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Abstract
Selecting an optimum technique for disposing of biomedical waste is a frequently observed
obstacle in multi-attribute group decision-making (MAGDM) problems. The MAGDM is
commonly applied to tackle decision-making states originated by obscurity and vagueness.
The interval-valued q-rung orthopair fuzzy soft set is a novel variant of fuzzy sets. The main
objective of this study is to introduce the interval-valued q-rung orthopair fuzzy soft Ein-
stein-ordered weighted and Einstein hybrid weighted aggregation operators. Based on
developed aggregation operators, a novel decision-making approach, the Evaluation based
on the Distance from the Average Solution introduced to solve the MAGDM problem. The
execution of the proposed approach demonstrates the significant impact of determining the
most effective strategy to handle biomedical waste. Our proposed approach's practicality is
confirmed by a case study focusing on selecting the most effective technique for Biomedical
Waste (BMW) treatment. This study shows that autoclaving is the most effective method for
the disposal of BMW. Comparative and sensitivity analysis confirms the consistency and
effectiveness of our methodology. The comparative study indicates the effects of the pro-
posed strategy are more feasible and realistic than the prevailing techniques.

Keywords Interval-valued q-rung orthopair fuzzy soft set · Einstein ordered aggregation
operators · Einstein hybrid aggregation operators · Evaluation based on the distance
from the average solution method · Multi-attribute group decision-making · Biomedical
waste

1 Introduction

The proper handling of medical waste is important in medical facilities and plays an integral
part in protecting public safety. Biomedical waste management is the efficient administra-
tion, acquisition, transportation, production, and disposal of hazardous materials generated
in healthcare facilities, research centres, and labs. The agreement between the National
Health Insurance (NHI) and the World Health Organization (WHO) will evaluate the
technologies implemented to manage medical waste in healthcare facilities and labs. The
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study attempts to carefully investigate the handling and disposal techniques for healthcare
waste at these companies to preserve strict requirements in healthcare facilities. The
worldwide COVID-19 pandemic has culminated in a substantial increase in Biomedical
Waste (BMW)'s production. Waste products, mostly generated by medical facilities, rep-
resent a major threat because of their varying levels of harmful substances. The studies
conducted by Rume and Islam (2020) and Padmanabhan and Barik (2019) highlighted the
significance of properly managing this particular kind of waste to minimize its severe
adverse effects on the community, the environment, and all living organisms.

However, an important issue that has come up relates to the significance of categorizing
different kinds of organizations that produce BMW. The obligation at hand implies
designing a hierarchical structure that incorporates hospitals, public health organizations,
polyclinics, and similar institutions to evaluate their level of competence in BMW man-
agement. The main objective of this assessment is to promote sustainable governance of
cities, particularly in considering the managerial abilities of BMW within those organiza-
tions. The BMW management capacity-based assessment issue emerged as a significant
focal point, encompassing several healthcare and environmental safety dimensions. In
analyzing several healthcare organizations, experts must consider a wide variety of attri-
butes to identify the most efficient organizational structure for their organization. This
research examines the BMW management organization selection issue in a fuzzy context,
including the inherent challenges and complications of this critical decision-making process.

Ordinary fuzzy sets were used in various kinds of scientific fields. Researchers have
introduced several extensions to the original fuzzy sets over the years, including interval-
valued fuzzy set (IVFS) (Turksen 1986), intuitionistic fuzzy set (IFS) and interval-valued
IFS (IVIFS) (Atanassov 1986, 1999), Pythagorean fuzzy set (PFS) (Yager 2013), interval-
valued PFS (IVPFS) (Peng and Yang 2016), q-rung orthopair fuzzy set (q-ROFS) (Yager
2016) and interval-valued q-ROFS (IVq-ROFS) (Joshi et al. 2018). The structures men-
tioned above are insufficient when dealing with the parametric description of possibilities.
Molodtsov (Molodtsov 1999) developed the soft set (SS), an extensive conceptual tool, to
solve and conquer this issue. Multiple studies have integrated fuzzy set extensions with SS,
including fuzzy soft sets (FSS) (Maji et al. 2001a), intuitionistic fuzzy soft sets (IFSS) (Maji
et al. 2001b), interval-valued IFSS (IVIFSS) (Jiang et al. 2010), Pythagorean fuzzy soft sets
(PFSS) (Peng et al. 2015), interval-valued PFSS (IVPFSS) (Zulqarnain et al. 2022a), and q-
rung orthopair fuzzy soft sets (q-ROFSS) (Hussain et al. 2020). Zulqarnain et al. (2023)
developed the correlation-based Technique for Order of Preference by Similarity to the Ideal
Solution (TOPSIS) technique in the IVPFSS structure to choose the appropriate extract,
transform, and load technique. Recently, Ali et al. (2021) presented the idea of interval-
valued q-ROFSS (IVq-ROFSS) as an extension of IVq-ROFS, IVPFSS, and q-ROFSS. The
IVq-ROFSS notion is a constructive theory for reducing vagueness through the consider-
ation of membership kð Þ and non-membership gð Þ grades between intervals defined as

kf
� �q þ gf

� �q � 1, where q[ 2. The IVq-ROFSS empowers executives to articulate their
assessments within a broader scope. So IVq-ROFSS demonstrates more expertise in dealing
with and replicating complicated problems with decision-making. Multiple studies
endeavors were performed under the context of the IVq-ROFSS. Yang et al. (2022) pre-
sented aggregation operators (AOs) and interaction AOs for IVq-ROFSS using their
developed algebraic operational rules. This approach was implemented to assess the most
suitable automation organization for automation specialists, where they may effectively
improve their abilities and areas of expertise. Hayat et al. (2023) extended the IVq-ROFSS
to generalized IVq-ROFSS with its AOs and fundamental properties. Zulqarnain et al.
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(2024) developed the correlation-based TOPSIS method in the IVq-ROFSS structure and
used their developed model in optimal cloud service provider selection.

Liao and Ho (2014) applied the failure mode and effects analysis methodology to
examine the risk factors within BMW organizations. Rajan et al. (2019) reported an oper-
ational use of bio-remediation techniques in managing BMW. Nikolic et al. (2016) inves-
tigated the management of contagious healthcare waste by using the techniques of the Fault
Tree Analysis approach in conjunction with risk estimation. In their study, Danner et al.
(2011) assessed the integration of patients’ perspectives into health technology, employing
the analytic hierarchy process (AHP) methodology. Adunlin et al. (2015) examined a
comprehensive literature review of medical care using multi-criteria decision analysis. Aung
et al. (2019) are conducting the multi-criteria decision-making (MCDM) study, and eight
hospitals in Myanmar have chosen to participate in the evaluation of BMW management
approaches, both public and private. Liu et al. (2015a) introduced a new MCDM
methodology that integrates the 2-tuple DEMATEL approach with the fuzzy Multi-Objec-
tive Optimisation based on the Ratio Analysis (MULTIMOORA) approach. Chauhan and
Singh (Chauhan and Singh 2016) utilized the AHP and fuzzy TOPSIS method to tackle the
issue of locating the disposal of medical waste sites. Hossain et al. (2011) investigated the
impacts of healthcare waste disposal practices on people's health and the surroundings by
employing group decision-making. Chou et al. (2008) designed a fuzzy MAGDM frame-
work to address the site location allocation issue. Narayanamoorthy et al. (2020) proposed a
simple ratio analysis strategy to estimate BMW disposal treatment techniques. Manupati
et al. (2021) proposed a fuzzy VIsekriterijumsko KOmpromisno Rangiranje (VIKOR)
technique to find the best BMW waste management methods before and after COVID-19
issues. Liu et al. (2021) proposed an integrated compromise approach to assess medical
waste treatment techniques under the PF framework. Li et al. (2021) used the IVFS to
explore the most significant factors affecting medical waste management's sustainability
over the long term. Ozcelik and Nalkiran ( 2021) modified the Evaluation based on Distance
from Average Solution (EDAS) technique in a trapezoidal bipolar fuzzy environment to
boost healthcare management.

Dincer et al. (2023) developed the spherical fuzzy ranking technique using the geometric
mean of similarity ratio to optimal solution determinants of the renewable energy transition.
Nezhad et al. (2023) used the fuzzy DEMATEL and fuzzy AHP methods to rank and
observe dimensions affecting the inclination of the execution of the Internet of Things. Al-
Zibaree and Konur ( 2023) proposed a fuzzy analytic hierarchy process to solve MCDM
complications. Ghoushchi and Sarvi (2023) discussed assessing and prioritizing risks in
chemotherapy ordering and prescribing procedures. Barakati and Rani ( 2023) introduced a
unique parametric divergence measure and proposed a double normalization-based multi-
aggregation technique for IVIFS intending to solve MCDM obstacles. Chaurasiya and Jain
(2022) established an entropy measure to assess the PFS. Also, they enlarged the use of
complex proportional assessment methods to tackle the obstacles faced in MCDM issues.
Rani et al. (2020) introduced an MCDM strategy for selecting and evaluating medical waste
management approaches using Pythagorean fuzzy stepwise weight assessment ratio anal-
ysis. Limboo and Dutta (2022) proposed the q-rung orthopair basic probability assignment,
which consists of a pair of belief degrees. Joshi and Gegov (2020) introduced the confidence
levels of q‐rung orthopair fuzzy AOs and their applications to solve MCDM problems.
Ranjan et al. (2023) developed the Archimedean AOs in probabilistic linguistic q-ROFS
structure and established a group decision-making model to resolve real-life complications.
Ahemad et al. (2023) established a novel distance measure for IVq-ROFNs and enlarged the
implementation of the Complex Proportional Assessment approach to tackle MAGDM
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issues. Wan et al. (2023) developed the weighted fairly aggregation operator in the IVq-
ROFS structure and developed a novel group decision-making model.

Wang and Liu (2012a, 2011) constructed the Einstein AOs for IFS as a solution to tackle
the complicated nature of MAGDM issues, depicting inspirations from the remarkable
nature of Einstein operations. Liu et al. (2015b) explored the use of Einstein averaging AOs
for MAGDM challenges in the structure of IVIFS. Wang and Liu (2012b) prolonged the
Einstein geometric AOs to incorporate IVIFS and designed a DM approach to deal with
MAGDM challenges. Garg (2016, 2017) proposed the Einstein AOs and Einstein-ordered
AOs for PFS. Rehman et al. (2018, 2020) extended a DM strategy to handle MAGDM
problems and developed Einstein AOs for IVPFS. Xu (2023) developed Einstein's AOs in
the IVq-ROFS structure to formulate an algorithm for locating recycling sources for bike
sharing. Zulqarnain et al. (2021, 2022b) extended the Einstein operational laws for PFSS
and presented the Einstein AOs for PFSS to account for difficult real-world situations.
Furthermore, they proposed the DM strategies associated with their established Einstein
AOs for q-ROFSS (Zulqarnain et al. 2022c, 2022d).

The EDAS methodology, initially proposed by Ghorabaee et al. (2015), gained promi-
nence as a reliable method for the mathematical modeling of MAGDM issues that incor-
porate competing parameters. The EDAS methodology, as described by Ghorabaee et al.
(2016), uses the average solution (AVS) to ascertain the significance of solutions by con-
sidering the disparity in AVS. Ilieva (Ilieva 2018) developed the EDAS method for IVFS to
solve group decision-making problems. Mishra et al. (2020) extended the EDAS technique
in the IF structure and explored hospital waste management practices. Li and Wang (2020)
developed the EDAS method for IVIFS and used it to improve the quality of wireless sensor
networks. The EDAS approach for PFS was extended by Liu et al. (2022). Yanmaz et al.
(2020) extended the EDAS approach for IVPFS to solve the MCGDM problem. Güneri and
Deveci (2023) used the EDAS technique to assess the selection criteria utilized by supplier
businesses in the defense industry within a q-ROF context. Farrokhizadeh et al. (2020)
extended the EDAS method in the structure of IVq-ROFS to resolve MAGDM problems in
sustainable supplier selection.

After a detailed analysis of BMW’s management practices determined that no EDAS
model had been developed within the IVq-ROFSS structure to choose the most suit-
able management structure for BMWeffectively. This study aims to introduce an innovative
EDAS technique to solve MAGDM problems within the framework of the IVq-ROFSS
environment. The strategy establishes a reliable evaluation of BMW organizations using
specified attribute weights. An outline of the justifications for why this study is necessary is
provided below:

1. The IVq-ROFSS model’s wide range of applicability allows it to reveal complicated
data in a versatile and fact-encompassing mode; it is, after all, an environment-based
DM strategy. Thus, the DM mechanism within the IVq-ROFSS structure deserves more
attention.

2. The Einstein operations are quite flexible because of the parameters. The literature
shows that Einstein operations in IVq-ROFSS structure. We present a novel, Einstein-
based operational laws for the IVq-ROFSS. We will develop the Einstein-ordered and
Einstein hybrid AOs based on these operational laws with their fundamental properties.

3. The EDAS method has become widely used since it is easy to use and produces
excellent results in the DM process. The EDAS approach generates more robust and
reliable decision outcomes than existing techniques.
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4. Numerous scholars have established several types of MAGDM approaches, including
TOPSIS, VIKOR, and EDAS, in the existing collection of research. These approaches
attempt to determine the most effective BMW disposal location or strategy in different
fuzzy contexts. However, there has been a shortage of scientific studies on managing
BMW in an IVq-ROFSS scenario using the EDAS technique. Moreover, selecting the
optimal organization from a BMW management perspective has emerged as a big
challenge for emerging economies in recent decades. Choosing the most suitable BMW
management organization is not simple for the MAGDM procedure. The determined
deficiencies in research will be addressed by applying the designed integrative model
that exploits the IVq-ROFSS information to select the most significant BMW
management bodies.

The suggested solution could resolve the following problems: How can the most optimal
BMW management organization be effectively chosen amidst uncertain conditions? How
can we accumulate information about the abilities of BMW's managerial team? How will the
EDAS approach be used to develop the BMW management organization selection
procedure?

Based on the above-described motivations, this research reveals multiple remarkable
innovations explained as follows:

(1) The formulation and demonstration of IVq-ROFSS Einstein AOs have been executed
by integrating Einstein operations into the IVq-ROFSS paradigm. These operators are
given as follows: interval-valued q-rung orthopair fuzzy soft Einstein ordered
weighted average (IVq-ROFSEOWA), interval-valued q-rung orthopair fuzzy soft
Einstein hybrid weighted average (IVq-ROFSEHWA), interval-valued q-rung
orthopair fuzzy soft Einstein ordered weighted geometric (IVq-ROFSEOWG), and
interval-valued q-rung orthopair fuzzy soft Einstein hybrid weighted geometric (IVq-
ROFSEHWG) operators. Furthermore, we effectively defined and validated multiple
fundamental aspects of these operators, particularly idempotency, boundedness,
monotonicity, homogeneity, and shift-invariance.

(2) A novel EDAS technique is developed using the proposed IVq-ROFSS Einstein AOs
to solve MAGDM problems. The methodical process can be summarized into two
main phases:

The starting point includes the compilation of data using the implementation of
IVq-ROFSS Einstein AOs.
In the next phase, an EDAS algorithm is constructed in the IVq-ROFSS structure to
find the most efficient alternative. This technique not only presents a viable reaction
to complicated problems with decision-making but also includes the current
decision-making theory by incorporating this unique approach.

(3) The suggested approach is implemented to analyze and choose the BMW
management structure. This investigation effectively tackles the current literature
gaps in selecting a BMW management structure and provides an achievable solution.
The method conducts comparative and sensitivity assessments, which are thoroughly
investigated and analyzed. The research findings indicate the reliability and benefits
of the advocated method.

The structure of this study is presented in the following way. Section 1 provides an
introduction to the significance of incorporating the consideration of uncertainty and
incomplete information within decision-making (DM) techniques. Section 2 presents a
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comprehensive discussion of the fundamental ideas and tenets that form the foundation of
the subsequent research. This section builds the circumstances for the following proposals
by presenting a foundation for appreciating the complexity of data management issues and
the necessity for an improved, reliable, and precise methodology. Section 3 presents the
operating laws proposed by Einstein for IVq-ROFSS and proceeds to establish the IVq-
ROFSEOWA and IVq-ROFSEHWA operators, together with their significant qualities.
Section 4 of the paper introduces the IVq-ROFSEOWG and IVq-ROFSEHWG operators
and explains their respective features. Section 5 presents a novel MAGDM technique
founded upon the principles of Einstein’s AOs. A numerical investigation illustrates the
feasibility of the proposed model, as outlined in Sect. 6. The objective is to determine the
most effective BMW management organization within the medical field. Section 7 of the
study encompasses a comprehensive comparison analysis, determining the pragmatic nature
of a model put forward in this research. In this analysis, we will assess the suggested
methodology with reputable approaches, focusing on the metrics of reliability and precision.
The benefits of this approach are concisely stated in the same section as well.

