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Abstract

We develop computational techniques which allow us to calculate the Kodaira dimension
as well as the dimension of spaces of Dolbeault harmonic forms for left-invariant almost
complex structures on the generalised Kodaira—Thurston manifolds.
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1 Introduction

Given an almost complex manifold (M, J) of real dimension 2n, the exterior derivative on
(p, q)-forms decomposes as

d=p+d+0+m: AP - APT2A1 g APTLa g APat] gy AP=1aF2,

According to the Newlander-Nirenberg Theorem, J is integrable, i.e., it is induced by the
structure of a complex manifold, if and only if © = 0, or equivalently 52 =0.

Fixing an almost Hermitian metric g and denoting by * : A?9 — A"~9"~P the C-linear
Hodge star operator, the L-formal adjoint of 9 is given by 9" := — % 0. Therefore, one
can define the Dolbeault Laplacian as in the integrable case, as the second order elliptic and
formally self adjoint differential operator acting on the space A?*? of (p, ¢)-forms on (M, J)
as

Ay = 39" +979: AP — AP,

By theory of elliptic operators, if M is compact, then the space of Dolbeault harmonic (p, g)-
forms Hg’q := ker AN A4 has finite dimension hg’q, and if moreover J is integrable, then
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— ker§

= , which is an invariant
1m

Hg’q is isomorphic to the Dolbeault cohomology group Haf i
of the complex structure.

In Problem 20 of Hirzebruch’s 1954 Problem List [11], Kodaira and Spencer asked if
the number hg'q is independent on the choice of the almost Hermitian metric g. The first
author and Zhang just recently gave a negative answer to this problem [14, 15], building
a family of almost complex structures on the 4-dimensional Kodaira—Thurston manifold,
namely the product between the circle S I and the compact quotient H3(Z)\ Hz(R) of the
Heisenberg group, showing that h2" varies with different choices of the almost Hermitian
metric. We refer to [12, 13, 20, 21, 24] for further studies of Dolbeault harmonic forms on
almost Hermitian manifolds. We remark that, at the current state of the art, the only known
example of a non integrable almost Hermitian structure where it is possible to compute h2"?
completely for all 0 < p,q < n is just the 4-dimensional Kodaira—Thurston manifold.
Furthermore, to our knowledge there are no known higher dimensional examples where one
can actually compute hg’q except for the ¢ = 0 case, where the computation does not involve
the metric [23].

A related invariant of almost complex manifolds, recently introduced in [7, 8] by Chen
and Zhang, is the Kodaira dimension of almost complex manifolds, which extends the well
known notion for complex manifolds. We point out that all the known examples of com-
pact solvmanifolds endowed with a left-invariant almost complex structure have Kodaira
dimension 0 or —oo (see [4-7]).

The aim of this paper is to develop computational techniques to calculate the Kodaira
dimension «; and the numbers hg’q on the generalised Kodaira—Thurston manifolds

KT?"? = Hyyi 1 (Z)\ Hap 1 (R) x S,

where Hp,41(R) denotes the generalised Heisenberg group (see, e.g., [3, p. 24]), endowed
with natural almost complex and almost Hermitian structures. Note that forn = 1, K T is
the 4-dimensional Kodaira—Thurston manifold.

In Section 4 we prove the following (see Theorem 4.1)

Theorem On the (2n + 2)-dimensional Kodaira—Thurston manifold K T2+2 endowed with
any left-invariant almost complex structure J, there are only two possible values for the
Kodaira dimension: O or —oo.

We are able to compute the Kodaira dimension thanks to the characterisation of L2 functions
on KT?'*t2 via the regular representation of the Heisenberg group Ha, 41 (R) (see [1]). If
a similar characterisation of L2 functions can be found for other solvmanifolds (endowed
with left-invariant almost complex structures), then the same argument could be applied to
determine the Kodaira dimension for these manifolds also.

In Sections 6 and 7, we calculate h%] for a family of left-invariant almost Hermitian

structures on K T# and K T9, respectively. To do so, we make use of a description of the
eigenfunctions of the Hodge-de Rham Laplacian on K 72"*? using Hermite polynomials
(see [9]). Note that this method has technical differences with the one used in [14] on K T*to
answer the Kodaira—Spencer question. Specifically, in [14] linear PDE systems on K T'# are
transformed into ODE systems, which are then solved using a Laplace transform. Note that
this technique only works for the 4-dimensional Kodaira—Thurston manifold. Conversely, in
this paper we transform linear PDE systems on K T'2"*2 into a system of recurrence relations
which can be solved directly.

