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Abstract

In this paper, we prove a stability result for the non-Kéahler geometry of locally conformally
Kihler (IcK) spaces with singularities. Specifically, we find sufficient conditions under which
the image of an IcK space by a holomorphic mapping also admits 1cK metrics, thus extending
a result by Varouchas about Kéhler spaces.
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1 Introduction

While the strongest geometric results on complex manifolds may be obtained in the pure
Kihler setting, the requirement of the existence of such a metrics in the compact case imposes
great topological and geometric restrictions, and thus Kéhler manifolds are relatively rare.
That is why in the last decades there have been many efforts to find suitable replacements by
relaxing, in various ways, the Kihler condition, and looking at non-Kéahler Hermitian metrics
whose existence is more common but can also lead to nice properties for the manifold
and, ideally, classification results. One of the most intensely studied metrics are locally
conformally Kdihler (IcK for short).

A Hermitian metric w on the complex manifold X is called locally conformally Kdhler
(IcK) if for every point x € X, there exists an open neighborhood U > x and a smooth
function f : U — R such that d(e =/ w) = 0 i.e. e~/ w is Kihler on U. This is equivalent to

Ovidiu Preda was partially supported by a grant of Ministry of Research and Innovation, CNCS -
UEFISCDI, project no. PN-III-P1—1.1-TE-2021-0228, within PNCDI III. Miron Stanciu was partially
supported by a grant of Ministry of Research and Innovation, CNCS - UEFISCDI, project no.
PN-III-P4-1D-PCE-2020-0025, within PNCDI III.

B4 Ovidiu Preda
ovidiu.preda@fmi.unibuc.ro; ovidiu.preda@imar.ro

Miron Stanciu
miron.stanciu @fmi.unibuc.ro; miron.stanciu@imar.ro
Faculty of Mathematics and Computer Science, University of Bucharest, 14 Academiei Str.,

Bucharest, Romania

Institute of Mathematics “Simion Stoilow” of the Romanian Academy, 21 Calea Grivitei Street, 010702
Bucharest, Romania

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10455-024-09959-8&domain=pdf

1 Page2of8 Annals of Global Analysis and Geometry (2024) 66:1

dw = 6 A w, where 0 is a closed 1-form, called the Lee form of the 1cK metric w. If the Lee
form 6 is exact, which is equivalent to saying that the function f can be defined globally on
X, then w is called globally conformally Kihler (gcK). If w is IcK, but not gcK, we call it
pure IcK. These metrics were first defined and studied by Vaisman [8], where he also proved
a characterization theorem for 1cK manifolds: a complex manifold X admits an IcK metric
if and only if its universal cover X admits a Kéhler metric & on which the deck group acts
by homotheties i.e. such that for every y € Deck X()? ), we have y*@ = ¢ . Some years
later, in [9] he proved that Kéhler and pure IcK metrics cannot coexist on compact complex
manifolds, with respect to the same complex structure. This is one motivation for studying IcK
structures preferentially on compact manifolds, as here we have a clear separation between
Kihler and IcK geometry. Since Vaisman published these two papers, there has been great
progress in understanding compact IcK manifolds and many useful theorems were obtained.
For a recent coprehensive overview of the development of IcK geometry, one may check [4].

In contrast to the abundance of results about Kihler manifolds, the lack of an all-around
good definition of (p, ¢) differential forms on singular spaces (see [3] for a comparison study
of different generalizations) made the study of Kéhler spaces more difficult. Grauert [2] was
the first to give a definition for Kihler metrics on complex analytic spaces. A more restrictive
definition was used by Varouchas in [10-12] to obtain some results about modifications of
Kihler spaces. Among them, he proves that if some conditions are satisfied, then the image
of Kihler space by a holomorphic, proper mapping also admits Kéhler metrics.

In [5], we adapted Grauert’s idea of using families of plurisubharmonic functions and
compatibility conditions to define IcK metrics on complex analytic spaces, and to prove that
the characterization theorem involving the universal cover is still true for IcK spaces, exactly in
the same form. Also, in [6], we proved that Vaisman’s theorem on the dichotomy Kdhler —IcK
remains true for compact 1cK spaces, with the additional assumption that the space is locally
irreducible, and also gave an example which shows that the local irreducibility condition
cannot be dropped. Although all the results of [5] and [6] are proved using Grauert’s definition
of Kihler metrics (and its adaptation to 1cK metrics), they all remain true for Varouchas’
definition, with the same proof, the additional condition of pluriharmonic differences being
easily verified.