2 Preliminaries

The following section will look at basic ideas such as IVFS, SS, PFSS, IVIFSS, IVPFSS, q-
ROFSS, and IVq-ROFSS to build a solid foundation for the subsequent discussion.

Definition 2.1 Turksen (1986) An interval-valued fuzzy set b in a universe of discourse U
is defined as:

b ¼ ui; kbj uið Þ
� �

ui 2 Uj
n o

where, kbj uið Þ be the membership degree interval, such as kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

, also,

klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ � and klAj
uið Þ; kfAj

uið Þ 2 0; 1½ �.
The process of transforming interval-valued fuzzy sets into interval-valued intuitionistic

fuzzy sets, and vice versa, will be performed easily.

Definition 2.2 Atanassov (1999) An interval-valued intuitionistic fuzzy set b in a universe
of discourse U is defined as:

b ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o

where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ þ gfbj uið Þ� 1.

Definition 2.3 Peng and Yang (2016) An interval-valued Pythagorean fuzzy set b in a
universe of discourse U is defined as:

b ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o
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where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ
� �2

þ gfbj uið Þ
� �2

� 1.

This model was extended to the following concept:

Definition 2.4 Joshi et al. (2018) An interval-valued q-rung orthopair fuzzy set b in a
universe of discourse U is defined as:

b ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o

where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ
� �q

þ gfbj uið Þ
� �q

� 1; where q[ 2.

A q-rung orthopair fuzzy set is a term ascribed to the corresponding model defined in
Definition 2.4 if all intervals are reduced to single points. A previous study (Alcantud 2023)
has effectively handled the challenge of choosing the most suitable value of q for describing
a dataset that includes orthopairs (pairs of numbers within the interval [0,1]) as a q-ROFS,
which also provides reasons for the logic of the predictive model.

Now, we intend to turn our interest to a distinct technique that contains uncertain facts:

Definition 2.5 Molodtsov (1999) Let U be a universe of discourse, and R be the set of
attributes, PðUÞ be the power set over U and b � R. Then, a pair G; bð Þ is called a soft set
over U, where G is a mapping:

G : b ! P Uð Þ

Moreover, it can be presented in the following way:

G; bð Þ ¼ G rð Þ 2 P Uð Þ : r 2 R;G rð Þ ¼ £ if r 62 bf g

The intellectual study of the theoretical significance of soft sets is explored in Yang and
Yao (2020) and (Alcantud 2022). Both studies concentrate on the premise of three-way
decision-making.

Developing models that integrate the characteristics stated in Definition 2.5 with the
previously articulated model is feasible. In this study, we will describe various fascinating
scenarios.

Definition 2.6 Jiang et al. (2010) Let U be a universe of discourse, and R be the set of
attributes, PðUÞ be the power set over U and b � R. Then, a pair G; bð Þ is called an IVIFSS
over U, where G is a mapping:
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G : b ! PðUÞ

Moreover, it can be presented in the following way:

G; bð Þ ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o

where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ þ gfbj uið Þ� 1.

Definition 2.7 Zulqarnain et al. (2022a) Let U be a universe of discourse, and R be the set
of attributes, PðUÞ be the power set over U and b � R. Then, a pair G; bð Þ is called an
IVPFSS over U, where G is a mapping:

G : b ! PðUÞ

Moreover, it can be presented in the following way:

G; bð Þ ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o

where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ
� �2

þ gfbj uið Þ
� �2

� 1.

If kfij

� �q
þ gfij

� �q
[ 1, for q[ 2, in such situations, the structures, such as IVIFSS (Jiang

et al. 2010) and IVPFSS (Zulqarnain et al. 2022a), can't effectively replicate this infor-
mation. In such cases, an IVq-ROFSS, which incorporates the distinctive features of IVq-
ROFS and SS, can be considered a modified version of IVIFSS and IVPFSS, which appears
to be an extraordinarily productive tool. IVq-ROFSS is an optimized, more powerful
extension of IVq-ROFS with more capabilities. IVq-ROFSS provides accurate analysis of
disruption and uncertainty, assisting in a comprehensive and reliable review of multifaceted
information repositories. The IVq-ROFSS method demonstrates the practical implications
of its use in decision-making and statistical evaluation.

Definition 2.8 Yang et al. (2022) Let U be a universe of discourse, and R be the set of
attributes, PðUÞ be the power set over U and b � R. Then, a pair G; bð Þ is called an IVq-
ROFSS over U, where G is a mapping:

G : b ! PðUÞ
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Furthermore, it can be presented in the following way:

G; bð Þ ¼ ui; kbj uið Þ; gbj uið Þ
� �� �

ui 2 Uj
n o

where, kbj uið Þ ¼ klbj uið Þ; kfbj uið Þ
h i

and gbj uið Þ ¼ glbj uið Þ; gfbj uið Þ
h i

be the membership

degree and non-membership degree intervals, respectively. Also, klbj uið Þ; kfbj uið Þ
h i

� 0; 1½ �
and glbj uið Þ; gfbj uið Þ

h i
� 0; 1½ �, 0� klbj uið Þ; kfbj uið Þ; glbj uið Þ; gfbj uið Þ� 1, such as

0� kfbj uið Þ
� �q

þ gfbj uið Þ
� �q

� 1, for q[ 2. Also, pbj uið Þ ¼ plbj uið Þ; pfbj uið Þ
h i

be the inde-

terminacy of IVq-ROFSS. It can be calculated as:

pbj uið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� kbj uið Þ

� �q
� gbj uið Þ
� �q

q

r

In this context, we will proceed to deliver the operational laws, which are listed below:

Definition 2.9 Yang et al. (2022) Let Da ¼ kla; k
f

a

� �
; gla; g

f

a

� �� �
, Da11 ¼ kla11 ; k

f

a11

h i
;

�
gla11 ; g

f

a11

h i
Þ, and Da12 ¼ kla12 ; k

f

a12

h i
; gla12 ; g

f

a12

h i� �
be the interval-valued q-rung orthopair

fuzzy soft numbers (IVq-ROFSNs) and h[ 0. Then, the algebraic operational laws which
were defined by Yang et al. (Yang et al. 2022) for IVq-ROFSNs are given as follows:

(1)

Da11 � Da12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kla11

� �q þ kla12

� �q � kla11

� �q
kla12

� �q
q

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kfa11

� �q þ kfa12

� �q � kfa11

� �q
kfa12

� �q
q

r	 

; gla11g

l
a12
; gfa11g

f

a12

h i� �

(2) Da11 � Da12 ¼ kla11k
l
a12
; kfa11k

f

a12

h i
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gla11

� �q
þ gla12

� �q
� gla11

� �q
gla12

� �q
q

r
;

	�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gfa11

� �q
þ gfa12

� �q
� gfa11

� �q
gfa12

� �q
q

r
�Þ

(3) hDa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� kla

� �q� �hq

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� kfa

� �q� �hq

r" #
; gla
� �h

; gfa
� �hh i !

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� kla; k

f

a

� �q� �hq

r
;

 
gla
� �h

; gfa
� �hh i

Þ

(4) Dh
a ¼ kla

� �h
; kfa
� �hh i

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� gla

� �q� �hq

q
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� gfa

� �q� �hq

q	 
� �
¼

kla
� �h

; kfa
� �hh i

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� gla; g

f
a

� �q� �hq

q� �
The aggregation operators for IVq-ROFSS are determined by the algebraic operational rules
formulated by Yang et al. (Yang et al. 2022), which are interpreted as follows:
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IVq� ROFSWA Da11 ;Da12 ; . . .. . .. . .;Danmð Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

Ym
j¼1

Yn
i¼1

1� klaij

� �q� �vi !wj

q

vuut ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

Ym
j¼1

Yn
i¼1

1� kfaij

� �q� �vi !wj

q

vuut24 35;
0@
Ym
j¼1

Yn
i¼1

glaij

� �q� �vi !wj

;
Ym
j¼1

Yn
i¼1

gfaij

� �q� �vi !wj
" #!

IVq� ROFSWG Da11 ;Da12 ; . . .. . .. . .;Danmð Þ

¼
Ym
j¼1

Yn
i¼1

klaij

� �q� �vi !wj

;
Ym
j¼1

Yn
i¼1

kfaij

� �q� �vi !wj
" #

;

 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

Ym
j¼1

Yn
i¼1

1� glaij

� �q� �vi !wj

q

vuut ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

Ym
j¼1

Yn
i¼1

1� gfaij

� �q� �vi !wj

q

vuut24 351A
where q[ 2.

It is important to note that the scoring function previously mentioned fails to determine
the most beneficial alternative if the MD and NMD intervals are the same. To address this,
we therefore present a more thorough score function for IVq-ROFSNs:

Definition 2.10 Hayat et al. (2023) Let Da ¼ kla; k
f

a

� �
; gla; g

f

a

� �� �
be an IVq-ROFSN. Then,

its score can be defined as:

S Dað Þ ¼ kla; k
f

a

� �q � gla; g
f

a

� �q þ e kla;k
f

a½ �q� gla;g
f

a½ �q

e kla;k
f

a½ �q� gla;g
f
a½ �q þ 1

� 1

2

 !
pla; p

f

a

� �q ð1Þ

where pla; p
f

a

� �q
, S Dað Þ 2 ½�1; 1� spectacles reluctance and q[ 2. For the sake of the

reader’s convenience, the IVq-ROFSN Daij ¼ kaij uið Þ; gaij uið Þ
� �

jui 2 U
n o

can be described

as Daij ¼ kaij ; gaij

� �
. Let Da11 ¼ ka11 ; ga11

� �
and Da12 ¼ ka12 ; ga12

� �
be two IVq-ROFSNs.

Then, the established comparison laws are given as follows:
If S Da11ð Þ[ S Da12ð Þ, then we state Da11<Da12

If S Da11ð Þ\S Da12ð Þ, then we state Da114Da12

If S Da11ð Þ ¼ S Da12ð Þ, then Da11 ¼ Da12

If pa11 [pa12 , then we state Da11\Da12

If pa11\pa12 , then we state Da11 [Da12 .

3 Interval-valued q-rung orthopair fuzzy soft Einstein weighted
average aggregation operators

In this section, we examine the subject of IVq-ROFSS to Einstein’s operational laws. These
operational laws give us a framework for organizing the considerable quantity of IVq-ROFS
data. Drawing inspiration from these fundamental ideas, we provide and validate Einstein
averaging AOs for IVq-ROFSVs. These operators are the IVq-ROFSEOWA and IVq-
ROFSEHWA, developed to facilitate the aggregation process more efficiently. We also
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investigate the fundamental properties of these operators, such as idempotency, bounded-
ness, monotonicity, homogeneity, and shift-invariance.

Definition 3.1 Let Da1 ¼ kla1 ; k
f

a1

h i
; gla1 ; g

f

a1

h i� �
;Da11 ¼ kla11 ; k

f

a11

h i
; gla11 ; g

f

a11

h i� �
and

Da12 ¼ kla12 ; g
f

a12

h i
; kla12 ; g

f

a12

h i� �
be three q-ROFSVs and h[ 0 be any real number, then

(1)

Da11�eDa12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kla11

� �q
þ kla12

� �q
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla11

� �q
kla12

� �q
q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kfa11

� �q
þ kfa12

� �q
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa11

� �q
kfa12

� �q
q

r
26664

37775;
0BBB@
gla11

� �
gla12

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1� gla11

� �q� �
1� gla12

� �q� �
q

r ;
gfa11

� �
gfa12

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1� gfa11

� �q� �
1� gfa12

� �q� �
q

r
264

375
1CA

(2)

Da11�eDa12 ¼
kla11

� �
kla12

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1� kla11

� �q� �
1� kla12

� �q� �
q

r ;
kfa11

� �
kfa12

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1� kfa11

� �q� �
1� kfa12

� �q� �
q

r
264

375;
0B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gla11

� �q
þ gla12

� �q
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gla11

� �q
gla12

� �q
q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gfa11

� �q
þ gfa12

� �q
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gfa11

� �q
gfa12

� �q
q

r
26664

37775
1CCCA

(3)

Dh
a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 kla1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � kla1

� �q� �h
þ kla1

� �q� �hq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfa1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� gfa1

� �q� �h
þ gfa1

� �q� �hq

r
26664

37775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gla1

� �q� �h
� 1� gla1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gla1

� �q� �h
þ 1� gla1

� �q� �hq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gfa1

� �q� �h
� 1 � gfa1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gfa1

� �q� �h
þ 1 � gfa1

� �q� �hq

r
26664

37775
0BBB@

1CCCA

(4)

hDa1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla1

� �q� �h
� 1� kla1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla1

� �q� �h
þ 1� kla1

� �q� �hq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa1a1

� �q� �h
� 1� kfa1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa1

� �q� �h
þ 1� kfa1

� �q� �hq

r
26664

37775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gla1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� gla1

� �q� �h
þ gla1

� �q� �hq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gfa1

� �q� �hq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� gfa1

� �q� �h
þ kfa1

� �q� �hq

r
26664

37775
0BBB@

1CCCA

Definition 3.2 Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
; where i ¼ 1; 2; . . .. . .:n; j ¼ 1;ð

2; . . .. . .:mÞ be a collection of IVq-ROFSVs. Then IVq-ROFSEOWA is defined as:

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .;Danmð Þ
¼ w1v1Dr ar 1ð Þs 1ð Þð Þ�ew1v2Dr ar 2ð Þs 1ð Þð Þ�e. . .. . .�ewmvnDr ar nð Þs mð Þð Þ

¼ m

�ej=1
wj n

�ei=1
viDr ar ið Þs jð Þð Þ

� � !
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where r ar ið Þs jð Þ
� �

be the permutation of i ¼ 2; 3; . . .. . .:n; j ¼ 1; 2; . . .. . .:mð Þ, such as
Dr ar ið Þs jð Þð Þ �Dr ar i�1ð Þs jð Þð Þ8i ¼ 2; 3; . . .. . .:n; j ¼ 1; 2; . . .. . .:m and Dr ar ið Þs jð Þð Þ �
Dr ar ið Þs j�1ð Þð Þ8i ¼ 2; 3; . . .. . .:n; j ¼ 2; 3; . . .. . .:m. Also, vi and wj be the weights of experts

and attributes such as vi [ 0;
Pn

i¼1 vi [ 0 and wj [ 0;
Pm

j¼1 wj ¼ 1.

Theorem 3.3 Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs where

i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2; . . .. . .:mð Þ. Then, the aggregation outcome of the IVq-ROF-
SEOWA operator is also an IVq-ROFSV and

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Danmð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
;

0BBBBBBBBBBBBBBBB@

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775

1CCCCCCCCCCCCCCCCA

ð2Þ

where Dr ar ið Þs jð Þð Þ be the largest element of ith row and jth column in Da11 ;Da12 ; . . .. . .;Danmð Þ,
such as Dr ar ið Þs jð Þð Þ �Dr ar i�1ð Þs jð Þð Þ and Dr ar ið Þs jð Þð Þ �Dr ar ið Þs j�1ð Þð Þ8i; j. Also, vi and wj be the

weights of experts and attributes such as vi [ 0;
Pn

i¼1 vi [ 0 and wj [ 0;
Pm

j¼1 wj ¼ 1.

Proof: See Appendix 1.

Proposition 3.4 If Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
; i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;mð Þ be

a collection of IVq-ROFSVs. Also, vi and wj be the weights of experts and attributes such as
vi [ 0;

Pn
i¼1 vi ¼ 1 and wj [ 0;

Pm
j¼1 wj ¼ 1.

3.4.1. Idempotency. Let Daij ¼ Dao ¼ kao
l; kfao

h i
; glao ; g

f

ao

h i� �
holds for any

i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;m. Then,

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Danmð Þ ¼ Dao
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Proof: See Appendix 2.