In Section 6, this allows us to solve the original problem from [14] using a much simpler
method. Specifically, given a family of left invariant almost complex structures on K 7% we
obtain the same values of h%l as in [14].
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In Section 7 we endow KT with a family of left invariant almost complex structures
Ja.b.c, With a, b, c € R\ {0}, and prove the following (see Theorem 7.1)

Theorem For any choice of a left invariant almost Hermitian metric g on the almost complex
manifold (K T®, Ja,b,c), the space Hg’l is given by left invariant forms only. If ab # 1, i.e.,

Ja.b.c is not integrable, then h%’l =2.Ifab =1, e, J,p, is integrable, then h%’l =3.
[o [o

We refer to [16] for another study of the eigenfunctions of the Hodge-de Rham Laplacian
on the generalised Heisenberg group, and to [17] for the issue of Hodge decomposition for
the Hodge Laplacian on functions and on differential forms on the same manifold.

2 Representation theory

Let X be a smooth homogeneous space, in other words, for some Lie group G, X is given
by the space of cosets of a closed Lie subgroup I' C G

X=T\G:={I'geG|geG}.
The (right) regular representation of G is defined on L*(X) with the right Haar measure by
R(9) : L*(G) — L*(G)
fr forg

where r, is the right multiplication function, i.e., g : & — hg forall g, h € G. Note that r,
is also well-defined as a map on X, sending left cosets to left cosets,

rg :Thw— T'hg.

We shall assume that the right Haar measure coincides with the left Haar measure, i.e., G is
unimodular. In this case the Haar measure descends to a measure on X and thus the regular
representation on L?(G) induces a unitary representation on L?(X)

R(g) : L*(X) — L*(X)
fe=f org

which we will also call the regular representation. Nilpotent groups provide an excellent
family of groups which are all unimodular [18, Corollary of Prop. 25]. Indeed the Kodaira—
Thurston manifolds we shall consider later are all given by the quotient of some nilpotent

groups.
A decomposition of L2(X) into closed subspaces Sy,
L*(X) = s, (1
1eT

is called a decomposition of the regular representation if each of the spaces Sy is preserved
by R(g) for all g € G. Here & denotes the closure of the direct sum.

Let g be the Lie algebra of G with a basis given by the vectors vy, ..., v, € g. Extending
v; left-invariantly to the whole of G, there is a well-defined pushforward to a vector field on
X, which we also call v;. We will call any vector field on X defined in this way left-invariant.
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Interpreting v; as a directional derivative on X, we say that a linear differential operator P
on X is left-invariant if it can be written in the form

P= Y D"

aeN" | |a|<k

wherea = (a7, ..., a,)isamulti-index, |¢| = a1+ - -+ay, ¢y € Cisafamily of constants,
and we define D” to be the differential operator v vy? ... vy".

Any decomposition of the regular representation (1) also gives us a decomposition of all
left-invariant differential operators. This should not be surprising as the directional derivative
given by any v € g is also given by the differential of the regular representation

dR() : L*(X) N C®(X) — L*(X) N C®(X)
feuf.

For the convenience of the reader, we provide a simple proof of the relevant results below.
For a more general discussion of the properties of the differential of a representation, we
direct the reader to [2].

Theorem 2.1 IfS is a closed subspace of L>(X) preserved by the right regular representation
then S N C®° is preserved by left-invariant vector fields.

Proof An element of the Lie algebra v € g can be given as the tangent to some curve y (1) on
G, passing through the identity at t = 0. The corresponding vector field on X is then given
at a general point ['g € X as the tangent to the curve I'gy (7).

Applying v to a smooth function f € S N C* gives us the directional derivative

d
vf(lg) = El,zoﬂrgy(t))

d
= TR0 f(Tg)
1 Ry®)f(I'g) — R(y(0)) f(I'g)
- tER) t ’

Since S is preserved by R, we know have

R(y(®))f(g) — R(y(0)) f(g) c
t

S

for all # > 0. But S is closed and so we must have Vf € S. O

Corollary 2.2 Let P be a left-invariant linear differential operator on X = I'\G, and let
f € C®(X) be a smooth function which can be decomposed, with respect to the regular
representation, into the sum

f=y 1

1€T

with fj € S N C.
If f is a solution to the differential equation

Pf=0

then the functions fr are also solutions, for all I € T.
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Proof Decomposing the equation Pf = 0 we get

Pf=Y Pf;=0.

