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Abstract
The radial map u(x) = ”;—” is a well-known example of a harmonic map from R” — {0} into

the spheres S”~! with a point singularity at x = 0. In Nakauchi (Examples Counterexamples
3:100107, 2023), the author constructed recursively a family of harmonic maps ™ into
S™"=1 with a point singularity at the origin (n = 1, 2, ...), such that ") is the above radial
map. It is known that for m > 3, the radial map u! is not only stable as a harmonic map
but also a minimizer of the energy of harmonic maps. In this paper, we show that for n >
2, u'™ may be unstable as a harmonic map. Indeed we prove that under the assumption

(m—1) (m > 3,n > 2), the map u"™ is unstable as a harmonic map. It is

n >

remarkable that they are unstable and our result gives many examples of unstable harmonic
maps into the spheres with a point singularity at the origin.
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1 Introduction

The radial map u, defined by u(x) = H%II’ is a well-known example of a harmonic map with
a point singularity at x = 0 from the m-dimensional Euclidean space except the origin R” —
{0} into the (m — 1)-dimensional sphere S"1inR™ (misa positive integer). Several studies
are given for this special example of harmonic maps ([1, 5, 6, 8], etc. See [2, 3] for harmonic
maps.).

In [9], the author introduced a family of harmonic maps u™ (n=1,2,...) from R" —
{0} into spheres of higher dimension, with a point singularity of a polynomial order of degree
n at x = 0, such that ! is the above radial map:

Theorem A ([9]). For any positive integers m, n with m > n, there exists a harmonic map
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u®™ - R™ — {0} N Sm”fl C RrR™"
w w
X=0 s xm) () = (M(”) ; (x))
Hoin 1<iy, =, in<m
such that

(1) u'™ is a smooth harmonic map, i.e., it satisfies the harmonic map equation

Au™ 4 DU )P u™ = 0.

(2) Each component of # (x) is a polynomial of y1, ..., y, of degree n, where
yi= 2 G=1,...,m).
IIXII
More precisely the component u ] (x) is a polynomial of y;, ..., y;, of degree n,

Therefore, "™ has a point s1ngu1ar1ty of the polynomial of degree n at x = 0.
(3) (the energy density)

|Dump = M =2
flx 1l
(4) (the initial map is the radial one)
(1)( ) =
IIXII

Theorem A gives a harmonic map with a point singularity of a polynomial of various general
order, and recovers our previous paper [7] and Fujioka’s paper [4].

For any fixed integer m, this family of examples is constructed recursively with respect to
n (< m) by the following defining equalities:

(l) i
(x) = (.
“iy IIXII
W () = o 2w () - ;nxnb "D @) m=2
el it T i -
(1.2)
where D; denotes the derivative with respect to x; , i.e.,
0
D = —
0x;

and

n+m-—23
= ). 1.3
Conn 2n+m —4 (1.3)

It is known that for m > 3, the radial map u(! is not only stable as a harmonic map
but also a minimizer of the energy of harmonic maps ([6]). In this paper, we show that for
n > 2, u"™ may be unstable as a harmonic map. Indeed we prove that for any integer n >

V3-1
2

(m — 1) (m > 3, n > 2), the map u™ is unstable as a harmonic map.

Main Theorem. Letm > 3 andn > 2. Forn >

(m — 1), the map u™ is unstable

as a harmonic map.
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Main Theorem gives many examples of unstable harmonic maps into the spheres with a
point singularity at the origin. For example, in the case of m = 3 and n = 2, Main Theorem
implies that the map

u@ R? — {0} o st c R?
w w
x=@na,0)  — u@)

such that

u(z)(x): E xlz _l X1X2  X1X3  X2X] X% _1 X2X3  X3X] X3X2 x% _l
V2 \llxi? 37 D7l Dl Dl 37 el el el x> 3

is an unstable harmonic map.
In Sect. 2, we recall basic concepts on stability. In Sect. 3, we give preliminary facts to
prove our Main Theorem. We prove Main Theorem in Sect. 4.

2 Basic concepts on stability

In this section, we recall basic facts on harmonic maps, especially the stability of harmonic
maps.