3.4.2. Boundedness. D�
aij

¼ min klaij

� �
;min kfaij

� �h i
; max glaij

� �
;max gfaij

� �h i� �
and

Dþ
aij

¼ max klaij

� �
;max kfaij

� �h i
; min glaij

� �
;min gfaij

� �h i� �
. Then

D�
aij
� IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Danmð Þ�Dþ

aij

Proof: See Appendix 2.

3.4.3. Monotonicity. Let Daij ¼ klaij ; k
f

aij

h i
; gLaij ; g

f

aij

h i� �
andD	

aij
¼ k	 laij ; k

	f
aij

h i
;

�
g	laij ; g

	f
aij

h i
Þ be the families of IVq-ROFSVs. Then

IVq� ROFSEOWA Da11 ;ð Da12 ; . . .. . .DanmÞ� IVq� ROFSEOWA D	
a11
;

�
D	
a12
; . . .. . .. . .;

D	
anm

Þ, if Danm �D	
anm

8i; j.

Proof: See Appendix 2.

3.4.4. Homogeneity. Let Daij ¼ klaij ; k
f

aij

h i
; gLaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs,

where, i ¼ 1; 2; 3; . . .;m; j ¼ 1; 2; 3; . . .; n. Then
IVq� ROFSEOWA hDa11 ; hDa12 ; . . .. . .hDanmð Þ ¼ hIVq� ROFSEOWA Da11 ;Da12 ;ð

. . .. . .DanmÞ For h[ 0:

Proof: See Appendix 2.

3.4.5. Shift Invariance. Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs

and Da ¼ kla; k
f

a

� �
; gla; g

f

a

� �� �
be an IVq-ROFSV. Then

IVq� ROFSEOWA Da11�eDa;Da12�eDa; . . .;Danm�eDað Þ ¼ IVq� ROFSEOWA

Da11 ;Da12 ; . . .. . .Danmð Þ�eDa:

Proof: See Appendix 2.

Remark 3.1 Concerning the relations between different ideas, it is necessary to consider the
subsequent aspects:

If q ¼ 2 and kfij

� �q
þ gfij

� �q
� 1, then the IVq-ROFSS reduces to an IVPFSS (Zulqarnain

et al. 2022a).
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If q ¼ 1 and kfij

� �q
þ gfij

� �q
� 1, then the IVq-ROFSS reduces to an IVIFSS (Jiang

et al. 2010).
The IVq-ROFSS, when a single attribute exists, simplifies to an IVq-ROFS (Joshi et al.

2018).
Hybrid operators deliver a way to seamlessly include multiple aspects, particularly

opinions of experts, and attribute importance weights. The Einstein-ordered aggregation
operators mainly concentrate on the ordered placement of variables. This feature retains
particular significance in practical scenarios while decision inputs originate from multiple
sources and opinions. Using Einstein hybrid aggregation operators enables an improved and
versatile strategy for aggregation, enabling cases when integrating both factors is necessary.
However, it is necessary to recall that all these operators solely focus on a particular subset
of these factors. In the following, we will look at the IVq-ROFSEHWA operator as a
potential solution for this limitation.

Definition 3.5 Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
; where i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2;ð

. . .. . .:mÞ be a collection of IVq-ROFSVs. Then IVq-ROFSEHWA is defined as:

IVq� ROFSEHWA D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
¼ m

�ej=1
wj n

�ei=1
viD

0

r ar ið Þs jð Þð Þ
� � !

where vi ¼ v1; v2; . . .. . .; vnf gT and vi ¼ w1;w2; . . .. . .;wj


 �T
be the weight vectors for

experts and parameters such as vi [ 0;
Pn

i¼1 vi ¼ 1 and wj [ 0;
Pm

j¼1 wj ¼ 1 and D
0

r ar ið Þs jð Þð Þ
be the largest element interval-valued q-rung orthopair fuzzy soft arguments

D
0

r ar ið Þs jð Þð Þ ¼ mwj nvi aij
� �� �

, and m, n are the balancing coefficients. If the vi ¼
v1; v2; . . .. . .; vnf gT ! 1

n ;
1
n ; . . .. . .;

1
n


 �T
and vi ¼ w1;w2; . . .. . .;wj


 �T ! 1
m ;

1
m ;



. . .. . .; 1mgT , then mw1 nv1 a11ð Þð Þ;mw1 nv2 a21ð Þð Þ; . . .. . .;ð mwm nvn anmð Þð ÞÞT !
Da11 ;Da12 ; . . .. . .Danmð ÞT .

Theorem 3.6 Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
be a collection of IVq-ROFSVs where

i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2; . . .. . .:mð Þ. Then, the aggregation outcome of the IVq-ROF-
SEHWA operator is also an IVq-ROFSVs and,
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IVq� ROFSEHWA D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k

0l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� k

0l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k

0l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1þ k

0l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1þ k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1� k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s

266666666666666664

377777777777777775
;

0BBBBBBBBBBBBBBBB@

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 g0l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� g0l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 g0l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s

266666666666666664

377777777777777775

1CCCCCCCCCCCCCCCCA

ð3Þ

where vi ¼ v1; v2; . . .. . .; vnf gT and vi ¼ w1;w2; . . .. . .;wj


 �T
be the weight vectors for

experts and parameters such as vi [ 0;
Pn

i¼1 vi ¼ 1 and wj [ 0;
Pm

j¼1 wj ¼ 1 and D
0

r ar ið Þs jð Þð Þ
be the most considerable element interval-valued q-rung orthopair fuzzy soft arguments

D
0

r ar ið Þs jð Þð Þ ¼ mwj nvi aij
� �� �

, and m, n are the balancing coefficients. If the vi ¼
v1; v2; . . .. . .; vnf gT ! 1

n ;
1
n ; . . .. . .;

1
n


 �T
and vi ¼ w1;w2; . . .. . .;wj


 �T ! 1
m ;

1
m ;



. . .. . .;

1
mgT , then mw1 nv1 a11ð Þð Þ;mw1 nv2 a21ð Þð Þ; . . .. . .;mwm nvn anmð Þð Þð ÞT ! Da11 ;Da12 ;ð
. . .. . .DanmÞT .

Proof: Proof is similar to Theorem 3.3.

Moreover, the IVq-ROFSEHWA operator demonstrates some significant characteristics, just
like the IVq-ROFSEOWA operator. These properties comprise idempotency, boundedness,
homogeneity, monotonicity, and shift-invariance. These properties will be further explained
as follows:

Proposition 3.6 If D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
; i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;mð Þ

be a collection of IVq-ROFSVs. Also, vi and wj be the weights of experts and attributes such
as vi [ 0;

Pn
i¼1 vi ¼ 1 and wj [ 0;

Pm
j¼1 wj ¼ 1.

3.6.1. Idempotency. Let D
0

r ar ið Þs jð Þð Þ ¼ D
0 ¼ k

0l; k
0
f

h i
; g

0l; g
0
f

� �� �
8i ¼ 1; 2; 3; . . .;

n; j ¼ 1; 2; 3; . . .;m, then

IVq� ROFSEHWA D
0
a11 ;D

0
a12 ; . . .. . .;D

0
anm

� �
¼ D

0

123

Assessment of bio-medical waste disposal techniques... 210Page 15 of  75



3.6.2. Boundedness. Let D�0
aij

¼ min k
0l
aij

� �
;min k

0
f

aij

� �h i
; max g

0l
aij

� �
;max g

0
f

aij

� �h i� �
and

Dþ0
aij

¼ max k
0l
aij

� �
;max k

0
f

aij

� �h i
; min g

0l
aij

� �
;min g

0
f

aij

� �h i� �
. Then

D�0
aij
� IVq� ROFSEHWA D

0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
�Dþ0

aij

3.6.3. Monotonicity. Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
andD

0	
aij

¼ k
0 l	
aij
; k

0f	
aij

h i
;

�
g

0 l	
aij
; g

0f	
aij

h i
Þ be the families of IVq-ROFSVs. Then

IVq� ROFSEHWA D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
� IVq� ROFSEHWA D

0	
a11
;D

0	
a12
;

�
. . .. . .;D

0	
anm

Þ, if D0
anm

�D
0	
anm

8i; j.
3.6.4 Homogeneity. Let D

0
aij ¼ k

0 l
aij ; k

0f
aij

h i
; g

0 l
aij ; g

0f
aij

h i� �
be a collection of IVq-ROFSVs,

where, i ¼ 1; 2; 3; . . .;m; j ¼ 1; 2; 3; . . .; n. ThenIVq� ROFSEHWA hD
0
a11
;

�
hD

0
a12
;

. . .. . .; hD
0
anm

Þ ¼ hIVq� ROFSEHWA D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
For h[ 0:

3.6.5 Shift Invariance. Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
be a collection of IVq-ROFSVs

and D
0 ¼ k

0l; k
0
f

h i
; g

0l; g
0
f

� �� �
be an IVq-ROFSV. ThenIVq� ROFSEHWA D

0
a11
�eD

0
;

�
D

0
a12
�eD

0
; . . .;D

0
anm

�eD
0 Þ ¼ IVq� ROFSEHWA D

0
a11
;D

0
a12
; . . .. . .;

�
D

0
anm

Þ�eD
0
.

Proof: The proof of proposition 3.6 is similar to proposition 3.4 (see Appendix 1).

4 Interval-valued q-rung orthopair fuzzy soft Einstein weighted
geometric aggregation operators

In this section, we examine the IVq-ROFSEOWG and IVq-ROFSEHWG operators and
investigate the fundamental properties of these operators, such as idempotency, bounded-
ness, monotonicity, homogeneity, and shift-invariance.

Definition 4.1 Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
; where i ¼ 1; 2; . . .. . .:n; j ¼ð

1; 2; . . .. . .:mÞ be a collection of IVq-ROFSVs. Then IVq-ROFSEOWG is defined as:

IVq� ROFSEOWG Da11 ;Da12 ; . . .. . .;Danmð Þ ¼ w1v1Dr ar 1ð Þs 1ð Þð Þ�ew1v2Dr ar 2ð Þs 1ð Þð Þ

�e. . .. . .�ewmvnDr ar nð Þs mð Þð Þ ¼ m

�ej=1
n

�ei=1
Dr ar ið Þs jð Þð Þ

� �vi
 !wj

where Dr ar ið Þs jð Þð Þ be the largest element of ith row and jth column in Da11 ;Da12 ; . . .. . .;Danmð Þ,
such as Dr ar ið Þs jð Þð Þ �Dr ar i�1ð Þs jð Þð Þ and Dr ar ið Þs jð Þð Þ �Dr ar ið Þs j�1ð Þð Þ8i; j. Also, vi and wj be the

weights of experts and attributes such as vi [ 0;
Pn

i¼1 vi ¼ 1 and wj [ 0;
Pm

j¼1 wj ¼ 1.

123

R. M. Zulqarnain et al. 210 Page 16 of  75



Theorem 4.2 Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs where

i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2; . . .. . .:mð Þ. Then, the aggregation outcome of the IVq-ROF-
SEOWG operator is also an IVq-ROFSV and,

IVq� ROFSEOWG Da11 ;Da12 ; . . .. . .Danmð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
;

0BBBBBBBBBBBBBBBB@
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
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j¼1

Qn
i¼1 1þ gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1þ gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;
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j¼1

Qn
i¼1 1þ gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1þ gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775

1CCCCCCCCCCCCCCCCA
ð4Þ

where Dr ar ið Þs jð Þð Þ be the largest element of ith row and jth column in Da11 ;Da12 ; . . .. . .;Danmð Þ,
such as Dr ar ið Þs jð Þð Þ �Dr ar i�1ð Þs jð Þð Þ and Dr ar ið Þs jð Þð Þ �Dr ar ið Þs j�1ð Þð Þ8i; j. Also, vi and wj be the

weights of experts and attributes such as vi [ 0;
Pn

i¼1 vi [ 0 and wj [ 0;
Pm

j¼1 wj ¼ 1.

Proof: Similar to Theorem 3.3.

Proposition 4.3 If Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
; i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;mð Þ be

a collection of IVq-ROFSVs. Also, vi and wj be the weights of experts and attributes such as
vi [ 0;

Pn
i¼1 vi ¼ 1 and wj [ 0;

Pm
j¼1 wj ¼ 1.

4.3.1. Idempotency. Let Daij ¼ Dao ¼ klao ; k
f

ao

h i
; glao ; g

f

ao

h i� �
holds for any

i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;m. Then,

IVq� ROFSEOWG Da11 ;Da12 ; . . .. . .Danmð Þ ¼ Dao

4.3.2. Boundedness. Let D�
aij

¼ min klaij

� �
;min kfaij

� �h i
; max glaij

� �
;max gfaij

� �h i� �
and

Dþ
aij

¼ max klaij

� �
;max kfaij

� �h i
; min glaij

� �
;min gfaij

� �h i� �
. Then
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D�
aij
� IVq� ROFSEOWG Da11 ;Da12 ; . . .. . .Danmð Þ�Dþ

aij

4.3.3. Monotonicity. Let Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
andD	

aij
¼ k	 laij ; k

	f
aij

h i
;

�
g	laij ; g

	f
aij

h i
Þ be the families of IVq-ROFSVs. ThenIVq� ROFSEOWG Da11 ;Da12 ;ð

. . .. . .DanmÞ� IVq� ROFSEOWG D	
a11
;D	

a12
;

�
. . .. . .. . .;D	

anm
Þ, if Danm �D	

anm
8i; j.

4.3.4. Homogeneity. Let Daij ¼ klaij ; k
f

aij

h i
; gLaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs,

where, i ¼ 1; 2; 3; . . .;m; j ¼ 1; 2; 3; . . .; n. ThenIVq� ROFSEOWG hDa11 ; hDa12 ; . . .. . .ð
hDanmÞ ¼ hIVq� ROFSEOWG Da11 ;Da12 ; . . .. . .Danmð Þ For h[ 0:

4.4.5. Shift Invariance. Let Daij ¼ klaij ; k
f

aij

h i
;

�
glaij ; g

f

aij

h i
Þ be a collection of IVq-ROFSVs

and Da ¼ kla; k
f

a

� �
; gla; g

f

a

� �� �
be an IVq-ROFSV. ThenIVq� ROFSEOWG

Da11�eDa;Da12�eDa;ð . . .;Danm�eDaÞ ¼ IVq� ROFSEOWG Da11 ;Da12 ; . . .. . .Danmð Þ�eDa.

Definition 4.4 Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
; where i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2;ð

. . .. . .:mÞ be a collection of IVq-ROFSVs. Then, the IVq-ROFSEHWG operator is defined
as:

IVq� ROFSEHWG D
0
a11 ;D

0
a12 ; . . .. . .;D

0
anm

� �
¼ m

�ej=1
n

�ei=1
D

0

r ar ið Þs jð Þð Þ
� �vi

 !wj
 !

where vi ¼ v1; v2; . . .. . .; vnf gT and vi ¼ w1;w2; . . .. . .;wj


 �T
be the weight vectors for

experts and parameters such as vi [ 0;
Pn

i¼1 vi ¼ 1 and wj [ 0;
Pm

j¼1 wj ¼ 1 and D
0

r ar ið Þs jð Þð Þ
be the largest element interval-valued q-rung orthopair fuzzy soft arguments

D
0

r ar ið Þs jð Þð Þ ¼ mwj nvi aij
� �� �

, and m, n are the balancing coefficients. If the vi ¼
v1; v2; . . .. . .; vnf gT ! 1

n ;
1
n ; . . .. . .;

1
n


 �T
and vi ¼ w1;w2; . . .. . .;wj


 �T ! 1
m ;

1
m ;



. . .. . .; 1mgT , then mw1 nv1 a11ð Þð Þ;mw1 nv2 a21ð Þð Þ; . . .. . .;mwm nvn anmð Þð Þð ÞT !
Da11 ;Da12 ; . . .. . .Danmð ÞT .