1€T

Since the spaces S; are all closed subspaces of L(X), by Theorem 2.1 we can say that
P fr € S;. Furthermore, the spaces Sy are all mutually orthogonal and so Pf = 0 if and only
if each of its components are zero, i.e. Pf; = 0. O

3 The Kodaira-Thurston manifold

The 21 4 2-dimensional Kodaira—Thurston manifold K 72"+ is a homogeneous space given
by

KT2n+2 — (H2n+1(Z) X Z) \ (H2n+l(]R) X R)

where Hy,+1(R) denotes the Heisenberg group

1 x z
H2n+l(R): On 1, y X,yGRn,ZER
00,1
and Hj,+1(Z) denotes the discrete subgroup, with x, y € Z", z € 7Z. Here I, isthe n x n
identity and 0, is the zero vector (0, ..., 0) € R".
The tangent bundle of K 72"%2 is spanned at every point by the left-invariant vectors
ad B
V] = —, ...,V = ,
! 0x1 " 0xy,
+ + 0
Vpt] = — +X1—, ...,V = Xon—,
n+1 ayl 1 9z 2n ayZn 2n 9z
0 0
v =—, v = —,
2n+1 Py m2 = o

where the variables x, y, z parametrise the Heisenberg group H»,+1(R) as described above,
and ¢ parametrises R.

The cotangent bundle of K 72>"+2 is spanned at every point by the dual left-invariant
1-forms

el =dxy, ..., " =dx,,
fl=dyi. ... f"=dyn.
M =dz — xidyy — -+ — xpdy,, [T =dt,

where the only non zero structure equation is
d8n+1 :_el /\fl —~~—e"/\f”

The regular representation of Hz,+1(R) x R on L2(K T?"*2) has an irreducible decom-
position, described by

LAKT") = Dsre DT 2
IeT JeJ
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where the the first sum is taken over all I = (p, ¢, 1) such that p,q € Z",] € Z and the
second sum is taken over all / = (¢, m,[) such that m € Z\{0},q € (Z/m)",l € Z. In (2)
Sy is a 1 dimensional space spanned by a single function

S, =C- {€2ni(p-x+q-y+lt)}

and 77 is an infinite dimensional space given by

T = eZni(q~y+mz+lt) Z U(x +§.)62nim§~y [y € LZ(RH)
Eeqn

See [1, Section 1.5] for a decomposition of the regular representation of Hp, 1 (R) acting on
L?(Hayy1(Z)\Ha, 11 (R)), from which the above decomposition is easily obtained.
We define the map

W, L2R") — 77,

in the natural way. This is a generalised version of the Weil-Brezin map on the Heisenberg
manifold. Using W, to denote a general element of 77, if we have Wy € C*®°(K T2n+2)
then by classical Fourier analysis ¥ € C*(R") and the sum over § € Z" is absolutely
convergent. We can then write

BWW—W aw
8xj / o ! an

B a
(— —i—x.,-—) Wiy =2miqiWyy + 2mimWy (x;v)
Byj 0z

d
— Wiy =2nimWiy
0z

a
5W]1/f = ZﬂileIﬂ.

This shows us that W; ¢ is smooth if and only if the Weil-Brezin map

otaﬂ
WJ(X&K[/)

converges for all multi-indexes ¢, 8 € N, where x* := x?”xg 2 ... xy" and similarly %ﬁ =
B B 3\ Pn
(%) 1 (3%2) 2 L. (%) . In other words, we must have ¢ € S(R"), where
9P
S(R") := {f € C®[R") |Va, B € N" sup |[x*— fH < oo}
xeRn ax

is the space of Schwartz functions.
We can therefore write

Ty NCEKT ) = Wy | ¥ € SRM)}

when restricting to the space of smooth functions.
Conversely, the space Sy is unchanged when restricting to smooth functions, i.e., we have
S NC®KTH>+2) = ;.
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4 The Kodaira dimension of KT21+2

In [7], Chen and Zhang introduced the notion of Kodaira dimension for almost complex
manifolds. We now recall their definition. Given a 2n-dimensional almost complex manifold
(X, J), denote the canonical bundle, i.e., the bundle of (n, 0)-forms, by K ;. We define the
Nth-plurigenus of an almost complex manifold (X, J), as in [7, Definition 1.2], to be the
space of d-closed sections of K ?N

H%X,K?N)=[SGK?N‘5s=0].
Then, denoting
Py =dim HO(X, K§")
the Kodaira dimension of (X, J) is defined to be

Py =0, VN >0,

k1 (X) =4 .
limsupy_, o lffgl;\’; otherwise.