In this paper, we give an 1cK version of Varouchas’ stability results from [12]. More
precisely, we prove:

Theorem 3.1 Ler (X, w, 0) be an IcK space of pure dimension and X' be a normal space,
such that there exists p : X — X' holomorphic, proper, open and surjective. Assume that
ker p, C ker 6. Then, X’ also admits IcK metrics.

The strategy for our proof is to lift p to a morphism p : X > X froma covering
space X of X onto the universal cover X’ of X', ’, and then make use of Varouchas’ methods
[12] for p to obtain a Kéhler metric on X'. As we need to integrate differential forms on
the fibers of p, these must be compact and Kihler for the method to work. Thus, for p
to still be a proper mapping and its fibers to be Kihler, we need to impose the additional
condition ker p, C ker 6. This is done so that Deck x (X') acts by positive homotheties on
the newly constructed Kihler metric on X Finally, the characterization theorem for 1cK
spaces mentioned above yields that X has 1cK metrics.

In Sect. 2 we give all the definitions and the results we use. Section 3 is devoted to proving
our new result.
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2 Preliminaries
2.1 Kahler and IcK metrics

Firstly, we recall the definitions for Kihler and IcK metrics on complex analytic spaces.
Definition 2.1 Let X be a complex analytic space.

(K) A Kdhler metric on X is the equivalence class m of a family such that (U;);¢;
is an open cover of X, ¢; : U; — R is C* and strictly psh, and ¢; — ¢; = Re(h;;)
onU;j = U; NUj, forevery i, j € I, where h;; is holomorphic. Two such families
are equivalent if their union verifies the compatibility condition on the intersections,
described above.

(IcK) AnlcK metric on X is the equivalence class m of a family such that (U;);er
is an open cover of X, ¢; : U; — R is C* and strictly psh, f; : U; — R is smooth,
and ef"_ffq)i —¢;j = Re(h;j) on Uj; = U; NUj, for every i, j € I. As before, two
such families are equivalent if their union verifies the compatibility condition on the
intersections.

Remark The definition of Kéhler metrics on complex spaces was first introduced by Grauert
in [2, p.346]. In his definition, it is required only that ¢; — ¢; = Re(h;;), where h;; is
holomorphic on U;; N Xpeg.

Definition 2.1 is Varouchas’ definition [12, p.23]. It requires that ¢; — ¢; = Re(h;;),
where h;; is holomorphic on U;; (including the singular points). Hence, it is more restrictive
that the one given by Grauert, but they coincide if X is normal. Since we use extensively
Varouchas’ results from [12], we also follow his definition of Kéhler metric throughout this
article.

For 1cK forms on singular spaces we also want to define the analogue of its associated
Lee form. For this, we have the following:

Definition 2.2 e Let X be a topological space and consider (U;, fi)ier, consisting of an
open cover (U;)iey of X and a family of continuous functions f; : U; — R such that
fi — fj islocally constant on U; N U}, for all i, j € I. The class

6 = U, fnier € 1 (X, O 3)

is called a topologically closed 1-form (TC 1-form).

e We say that a TC 1-form 6 is exact it 6 = (X,/7) for a continuous function f : X — R.
In this case, we make the notation 6 = df.

o letw = (U,(p,/f,\),e[ be an IcK metric on a complex space X. Then, the TC 1-form
0 = m is called the Lee form of w. If 6 is exact, then w is called globally
conformally Kdhler (gcK).

Pushforward and stability

We assemble below a few results we will need later.

The first is a theorem ([7, p.330 (III)]) which gives necessary and sufficient conditions
under which a holomorphic mapping of complex spaces has pure and equal dimensional
fibers.
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Theorem 2.3 Let p : X — Y be a holomorphic and surjective mapping of complex spaces,
with Y locally irreducible. Then, p is an open mapping if and only if dim, p~!(p(x)) =
dimy X — dimy) Y for every x € X.

The next result ([12, Chap. II, Lemma 3.1.2] combined with [12, Chap. I, Section 3.3])
shows that analytical properties of functions are preserved by pushforward through an open
finite map.