Theorem 4.5 Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
be a collection of IVq-ROFSVs where

i ¼ 1; 2; . . .. . .:n; j ¼ 1; 2; . . .. . .:mð Þ. Then, the aggregation outcome of the IVq-ROF-
SEHWG operator is also an IVq-ROFSVs and.
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IVq� ROFSEHWG D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 k

0 l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� k

0l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 k

0 l
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 k

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s

266666666666666664

377777777777777775
;

0BBBBBBBBBBBBBBBB@
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ g0l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� g0 l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ g0l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1þ g0 l

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1þ g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1� g

0f
r ar ið Þs jð Þð Þ

� �q� �vi� �wj
q

s

266666666666666664

377777777777777775

1CCCCCCCCCCCCCCCCA

ð5Þ

where vi ¼ v1; v2; . . .. . .; vnf gT and vi ¼ w1;w2; . . .. . .;wj


 �T
be the weight vectors for

experts and parameters such as vi [ 0;
Pn

i¼1 vi ¼ 1 and wj [ 0;
Pm

j¼1 wj ¼ 1 and D
0

r ar ið Þs jð Þð Þ
be the largest element interval-valued q-rung orthopair fuzzy soft arguments

D
0

r ar ið Þs jð Þð Þ ¼ mwj nvi aij
� �� �

, and m, n are the balancing coefficients. If the vi ¼
v1; v2; . . .. . .; vnf gT ! 1

n ;
1
n ; . . .. . .;

1
n


 �T
and vi ¼ w1;w2; . . .. . .;wj


 �T ! 1
m ;

1
m ;



. . .. . .;

1
mgT , then mw1 nv1 a11ð Þð Þ;mw1 nv2 a21ð Þð Þ; . . .. . .;mwm nvn anmð Þð Þð ÞT ! Da11 ;Da12 ;ð
. . .. . .DanmÞT .

Proof: Proof is similar to Theorem 3.3.

Proposition 4.6 If D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
; i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3; . . .;mð Þ

be a collection of IVq-ROFSVs. Also, vi and wj be the weights of experts and attributes such
as vi [ 0;

Pn
i¼1 vi ¼ 1 and wj [ 0;

Pm
j¼1 wj ¼ 1.

4.6.1. Idempotency. Let D
0

r ar ið Þs jð Þð Þ ¼ D
0 ¼ k

0l; k
0
f

h i
; g

0l; g
0
f

� �� �
8i ¼ 1; 2; 3; . . .; n;

j ¼ 1; 2; 3; . . .;m, then

IVq� ROFSEHWG D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
¼ D

0

4.6.2. Boundedness. Let D�0
aij

¼ min k
0l
aij

� �
;min k

0
f

aij

� �h i
; max g

0l
aij

� �
;max g

0
f

aij

� �h i� �
and
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Dþ0
aij

¼ max k
0l
aij

� �
;max k

0
f

aij

� �h i
; min g

0l
aij

� �
;min g

0
f

aij

� �h i� �
. Then

D�0
aij
� IVq� ROFSEHWG D

0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
�Dþ0

aij

4.6.3. Monotonicity. Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
andD

0	
aij

¼ k
0 l	
aij
; k

0f	
aij

h i
;

�
g

0 l	
aij ; g

0f	
aij

h i
Þ be the families of IVq-ROFSVs. Then

IVq� ROFSEHWG D
0
a11
;D

0
a12
;

�
. . .. . .;D

0
anm

Þ� IVq� ROFSEHWG D
0	
a11
;D

0	
a12
; . . .. . .;

�
D

0	
anm

Þ, if D0
anm

�D
0	
anm

8i; j.
4.6.4. Homogeneity. Let D

0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
be a collection of IVq-ROFSVs,

where, i ¼ 1; 2; 3; . . .;m; j ¼ 1; 2; 3; . . .; n. ThenIVq� ROFSEHWG hD
0
a11
; hD

0
a12
; . . .. . .;

�
hD

0
anm

Þ ¼ hIVq� ROFSEHWG D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
For h[ 0:

4.6.5. Shift Invariance. Let D
0
aij

¼ k
0 l
aij
; k

0f
aij

h i
; g

0 l
aij
; g

0f
aij

h i� �
be a collection of IVq-ROFSVs

and D
0 ¼ k

0l; k
0
f

h i
; g

0l; g
0
f

� �� �
be an IVq-ROFSV. ThenIVq� ROFSEHWG

D
0
a11
�eD

0
;D

0
a12
�eD

0
; . . .;D

0
anm

�eD
0� �

¼ IVq� ROFSEHWG D
0
a11
;D

0
a12
; . . .. . .;D

0
anm

� �
�eD

0
.

5 Extended EDAS technique based on einstein ordered and hybrid
aggregation operators

Experts in different fields with distinct perspectives and perceptions of the world around
them frequently have different opinions on the most effective course of action. Interval-
valued q-rung orthopair fuzzy values are usually used between experts to describe unclear
and confusing scenarios and indicate their opinions. This research proposes the “Interval-
valued q-rung orthopair fuzzy soft Einstein ordered and hybrid AOs based EDAS method”
to address MAGDM problems using interval-valued q-rung orthopair fuzzy values. The
ideal solution of the EDAS approach is associated with two specific measures, positive
distance matrix (PDA) and negative distance matrix (NDA), which efficiently measure the
differences between various solutions. The EDAS technique is suitable for dealing with
MAGDM issues without formally evaluating ideal and non-ideal solutions. The section that
follows provides specifics on the established strategy’s computational framework.

Let H ¼ H1;H2; . . .. . .Hkf g be a collection of k alternatives and H ¼
H1;H2; . . .. . .Hsf g be a team of experts with weight vector v ¼ v1; v2; . . .; vnð ÞT , such as
vi [ 0 and

Pn
i¼1 vi ¼ 1: Let R ¼ R1;R2; . . .. . .Rzf g be a collection of attributes whose

weight vector is given as w ¼ w1;w2; . . .;wnð ÞT such as wj [ 0 and
Pm

j¼1 wj ¼ 1. For each

possibility, the group of experts Hi : i ¼ 1; 2; . . .; sf g expresses their thoughts using IVq-
ROFSNs after considering the specified set of attributes Rz : z ¼ 1; 2; 3; 
 
 
 ; nf g. The
experts’ opinion for each alternative in the form of IVq-ROFSNs is denoted as

Np
aij
¼ kðpÞaij

; gðpÞaij

� �
, where kðpÞaij

¼ klaij ; k
f

aij

h i
, gðpÞaij

¼ glaij ; g
f

aij

h i
, and 0� klaij ; k

f

aij
; glaij ; g

f

aij
� 1

and kfaij

� �q
þ gfaij

� �q
� 1, 8i; j, and q[ 2.
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The following steps for implementing the stated approach are given:

Step 1: Build decision matrices for each alternative Hj : z ¼ 1; 2; . . .; k

 �

in IVq-
ROFSNs form under considered attributes.

Np
aij

h i
n�m

¼
H1

H2

..

.

Hn

kla11 ; k
f

a11

h i
; gla11 ; g

f

a11

h i� �
kla12 ; k

f

a12

h i
; gla12 ; g

f

a12

h i� �

 
 
 kla1m ; k

f

a1m

h i
; gla1m ; g

f

a1m

h i� �
kla21 ; k

f

a21

h i
; gla21 ; g

f

a21

h i� �
kla22 ; k

f

a22

h i
; gla22 ; g

f

a22

h i� �

 
 
 kla2m ; k

f

a2m

h i
; gla2m ; g

f

a2m

h i� �
..
. ..

. ..
. ..

.

klan1 ; k
f

an1

h i
; glan1 ; g

f

an1

h i� �
klan1 ; k

f

an1

h i
; glan1 ; g

f

an1

h i� �

 
 
 klanm ; k

f

anm

h i
; glanm ; g

f

anm

h i� �

0BBBBBB@

1CCCCCCA
Step 2: Therefore, the matrix Np

aij

h i
n�m

is analyzed by classifying the parameters into two

groups: attributes connected with costs and attributes related to benefits. In the case of
identical parameters, normalization is not necessary. If the decision matrices show
different kinds of attributes, then the normalization technique should be used to make
them uniform, given as follows:

RðzÞ
ij ¼

Np
aij

� �c
¼ glaij ; g

f

aij

h i
; klaij ; k

f

aij

h i� �
Np
aij

¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
8<: ð6Þ

Step 3: Evaluate the ordered matrices for each alternative.
Step 4: The cognitive decision data is used for integrating the expert opinion evaluations,
considering the weight of each expert, using the IVq-ROFSEOWA, IVq-ROFSEOWG,
IVq-ROFSEHWA, or IVq-ROFSEHWG operators. Considering the stated criteria, the
preceding technique determines the comprehensive preference values for alternates.

Naij

� �
n�m

¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
n�m

; i ¼ 1; 2; . . .n; j ¼ 1; 2; . . .m

Step 5: Determine the average solution matrix

¼ ÅSh
� �

1�m¼
1

n
�
i¼1

n
Naij

� � ð7Þ

Step 6: Compute the PDA and NDA matrices; for this, let Db and Dc be the set of
beneficial criteria and non-beneficial criteria, respectively. Then, PDÅS and NDÅS

matrices can be determined as:PDA ¼ qaij

h i
n�m

, NDA ¼ oaij
� �

n�m
, where

qaij ¼
max 0; Naij � ÅSh

� �� �
S ÅSh
� � for i ¼ 1 1ð Þn; j ¼ 1 1ð Þm and <z 2 Db

max 0; ÅSh � Naij

� �� �
S ÅSh
� � ; for i ¼ 1 1ð Þn; j ¼ 1 1ð Þm and <z 2 Dc

8>>><>>>: ð8Þ

and

oaij ¼
max 0; ÅSh � Naij

� �� �
S ÅSh
� � for i ¼ 1 1ð Þn; j ¼ 1 1ð Þm and <z 2 Db

max 0; Naij � ÅSh
� �� �
S ÅSh
� � for i ¼ 1 1ð Þn; j ¼ 1 1ð Þm and <z 2 Dc

8>>><>>>: ð9Þ
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Step 7: Calculate the positive weighted distance Ps and negative weighted distance Qs for
IVq-ROFSEOWA and IVq-ROFSEHWA operators.

Ps ¼ �m
j¼1

wj �n
i¼1

viqaij

� �
ð10Þ

Qs ¼ �m
j¼1

wj �n
i¼1

vioaij

� �
ð11Þ

Or using IVq-ROFSEOWG and IVq-ROFSEHWG operators given as:

Ps ¼ �m
j¼1

wj �n
i¼1

viqaij

� �
ð12Þ

Qs ¼ �m
j¼1

wj �n
i¼1

vioaij

� �
ð13Þ

where wj [ 0; vi [ 0, such as
Pm

j¼1 wj ¼ 1 and
Pn

i¼1 vi [ 0:

Step 8: Normalize the values of Ps and Qs, s ¼ 1; 2; . . .. . .m:

NPs ¼ Ps
max P1; P2; . . .. . .Pmð Þ ð14Þ

NQs ¼ 1� Qs

max Q1;Q2; . . .. . .Qmð Þ ð15Þ

where max P1; P2; . . .. . .Pmð Þ and max Q1;Q2; . . .. . .Qmð Þ be the maximum distances.
Step 9: Derive the integrative appraisal score I

I ¼ 1

2
NPs � NQsð Þ ð16Þ

where I 2 0; 1½ �:
Step 10: Based on their appraisal scores, each alternative is eventually ordered in
descending order. The alternative with the highest score is considered the most beneficial,
and the one with the lowest score is referred to as the least favourable.

A flowchart of the proposed approach can be presented in the following Fig. 1.

6 Application of the proposed EDAS method in biomedical waste
management

This section will analyze the implementation of the abovementioned model to identify the
most effective BMW management technique.

6.1 Description of BMW management techniques

Biomedical waste management is crucial to laboratory, healthcare, and research operations.
It entails the safe and effective disposal of waste products from labs, healthcare facilities,
and research institutions. Medical waste must be disposed of appropriately to prevent the
spread of illness, preserve the environment, and secure the comfort of healthcare workers
and disposal workers. A few significant techniques and strategies used in the field of
biomedical waste management are as follows:
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6.1.1 Autoclaving

For the secure and efficient handling of potentially transmissible and harmful materials
produced in hospitals, research centers, and other similar locations, autoclaving is an
essential technique used in BMW management. The autoclaving procedure is crucial for
ensuring that BMW is secure for disposal later. It’s a sterilizing procedure that exposes
microorganisms, including viruses, bacteria, and fungi, to extreme temperatures and pres-
sures using pressurized steam. As water heats up in a sealed container under higher pressure,
its boiling point rises above 100 °C, based on the pressure exerted. At ordinary atmospheric
pressure, water boils at 100 °C. We refer to this sterilizing process as autoclaving. Blood and
blood products, body fluids, and microbial particles are sterilized for 30 min at 121 °C, after
which they are dumped or disposed of properly. This approach is particularly efficient at
deactivating microorganisms, substantially reducing the probability of spreading illnesses.

Waste Segregation: The procedure of separating waste at the point of generation is a
component of the initial stage in BMW management. Sharp objects, lab supplies, and other
kinds of debris that pose a higher risk of infection can be disposed of using specialized
containers.

Fig. 1 Flow chart of the proposed EDAS model
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Loading the autoclave: The management of biomedical waste requires the utilization of
containers that are compatible with autoclaves, which are then installed into the sterilization
chamber of the autoclave.

Steam exposure: Steam is compelled in the autoclave when it is sealed. The temperature
in the chamber is too warm and agitated for microbes to survive.

Sterilization phase: The waste is kept within this pressurized, high-temperature atmo-
sphere for a specific time, enabling effective disinfection.

Cooling phase: Throughout the sterilization procedure, the autoclave steadily decreases
pressure and temperature, thus facilitating the steady cooling of the waste materials.

Post-treatment handling: When the autoclave operation is completed, the waste goes
through sterilization and no longer causes a health risk.

Benefits of autoclave technique in BMW management: Autoclaving is a highly prevalent
procedure utilized in the field of BMW management, which has numerous noteworthy
advantages. Primarily, it exhibits a high level of efficacy in eradicating detrimental bacteria
and ensuring the safe disposal of medical waste. The execution of this method significantly
mitigates the risk of disease spread among medical professionals, waste management
workers, and the general public. Also, autoclaving has been demonstrated to efficiently
minimize the overall volume of waste, contributing to considerable reductions in trans-
portation and final disposal expenses. The utilization of this technology can be regarded as
ecologically conscientious due to its capacity to generate minimal levels of detrimental
emissions compared to alternative treatments such as incineration. Autoclaves can be
conveniently implemented at the location, so they are a versatile and scalable alternative
suitable for both diminutive healthcare establishments and expansive treatment plants for
waste.

Limitations of the autoclave technique: Whereas autoclaving has multiple advantages, it
also carries a few limitations. The task needs significant power, particularly during pro-
longed execution, which may impact operating expenditure. Moreover, the process of
autoclaving may necessitate the allocation of specific areas inside hospitals or waste dis-
posal facilities. The tools and equipment used must comply with recognized safety standards
and regulations. It is essential to realize that particular kinds of biological waste can’t get
enough processing just by an autoclave, mandating the execution of several types of
treatments. Autoclaving is generally considered a remarkably effective and ecologically
sensitive approach to managing biomedical waste. However, it needs to consider the use of
energy and structural issues related to implementing this strategy.

6.1.2 Chemical treatment

Chemical treatment plays an integral part in managing biomedical waste, as it assists in
disinfecting and rendering infectious and hazardous waste safer for its final destination. This
approach focuses on adopting chemical compounds that make microorganisms harmless and
reduce any risks connected with biomedical debris. Chemical sterilization, frequently called
chemical sterilization, involves using specified chemicals to eliminate or mitigate
microorganisms, such as viruses, bacteria, and fungal infections, that are ineffective in
medical waste. Materials such as acupuncture needles, sharp-edged items, recyclable plastic,
pathogenic beverages, blood, and body fluids are generally exposed to appropriate sanitation
using an adequate disinfectant, such as a 2–5% solution consisting of Lysol, followed by
autoclaving. The chemical waste is neutralized and disposed of, contingent upon its inherent
characteristics. As mentioned above, the technique is recognized for its significant efficacy
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when handling pathogenic materials, making it a valuable addition to other treatment
modalities such as autoclave and cremation.

Waste segregation: Waste segregation is the initial phase in any BMW management
procedure. There are designated bins for each type of waste.

Chemical selection: Selecting an appropriate chemical for cleaning or sterilization is
essential. Sodium hypochlorite, hydrogen peroxide, and chlorine dioxide are commonly
employed chemicals for cleaning. Selection relies on the kind of waste and legislative
restrictions.

Contact time: The waste material is treated with disinfectant for a long time to ensure all
of the microbes are removed.