Let (M, g), (N, h) be Riemannian manifolds without boundary and let u be a smooth
map from M into N. We know the L%-energy

E@) = [y lldul®dvg
where

du : the differential map of u
dv, : the volume form on (M, g).

We call it the energy or the energy functional. A map u is harmonic if it is stationary for the
energy E (), where u is stationary for the energy E () if the first variation of the energy E ()

d
GE)u)(X) = ——E(u:)

t=0

vanishes for any variation u; of u with compact support such that up = u, and X =
a

dU (5) is the variation vector field with U (¢, x) = u,(x). In other words, it satis-

=0

fies the Euler—Lagrange equation for the energy E (), i.e., the harmonic map equation:

(Vedu)(e) = 0 (e, t(Vdu) = 0)
=1

1

where ¢; (i = 1, ..., m) is a local orthonormal frame on M, and V denotes the connection
on the bundle TM ® f~'TN. A harmonic map u is unstable (resp. stable) if the second
variation

2

G*E)w)(X) = d—E(u,)
dr?

t=0

is negative (resp. nonnegative) for some (resp. any) variation u; with compact support.
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In our situation such as M = R” — {0} and N = S" c R"*!, we can write u as a map
xX=(X1,...,xp) — ulx)= (ul(x), e u,,_H(x)).

Take any function ¢ € C°(R™ — {0}, R"*!) with compact support. Consider the variation
u; of u with the variation function ¢:
u(x) +1¢x)
u(x) = —————.
l[u(x) + 1)l
We can see

= 90 — () - u())ux),

t=0

5”1(/‘)

where - denotes the inner product on R"+! Then, we have the first variation

d
GE)u)(p) = ——Eu)

1=0
=/ (tDu. D) — IDullu - ¢) dx @.1)
m {0}
for any variation function ¢ € C®([R™ — {0}, R"*!) with compact support, where
a .
Du = “j ) and dx = dx; ...dx,,. Then, we know
dxi ) =2

u is a harmonic map <= Au + ||Du||2u =0
(harmonic map equation).

‘We see the second variation

PEXW@ = 5 Ewn)
dt? ' t=0
=2 (IDel? - 1Dullel?) dx 22)
R — {0}

for any variation function ¢ € C®°(R” — {0}, R"*!) with compact support satisfying the
orthogonality condition

¢ -u = 0.
For a harmonic map u, we have the definition of instability:

u is unstable &» the second variation (82E)(u)((p) < 0 (resp. > 0)
(resp. stable) for some (resp. any) variation function ¢ with compact support.

In the proof of Main Theorem, we give a special variation function ¢ with compact
support, given by (4.6) later. For this variation function ¢, we calculate the second variation
(82E)(u)(p) and prove that it is negative.

3 Preliminaries
In this section, we give preliminary facts for our proof of Main Theorem. We introduce the

following two basic quantities. They play an important role in our proofs. See [7] and [9] for
their details.
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Two quantities

Xi

y = (yi)1§i§m S = [l ]

XiXj

a = (aij)lgi,jfm : aij:éij - ||)C||2 - 8,’] —Yiyj

These two quantities y; and a;; satisfy the following conditions:

m
Lemmal (1) Y y7 =1 (ie.|yl=1)

i=1
m
(2) Zaii =m-—1 (i.e.,tra =m— 1)
i=1

1 . 1
(3) Diy; = ma,-j (l.e., Dy = ma)

We omit the proof of Lemma 1, because Lemma 1 follows from the definitions of y; and
ajj with simple calculations.

In this paper, we use the following properties of ul(?) i
Lemma 2
m
Z 8i1i2”§1n.)..in =0 G.D
i1, ir=1
forn > 2.