Lemma 2.4 Consider p : X — X' afinite, open and surjective morphism of complex spaces.
If @ is psh, strictly psh, holomorphic or pluriharmonic on X, then

Py =Y (k)

xep~l(x')

has the corresponding properties on X'.

As to the pushforward through a map which is not finite, the summation above is naturally
replaced by integration on the fibers. Firstly, we need the following sufficient condition for
geometric flatness [12, Section 3.3, Prop. 3.3.1].

Proposition 2.5 Suppose that p : X — X' is a morphism of complex spaces such that, for
some fixed m > 0, the following conditions are verified:

e 1T is proper, open and surjective;

e all fibers of m are of pure dimension m;
o X' is reduced;

e X' is normal.

Then 7 is geometrically flat.

Geometric flatness is a notion we do not use directly, but we need it for connecting the
previous proposition with the next one, which is the part that we need from [12, Chap. I,
Proposition 3.4.1], combined with [1, Théoreme principal]. It says that positivity and holo-
morphicity are again preserved by pushforward via a holomorphic map with good properties.
Also, in what follows, we use the definitions of differential forms on complex spaces as given
in [12, Chap. I, Section 1].

Proposition 2.6 Consider p : X — X' holomorphic, proper, geometrically flat, with m-
dimensional fibers and ¢ € A™"™(X). Define

pep(x)) = / .
pl(x)
Then,

G ife=9 andi8§<p > 0, then p. is psh.
(i) if o =@ andi33¢ > 0, then ps@ is s.psh.
(iii) if dp = 0, then p.@ is holomorphic.

The key result in proving the stability theorems on projections of Kihler spaces is the
following ([12, Theorem 3]):

Theorem 2.7 Let (X, o) be a Kdhler space and m > 0 an integer. Then there exist open sets

Uy, C X(x € A)and Uéﬁ C Uy NUg (j € Jup), which depend only on X and m alone such
that:
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(1) Any compact m-dimensional analytic subset of X is contained in some Uy. '
(ii) Any compact m-dimensional analytic subset of Uy N Ug is contained in some Uofﬂ.
(iii) There exist elements xo € A™™(Uy, R) such that

o™ =100 x,.

(iv) There exist elements ‘c(‘)fﬁ € A”"’"(Uiﬁ) such that
gréﬂ =0and (Xa — XB)|Us = réﬂ —I—?éﬁ.

(v) The IO{ﬂ are d-closed representatives of elements éofﬁ e H" (UO{ , Q™).

3 The main result

In this section, we prove our main result on the existence of IcK metrics on images of IcK
spaces. In the particular case of finite mappings, our previous result [S, Thm.4.1] says that
if p: X - X’ is holomorphic and finite, and X’ admits IcK metrics, then X is also admits
IcK metrics. Our theorem, in the case of O-dimensional fibers, is a kind of reciprocal of
this result, in the sense of giving information about the image of an IcK space, instead of
the preimage. However, we need some additional conditions to be verified for our proof to
work, for which we introduce the following notations: for a mapping p : X — X', denote
ps : w1 (X) — m1(X’) the induced morphism, and for a TC 1-form # on a complex space X,

we denote
kerf = :y em(X)|/9=0},
14

where the integral f v 6 is defined as in [5].

Theorem 3.1 Ler (X, w, 0) be an IcK space of pure dimension and X' be a normal space,
such that there exists p : X — X' holomorphic, proper, open and surjective. Assume that
ker p, C ker 6. Then, X' also admits IcK metrics.

Proof Denote 7’ : X' — X' the universal cover of X’ and consider X = X X x/ X' to be
the pull-back of the universal cover 7’ : X’ — X’ along p. Then, we have the following
commutative diagram:

~

X’

X
ﬂl JT[/
X, o,

/
0) » X

where p is also holomorphic, proper, open and surjective, and 7 is a cover of X. Moreover,
since X’ is normal, X’ is also normal. Since X’ is normal, it is locally irreducible, hence, by
Remmert’s open mapping 2.3, all the fibers of p have pure dimension m. Also, by taking
the pull-back metric, (f , m*w, 1*6) is an IcK space.

Next, we should note that our assumption ker p, C ker6 is equivalent to 7*6 being
exact by elementary covering space theory. Indeed, for any ¥ € 71(X), we have firstly
that p,.y = 0 as X’ is simply connected, so 7} p.y = 0. Equivalently, as the diagram
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is commutative, 7.y € ker p,. On the other hand f? 0 = fn*? 0, so 7*0 is exact i.e.
f; 7*6 = 0 for any 7 € 71 (X) if and only if ker p, C ker6.