Dilution and neutralization: Under specific circumstances, destroying or diluting
chemicals before their removal is important to minimize all possible adverse environmental
effects.

Final disposal: Waste materials will be adequately disposed of in compliance with the
defined waste disposal rules after completing proper processing.

Benefits of chemical treatment in BMW management: Chemical processing is a beneficial
procedure with several benefits to manage biological contaminants. It is highly efficient in
reducing infections, such as fungi, viruses, and bacteria, facilitating secure removal of
harmful material. Due to its resilience, this technique may efficiently manage several kinds
of biological trash, such as liquids, pharmaceuticals, and lab wastes. Chemical reaction
treatments are more beneficial to our environment than alternative procedures. It will be
handled directly at healthcare facilities, offering a flexible solution suitable for multiple
waste disposal circumstances.

Limitations of chemical treatment technique: Whereas chemical treatments possess
several advantages, they carry limitations. To prevent mishaps or improper management,
handling and preserving disinfecting substances with extreme caution using safety protocols
is necessary. The development of disinfection resistance in certain microbes highlights the
significance of appropriate chemical selection and contact durations. Furthermore, not all
biomedical waste can be treated chemically; some waste types might need to be disposed of
using different techniques. As a result, it's critical to thoroughly assess the waste type and
select the best treatment option in line with that assessment.

6.1.3 Microwaving

The Microwave sterilization technology is a smart and sustainable technique applied for the
treatment in BMW management. The main purpose of this methodology is to completely
reduce toxic materials frequently found within healthcare organizations, research labs, and
analogous places. Through microwave technology, BMW management implements a pro-
cess that includes the controlled release of heat to sterilize waste materials effectively, thus
ensuring their safety for subsequent disposal. Microwaves, conventionally recognized for
their role in food heating, have been recently employed in BMW management, ensuring
security and supporting a sustainable environment.

Waste segregation: The adequate segregation of waste at its generation location is the
beginning of any approach addressing BMW's management. There are different types of
waste, and each one needs a different way to be treated.

Containerization: The BMW dumped into containers designed to be microwave-safe.
The vessels carry the capacity needed to deal with the thermal energy produced throughout
heating with a microwave.
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Microwave exposure: The waste vessels are placed into a microwave chamber and then
processed using microwaves to boost the internal temperatures of the garbage cans up to a
higher level.

Cooling phase: The waste needs a cooling procedure after treatment to attain the proper
temperature for dumping.

Post-treatment handling: The waste is disinfected after microwaving, facilitating its final
disposal.

Benefits of microwaving in BMW management: The implementation of microwaves in
BMW management is a novel and revolutionary method with several advantages. Com-
mitting harmful objects to intense temperatures is an efficient way of sanitation, which
causes the removal of pathogens such as bacteria, viruses, and fungi. The sanitizing oper-
ation makes waste appropriate for its proper elimination. This method often results in a
reduction in waste size, increasing efficiency in transportation and disposal. The use of
microwaves is known because of their excellent energy efficiency, as they utilize less energy
than other treatments. Moreover, it is necessary to remember that these treatment techniques
can decrease their negative effect on the environment by generating minimal greenhouse
gases, promoting sustainable growth.

Limitations of the microwaving technique: Still, microwaves face some disadvantages.
Implementing microwaves effectively in healthcare facilities may require reserving partic-
ular infrastructure and securing specific tools, limiting their usefulness in particular cir-
cumstances. Also, implementing microwaves may require a higher initial investment, but it
may result in fewer maintenance expenses than other alternatives. Strict compliance with
protection regulations and laws is necessary to reduce the potential of fatalities or improper
waste handling. A few kinds of waste can't be suitable for microwave treatment, necessi-
tating different disposal methods. A thorough evaluation of the attributes of the biological
waste and its suitability for using microwaves is necessary to handle this kind of waste
efficiently.

6.1.4 Deep burial

Deep burial is a BMW management approach in which potential toxic waste generated in
medical centres, labs, and research organizations is concealed. Executing this method
properly produces a suitable and extracted environment to contain BMW. The method
involves excavating committed burial sites or tunnels to dump BMW underground. This
method is implemented when alternative disposal procedures, such as microwaving or
autoclaving, are not feasible or waste management laws permit deeper graves.

Benefits of Deep Burial in BMW management: Deep burial, as a technique for processing
biological matter, delivers a distinct approach with advantages and drawbacks. The main
benefit of the method is its ability to deliver an adequate level of isolation. Deep burial of
biological materials properly excludes the waste from its surroundings, decreasing the
potential challenges of disease spread and contaminants. This method is characterized by its
ecologically sensitive aspect, as it significantly prevents the dispersal of possibly dangerous
chemicals into the surroundings. The deep burial approach is highly versatile as it can be
used efficiently for multiple kinds of biological waste, such as clinical waste, laboratory
components, and medication waste.

Limitations of the Deep burial technique: While deep burial presents some benefits, it
also has drawbacks. This method is liable to severe compliance with regulations, including
strict surveillance and certification procedures, due to its possible effect on groundwater
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quality and other environmental concerns. Determining proper ground for deep burial may
pose challenges, particularly in populated towns lacking land availability. It is important to
properly monitor and preserve burial cavities to prevent inappropriate access and mitigate
possible environmental effects. Implementing a deep burial includes supplementary
expenditures related to the construction process, persistent site maintenance, and continual
monitoring operations. When exploring using that approach to control biological waste, it is
necessary to assess these factors in connection to the corresponding advantages thoroughly.

6.1.5 Incineration

Incineration is a well-established and critical method of regulating potentially dangerous
substances generated from healthcare facilities, medical labs, and other associated fields to
dispose of them efficiently and properly. Incineration is a process that transforms BMW into
ash using controlled combustion, rendering it pure and harmful. The waste is burned in a
specially developed dual-chamber burner, attaining a temperature between 900 and 1200
degrees Celsius, causing its transformation into ashes. This method is highly effective for
sterilizing and disposing of hazardous products, pharmaceutical waste, and other potentially
harmful substances.

Benefits of incineration in BMW management: Incineration is a very effective approach
to reducing BMW, delivering several benefits. Initially, it regularly reduces undesirable
organisms, generating healthcare waste free of infection and secures removal. This method
significantly reduces the potential of spreading disease to the general public, waste handlers,
and health care workers. Incineration minimizes costs for disposal and transportation by
reducing the volume of solid waste produced. Moreover, to reduce their negative effects on
the surroundings, burning facilities are provided with pollution mitigation devices that
collect and eradicate contaminants. In certain situations, the environmental impact can be
further reduced by extracting energy from the heat produced during combustion.

Limitations of the Incineration technique: It presents benefits; however, it also has certain
drawbacks. Emissions need to be controlled and scrutinized regularly to remain within legal
parameters. Also, incineration facilities might need substantial inception expenditures, and
maintenance costs vary according to the equipment adopted and the level to which it is
required to adhere to the applicable laws and regulations. In crowded towns, there can
sometimes not be enough space in hospitals or waste disposal centers for this procedure.
Some forms of BMW can't be suitable for burning and must be managed with other
techniques. Sustaining performance while decreasing the impact on the environment while
conducting incineration needs exact compliance with safety rules and regulations.

A flow chart of the working process of all considered BMW management techniques is
given in the following Fig. 2.

6.2 Selection of BMW disposal technique

The task of determining the most appropriate treatment technique for BMW disposal is of
paramount importance. We concentrate on a case study within this section, presented in the
research by Liu et al. (2015a). It was executed in Shanghai, China, demonstrating how
BMW currently selects its waste disposal treatment strategy. We examine all aspects of this
particular case study in the subsection (6.1). In this study, we concentrate on five distinct
suggested BMW methods for treatment. This issue will address the following objectives:
determining the best method and developing an organizational structure for the selected
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Fig. 2 BMW management techniques
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treatment strategies. A justification for the different BMW disposal treatment techniques is
given as follows: H ¼ H1 ¼ Chemicaltreatment;H2 ¼f Incineration;H3 ¼ Microwaving;
H4 ¼ DeepBruial;H5 ¼ Autoclavingg. The variables’ weights are significant in determin-
ing BMW disposal alternatives to treatment, enabling experts to evaluate their decisions
between five potential alternatives. We consider the subsequent five parameters in this into
perspective: R ¼ fR1 ¼ SocialAcceptance (benefit), R2 ¼ Environmentalproduction
(benefit), R3 ¼ Noise (cost), R4 ¼ HealthRisk (cost), and R5 ¼ Technicalcapability
(benefit)} are used to the selection criteria with weights w ¼ ð0:18; 0:15; 0:25; 0:21; 0:21Þ;
respectively. of BMW disposal treatment methods. Let H ¼ H1;H2;H3;H4;H5f g be a
team of five experts with weights v ¼ ð0:22; 0:23; 0:25; 0:11; 0:19Þ: Where R3 ¼ Noise and
R4 ¼ HealthRisk are cost-type parameters, and other parameters are of benefit type. The
classified structure of criteria for selecting the BWM technique is given in the following
Fig. 3.

Considering the abovementioned criteria, our present technique delivers recommenda-
tions for determining the most significantly ideal solution. The selection process builds
significant interest in protecting environmental stability and the health of humans and plants.
The main priority of modern BMW systems is economic and social sustainability. Never-
theless, this study evaluates the potential dangers to human health, declaring its essential
relevance to establishing an environment of satisfaction within a society. Through rigorous
investigation and careful contemplation of these variables, experts can recommend the most
proper and effective method for BMW's disposal. Experts expressed their evaluations in the
form of IVq-ROFSNs for each BMWalternative mentioned in Table 1. These are eventually

Fig. 3 Selection criteria for BMW management technique
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incorporated into the EDAS technique, which employs the Einstein-ordered and Einstein
hybrid AOs elaborated above in Sect. 5 to establish the most effective BMW disposal
technique. The selection process of most appropriate BMW disposal technique using the
proposed EDAS method is presented in the following:

Step 1: The group of experts carefully assessed all of the stated BMW disposal
methodologies and presented their opinions. Table 1 presents a summary of expert's pref-
erences in the form of IVq-ROFSNs for each alternative.

Step 2: As we know that, the matrix Np
aij

h i
n�m

is analyzed by classifying the parameters

into two groups: attributes connected with costs and attributes related to benefits. If the
parameters are the same type, then no need to normalize. But, the parameters R3 ¼ Noise
and R4 ¼ Healthrisks are of cost type parameters, and other considered parameters are of
benefit type. Thus, it is necessary to normalize the experts’ evaluations using Eq. 10, given
in Table 2.

Step 3: The overall normalized decision matrices are ordered in Table3.
Step 4: The process of constructing the aggregated decision matrix involves decision

experts’ involvement and assigning attribute weights using the IVq-ROFSEOWA operator
or IVq-ROFSEOWG operator (Eq.2 or Eq.8), as revealed in Tables 4 and 5.

Step 5: Apply the Eq.11 to determine the average solution matrix given as follows:

ÅSh
� �

1�5¼
0:38950; 0:51012½ �;
0:82559; 0:89267½ �

� �
0:312842; 0:58448½ �;
0:85315; 0:91051½ �

� �	
0:29976; 0:41225½ �;
0:86236; 0:92746½ �

� �
0:24565; 0:35052½ �;
0:88103; 0:93444½ �

� �
0:25202; 0:37716½ �;
0:91471; 0:96874½ �

� �
�

Step 6: Table6 presents the outcomes of Eqs.12 and 13, which govern the required form
and the mathematical computation of the PDA and NDA matrices,respectively.

Step 7: Calculate the positive weighted distance Ps and negative weighted distance Qs
using Eqs. 14 and 15 given as follows:

P1 ¼ 0:25415; 0:41961½ �; 0:21702; 0:50256½ �ð Þ, P2 ¼ 0:30071; 0:41637½ �; 0; 0:37563½ �ð Þ,
P3 ¼ 0:18631; 0:38822½ �; 0; 0:469½ �ð Þ, P4 ¼ 0:44343; 0:63025½ �; 0; 0:65831½ �ð Þ,
P5 ¼ 0:35359; 0:51131½ �; 0; 0:37659½ �ð Þ, Q1 ¼ 0:16911; 0:23591½ �; 0:46501; 0:59011½ �ð Þ,
Q2 ¼ 0; 0:24237½ �; 0:39924; 0:59369½ �ð Þ, Q3 ¼ 0:21291; 0:29517½ �; 0:25283; 0:57353½ �ð Þ,
Q4 ¼ 0:48115; 0:56494½ �; 0:68239; 0:76919½ �ð Þ, and Q5 ¼ 0; 0½ �; 0:51774; 0:64505½ �ð Þ.

Moreover, we use Eqs. 16 and 17 to find a positive weighted distance Ps and negative
weighted distance Qs in the case of the IVq-ROFSEOWG operator.

Step 8: Normalized the values of positive weighted distance Ps and negative weighted
distance Qs by using Eqs. 18, 19 respectively, which are given as follows:

NP1 ¼ 0:12487; 0:20798½ �; 0:10653; 0:25121½ �ð Þ,
NP2 ¼ 0:14799; 0:20632½ �; 0; 0:18558½ �ð Þ, NP3 ¼ 0:09141; 0:19196½ �; 0; 0:23291½ �ð Þ,
NP4 ¼ 0:22024; 0:32189½ �; 0; 0:33845½ �ð Þ, NP5 ¼ 0:17446; 0:25587½ �; 0; 0:18607½ �ð Þ,
NQ1 ¼ 0:87826; 0:91283½ �; 0:68607; 0:75686½ �ð Þ,
NQ2 ¼ 0:87491; 1½ �; 0:68396; 0:79243½ �ð Þ,
NQ3 ¼ 0:10981; 0:89018½ �; 0:69577; 0:86947½ �ð Þ,
NQ4 ¼ 0:70075; 0:74799½ �; 0:56984; 0:62941½ �ð Þ, and NQ5 ¼ 1; 1½ �; 0:65296; 0:72764½ �ð Þ.

Step 9: Derive the integrative appraisal score I using Eq. 20 such as follows:
I1 ¼ 0:51114, I2 ¼ 0:51227, I3 ¼ 0:48880, I4 ¼ 0:50598, and I5 ¼ 0:52549.
Step 10: Finally, the alternatives are ranked in descending order of appraisal score. The

first-ranked alternative is the best, while the last one is the worst
H5 [H2 [H1 [H4 [H3.
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The proposed approach delivers significant enhancements compared to the prevailing
EDAS approach. The prevailing EDAS method communicates the MD and NMD of the
evaluated data employing real numbers, although the proposed method reflects these via
interval values. So, the suggested model enables specialists to express their perspectives
more flexibly.

7 Comparative and sensitivity analysis

This section will analyze the sensitivity of our model along with a comparison analysis with
prior studies.

7.1 Comparative analysis

In the following subsection, we will analyze our suggested model from three different
perspectives. First, we compare this new EDAS technique to existing EDAS methods with
distinct fuzzy frameworks. After that, we will compare the proposed EDAS approach with
existing aggregation operators within the IVq-ROFS framework. Finally, we will compare
our proposed approach to the TOPSIS method in the IVq-ROFSS structure.

7.1.1 Comparison with EDAS approaches in different structures

Notably, prevalent approaches, like the fuzzy EDAS (Ghorabaee et al. 2016) and IVFS
EDAS (Ilieva 2018), only consider the MD and MD interval, respectively, for each alter-
native. Comparatively, certain models, such as the IFS EDAS (Mishra et al. 2020) and

Table 7 Comparative analysis with existing EDAS models

Structure Appraisal score Ranking

Fuzzy EDAS
(Ghorabaee et al.
2016)

n/a n/a

Interval fuzzy EDAS
(Ilieva 2018)

n/a n/a

IFS EDAS (Mishra
et al. 2020)

n/a n/a

IVIFS EDAS (Li and
Wang 2020)

n/a n/a

PFS EDAS (Liu et al.
2022)

n/a n/a

IVPFS EDAS (Yanmaz
et al. 2020)

n/a n/a

q-ROFS EDAS (Güneri
and Deveci 2023)

n/a n/a

IVq-ROFS EDAS
(Farrokhizadeh et al.
2020)

n/a n/a

Proposed EDAS 0.51114 0.51127 0.48880 0.50598 0.52549 H5 [H2 [H1 [H4 [H3
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IVIFS EDAS (Li and Wang 2020), consider the MD and NMD when evaluating alterna-
tives. Liu et al. (2022) designed the EDAS approach for PFS. Yanmaz et al. (2020)
developed the EDAS model for IVPFS. Güneri and Deveci (2023) and Farrokhizadeh et al.
(2020) extended the EDAS approach in the q-rung orthopair fuzzy and interval-valued q-
rung orthopair fuzzy structures. Still, these methods have drawbacks regarding addressing
the parameterization of alternatives. The theoretical analysis of our proposed EDAS tech-
nique, as compared with existing EDAS techniques under different structures of fuzzy sets,
is presented in Table 7.

