian predictive density based on the

right invariant prior. Since

Δ
πR

πJ
= Δσ d−1

= 1
(d − 1)β2

{
σ 2

(
(d − 1)β2

α2 Δμ + ∂2

∂σ 2

)
− (d − 2)σ

∂

∂σ

}
σ d−1 = 0,
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the ratio

πR

πJ
∝ σ d−1

is a positive harmonic function on the model manifold. If f (θ)/πJ(θ) is a non-
constant positive harmonic function, then (f (θ)/πJ(θ))1/2 is a non-constant pos-
itive superharmonic function. The risk difference is given by

(Risk function of pπJ(y|x(N))) − (Risk function of pπR(y|x(N)))

= − 2
N2

(
πJ

πR

)1/2

Δ

(
πR

πJ

)1/2

+ o(N−2) = 1
N2

d − 1
2β2 + o(N−2). (14)

Here (14) is a positive constant not depending on the parameter (μ, σ). There-
fore, the Bayesian predictive density based on the right invariant prior asymp-
totically dominates that based on the Jeffreys prior. This result is reasonable
because the Bayesian predictive density based on the right invariant prior is the
best invariant predictive density.

In Bayesian coding theory, it is known that the Bayesian predictive density
based on the Jeffreys prior is asymptotically minimax. In this setting, random
variables y1, y2, . . . , ym from a density p(y|θ) in the model {p(y|θ)|θ ∈ } are
predicted by using a Bayesian predictive density. No data are observed before
constructing a predictive density. The performance of prediction is evaluated
by the Kullback–Leibler divergence

∫
p(y(m)|θ) log

p(y(m)|θ)∫
p(y(m)|θ ′)π(θ ′)dθ ′ dy(m),

where y(m) = (y1, y2, . . . , ym). It is often assumed that the parameter space is a
compact subset of the original natural parameter space. Then the Jeffreys prior
is the minimax prior in the asymptotics as m goes to infinity (Clarke and Barron
1994).

In our setting, we observe data x1, x2, . . . , xN from a probability density p(x|θ)

in the model {p(x|θ)|θ ∈ }, and then construct a predictive density to pre-
dict y = xN+1 from the same density p(x|θ). The Kullback–Leibler divergence
from p(y|θ) to a predictive density is used to evaluate the predictive density.
Then the Bayesian predictive density based on the right invariant prior is best
invariant prior and the Jeffreys prior is not minimax in the asymptotics as N
goes to ∞.
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Next we evaluate the risk of the Bayesian predictive density based on the
prior (12). Then, from (7) and (13) we have

(Risk function of pπJ(y|x(N))) − (Risk function of pfc,ū,v̄(y|x(N)))

= − 2
N2

(
πJ

fc,ū,v̄

)1/2

Δ

(
fc,ū,v̄

πJ

)1/2

+ o(N−2)

= 1
N2β2

{
α − 1

2
+ (d + 1)(1 − c2)

2(cosh ρ + c)2 + c
cosh ρ + c

}
(15)

Since (15) is greater than (14), the introduced priors asymptotically dominates
the best invariant predictive density even when d = 2, corresponding to the
univariate location-scale model. Liang and Barron (2004) showed that the best
invariant predictive density for the location-scale model is minimax. However,
it has been an open problem whether the best invariant (and minimax) predic-
tive density is admissible or not. The preset result gives a negative answer to
this problem in the asymptotic sense.

In the limit v̄ → ∞, the prior density fc,v̄ converges to the right invariant
density πR except for the multiplicative constant not depending on (μ, σ). In
the limit v̄ → 0, fc,v̄ converges to

σ−d+1

{α2β−2(d − 1)−1|μ/σ |2 + 1}d−1
(16)

except for the multiplicative constant not depending on (μ, σ).
The two different prior densities πR and (16) are essentially the same func-

tion on the hyperbolic space because they are in symmetry with respect to a
point on the Hyperbolic space. Therefore the asymptotic risk difference of the
Bayesian predictive density based on (16) coincides with (14).

When d = 2, (16) is the Cauchy density as a function of μ. It may be interest-
ing to note that Jeffreys (1963) recommends the Cauchy prior for normal mean
in some problems.

In the present paper, we studied the multivariate location-scale model,
which is a multivariate model with a specific variance–covariance structure. In
prediction theory for multivariate models with a general variance–covariance
structure, the geometry of the Wishart model manifold plays an essential role.
Information geometrical approach to prediction theory for the 2 × 2 Wishart
model is touched on in Komaki (2006), and detailed discussion will be given in
another place.
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