We will now demonstrate how it is possible to calculate the Kodaira dimension of the
Kodaira—Thurston manifold in any dimension and given any left-invariant almost complex
structure. This same argument could be applied to calculate the Kodaira dimension for other
solvmanifolds with left-invariant almost complex structure.

Theorem 4.1 On the (2n + 2)-dimensional Kodaira—Thurston manifold K T*"*2 endowed
with any left-invariant almost complex structure J, there are only two possible values for the
Kodaira dimension: 0 or —oo.

Proof For a general left-invariant almost complex structure, we can assume that the space of
T1OK T?2'+2 is spanned at each point by the (1, 0)-vectors Vi, ..., V,4 given by

2n+2

Vj = Z A,’j\)i
i=1

for some choice of A;; € C. Let ¢/ be the dual (1, 0)-forms, then in order to find the
plurigenera, we must find f € C®°(K T?"*2) such that

5(f (¢12,..n+1)®N) _ Zvjfaj ® (¢12.,.n+1)®N +f5(¢12...n+1)®1\’ —0.
J

Maintaining full generality, we can assume that

n+1 _
5¢12...n+1 — ch¢] A ¢12...n+1’

j=1
where C; € C are constant. The equations to solve are therefore
Vif+NC;f=0. 3)

The operators Vv j + NC; are all left-invariant and so, if we find the solutions when
feSror f e Ty, forsome I € Zand J € 7, all other solutions can be found through
linear combinations of these. In the two lemmas below, we consider first the solutions in S;
followed by the solutions in 7. O
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Lemma 4.2 [f there exists a solution to (3) in Sy for some I € I, then it is unique and a
solution exists for infinitely many values of N.

Proof For any value of I = (p, q,[), withl € Z and p, g € Z", we can look for a solution
of the form
2T (pxtqy+l) o S;.

Substituting this into (3) and setting Ajx = ajx +ibjx, C; = cj+icji,4+1 We find that we
have a solution if and only if the following is satisfied:

P1
=bi,1 ... =biont1
: : c
—bpy1,1 —bp2n+1 Pn l
2 | UmALE e I =N ] )
ail ... a12n41 :
: Con42
qn
dp+1,1 --- An2n+1 i

First, we check for any real solutions (p, g, 1) € R2%+1 in the case when N = 1. Since the
vectors Vi, ..., Vaet, Vi, ..., V”H are linearly independent we know that the matrix on
the left hand side of (4) has maximal rank, therefore if a solution (p, g, [) exists, it is unique.
Furthermore, this implies that (Np, Ng, N1) is a solution for general N.

If the solution (p, ¢, 1) is rational, i.e., contained in Q%'+ then we can choose a value of
N such that (Np, Ng, NI) € Z*'*! and we have a solution to (3) for this N. In fact, there
are infinitely many possible choices for this value of N.

If instead the solution is irrational or does not exist, then there are no solutions to (3) for
any choice of N. O

Lemma 4.3 There are no solutions to (3) contained in Ty for any J € J.

Proof Given any fixed left-invariant J, it is always possible to choose the vectors
Vi,..., Vyyr suchthat A;; = --- = A;, = 0. The equation (3), when j = 1, can therefore
be written as

[A L P )+
—_— X — —_— X, —
1n+1 3y1 1 8z 12n ayn n 3Z

0 0
+ A1 — +Aronp2— + Ncl]f =0.
0z at

Let f be a function in 7y, i.e., f is of the form

e2ni(lt+q-y+mz) Z V(x +;§)62nim§-)r
Eeqn

for some Schwartz function ¥y € S(R"). Substituting this into the above equation, we see
that if f is a solution, then 1 must satisfy

Bx)y(x) =0
for all x = (x1,...,x,) € R", where we define

B(X) :=27i [A1n41(q1 +mx1) 4 -+ A124(gn + mxn) + Ay2pr1m + Ay2p12l] + NC1.
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This implies we must have B(x) = 0 for all x except when ¥ (x) = 0.

In the case when at least one of A4, ..., A2, are non-zero, then B # 0 on a dense
subset of R” and thus, by continuity, ¥ = 0 everywhere, i.e., there are no non-trivial solutions.
In the case when A1 ,4+1 = --- = A2, = 0, we are instead left with

B =2mi(Aropp1m + Ar2pg2l) + NCy.
Note that [V}, V1] = 0 for all j. Thus, by the relationship between the Lie bracket and the

exterior derivative, we conclude that d¢j has no ¢ﬁ component. Specifically, this means

d¢12"'”+1 has no ¢12"'"+1 A al component and so C; = 0. Furthermore, since V| and Vi
must be linearly independent, Aj2,+1, A12,42 € C cannot be real multiples of each other.
All of this together means that, from B = 0, we can conclude that [ = m = 0, but this
contradicts the assumption that m is non-zero. Therefore, 7 contains no solutions to (3). O

Combining these two lemmas, we conclude that either Py = 1 for an infinite number of
choices of N and therefore k; = 0, or Py = 0 for all N and therefore k; = —o0.