The developed EDAS approach effectively conquers the inherent challenges imposed by
traditional EDAS methods, such as resolving the problem of managing the parameterization
of alternatives. The feasibility of the developed EDAS model is shown by its ability to
determine the most productive BMW disposal technique. The findings in Table 7 abun-
dantly demonstrate that the proposed approach is superior to the other methods when
choosing the most optimal decision among the available alternatives.

7.1.2 Comparison with different aggregation operators

Comparisons are carried out from the perspectives of aggregation operators to confirm and
clarify the upsides of the proposed strategy. Compared the proposed method with different
operators such as the IVq-ROFSWA (Yang et al. 2022), IVq-ROFSWG (Yang et al. 2022),
IVq-ROFSIWA (Yang et al. 2022), IVq-ROFSIWG (Yang et al. 2022), GGIVq-ROFSWA
(Hayat et al. 2023) operator, and GGIVq-ROFSWG operator (Hayat et al. 2023) is one
aspect of the comparison. To be more accurate, the IVq-ROFSEOWA operator applied in
Step 2 is replaced, in turn, by the operators stated earlier in the numerical example in Sect.
6.2, retaining the rest of the information. Table 8 and Fig. 4 illustrate the classification
outcomes obtained using different operators. The ranking levels for the BMW disposal
technique vary when methodologies of different operators are used to synthesize evaluation
information, as Table 8 shows. Still, the BMW technique's rankings remain stable, with H5

being continuously deemed the most effective disposal technique.

Table 8 Alternatives ranking using different operators

Structure Alternatives score values/appraisal score Ranking

IVq-ROFSWA (Yang
et al. 2022)

S H1ð Þ= 0.50321, S H2ð Þ = 0.50417, S H3ð Þ = 0.49823,
S H4ð Þ = 0.51345, and S H5ð Þ = 0.53814

H5 [H4 [H2 [H1 [H3

IVq-ROFSWG
(Yang et al. 2022)

S H1ð Þ= 0.51348, S H2ð Þ = 0.50329, S H3ð Þ = 0.49058,
S H4ð Þ = 0.53519, and S H5ð Þ = 0.54372

H5 [H4 [H2 [H1 [H3

IVq-ROFSIWA
(Yang et al. 2022)

S H1ð Þ= 0.54392, S H2ð Þ = 0.55376, S H3ð Þ = 0.53421,
S H4ð Þ = 0.54798, and S H5ð Þ = 0.56148

H5 [H2 [H4 [H1 [H3

IVq-ROFSIWG
(Yang et al. 2022)

S H1ð Þ= 0.54913, S H2ð Þ = 0.56297, S H3ð Þ = 0.53956,
S H4ð Þ = 0.55307, and S H5ð Þ = 0.57026

H5 [H2 [H4 [H1 [H3

GGIVq-ROFSWA
(Hayat et al. 2023)

S H1ð Þ= 0.55861, S H2ð Þ = 0.56381, S H3ð Þ = 0.54204,
S H4ð Þ = 0.55194, and S H5ð Þ = 0.58412

H5 [H2 [H1 [H4 [H3

GGIVq-ROFSWG
(Hayat et al. 2023)

S H1ð Þ= 0.48142, S H2ð Þ = 0.48942, S H3ð Þ = 0.46537,
S H4ð Þ = 0.47776, and S H5ð Þ = 0.49538

H5 [H2 [H1 [H4 [H3

Proposed method I H1ð Þ= 0.51114, I H2ð Þ = 0.51127, I H3ð Þ = 0.48880,
I H4ð Þ = 0.50598, and I H5ð Þ = 0.52549

H5 [H2 [H1 [H4 [H3
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The finding reveals that our research has the identical optimized selection as prior
research, confirming the reliability and practicality of the proposed technique for choosing a
disposal technique in BMWs. This explicitly shows the potential and ability of the presented
technique. Furthermore, there is some discrepancy among rankings. This variation is most
likely caused by the described Einstein operations, which can collect complicated and
confusing data on interactions while eliminating exaggeration and data degradation. Still,
the operators in place neglected the integration of precise and frequently changing infor-
mation at the time.

7.1.3 Comparison with TOPSIS method

We analyze the similarities and differences between the proposed methodology and the
TOPSIS technique (Zulqarnain et al. 2024). Where H5 is identified to be the most suit-
able alternative when scrutinizing the BMW disposal process in the TOPSIS technique. The
disparity is in the order in which alternatives are displayed, resulting from the method used
to determine positive and negative ideal solutions. This factor is more detailed by evaluating
the differences between these possible outcomes. On the other hand, our presented method
depends on the average solution principle, compromising the implementation of optimum
techniques and requiring computational analysis of similar distances. While assessing the
consequences demonstrated in Table 9, it will be observed that the proposed EDAS tech-
nique now in use and integrates IVq-ROFSNs determines the most efficient alternative with
more accuracy for BMW disposal processes.

Figure 5 shows the graphical comparisons between the proposed technique and the
TOPSIS (Zulqarnain et al. 2024) method.

Fig. 4 Comparison with different operators
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7.2 Sensitivity analysis

To demonstrate the reliability and efficacy of the proposed approach, a sensitivity analysis is
carried out on parameter q. The organization's standards indicate that selections H5 and H3

are the most detrimental and poorest choices, respectively. Table 10 demonstrates that if “q”
varies between 1 and 15, the alternatives are in a particular ascending order:
H5 [H2 [H1 [H4 [H3. The most stimulating aspect of this ranking is that there is no
effect on the best and worst alternatives. Furthermore, the appraisal score of the alternatives
demonstrates decreasing trends as the numeric value of the parameter “q” increases, indi-
cating the reliance of assessing computations on the value of the stated parameter. It can be
seen in Table 10 and Fig. 6. Also, in a scenario where the expression
MDf
� �q þ NMDf

� �q [ 1, where q[ 2, it must be determined which both IVIFSS (Jiang

Table 9 Comparison with the TOPSIS method

Method Appraisal score/closeness coefficient Ranking

TOPSIS method
(Zulqarnain et al.
2024)

0.61497 0.66731 0.47183 0.55829 0.70359 H5 [H2 [H1 [H4 [H3

Proposed EDAS 0.51114 0.51127 0.48880 0.50598 0.52549 H5 [H2 [H1 [H4 [H3

Fig. 5 Comparison with the TOPSIS method
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et al. 2010) and IVPFSS (Zulqarnain et al. 2022a) have been unable to present a sign that
disputes this outcome. Still, the parameter “q” reflects the degree of ability to adapt to this
particular information-extracting strategy. This research explored the prospective signifi-
cance of parameters of the location in assisting expert evaluation.

The stated methodology aims to boost the compilation of facts by using multiple aspects,
which facilitates the visualization of inadequate knowledge. Implementing the parameter
“q” enables experts to evaluate every given assignment more thoroughly, advising experts to
exercise caution in selecting an appropriate value for “q” to locate an appropriate behavior.

Based upon our detailed study and thorough analysis, the findings derived from the
proposed method are superior to those attained by multiple other techniques. Figure 6
presents an animated illustration of the impact of the parameter “q” on the results.

7.3 Results and discussion

The effective use of the extended EDAS technique is transparent in its superior outcomes
relative to preceding studies and the comparability of its findings with those gained through
preexisting techniques. The leading advantage of this approach is the capability to comprise
more details describing the confines that constitute the alternatives, efficiently addressing

Table 10 Sensitivity analysis with variation of “q” and its influence on alternative classifications

Value
of

Appraisal score Ranking

q ¼ 3 IðH1Þ= 0.51114, IðH2Þ = 0.51987, IðH3Þ = 0.48480, IðH4Þ =
0.50598, IðH5Þ = 0.52549

H5 [H2 [H1 [H4 [H3

q ¼ 4 IðH1Þ= 0.51027, IðH2Þ = 0.51786, IðH3Þ = 0.48157, IðH4Þ =
0.50534, IðH5Þ = 0.52237

H5 [H2 [H1 [H4 [H3

q ¼ 5 IðH1Þ= 0.50968, IðH2Þ = 0.51653, IðH3Þ = 0.47978, IðH4Þ =
0.50046, IðH5Þ = 0.52049

H5 [H2 [H1 [H4 [H3

q ¼ 6 IðH1Þ= 0.50652, IðH2Þ = 0.51472, IðH3Þ = 0.47781, IðH4Þ =
0.49843, IðH5Þ = 0.51967

H5 [H2 [H1 [H4 [H3

q ¼ 7 IðH1Þ= 0.50473, IðH2Þ = 0.51198, IðH3Þ = 0.47598, IðH4Þ =
0.49541, IðH5Þ = 0.51793

H5 [H2 [H1 [H4 [H3

q ¼ 8 IðH1Þ= 0.50172, IðH2Þ = 0.51023, IðH3Þ = 0.47357, IðH4Þ =
0.49243, IðH5Þ = 0.51582

H5 [H2 [H1 [H4 [H3

q ¼ 9 IðH1Þ= 0.49913, IðH2Þ = 0.50879, IðH3Þ = 0.47175, IðH4Þ =
0.49003, IðH5Þ = 0.51329

H5 [H2 [H1 [H4 [H3

q ¼ 10 IðH1Þ= 0.49721, IðH2Þ = 0.50718, IðH3Þ = 0.46953, IðH4Þ =
0.48892, IðH5Þ = 0.51128

H5 [H2 [H1 [H4 [H3

q ¼ 11 IðH1Þ= 0.49528, IðH2Þ = 0.50568, IðH3Þ = 0.46765, IðH4Þ =
0.48679, IðH5Þ = 0.50924

H5 [H2 [H1 [H4 [H3

q ¼ 12 IðH1Þ= 0.49326, IðH2Þ = 0.50338, IðH3Þ = 0.46584, IðH4Þ =
0.48427, IðH5Þ = 0.50798

H5 [H2 [H1 [H4 [H3

q ¼ 13 IðH1Þ= 0.49218, IðH2Þ = 0.50137, IðH3Þ = 0.46379, IðH4Þ =
0.48296, IðH5Þ = 0.50397

H5 [H2 [H1 [H4 [H3

q ¼ 14 IðH1Þ= 0.49029, IðH2Þ = 0.49989, IðH3Þ = 0.46216, IðH4Þ =
0.48073, IðH5Þ = 0.50224

H5 [H2 [H1 [H4 [H3

q ¼ 15 IðH1Þ= 0.48826, IðH2Þ = 0.49817, IðH3Þ = 0.46034, IðH4Þ =
0.47896, IðH5Þ = 0.50025

H5 [H2 [H1 [H4 [H3
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the unpredictability inherent in the data. So, integrating attribute-related data has been
significantly streamlined, leading to a more comprehensive and precise description of facts.
This enhancement has bestowed upon it a significant usefulness in facilitating informed
decision-making.

Moreover, the comparison study determines the distinctive characteristics of the deci-
sion-making procedure of the presented technique compared to preceding strategies. This
can be because of the ability to manage a higher level of uncertain data effectively. It
reduces the apparent threat of data corruption that may arise while assigning score values to
specific parameters without seriously considering their influence on the rest of the variables.
By properly articulating the extent of perception and resemblance between clarifications
while preventing drawing inferences using inadequate data, the EDAS approach presents
substantial benefits over traditional approaches.

From our particular analysis, it is necessary to note that the proposed strategy evaluates
every possible option while executing the disposal technique in BMW. The prevailing
EDAS approaches under different frameworks, such as Ghorabaee (2016), Ilieva (2018),
Mishra et al. (2020), Liu et al. (2022), and Güneri and Deveci (2023), can not handle
alternative parametric modeling and particular scenarios such as MD and NMD intervals.
The decision-making approaches, which were proposed by Peng and Yang (2016), Ahemad
et al. (2023), Wan et al. (2023), Liu et al. (2015b), Rahman et al. (2018, 2020), Xu (2023)
can deal with the MD and NMD intervals. However, these decision-making models cannot
handle the parametric values and fail to find the optimal alternative using the average
solution matrix. The EDAS techniques developed by Li and Wang (2020), Yanmaz et al.

Fig. 6 Impact of q on alternatives ranking

123

Assessment of bio-medical waste disposal techniques... 210Page 45 of  75



(2020), and Farrokhizadeh et al. (2020) compute the optimal alternative using the average
solution matrix and MD and NMD intervals.

Still, these models are unable to handle the parametrized evaluation for alternatives. Jiang
et al. (2010) and Zulqarnain et al. (2022a) introduced the decision-making techniques in
IVIFSS and IVPFSS structures to overcome the above-stated drawbacks. If

MDf
� �2 þ NMDf

� �2 [ 1, then the IVIFSS and IVPFSS failed to solve the problem. Yang
et al. (2022) and Hayat et al. (2023) extended the IVPFSS to IVq-ROFSS and the gener-
alized IVq-ROFSS to solve the abovementioned concern. They developed several AOs with
their basic properties and decision-making techniques. Both of these research studies
effectively addressed the concerns stated above. The effect of parameter q on alternatives
ranking using the Hayat et al. (2023) method is given in Fig. 7.

Another finding derived from the evaluation of Figs. 6 and 7 indicates the proposed
approach presents a more progressive development of categorical parameters as q increases,
compared to its results Hayat et al. (2023) method. The ranking of the alternatives is not
consistent by varying the value of parameter q. This indicates that the proposed method
presents less sensitivity to the variable q, providing enhanced versatility and resilience. So,
the approach proposed in this research reveals a higher level of impact and durability than
the previous works (Yang et al. 2022; Hayat et al. 2023).

7.4 Advantages and theoretical executions of the extended EDAS method

Selecting the organization that appears to have the most potential to maintain BMW in this
scenario is challenging. We developed an extensive structure that integrates facts obtained

Fig. 7 Hayat et al. (2023) method
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from numerous BMW executives and the features they indicate to deal with this diversity.
The integrity and applicability of our evaluation findings by using this technique.

The EDAS technique that we presented produced an outcome in order of priority among
all alternatives. Between them, H5 has been determined to be the most beneficial, followed
by H2, H1, H4, and H3 as shown by the preferred relation H5 [H2 [H1 [H4 [H3.
Acknowledging that various sets of attribute weights might influence the ranking results is
crucial. But it is interesting to note that the most effective option that consistently delivers
the best findings is H5. Due to this capability, a city administrator can modify the attribute
weights to fit real-life scenarios, generating a dynamic ranking compatible with particular
requirements.

Optimizing the handling of BMW in metropolitan areas considerably impacts environ-
mental sustainability. Evaluating BMW managerial effectiveness compared to other orga-
nizations helps city administrators with beneficial data to analyze decisions and develop
further programs for the community's prosperity. Lower-ranked organizations could need
more funding and regulation than their higher-ranked peers.

Our suggested strategy is simple to implement and performs well when combined with
additional tools for decision-making. We ensure the accuracy of the assessments and gen-
erate criteria and objectives leading to their essential contribution by engaging various
experts. Our EDAS approach helps identify the best organization to manage BMW effi-
ciently and deal with the practical issues about MAGDM in uncertain real-world
circumstances.

Furthermore, this method's versatility extends beyond BMW management and applies to
various facets of city management. Employing decision support tools and familiarizing
decision-makers with the method can significantly enhance the assessment’s quality while
reducing managerial workloads. Developing a computer software program is advisable to
streamline the decision-making process, minimizing the time and effort required to solve
such problems and potentially reallocating surplus funds to advance BMW management
initiatives.

7.5 Limitations of the extended EDAS method

Implementing the EDAS approach into the IVq-ROFSS framework delivers numerous
advantages, optimizing the overall impact of the proposed strategy. This fusion promotes
more efficient decision-making procedures, improving system reliability and stability. Still,
it is important to note the multiple intrinsic drawbacks of the stated method. It is essential to
thoroughly investigate the limitations described below to understand the feasibility of the
model properly and to determine aspects that require improvements.