Proof We use the induction. We first prove (3.1) for n = 2. Equality (1.2) for n = 2 implies

2 (1.2) 1 1 1
it "= Cun (y,-zu,ﬂ) = —— Il Dy

Ine
(1.1), Lemmal(3) 1
= Cm»z YiyYin — mailiz

Then,

m 1 m
2
E 5i1i2“§l,-)2 = Cin,2 <||Y||2 ) E aii)
i, ir=1 i=1

Lemma_l(]),(Z) 0

Thus, we have (3.1) for n = 2.
We assume that (3.1) holds forn =k — 1 (k > 3), i.e.,

m
3 Sipup ) =0 (3.2)

i].ik—1
i1,ir=1
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Then for n = k, we have from (1.2)

m

20 i,
irig4 i .. g

(12) k—1) 1 (k— 1)
='Cni Z Sivin (ylk Ui i 3 I

i1, =1
m

m
_ (=) 1 =)
=Cnk Y, Y Siiaty o — =3 111D > Siiuy o

i, iz=1 i1, =1

2
@

by the induction assumption (3.2). We have (3.1) for n = k. Thus, (3.1) holds for any
n>2. 0
4 Instability of u

In this section, we prove the following result on the instability of u.

(m — 1), the map u™ is unstable

Main Theorem. Letm > 3 andn > 2. Forn >

as a harmonic map.
Let B, denotes the open ball of radius r in R"™ centered at the origin:

B, = {xeR"| x|l <r}.

Take positive real numbers a, b, c and d satisfying a < b < ¢ < d. Let 1, (x) be a Lipschitz
continuous function on R™ — {0} given by

0 on B, — {0}
Ix] —a
on B, — B,
(b—a)
ny(x) = 1 on B, — By 4.1
d—Iixll on B/ — B
d—c d c
0 on R™" — By

@ Springer



Annals of Global Analysis and Geometry (2024) 65:10 Page70f15 10

Take a sufficiently small positive number ¢ which is determined later. Let 7(x) be a smooth
cutoff function, approximating 1, (x), satisfying the following four conditions:

0 on B, — {0}

m

[0, 1] on B, — B,
n(x) 1 on B. — By (4.2)
e [0, 1]on B; — B,
=0 on R™ — By
[n(x) = ny(x)| < & forVx e R" — {0} 4.3)
IDal < —5 on B, - B 44
on — .
= b-a b= Pa
l+e¢
Dyl < By — B.. 45
1Dyl < o O Ba— B (4.5)

Note that the support of 1(x) is compact since n(x) = 0 outside B; — B,.

For simplicity, we set u : = u. Take the variation function ¢ with compact support, for
n > 2, defined by

0y i (X) = { n(x) i, (n=2) (4.6)

n(x) 8iyiy Yiz - -+ Vi, (1= 3)

for x € R™ — {0}. Note that the condition “n > 2” is necessary for this variation ¢ =
(901'1...1',,)151-1"_”,-"5,” , since §;,;, in the definition of ¢;, _;, requires two indices i; and i>.
We can easily check the following three properties:

Lemma3 (1) ¢ -u = 0
2) llgl? = mn? )
(3) ID@l* = m| Dl

Proof(1:) We have

m
Y -u = Z Diy ..‘i,,uf??”,-n
il in=1
m
2
n@ Y Siiup (n=2)
(4_6) i1,i2=1
- m m
ne) Y DD Sau” iy (12 3)
i3, ...,ip=1 \iq,i2=1
Len;nﬂZ 0
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(2:) We get
= 2
lol> = > (e, i)
i1y, ip=1
m
) S, (n=2)
(4.6) i, ir=1
- m m m
Y S D Vh- D (2 3)
i1, ir=1 iz=1 in=1
Lemma 1(1)
(3:) We see
m
IDnl* > 82, (n=2)
4.6) i1, ir=1
IDg]* "= o m m
[T DI DR A )
i1, ir=1 i3=1 in=1
2 ) Da)?
Thus, we have Lemma 3. O
By Theorem A (3), we have
nn+m—2)
I1Du|)? = —hE 4.7)

Take the variation

u(x) =

u(x) +to(x)

u(x) +to)|l°

The support of this variation is compact, since it is contained in the closure of By — B,.

Then, we have the second variation
2

G E)w)(p) =

E(ur)

=0
(2.2) with

Lemma3 (1) / (1Dg1?
R™ —{0}

L a3(2),
e Y I (=Y
Rm — {0}

=2m/ (nom? —
By — B,

vom [ (1o -
BL‘_Bh

+2m/
By — B¢

=:H1 + L + L.