5 Spectrum of the Laplacian

In [9], Denhinger and Singhof derive the spectrum of the Laplacian along with the correspond-
ing eigenfunctions, on the Heisenberg manifold given by the quotient H»,,41(Z)\ Hz,+1(R).
The description they gave made use of the Hermite polynomials.

Definition 5.1 The Hermite functions are smooth maps Fj, : R — R defined for all 2 € Ny
by
2 d 2

h
. hos _
Fr(s) = (=1)"e2 ﬁe .

These functions satisfy the following identities, which we shall make use of in Sect.5
Fj(s) = s Fi(s) = Ft1(5),
Fy(s) = 2hFp_1(s) — sFy(s), 6))
Fy/(s) = s*Fi(s) = 2h + D Fy (s).

The Kodaira—Thurston manifold can be written as the direct product of the Heisenberg man-
ifold with a circle, and so the spectrum on K T2"*2 can derived by an identical argument.

Theorem 5.2 Endow K T?"t2 with a Riemannian metric given by the following orthonormal
vector fields:

d b d 4 a n d J a
a—, bi—+c¢|—+xi— ), d—
at’ axi - \9y; oz 9z
for some positive choice of a, d € R, b, ¢ € R". The Laplacian A, := dd* + d*d acting on
C® (K T?"*2) is given by

9? 92 9 3\ 92
2 2 2 2
— +bi— N — i — d-—.
ot X; i <8)’i +x’82> T2
The eigenfunctions of this Laplacian are given by

2mi(p- syt
fI — fp,q,l —e wi(p-x+q-y+It)
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forany I € T and

n
. | C; 7 . .
I = gmipp = XTI@YFMIFID) H Zth ( /2n|m|i (xj T % +$)> STImEY;
14

j=léez
forany J € J andany h = (hy, ..., h,) € Nj.
Specifically, we have
Agfr = =47 (PP +bipT + -+ bpy +¢1a7 + -+ ciay) fi
Aagsn = —[27Im|Qct(hy + 1) + - + 2c2(hy + 1) + 472 (@*1? + d*m*)] g 1.

Note that the space S; contains only complex multiples of the function f7, while the space
7y contains the functions gy 5 forall & € Ng and we have the following result.

Corollary 5.3 Given any fixed index J € J, the functions (g J.Mheny form an orthogonal
basis of 1.

Proof 1t is well-known that on a compact manifold the eigenfunctions of the Laplacian, or
indeed any self adjoint elliptic operator, form an orthogonal basis of L?(M) (see [19, Theorem
14, Ch. XI]). The corollary then follows from the fact that 7; is orthogonal to f; and g,/ j
whenever J' = J, but contains g, if J' = J. O

Proposition 5.4 On the manifold K T*'*2 define the following left-invariant frame on the
tangent bundle

Uj=b 0 +i 0 + 0 U, 0 +id 9
i=bj— +ici| — +x;— |, =a—+id—,
7= W x; T ey, ez T T 2
where j =1,...,n.
The functions g satisfy the following relations, forall J € J, h = (hy, ..., hy) € Nj:

Un+187,0 =2mi(al +idm) gy p,  Uny187,0 = 2mi (al —idm) gy p.
Ifm > O then, for j =1,...,n,
Ujgrn = —\/WgJ,thej, Ujgrn = 2h,i\/ng,hfej.
Ifm < Othen, for j =1,...,n,
Ujgrin= 2hj\/ng,h7ejv Ujgsn= —\/ng,h+e,-.

Here we use ej to denote the element of N with a 1 in the jth position and zeros in all other
positions, i.e, h+ej = (hy,...,h;j+1,..., hy).

Proof The relations foir U,+1 and U,y are clear from the definition of g; ;. To prove the
relations for U; and U; with j = 1, ..., n, we shall assume m > 0. The case whenm < 0
follows from an identical argument.