Thus 7*6 = d f for a smooth function f on X. This f also verifies f o & = f — c¢ for
each & € H := Deck X(X ), where ¢ € R. Subsequently, e -7 7*w is a Kihler metric on X.
Ifw= m, then

~_ T« e I N
B=c'n o= (U}, ¢;)iel neH

where ﬂ_l(Uj) = U,,EHU;] is a disjoint union, and (pl." = ef"O”_fgoi o Ty A simple
calculation shows that £*@ = e¢“ @ for each & € H. l

We now split the proof into two cases for clarity’s sake, although addressing them sepa-
rately is not strictly necessary (see the comment at the end).

Case 1: m = 0. This means that 7 is a finite mapping. For this step of the proof, we
use the methods of Varouchas [12] to construct a Kihler metric on X’. Note that since p is
holomorphic, finite, open and surjective, it is a ramified covering, so there exists an analytic
subset with empty interior R C X such that p IR\R : X \R - X/ \R’ is an unramified
covering of finite degree k. For every (i, n) € I x H, consider p, p*gal. : Vi" = p(Ui") — Rto
be the unique continuous function for which

Pepl )= Y 9l
xep~lx')
on X \ R. By [12, Lemma 3.1.2], the functions {ﬁ*fﬂ?}iel,neH are strictly psh. They are
also continuous, of class C* outside R’, and the differences are pluriharmonic outside
—1 ~
R’ U p(Xing). Moreover, we have £* i) = e ﬁ*wf T for every £ € Decky/(X') ~
Deckx (X) = H. Next, we apply [12, Thm.1] to obtain a Kihler metric
T = (Viﬂ’ 1»Z/,'n)iel,r;eH
on X/ , with C*° strictly psh functions wi". Since for a fixed i € I, the family of open sets
-1
{P(U}yen are mutually disjoint, this can be done such that the property /' o& = % 1//f 7
for every n € H is verified by these new psh functions. Finally, this shows that for every
& € H = Deckyx/(X’), we have §*T" = ¢% 7, and by [5, Thm.3.10], X’ admits 1cK metrics.
Case 2: m > 1. There exists an open cover (V) jey of X’ such that:
o ()7 N(V)) = UneH Vj” for 1everyj € J and for every j € J, (Vj"),,eH are mutually
disjoint, and E‘l(V;’) =V& Nforany &, ne H
° U;.’ = ﬁ_l(an),foreveryj eJ,ne H, and“;‘_l(U;) = U ' for any&,ne H.
If the sets (V;) jes were chosen sufficiently small, then, by 2.7, for every j € J,n € H,
there exists an (m, m)-form X]'.’ on UJ'.’ such that

m+1

n
1

@ = iag)(;].

Let & € H. Since, £*® = e“ @, we have

09(67x)) =& @00x)) =€ @) = €D "’Ut‘l,]
J
pmADes sl mtDes 53 (61 = 195 (e Des L &
a)ws_ =e 188(Xj ) =1dd(e X; ).
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§

—1
Hence, we can chose X;’ such that they verifiy .f,-‘*)(;' = em+Dex X; "Tforany &, n € H.

Then, we define pix} : V! — R,

Paxj @) = / X;-
o

% 1(35/)

&
J
Proposition 2.5 together with Proposition 2.6 ensure that the functions p X]'.’, jelJ.,neH,
are s.psh (but not necessarily C°°) and the difference of any two such functions is plurihar-
monic. Finally, applying [12, Thm.1], we obtain a Kihler metric

-1
By the above property, we obtain §*pi x| = e D%, x> " forany &, 1 € H. Moreover,

~ 0 N
T = (Vj7, Iﬁ]'?)jej,neH

on X’. As in Case 1, the choices in the proof of [12, Thm.1] can be made such that the
property £*7’ = ¢“ 7', forevery & € H is satisfied, which means that X’ admits 1cK metrics.
]

Remark Please note that treating the finite and positive-dimensional fibers as separate cases
is in fact artificial and only done for clarity. Indeed, note that for the mapping p : X — X,
summing along the fiber in the first case or integrating on it in the second are just instances
of the same trace operator

Trace; : pOg — Og.
O
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