@ Springer
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Since n = 1 on B, — By, we have

-2
L% oy / PO ) - < 0, (4.9)
B.— B, [l ]|
To estimate I;, we note
2
n(x)* > (max{n,(x) — &, 0}) (4.10)

since 1(x) > n,(x) — & by (4.3). On B, — By, we see

X|| —a
nyx) = € ”b“—a ze & |xll zatebd—a
and hence
no(x) > ¢ on By — B(ate(h—a)) 4.11)
no(x) < & on B(a+8(b—a)) — B,. (4.12)
Thus from (4.10), (4.11) and (4.12), we have
n(x)* = (ny(x) — &)* on By — Blatep—a)) (4.13)
n(x)* = (y(x) — &)* on By — Blayev-ay (4.14)

Then, we have
@4 1 2 -2
I, < 2m/ (+78)2dx1...dxm—2m/ n(n—i_imz)nzdxl...dxm
B,—B, (b—a) By — B, [l ]|

(4.13),(4.14) 2m(1 2
< m(i—i—ez) / dxy...dxy,
b—a) By, — Ba

— 2nm(n+m —2) (o — &)>dxi ...dxm

2
By — B(a+e(b—a)) llxll

2m(1 2
@D L—i_?/ dxy...dxy,
(b —a) By — B,

1 _ 2
— 2umn+m —2) 2<||x|| a_8> dxi ... dxn
By — Blate(b—ay) [l 1| b—a
2m(l + ¢&)>
’"(7“2) / e ds
b—a? Jp, s,
2nm(n+m—2)

2
—(Ixll = (a+2b — ) ) dx; ...dx
b—a)? Sy =By X1 ( ( ) "

(4.15)

Using the polar coordinate in R™ — {0}, we have

the right hand side of (4.15)

2m(1 + ¢)? —1 /b 1
= ———— Vol (S" "d
b —ay ol ( ) ; P P
2nm(n +m — 2)

b —ar Vol (S

b
X/ i( (a+8(b—a)))2pnz—1dp
(

a+e(b—a)) :02
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2 b
7m2V0] (Smfl) |:(] +8)2/ pm—ldp
a

(b—a)
b
—n(n+m—2){/ " dp
(a+e(b—a))
b
— 2(a +e(b— a)) 0" 2dp
(a+e(b—a))
) b
+ (a+eb—a)) f p’"73dp}i|
(a+e(b—a))

_ 2m o1 [ +e)? n_om

= mvm(s )[7”1 (b" —a™)
L/, m

_n(n—|—m—2){%(b —(a—{—e(b—a)) )

(a +eb— a)) (bm_] - (a +eb— a))m_l)

(a+e—a) (5" = (a+e - )" ) ”

m—1

+

_ 2m m—1 (]+8)2 m ___m

= 7(17—11)2 Vol (S )[7’” (b a™)
I, 2

—nn+m—2){ —b" — 7b(a+8(b—a))
m m—1

+

! 5 (a +eb— a))z} b2

mo om—1 -2

+nn+m—=2) (’111 m2—1 ;> (a—i—e(b—a))m]

Le]rpr?]a_é‘ 1 zm(li 2), 5
which is given later,
forA:bandgg:aJre(hfu) 2m VOl (Sm_l) (1 + 8)
(b —a)? m
nn+m-—2) 5 5
—~ 1- —1)(b—
m(m_l)(m_z){( &)’m(m — 1)(b —a)

—2(1 — &)mb(b —a) + 2b2} pn—2

(bm _ am)

2D (rew-a)’] @10

m(m — 1)(m —2)

In the last equality, we use Lemma 4 (1) and (2), given later, for A=band B =a+¢(b —a).
Thus from (4.15) and (4.16), we have
2 1+¢)?
7’”2 Vol (S 1 [ﬂ(bm —a™)
m

I <
b—a)
nintm—2) {(1 — 2m(m — Db —a)® — 2(1 — e)ymb(b — a) + 2b2} pm2

© m(m — )(m —2)
2n(n +m —2) m
n— D=2 (a+eb—a) ] (4.17)
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Take a large positive numbers « and we set b = (¢ + 1)a. We know (o + )" = o™ +
0@ .
i