1. The outcomes and the approach reported in this research may be influenced by context
and can lack broad implications across varied scenarios, geographic regions, or societal
contexts. The particular characteristics of the case study might affect the ability to use
the suggested technique in various circumstances.

2. The practicality of the extended EDAS method depends on the general availability and
quality of the information at issue. The validity of its findings can be impacted by
inconsistencies or shortcomings in the information provided, particularly regarding
BMW's managerial processes and expert opinions.

3. The order of preference and assignment significance to attributes depend upon expert
assessments, so applying a component of bias. The existence of multiple points of view
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among experts and the prospect of biased opinions can influence the credibility and
integrity of the process of making decisions.

4. This approach implies that other factors do not affect attributes that benefit the decision-
making process. In real-life scenarios, characteristics can demonstrate interdependen-
cies, and omitting to weigh these interactions can affect the decision strategy.

8 Conclusion

Disposing of waste generated in healthcare facilities mostly entails the safe disposal of
human organs, infectious diseases such as fungi, bacteria, and viruses, and the proper
disposition of instruments used to clean blood vessels. In this paper, we introduce the
Einstein operational laws for IVq-ROFSS. Moreover, based on these operational laws, some
AOs, such as IVq-ROFSEOWA, IVq-ROFSEHWA, IVq-ROFSEOWG, and IVq-ROF-
SEHWG operators are developed to aggregate IVq-ROFS data. Moreover, we discussed the
most important properties of these operators, such as idempotency, boundedness, mono-
tonicity, homogeneity, and shift-invariance. An EDAS method is proposed to deal with the
MAGDM challenges in the IVq-ROFSS framework, integrating the developed Einstein
AOs. To validate the constructive characteristics of the proposed EDAS approach, we
considered a case study that concerns the most applicable treatment technique in BMW
management. The comparative analysis also shows the productivity and reliability of the
method, validating its significant stability and applicability in assisting decision-makers
during the DM process.

Future studies will explore interactive Einstein-ordered and Einstein hybrid AOs with
their important properties. Moreover, the methodology presented in this article will be
extended to interval-valued q-rung orthopair fuzzy hypersoft sets. Also, we will investigate
the integration of IVq-ROFSNs with other MAGDM techniques to examine their impli-
cations in medical diagnosis, material selection, pattern recognition, and municipal solid
waste management. Several topological, algebraic, and ordered structures can be developed
with their decision-making methodologies under the IVq-ROFSS structure.

Appendix 1

We can use mathematical induction to prove the above-stated Theorem.
For n ¼ 1, we get vi ¼ 1. So,
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j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Q1
j¼1

Qn
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQ1
j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1
j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Q1
j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQ1
j¼1

Qn
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q1

j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Qn
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQ1
j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q1

j¼1

Qn
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Qn
i¼1 2� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQ1
j¼1

Qn
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
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1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
Equation (2) is satisfied for n ¼ 1 and m ¼ 1.
For n ¼ 2 and m ¼ 1

IVq� ROFSEOWA Da11 ;Da21ð Þ ¼ w1 v1Da11ð Þ�ew1 v2Da21ð Þ

w1 v1Da11ð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla11

� �q� �v1� �w1 � 1� kla11

� �q� �v1� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kla11

� �q� �v1� �w1 þ 1� kla11

� �q� �v1� �w1
q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa11

� �q� �v1� �w1 � 1� kfa11

� �q� �v1� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kfa11

� �q� �v1� �w1 þ 1� kfa11

� �q� �v1� �w1
q

r
26664

37775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gla11

� �q� �v1� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gla11

� �q� �v1� �w1 þ gla11

� �q� �v1� �w1q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfa11

� �q� �v1� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfa11

� �q� �v1� �w1 þ gfa11

� �q� �v1� �w1q

r
26664

37775

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA

w1 v2Da21ð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla21

� �q� �v2� �w1 � 1� kla21

� �q� �v2� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kla21

� �q� �v2� �w1 þ 1� kla21

� �q� �v2� �w1
q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa21

� �q� �v2� �w1 � 1� kfa21

� �q� �v2� �w1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kfa21

� �q� �v2� �w1 þ 1� kfa21

� �q� �v2� �w1
q

r
26664

37775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gla21

� �q� �v2� �w1
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gla21

� �q� �v2� �w1 þ gla21

� �q� �v2� �w1q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfa21

� �q� �v2� �w1
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfa21

� �q� �v2� �w1 þ gfa21

� �q� �v2� �w1q

r
26664

37775

0BBBBBBBBBBBB@
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For simplicity, Let q1 ¼ 1þ kla11

� �q� �v1� �w1

; .1 ¼ 1� kla11

� �q� �v1� �w1

;

C1 ¼ 1þ kfa11

� �q� �v1� �w1

; n1 ¼ 1� kfa11

� �q� �v1� �w1

; q2 ¼ 1þ kla21

� �q� �v2� �w1

;

.2 ¼ 1� kla21

� �q� �v2� �w1

; C2 ¼ 1þ kfa21

� �q� �v2� �w1

; n2 ¼ 1� kfa21

� �q� �v2� �w1

;

cq1 ¼ gla11

� �q� �v1� �w1

; c.1 ¼ 2� gla11

� �q� �v1� �w1

; cC1 ¼ gfa11

� �q� �v1� �w1

;cn1 ¼ 2� gfa11

� �q� �v1� �w1

; cq2 ¼ gla21

� �q� �v2� �w1

; c.2 ¼ 2� gla21

� �q� �v2� �w1

;cC2 ¼ gfa21

� �q� �v2� �w1

; and cn2 ¼ 2� gfa21

� �q� �v2� �w1

. Then,

w1 v1Da11ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 � .1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 þ .1q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 �cn1q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 þcn1q

q
264

375; ffiffiffiffiffiffiffiffi
2cq1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p ;

ffiffiffiffiffiffiffiffi
2c.1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p" #0B@

1CA and

w1 v2Da21ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � .2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ .2q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 �cn2q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 þcn2q

q
264

375; ffiffiffiffiffiffiffiffi
2cq2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p ;

ffiffiffiffiffiffiffiffi
2c.2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p" #0B@

1CA
So,

IVq� ROFSEOWA Da11 ;Da21ð Þ ¼ w1 v1Da11ð Þ�ew1 v2Da21ð Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1q2 � .1.2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1q2 þ .1.2q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1
cC1 �cn1cn2q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1
cC2 þcn1cn2q

q
264

375
0B@

1CA;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2cq1cq2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1cq2 þc.1c.2q
p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cC1

cC2
q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1
cC2 þcn1cn2q

q
264

375
0B@

1CA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1
j¼1

Q2
i¼1 1þ klaij

� �q� �vi� �wj �Q1
j¼1

Q2
i¼1 1� klaij

� �q� �vi� �wj
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Q2
i¼1 1þ klaij

� �q� �vi� �wj þQ1
j¼1

Q2
i¼1 1þ klaij

� �q� �vi� �wjq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1
j¼1

Q2
i¼1 1þ kfaij

� �q� �vi� �wj �Q1
j¼1

Q2
i¼1 1þ kfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Q2
i¼1 1þ kfaij

� �q� �vi� �wj þQ1
j¼1

Q2
i¼1 1� kfaij

� �q� �vi� �wjq

r

26666666666664

37777777777775
;
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�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q1

j¼1

Q2
i¼1 glaij

� �q� �vi� �wj
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Q2
i¼1 2� glaij

� �q� �vi� �wj þQ1
j¼1

Q2
i¼1 glaij

� �q� �vi� �wjq

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q1

j¼1

Q2
i¼1 gfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ1

j¼1

Q2
i¼1 2� gfaij

� �q� �vi� �wj þQ1
j¼1

Q2
i¼1 gfaij

� �q� �vi� �wjq

r

26666666666664

37777777777775
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Equation 2 satisfied for n ¼ 2 and m ¼ 1. Suppose Eq. 2 is true for n ¼ k and m ¼ .

IVq�ROFSEOWA Da11 ;Da12 ;......Dakð Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
j¼1

Qk
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qj¼1

Qk
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

j¼1

Qk
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQj¼1

Qk
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
j¼1

Qk
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qj¼1

Qk
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

j¼1

Qk
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQj¼1

Qk
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q

j¼1

Qk
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

j¼1

Qk
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQj¼1

Qk
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Q

j¼1

Qk
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

j¼1

Qk
i¼1 2� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQj¼1

Qk
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
for n¼kþ1 and m¼þ1.

IVq�ROFSEOWA Da11 ;Da12 ;......Da kþ1ð Þ þ1ð Þ

� �
¼IVq�ROFSEOWA Da11 ;Da12 ;......Da kþ1ð Þ þ1ð Þ

� �
�ew þ1ð Þ v kþ1ð ÞDa kþ1ð Þ þ1ð Þ

� �
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w lþ1ð Þ v kþ1ð ÞDa kþ1ð Þ þ1ð Þ

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1� 1� kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1þ 1� kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1� 1� kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1þ 1� kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1q

r

26666666666664

37777777777775
;

0BBBBBBBBBBBB@

�z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1þ gla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

q

r ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1þ gfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1q

r

26666666666664

37777777777775

1CCCCCCCCCCCCA
For Simplicity q1 ¼

Q
j¼1

Qk
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; .1 ¼Q
j¼1

Qk
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; C1 ¼
Q

j¼1

Qk
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

;

n1 ¼
Q

j¼1

Qk
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; q2 ¼ 1þ kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

; .2 ¼

1� kla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

; C2 ¼ 1þ kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1

; n2 ¼

1� kfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1

; cq1 ¼Qj¼1

Qk
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; c.1 ¼Qj¼1Qk
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; cC1 ¼Qj¼1

Qk
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; cn1 ¼
Q

j¼1

Qk
i¼1 2� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

; cq2 ¼ gla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

; c.2 ¼

2� gla kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

; cC2 ¼ gfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �� �wþ1

; and cn2 ¼
2� gfa kþ1ð Þ þ1ð Þ

� �q� �vkþ1
� �wþ1

. So,

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Da kþ1ð Þ þ1ð Þ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 � .1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 þ .1q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 �cn1q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 �cn1q

q
264

375;
0B@

ffiffiffiffiffiffiffiffi
2cq1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p ;

ffiffiffiffiffiffiffiffi
2c.1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p" #

Þ, and
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w þ1ð Þ v kþ1ð ÞDa kþ1ð Þ þ1ð Þ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � .2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ .2q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 �cn2q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 �cn2q

q
264

375; ffiffiffiffiffiffiffiffi
2cq2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p ;

ffiffiffiffiffiffiffiffi
2c.2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p" #0B@

1CA
Thus,

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Da kþ1ð Þ þ1ð Þ

� �
�ew þ1ð Þ v kþ1ð ÞDa kþ1ð Þ þ1ð Þ

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 � .1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 þ .1q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 �cn1q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC1 �cn1q

q
264

375; ffiffiffiffiffiffiffiffi
2cq1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p ;

ffiffiffiffiffiffiffiffi
2c.1q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq1 þc.1q
p" #0B@

1CA�e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � .2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ .2q

p ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 �cn2q

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficC2 �cn2q

q
264

375; ffiffiffiffiffiffiffiffi
2cq2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p ;

ffiffiffiffiffiffiffiffi
2c.2q

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficq2 þc.2q
p" #0B@

1CA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1
j¼1

Qkþ1
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qþ1
j¼1

Qkþ1
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1

j¼1

Qkþ1
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQþ1
j¼1

Qkþ1
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1
j¼1

Qkþ1
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qþ1
j¼1

Qkþ1
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1

j¼1

Qkþ1
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQþ1
j¼1

Qkþ1
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

266666666666666664

377777777777777775
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qþ1

j¼1

Qkþ1
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1

j¼1

Qkþ1
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQþ1
j¼1

Qkþ1
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qþ1

j¼1

Qkþ1
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQþ1

j¼1

Qkþ1
i¼1 2� gf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQþ1
j¼1

Qkþ1
i¼1 gf

r ar ið Þs jð Þð Þ
� �q� �vi� �� �wj

q

s

266666666666666664

377777777777777775

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
Equation (2) is true for n ¼ k þ 1, m ¼ l þ 1. As a result, Eq. (2) is valid for all positive

values of n and m.
Theorem 3.3 states that the outcome derived from using IVq-ROFSEOWA operators also

serves as an IVq-ROFSN. This claim may be confirmed through the following proof:

Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
is an IVq-ROFSVs, so 0� klaij ; k

f

aij ; g
l
aij ;

gfaij � 1and kfaij

� �q
þ gfaij

� �q
� 1.
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0�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 1� kl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

�Qm
j¼1

Qn
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �� �wj

þQm
j¼1

Qn
i¼1 1� kf

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s � 1:

Since,

0� glaij � 1, 0� glaij

� �q
� 1, 1� 2� glaij

� �q
� 2, so, 0� glaij

� �q
� 2� glaij

� �q
� 2. So,

0�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 2� gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

þQm
j¼1

Qn
i¼1 gl

r ar ið Þs jð Þð Þ
� �q� �vi� �wj

q

s

�
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It is verified that the aggregation outcome in Eq. (2) is still an IVq-ROFSV.

Appendix 2

Proof 3.4.1 As Daij ¼ Dao ¼ klo; k
f

o

� �
; glo; g

f

o

� �� �
, for any i ¼ 1; 2; 3; . . .; n; j ¼ 1; 2; 3;

. . .;m. Then
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� �q
 !Pn

i¼1

vi

0BB@
1CCA
Pm
j¼1

wj

�
1� klaij

� �q
1þ klaij

� �q
0B@

1CA
Pn
i¼1

vi
0BBB@

1CCCA
Pm
j¼1

wj

� 1� klmin

� �q
1þ klmin

� �q
 !Pn

i¼1

vi

0BB@
1CCA
Pm
j¼1

wj

)1� klmax

� �q
1þ klmax

� �q�Ym
j¼1

Yn
i¼1

1� klaij

� �q
1þ klaij

� �q
0B@

1CA
vi0B@
1CA

wj

�1� klmin

� �q
1þ klmin

� �q
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) 2

1þ klmax

� �q�1þ
Ym
j¼1

Yn
i¼1

1� klaij

� �q
1þ klaij

� �q
0B@

1CA
vi0B@
1CA

wj

� 2

1þ klmin

� �q

)1þ klmin
� �q
2

� 1

1þQm
j¼1

Qn
i¼1

1� klaij

� �q

1þ klaij

� �q

0@ 1Avi0@ 1Awj
�1þ klmax

� �q
2

)1þ klmin

� �q� 2

1þQm
j¼1

Qn
i¼1

1� klaij

� �q

1þ klaij

� �q

0@ 1Avi0@ 1Awj
�1þ klmax

� �q

) klmin

� �q� 2

1þQm
j¼1

Qn
i¼1

1� klaij

� �q

1þ klaij

� �q

0@ 1Avi0@ 1Awj
�1� klmax

� �q

) klmin

� �q�Qm
j¼1 1þQn

i¼1 1þ klaij

� �q� �vi� �wj�Qm
j¼1 1�Qn

i¼1 1� klaij

� �q� �vi� �wj

Qm
j¼1 1þQn

i¼1 1þ klaij

� �q� �vi� �wjþQm
j¼1 1�Qn

i¼1 1� klaij

� �q� �vi� �wj
� klmax

� �q

)klmin�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1 1þQn

i¼1 1þ klaij

� �q� �vi� �wj�Qm
j¼1 1�Qn

i¼1 1� klaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1 1þQn
i¼1 1þ klaij

� �q� �vi� �wjþQm
j¼1 1�Qn

i¼1 1� klaij

� �q� �vi� �wj
q

r �klmax

ð17Þ
Similarly,

kfmin�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1 1þQn

i¼1 1þ kfaij

� �q� �vi� �wj�Qm
j¼1 1�Qn

i¼1 1� kfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1 1þQn
i¼1 1þ kfaij

� �q� �vi� �wj�Qm
j¼1 1�Qn

i¼1 1� kfaij

� �q� �vi� �wjq

r �kfmax

ð18Þ

Let g uð Þ¼2�u
u , where u2 0;1½ �, then g0 uð Þ¼� 2

u2. So, g uð Þ be a decreasing function. Let

min glaij

� �
¼glmin, max glaij

� �
¼glmax, so, glmin

� �q� glaij

� �q
� glmax
� �q)g glmax

� �q� g glaij

� �q
�

g glmin
� �q

;
2� glmaxð Þq

glmaxð Þq �
2� glaij

� �q

glaij

� �q �2� klminð Þq
glminð Þq . Therefore,
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) 2� glmax
� �q
glmax
� �q