For simplicity of notation, we shall substitute s; = 27Tml%(x i téE+ %), so that

n
gin= eZT[t(q-y+mZ+lt) 1_[ Z Fhi (si)eZNimEy,' .
i=1&€Z
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Applying U; to g 5 and writing %/_ = /an%%/_, we see that

- d e
Ujgsn= ¥ i(gytmatin) Z,/anbjcj [Tth (sj) = j Fn; (sj):| g2mimEy;

Eel Sj
’ l_[ Z Fp, (s7)e>mimeyi
i#j \§€Z
= _Wezm(q-y+mz+lt) Z th+1(sj)e2”im5Yj
Eel
TT | et | = —ommbics e,
i#j \§€L

The second equality follows from the identities (5). Similarly, by applying 7/ to gj.n we see
that

_ . d imE Y
Ujgsn= 2 (g ytmatin) Z‘/2nmbjc]‘ |:d7th (sj) + 5 Fn, (sj)] Q2TIMmEY,

S
1=/ J

JTL D2 Fusie?mime

i#j \E€Z
— Zhjwe2ni(q»y+mz+lt) Z Fh/_l(sj)e2rrim§)’j
EeZ
. 1_[ Z Fy, (5;)e2mimevi | — 2hj\/2mmbjci g n—e;-
i#j \§€Z

6 Example: 8-harmonic (0, 1)-forms on KT*

We will now consider an example, calculating hg’l on KT* for some family of almost
Hermitian structures. Define an almost complex structure J = Jg s on K T*, depending on
B, 6 € R, given by

d 9 d 0 0
J:— > p—, J:—4+x—+—>5—.
ot ox ay 0z 0z

A Hermitian metric can then be chosen such that
d d d d 0
8

3 ,Ba, @dl_xaiz P

’

are orthonormal.
The corresponding Laplacian is given by

82+;3282+ A 2+3282
s (L2 i
a2 dx2 dy oz 972
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and so we define

Ur=po i 4x U= 2 yis
= Pox lay Yozl 2= oz

A frame for the vector bundle 7K T4 can be given by

v 1/0 ,ﬂa v 1 8+ 0 '88
==|\=——-iB—), ==||—+x—|—id—
=2\ dx =2 \[sy ez 3z
along with its dual frame
1 i 2 i
¢ :dt+de, ¢ :dy—i—g[dz—xdy],

which satisfies the structure equations

B

d¢' =0, Mﬁ:—%

(¢12 +¢1i +¢2I _ ¢Ii)_
Denoting a general (0, 1)-form by
s = f¢! + 97
we see that s is 9-harmonic iff 9s = 9 s = 0, iff

~Vaf +Vig— £g =0,
Vif+ Vg =0.

Rewriting this using Uy, U», U; and U, gives us
~ (V2 =) =i (Ui =) f + (U2 + U2) +i (U1 + U1)) g = g =0,
(4 Uy) =i (Ui + 1Y) f= (U2 = U2) +i (U1 = Uy)) g =0.

By taking either the sum or the difference of the two equations in (6) we construct a new
system of equations

(U2 —iU) f+ (U +iU) g - Lg =0,
(U2 +ily) f+ (U +ilUy) g — ?g =0.

6)

Then, defining functions F, G € C®(K T4) such that

F+G  F-G

f=2,gz,

the system of equations becomes
ZE—@F—GU}%VG:Q
iy - 8)F=(v2-4)G =0,
As a consequence of Corollary 2.2, along with the decomposition (2), it is sufficient to
find the solutions F', G which are contained within the spaces S; and 7.
A computation of the solutions in S; can be found in [14, Section 3.3]. In the next part of

this section, we will focus on finding the solutions in 7, using a simpler method than [14,
Section 3.2].
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6.1 Solutions in 7}

From Corollary 5.3 we know that the functions g, » form a basis of 7; and so we can write

o0 o0
F = ZAth,h, G = ZBth,h
h=0 n=0

where Ay, B, € C are sequences of complex numbers. Then, using the relations described
in Proposition 5.4, the above system of equations yields a pair of recurrence relations on Ay,
and By,

B
8
L B B . _

—2mi(l +iém) + 3 B, — EAh — iy 2mmBA,—1 = 0.
In principle, it should be possible to describe the asymptotic behaviour of this system as
h — oo. This would allow us to determine the sequences (A, Bi)nen, for which the sum

over A,gy.n and By gy, converges.
In this example however, there is a simpler way to find the solutions. If, instead of

grh= o2 (qy+mz+in) Z Fy 27r|m|l (x + 9q +E> 2TimEY
, Eel 'B mn

we use a slightly modified basis

~ i x 1 )
Sin= e27i(gy+mz+it) Ze—tgph ( 2ﬂ|m|E (x + % + 5)) e2imsy.
E€Z

then we have (for m > 0)