O™ 1), where O( ) denotes Landau’s symbol, i.e., O(Y) is a term satisfying 7
o

bounded as @« — o0. Then, (4.17) implies

S

14¢)? n” -1
I < 2mV01(Sm71)|:( te)y @+ )2 am?
m o
nn+m—2)

e — —_— 2 —
m(m—l)(m—Z){(l &)'m(m —1)

1 2 1)2
—2(1—»s)m°l+ + (at ) }(a+1)m—2am—2
o o

m(m — 1)(m —2) a?

1402 s
m

2n(n +m —2) O+wVaWﬂ

=2m Vol (S" 1) am_2|:

nn+m—2) ) m—2
- (1 - -1 - 2(1- 2
=D —2) {( e) m(m ) ( eym + }a
n(n+m—2) (1+ea)” 3
. 4.1
mm—Dm—2) o2 0 (") (4.18)
Take a sufficiently small positive number ¢ such that

1

& < —. 4.19)
o

Then, ea" 2 = O (a™3) and £ 2 = O (a~*), we see

(1+8)2 am_l — lam—2 + O(Olm_3),
m m

{(1 —e)mm—1) — 2(1 —&)m + 2}0/"—2

= {m(m— 1) — 2m + 2}0/"—2 + 0" ?)

=(m—1Dm—-2)a"% + O("™)
and
2n(n+m—2) (1+ea)”" (@)
mm—m—2 o o)

Then for sufficiently large «, we have

2mV01(Sm_l)am_2{ <% _ M) o2 4 o(am—3)}

m

I

IA

—2Vol (S’”*l)amfz{((nz -1 4 (m— 2)n> a2 4 O(amf3)}

< 0, (4.20)

since the assumptions m > 3 and n > 2 imply (n2 1)+ m-2n>5>0.
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Similarly on By — B, we see

ny(x) = & & ze & x|l =d-eld-o
d—c
and hence
n(0)? = (,(x) — ©)> on Bu—s—c) — Be 4.21)
n(x)?’ =0 on By — B—s(d—c))- (4.22)
and we have
D8 Loy
Iz o < m/ a+ 8)2 dxy...dx,
By—B. (d—¢)
—2m nntm=2) (n, — &)%dx1...dxm
B llx12 0
(d—e(d—c) — Be
2
(d—o) By — B
1 _ 2
—2nmn+m —2) 5 (d <l —a) dxy...dx,
Bd—e@-c) — Be ||)C|| d—c
2
= 2m<17+82) / dxy...dx,
(d—o) Ba—Be
Znm(n + m = 2)
(d—c)?
/ (@ e —0) — el dni .
X — —ed—0c)) — |lx codxy
Bi—¢d—c)) — Be flx1? 1
2m(1 +¢)? . /d .
= e — ug m d
@—ep Gt
_ wvol (Smfl)
(d —¢)?
(d—s(d=c)) >
X/C ?((d—s(d—c))—/)> " dp
2m o [A+e)?
- T Y6 )[ " ")
1 m m
_n(n+m—2):;((d—8(d—c)) —c )
2 m—1 m—
*ﬁ((d*«?(dfc)) —c 1)(dfs(a’fc))
1 NP2 m=2 _ 32
+ m((d —e(d—0) c ) (d—ed—0) }]
2m o [A+e)2
= WVONS )[ p @m —cm
1 2 1 m
_n(n+m—2)<Z -+ r_z)(d—a(d—c))
2
+n(n+m72){—czf c(dfs(dfc))
m —1
+ % (d—ed - c))z} cmfz}
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Lemma4 (1) and (2),
which is given later,

(1+e)?

for A=cand B=d—¢(d—c) 2m m—1 m __ m
= 7([1 g Vol (S"77) |: p (d c"™)
2n(n +m — 2) m
T mm = hm —2) (d~ed~0)
nn+m-—2)

2 2
m(m — (m —2) {(1 —&)*m@m — 1)(d — ¢)