 !vi !wj

�
2� glaij

� �q
glaij

� �q
0B@

1CA
vi0B@
1CA

wj

� 2� glmin
� �q
glmin
� �q

 !vi !wj

)
Ym
j¼1

Yn
i¼1

2� glmax

� �q
glmax

� �q
 !vi !wj

�
Ym
j¼1

Yn
i¼1

2� glaij

� �q
glaij

� �q
0B@

1CA
vi0B@
1CA

wj

�
Ym
j¼1

Yn
i¼1

2� glmin

� �q
glmin

� �q
 !vi !wi

) 2� glmax

� �q
glmax

� �q
 !Pn

i¼1

vi

0BB@
1CCA
Pm
j¼1

wj

�
2� glaij

� �q
glaij

� �q
0B@

1CA
Pn
i¼1

vi
0BBB@

1CCCA
Pm
j¼1

wj

� 2� glmin

� �q
glmin

� �q
 !Pn

i¼1

vi

0BB@
1CCA
Pm
j¼1

wj

)2� glmax

� �q
glmax

� �q �
Ym
j¼1

Yn
i¼1

2� glaij

� �q
glaij

� �q
0B@

1CA
vi0B@
1CA

wj

�2� glmin

� �q
glmin

� �q

) 2

glmax

� �q�1þ
Ym
j¼1

Yn
i¼1

2� glaij

� �q
glaij

� �q
0B@

1CA
vi0B@
1CA

wj

� 2

glmin

� �q

) glmin

� �q
2

� 1

1þQm
j¼1

Qn
i¼1

2� glaij

� �q

glaij

� �q

0@ 1Avi0@ 1Awj
� glmax

� �q
2

) glmin

� �q� 2

1þQm
j¼1

Qn
i¼1

2� glaij

� �q

glaij

� �q

0@ 1Avi0@ 1Awj
� glmax

� �q

) glmin

� �q� 2
Qm

j¼1

Qn
i¼1 glaij

� �q� �vi� �wj

Qm
j¼1 2�Qn

i¼1 glaij

� �q� �vi� �wjþQm
j¼1

Qn
i¼1 glaij

� �q� �vi� �wj
� glmax

� �q
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glmin�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 glaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1 2�Qn
i¼1 2� glaij

� �q� �vi� �wjþQm
j¼1

Qn
i¼1 glaij

� �q� �vi� �wj
q

r �glmax ð19Þ

Similarly,

gfmin�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
Qm

j¼1

Qn
i¼1 gfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1 2�Qn
i¼1 2� gfaij

� �q� �vi� �wjþQm
j¼1

Qn
i¼1 gfaij

� �q� �vi� �wjq

r �glmax ð20Þ

Let IVq�ROFSEOWA Da11 ;Da12 ;......Danmð Þ¼Da¼ kla;k
f

a

� �
; gla;g

f

a

� �� �
. Then, from

Eqs. (3) to (6), we get klmin�klaij�klmax, kfmin�kfaij�kfmax, glmin�glaij�glmax,

gfmin�gfXXXXXXXXX ij
�gfmax. Thus

S Dað Þ¼ kla;k
f

a

� �� �q� gla;g
f

a

� �� �q
þ e kla;k

f

a½ �ð Þq� gla;g
f

a½ �ð Þq

e kla;k
f

a½ �ð Þq� gla;g
f
a½ �ð Þqþ1

�1

2

 !
pla;p

f

a

� �� �q� 0ptmaxj0ptmaxi klaij ;k
f

aij

h i� �q
� 0ptminj0ptmini glaij ;g

f

aij

h i� �q
þ e

0ptmaxj0ptmaxi klaij ;k
f

aij

h i� �q

� 0ptminj0ptmini glaij ;g
f

aij

h i� �q

e
0ptmaxj0ptmaxi klaij ;k

f

aij

h i� �q

� 0ptminj0ptmini glaij ;g
f
aij

h i� �q

þ1

�1

2

0BB@
1CCA plaij ;p

f

aij

h i� �q
¼S Dþ

aij

� �

)S Dað Þ� S Dþ
aij

� �
and

S Dað Þ¼ kla;k
f

a

� �� �q� gla;g
f

a

� �� �q
þ e kla;k

f

a½ �ð Þq� gla;g
f

a½ �ð Þq

e kla;k
f

a½ �ð Þq� gla;g
f
a½ �ð Þqþ1

�1

2

 !
pla;p

f

a

� �� �q� 0ptminj0ptmini klaij ;k
f

aij

h i� �q
� 0ptmaxj0ptmaxi glaij ;g

f

aij

h i� �q
þ e

0ptminj0ptmini klaij ;k
f

aij

h i� �q

� 0ptmaxj0ptmaxi glaij ;g
f

aij

h i� �q

e
0ptminj0ptmini klaij ;k

f

aij

h i� �q

� 0ptmaxj0ptmaxi glaij ;g
f
aij

h i� �q

þ1

�1

2

0BB@
1CCA plaij ;p

f

aij

h i� �q
¼S D�

aij

� �

)S F 1ð Þ� S F�
1ij

� �
. So, there are two possibilities.
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If S Dað Þ\S Dþ
aij

� �
andS Dað Þ[ S D�

aij

� �
, then D�

aij
\IVq� ROFSEOWA Da11 ;Da12 ;ð

. . .. . .DanmÞ\Dþ
aij
.

If S Dað Þ ¼ S Dþ
aij

� �
; then

S Dað Þ ¼ kla; k
f

a

� �� �q � gla; g
f

a

� �� �q þ e kla;k
f

a½ �ð Þq� gla;g
f

a½ �ð Þq

e kla;k
f

a½ �ð Þq� gla;g
f
a½ �ð Þq þ 1

� 1

2

 !
pla; p

f

a

� �� �q
¼ 0ptmaxj 0ptmaxi kla; k

f

a

� �� �q
� 0ptminj 0ptmini gla; g

f

a

� �� �q
þ e 0ptmaxj0ptmaxi kla;k

f

a½ �ð Þq� 0ptminj0ptmini gla;g
f

a½ �ð Þq

e 0ptmaxj0ptmaxi kla;k
f

a½ �ð Þq� 0ptminj0ptmini gla;g
f
a½ �ð Þq þ 1

� 1

2

 !
plaij ; p

f

aij

h i� �q
;

we get kla; k
f

a

� � ¼ 0ptmaxj 0ptmaxi klaij ; k
f

aij

h in o
, and gla; g

f

a

� � ¼ 0ptminj

0ptmini glaij ; g
f

aij

h in o
. Hence, pla; p

f

a

� �� �q ¼ plaij ; p
f

aij

h i� �q
. Then IVq� ROFSEOWA

Da11 ;Da12 ; . . .. . .Danmð Þ ¼ Dþ
aij
.

If S Dað Þ ¼ S D�
aij

� �
; then

kla; k
f

a

� �� �q � gla; g
f

a

� �� �q þ e kla;k
f

a½ �ð Þq� gla;g
f

a½ �ð Þq

e kla;k
f

a½ �ð Þq� gla;g
f
a½ �ð Þq þ 1

� 1

2

 !
pla; p

f

a

� �� �q
¼ 0ptminj 0ptmini klaij ; k

f

aij

h i� �q
� 0ptmaxj 0ptmaxi glaij ; g

f

aij

h i� �q
þ e

0ptminj0ptmini klaij ;k
f

aij

h i� �q

� 0ptmaxj0ptmaxi glaij ;g
f

aij

h i� �q

e
0ptminj0ptmini klaij ;k

f

aij

h i� �q

� 0ptmaxj0ptmaxi glaij ;g
f
aij

h i� �q

þ 1

� 1

2

0BB@
1CCA plaij ; p

f

aij

h i� �q
:

Then kla; k
f

a

� � ¼ 0ptminj 0ptmini klaij ; k
f

aij

h in o
, and gla; g

f

a

� � ¼ 0ptmaxj

0ptmaxi glaij ; g
f

aij

h in o
. Hence, pla; p

f

a

� �� �q ¼ plaij ; p
f

aij

h i� �q
. Then IVq� ROFSEOWA

Da11 ;Da12 ; . . .. . .Danmð Þ ¼ D�
aij
.

So, it is proved that.
D�
aij
� IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Danmð Þ�Dþ

aij
.

Proof 3.4.3. Let f tð Þ ¼
ffiffiffiffiffiffiffi
1�t2
1þt2

q

q
, t 2 0; 1½ �, then d

d tð Þ f tð Þð Þ ¼ � 1
q

1�tq

1þtq

� �1
q�1

qt2q�1þqt2q�1

1þtqð Þ2
n o

\0,

so f tð Þ is decreasing function on 0; 1½ �. If Danm �D	
anm

, then f Danmð Þ� f D	
anm

� �
8i; j.

1� k	 laij � 1� klaij ) 1� k	laij
� �q

� 1� klaij

� �q
) 1þ klaij

� �q� �
� 1� klaij

� �q� �
� 1þ k	laij

� �q� �
� 1� k	laij

� �q� �

)
1þ klaij

� �q� �
� 1� klaij

� �q� �
1þ klaij

� �q� �
þ 1� klaij

� �q� � �
1þ k	laij

� �q� �
� 1� k	laij

� �q� �
1þ k	laij

� �q� �
þ 1� k	laij

� �q� �
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vi and wj be the weights of experts and parameters such as vi [ 0,
Pn

i¼1vi ¼ 1 and
wj [ 0;

Pm
j¼1wj ¼ 1. So,

)
1þ klaij

� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

� 1� klaij

� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

1þ klaij

� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ 1� klaij

� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

�
1þ k	laij

� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

� 1� k	laij
� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

1þ k	laij
� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ 1� k	laij
� �q� �� �Pn

i¼1
vi

 !Pm

j¼1
wj

)
Qm

j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wj

Qm
j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wj

�
Qm

j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wj

Qm
j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wj

)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wjq

r

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wj
q

r

Similarly,

)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kfaij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� kfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ kfaij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� kfaij

� �q� �vi� �wjq

r

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k	faij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� k	faij

� �q� �vi� �wj
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k	faij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� k	faij

� �q� �vi� �wjq

r

So,
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wj
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ klaij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� klaij

� �q� �vi� �wjq

r ;

26664

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ kfaij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� kfaij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ kfaij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� kfaij

� �q� �vi� �wjq

r
37775

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wj
q

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k	laij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� k	laij

� �q� �vi� �wjq

r ;

26664

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm
j¼1

Qn
i¼1 1þ k	faij

� �q� �vi� �wj �Qm
j¼1

Qn
i¼1 1� k	faij

� �q� �vi� �wjq

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQm

j¼1

Qn
i¼1 1þ k	faij

� �q� �vi� �wj þQm
j¼1

Qn
i¼1 1� k	faij

� �q� �vi� �wjq

r
37775

Let g vð Þ ¼
ffiffiffiffiffiffiffiffi
2�vq
vq

q

q
, v 2 0; 1½ �, then d

dv gðvÞð Þ ¼ � 1
q

2�vq

vq
� �1

q�1 2
vqð Þ2

� �
\0. So, gðvÞ is

decreasing on 0; 1½ �. If Danm �D	
anm

, then g Danmð Þ� g D	
anm

� �
8i; j.

Now glaij � g	laij ) glaij

� �q
� g	 laij
� �q

vi and wj be the weights of experts and parameters

such as vi [ 0,
Pn

i¼1vi ¼ 1 and wj [ 0;
Pm

j¼1wj ¼ 1. So,

glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

� g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

) 2 glaij

� �q� �Pn
i¼1

vi

0@ 1A
Pm
j¼1

wj

� 2 g	laij
� �q� �Pn

i¼1

vi

0@ 1A
Pm
j¼1

wj

As g	laij � glaij
) 2� glaij � 2� g	laij

) 2� glaij

� �q
� 2� g	laij
� �q

) 2� glaij

� �q
þ glaij

� �q
� 2� g	laij
� �q

þ g	laij
� �q
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) 2� glaij

� �q� �Pn
i¼1

vi

0@ 1A
Pm
j¼1

wj

þ glaij

� �q� �Pn
i¼1

vi

0@ 1A
Pm
j¼1

wj

� 2� g	laij
� �q� �Pn

i¼1

vi

0@ 1A
Pm
j¼1

wj

þ g	laij
� �q� �Pn

i¼1

vi

0@ 1A
Pm
j¼1

wj

)
2 glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

2� glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

�
2 g	laij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

2� g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 g	laij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
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Similarly,

)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 g	faij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� g	faij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ g	faij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
So, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ glaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut ;

26666664

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ gfaij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut

37777775

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 g	laij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ g	laij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut ;

26666664

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 g	faij

� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� g	faij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

þ g	faij
� �q� �Pn

i¼1
vi

 !Pm

j¼1
wj

q

vuut

37777775
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Hence,

IVq� ROFSEOWA Da11 ;Da12 ; . . .. . .Danmð Þ� IVq

� ROFSEOWA D	
a11
;D	

a12
; . . .. . .. . .;D	

anm

� �
:

Proof 3.4.4 As Daij ¼ klaij ; k
f

aij

h i
; glaij ; g

f

aij

h i� �
be a collection of IVq-ROFSVs and h[ 0,

then.

hDaij¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ klaij

� �q� �hvi� �wj

� 1� klaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ klaij

� �q� �hvi� �wj

þ 1� klaij

� �q� �hvi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfaij

� �q� �hvi� �wj

� 1� kfaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kfaij

� �q� �hvi� �wj

þ 1� kfaij

� �q� �hvi� �wj
q

s
2666664

3777775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 glaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� glaij

� �q� �hvi� �wj

þ glaij

� �q� �hvi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfaij

� �q� �hvi� �wj

þ gfaij

� �q� �hvi� �wj
q

s
2666664

3777775

0BBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCA

So we have,

IVq�ROFSEOWA hDa11 ;hDa12 ;......hDanmð Þ¼hDaij

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ klaij

� �q� �hvi� �wj

� 1� klaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ klaij

� �q� �hvi� �wj

þ 1� klaij

� �q� �hvi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kfaij

� �q� �hvi� �wj

� 1� kfaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kfaij

� �q� �hvi� �wj

þ 1� kfaij

� �q� �hvi� �wj
q

s
2666664

3777775;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 glaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� glaij

� �q� �hvi� �wj

þ glaij

� �q� �hvi� �wj
q

s ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 gfaij

� �q� �hvi� �wj
q

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� gfaij

� �q� �hvi� �wj

þ gfaij

� �q� �hvi� �wj
q

s
2666664

3777775

0BBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCA

¼
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Appendix 3

See Table 11.

Table 11 List of variables and abbreviations

Variable Abbreviations

U Universal set MAGDM multi-attribute group decision-making

k Membership degree interval IVq-ROFSS interval-valued q-rung orthopair fuzzy soft set

kl Lower membership value EDAS the Evaluation based on the Distance from the
Average Solution

kf Upper membership value BMW Biomedical Waste

g Non-membership degree
interval

IVFS interval-valued fuzzy set

gl Lower nonmembership
value

IFS intuitionistic fuzzy set

gf Upper nonmembership value IVIFS interval-valued IFS

<. Set of attributes PFS Pythagorean fuzzy set

P Uð Þ Collection of subsets of the
universal set

IVPFS interval-valued PFS

D Interval-valued q-rung
orthopair fuzzy number

q-ROFS q-rung orthopair fuzzy set

h Positive real number IVq-ROFS interval-valued q-ROFS

S Score SS soft set

vi Weights of experts FSS fuzzy soft sets

wj Weights of attributes IFSS intuitionistic fuzzy soft sets

Np
aij

Decision matrices IVIFSS interval-valued IFSS

Db Beneficial criteria PFSS Pythagorean fuzzy soft sets

Dc Cost criteria IVPFSS interval-valued PFSS

qaij Elements of positive ideal
solution matrix

q-ROFSS q-rung orthopair fuzzy soft sets

oaij Elements of negative ideal
solution matrix

AOs aggregation operators

Ps Positive weighted distance MCDM multi-criteria decision-making
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