(2711'(1 —idém) — ) Ap + ?Bh —2i(h+ 1)y/2rmBBp+1 =0,

- ~ B~
Uirgjn=—2rmpBgy nt1 — i581h

— - B~
Uigrn =2hy2rmpBgy p—1 — 587

By writing
o o
F=Y A%n G=)Y Bisan
h=0 h=0
we obtain a new recurrence relation for X;, and Eh
<2m(1 —ism) — ?) Ay —2i(h + 1)y/2zrmBBy41 =0,
(—27‘[1'(1 +idm) + g) By, —i2rmBAy_1 = 0.
Eliminating the ;fh terms, we get
2072 4§22 BB 5
Al +6"m )+4ml§ — 8—2+4nmhﬂ B, =0,
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thus we have a non-trivial solution iff

2
472(1% + 8°m?) + 4m‘1§ - ’2—2 +47mhpB # 0.

Considering the imaginary part first, we find that / = 0. The real part then gives us the
condition

4728%m? + ArmhBs* — B> £ 0

In this way we have re-obtained the same result of [14, Section 3.2] with a different method.

7 Example: 8-harmonic (0, 1)-forms on KT®

We will now consider an example, calculating hg’l on KT® for some family of almost

Hermitian structures. Define an almost complex structure J, 5 . on K T°, depending on
a,b,c € R\ {0}, given by

d d
s g—
dx1 dx2
7 d n d b ( d . 9 >

D —4xi— b — —
dy1 ! 0z ay2 2 a9z
d d
— > c—.
ot 0z

Any left invariant Hermitian metric g4.p.¢,p,0,- can then be chosen by setting

0 0 0 . d b 0 n d 0 0
—, pa—, 0 ,ob| —+x2— |, 1—, Tc—
Poxi Poxm “\ay "Mz oy, " 2az) Tar TCaz
to be orthonormal vectors, for p, o, 7 € R\ {0}.
It will be convenient to define the vector fields

Y NI 3y 9
l_axl ay1 8z

U 0 + bi 0 + 0
=a— | — +x—
2 0x2 Ay 231

while frame of (1, 0)-vector fields is

1/ 9 .0 1/d .0
Vi=-|+——ai—, Vi=—-|——ci—|,
2 \ dxg 0x2 2 \ 0t 0z

v=g ([ -0 [a +x))
= X1—|— —+x2—1|).
272 oy ay, |z

and the dual frame of (1, 0)-forms is then given by
i i
¢' =dx; + 5dX2, ¢* =dy + Edyz, ¢ =dt + - [dz — x1dy1 — x2dy2],
with structure equations
d¢' =0, d¢2 =0,

A6’ = i b4 (¢12+¢12) ab;Crl (¢2I_¢1i).
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A general (0, 1)-form can be written as s = FE + Gﬁ + Kﬁ e A%1(K T9), for some
smooth complex valued functions F, G, K € C*(K 7). We want to know when s € Hg’ 1,

i.e., when Ajs = 0, which holds if and only if the two conditions ds = 0and 3*s = 0 are
satisfied. From these we obtain the PDEs
~VF+ViG+i%1K =0,
—V3F + VIK =0,
V3G + V2K =0,
0212 ViF 4 p*1*V1G + p*0? V3K = 0.

@)

Notice that these PDEs all involve only left-invariant differential operators and so the
decomposition of functions given in (2) can help us find solutions.

In particular, it is sufficient to find the solutions when F', G, K are in S; for fixed I/ € 7
and the solutions when F', G, K are in 7; for fixed J € J.

7.1 Solutionsin S;

In this section we will make use of the basis of S; given by

2mi(p1x1+p2x2+ +q2y2+It
fi1=frqi=e (p1x1+paxa+qiyi+q2y2+it)

for any I = (p1, p2,q1,q2,1) € T = 73. The functions F, G, K can be expressed in this

basis as
F=ZF1f1, G=ZG1f1, K=ZK1f1-

IeT IeT IeT
The vector fields Vi, Va, Va3, V1, Vs, V3 operate on f; as
Vifi =mi(py —iap2) f1, Vafi =mi(gr —ibg) f1, Vi fi = milf,
Vifi =mi(p1 +iap) f1. Vafr = mi(q1 +ibg2) f1, Vafr = milfy.