+2(1 = &)me(d — ¢) + 202} c’"—z] (4.23)

1
Take a large positive number 8 and let ¢ be sufficiently small satisfying ¢ < B We setd =

(B + 1)c. Then, (4.23) implies

m—1y .m—2 1 m=2 2n(n+m —2) m—2 m=3
I < 2mVol (S™ ¢ {aﬂ m(m—l)(m—2)'3 + 0(p )}
= - ;Vol (Sm71)0"172
(m—1)(m —2)

X {(2712 + 2m—=2)n—(m —1)(m —2) ) g2 4 O(,Bm_3)}_
Then using Lemma 5 mentioned later, we have

I3 < 0 for n >

3—-1
[2 (m—1) 4.24)
for sufficiently large number 8. Thus by (4.9), (4.20) and (4.24), we conclude

*E)w)(p) < 0

and we finish the proof of our Main Theorem. O
We give here the following two lemmas which are used in the proof of Main Theorem.
Lemma 4 is easy to prove and then we omit the proof. We give a proof of Lemma 5 only.

Lemma4 (/ ! - 2 + ! = 2

emmad (1) T a1 m—2  m(m—1)(m—2)

(2) lAZ— B + ! B> = ;{m(m — 1)(A — B)?
m m— 1 m—2 T m@m—1(m—=2)

— 2mA(A— B) + 2A2}

Lemma5 Ifx > (m — 1), then we have

2x2 +2m —2)x — (m—H(m —2) > 0.

Proofof Lemma 5 Let w = and we note

20 + 20 — 1 = 0. (4.25)
Let
fx) = 2x? +2m—2)x — (m—1)(m —2)
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and then we have
fl(x) =4x +2m—=2) =22x+m—-2) > 0

for any x > 0. Therefore, f(x) is monotone increase on {x > 0} and we have

fx) > f(ﬁ_l(m—l)>

2

-1
for any x > (m — 1). The right hand side of this inequality is:

f(ﬁz_ Lo - 1))

f(m = Do)

= 2(m— 1% + 2(m—1)(m —2)w — (m — 1)(m —2)
= (m—1D(m—2)20* + 20 — 1) + 2(m — 1)e?
@425 2m — he? > 0,
Thus, we have f(x) > 0. ]

At the end of this paper, we give two remarks on Main Theorem.

Remark 1 Though the map « in Main Theorem has a singularity at x = 0, it is a weakly
harmonic map from R™ (m > 3), where

. . f n
u is a weakly harmonic map (dé} ue Lll(;c2 (]Rm, Sm _1) and

from R™ / ((Du, Dg) — ||Dullu - (p) dx = 0
Rln
for any ¢ € C*®(R™, R™*1) with compact support

(a weak solution of the harmonic map equation).
Here, Lll(;c2 (R’”, S’""’l) denotes the Sobolev space of S""~1_valued functions # on R” such
that both « and the weak derivative Du are in L? on any compact subset K of R”. The fact
that u™ is a weakly harmonic map from R™ (m > 3) follows from the finiteness of the local
energy near x =0, i.e.,

,
/ | Du™|?dx = n(n+m—2)V01(Sm_l)/ 0" 3dp < 00 (r>0)
B, 0

for any m > 3, by the condition (3) in Theorem A. Then, Main Theorem implies that u™ ig
an unstable weakly harmonic map from R™ . Furthermore rescaling radially, we can obtain an
unstable weakly harmonic map it from B;.Indeed, we take a large radius R > 0 satisfying
that the support of the variation function ¢ in our proof is contained in Bg, and then we
define

@™ By — §"' st a® @) = u™(Rx)

which is an unstable weakly harmonic map.
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Remark 2 As we have seen, our proof of Main Theorem needs only the quadratic inequality
2n% 4+ 2(m —2)n — (m — 1)(m — 2) > 0 with respect to n in Lemma 5, and therefore, we
may assume the weaker condition

—m=2) + Jm =22+ 2(m —1)(m —2)
= 2
(m—1)(m —2)
Jm—=2)Bm —4) + m—2

3-1
in place of the assumption n > IT (m—1).
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