Therefore system (7) reduces into the following system for the coefficients of F, G, K

—(q1 +ibg2) Fr + 7 (p1 + iap2)Gy + 41K, =0,

—lF; + (p1+iap2)K; =0,

—IG; + (q1 +ibg)K; =0,

ot (p1 —iap) Fi + p*t%(q1 — ibg2)G [ + p*0 1K = 0.
If I = 0, then from the second and third equations either K € C or I = 0. In both cases from
the first equation either K = 0 or ab = 1, i.e., the almost complex structure is integrable.
If I # 0, one can substitute F; and G from the second and the third equations into the first
one, obtaining either K = 0 orab = 1.

Thus, if K = 0, from the first and the last equations we deduce F, G € C. On the other
hand, if ab = 1, again from the first and the last equations it follows that F, G, K € C.

7.2 Solutions in Z;

In this section we will make use of the basis of 7; given by

gih = o2y +mztin) H Zth (JTImI (x,- + qj +S))ezmmgy,
m

j=12¢eZ
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in Corollary 5.3. It will be sufficient to consider the case p =0 =1 = 1.
Transform the system (7) as follows:

e Make the substitution F = o + 8, G = i(—«a + ), where o, 8 € 7.
e Replace the second and third equations with the sum of the second equation with =i
times the third.

This yields the system
(—iVi = Va + (iVi — V)B+i% K =0,
—2Via + (Vi +iV2)K =0,
—2V3B 4+ (Vi —iV2)K =0,
V1 —iV))a+ (Vi+iV)p+ V3K =0.

Taking into account that
2iVy =2Vo = iU + Uy, 2iVi 42V =iU  + Uy, 2V3=Us,

this system is equivalent to

(=iU; + Ua)ar + (iU = Un)B +i 5K =0,
2iU3a + (—iUy + U)K =0,

2iU3B + (iU, + Up)K =0,

(iU + Ux)a + (iU + Up)B +iUsK = 0.

Now we make use of the basis given by g, , to write «, 8, K as

o= Z Apy by 8hy ha s

hi,hreNy

B = Z By hy8hy o>
h1,h,eNy

K = Z Ky hy8hy ha-
hi,h2€Ng

Substituting this into the above system of equations and assuming that m > 0 gives
conditions on the coefficients A, 1y, Br,.hys Kny o € C.

2/2mm | —i(h1 + D) Ap 41,0, + Vab(hy + 1)Ah1,h2+1] +
+/2mm | —iBp 1,0, + \/athl.hrl] + i"’;;‘ Kpyny =0,

—4n(l +icm)Ap p, +2m I:iKhl—lle — \/athl,hz—l] =0,
—4n(l + icm) By, p, +24/2Tm [—i(hl + ) Kpy 1.0 + Vab(hy + 1)Kh,,h2+1] —0,

232xm |i(hy + D Ap 41,0, + ab(hy + I)Ahl,h2+l:| +
—2mm |iBy iy + «/athl,hz,l:I —27(l — icm)Kp, , = 0.
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Substituting the coefficients of & and 8 from the second and third equations into the first
and the last equations, we obtain

Ky .y (1 —ab) (3m — l%) =0,
Ky [2700% + 2m?) + m(hy + 1)] = 0,

We see that independently from both equations Ky, 5, = 0 forall 41, hy € Ny. In particular,
since the first equation in the system is obtained just from asking ds = 0, we deduce that
if ab # 1 then there are no (non zero) d-closed (0, 1)-forms lying in 7;. A nearly identical
argument shows that the same is true when m < 0.

Theorem 7.1 Ifab # 1, then for any choice of a left invariant metric g on (KT®, Ja.b.c) we
have

g’1=C<E,E>.

Ifab =1, i.e., Jy p ¢ is integrable, then on (KT®, Ja.b.c) we have

Hg’l :Hg’l :C<$,E,$>.
O

Proof 1f ab # 1, then the solutions of Ags = 0 in Sy are generated by ¢!, ¢? for any choice
of a left invariant metric g4 ¢ p.0,r,» While in 7; there are no (non zero) d-closed (0, 1)-
forms and thus no d-harmonic (0, 1)-forms. If ab = 1, then Dolbeault cohomology is metric
independent and so we can choose the metric g4,p,c,1,1,1 to compute it solving Azs = 0. The

solutions in Sy are generated by ﬁ P E while in 77 there are no (non zero) d-harmonic
(0, 1)-forms. m]

Note that, given any left invariant integrable almost complex structure J on K7°, we
have the following bounds on the values that h%l can take. By [22, Corollary 3.10], H%l is

made of left invariant forms, therefore 1% < 3. Similarly, h%‘o < 3. Since b!' = 5, then the
Frolicher inequality [10] and the previous upper bounds yield

5<h+h2! <6,
) Gl
and the upper bounds again imply
2<h2t <3,
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