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Abstract

We prove some reverse Laplacian comparison and relative volume comparison results under
the situation where one has an integral bound for the part of the Ricci curvature which lies
above a prescribed continuous function of the distance parameter. These extend parts of
results of Ding (Chin Ann Math Ser B 15(1):35-42, 1994) and Kura (Proc Jpn Acad Ser A
Math Sci 78(1):7-9, 2002) from pointwise Ricci curvature to integral Ricci curvature.
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1 Introduction

In Riemannian geometry, there have been many classical comparison theorems on various
corresponding geometric quantities of an n-dimensional Riemannian manifold M and the
n-dimensional space form M'}< of constant sectional curvature K under the condition Ricys >
(n — 1)K, such as Laplacian comparison, Bishop—Gromov’s relative volume comparison,
Myers’ diameter comparison, the first eigenvalue comparison, the fundamental group and the
first Betti number control. The readers can refer to some nice books [2,8] and survey articles
[12,15] and the references therein.
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An approach of generalizing the classical comparison results is replacing the pointwise
lower Ricci bound condition by the integral Ricci curvature condition, and a lot of results
and their applications have been obtained (cf. [1,5,9-11]).

Let M be an n-dimensional Riemannian manifold. We denote by || f ||, 2 the usual g-norm

on a domain Q2 C M, namely,
1/q
7la.a= ([ 1r0)".
Q

Foreach x € M, letRic(x) (or Ric(x)) be the smallest (or biggest) eigenvalue of the Ricci
tensor at x. Denote

RicX (x) = max{0, (n — 1)K — Ric(x)},
RicX (x) = max{0, Ric(x) — (n — DK}

for a real number K. Let B(x, R) C M denote the geodesic ball of radius R centered
at x € M. Then || RicX llg,Bx,R) (or | Ricf llg,B(x,r)) measures the amount of Ricci cur-
vature lying below (or above) the given bound (n — 1)K in B(x, R). It is easy to see that
[ RicX |l4, 8¢, m)(or | RicX [|4. p(x, k) = Oifand only if Ric” > (or <) (n—1)K in B(x, R).

In general, Laplacian comparison theorem is a foundation of other comparison results
such as volume comparison, heat kernel comparison, eigenvalue comparison and so on.
Unlike Hessian comparison, there exists no reverse Laplacian comparison without any extra
assumptions except that the Ricci curvature has an upper bound. However, if an upper bound
of sectional curvature is additionally given, we may have a reverse Laplacian comparison,
which is sometimes better than the one obtained directly from the Hessian comparison. For
example, Q. Ding proved the following reverse Laplacian comparison theorem between two
Cartan—Hadamard manifolds (i.e., complete simply-connected Riemannian manifolds of
non-positive sectional curvature).

Theorem 1.1 ([4, Theorem 2.1]). Let M and M be two n-dimensional Cartan—Hadamard
manifolds. Let
y 10,1 > Mandy :[0,1] > M

be unit-speed geodesics starting from x = y (0) and X = y(0), respectively. Let r, A and Ric
be the distance function from x, the Laplacian and the Ricci curvature of M, respectively.
We add ~ to denote the corresponding quantities on M.

i
Ric(y', y)(0) =~ Rie(?', #)(0), Vi € 0,1,
then
Ary () = L RFG@), Vi€ 0.1)

This reverse Laplacian comparison can be generalized (cf. [13,14] for Finsler manifolds
cases). In order to state the next results, we introduce the following settings and notations
used throughout this article.

Settings: Let k, k; : [0, 00) — R be continuous functions satisfying k1 () < (n — D)k(¢).
Let f and f; be, respectively, the solutions of

f"+k@®f=0,ft)>0 forO<t<lI,
f(0)=0, f'(0)=1;
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and
I+ k@) = —2k@)]fi=0 for0<t<I,
f1(0) =0, f{(0) = 1.

Notations:
o) = "2 @), V(r)=f0 /S’Hc;)(s)den_lds. (1.1

Based on the above settings, Kura [6] proved the following theorem.

Theorem 1.2 ([6, Theorem 1]). Let M be an n-dimensional complete Riemannian manifold.
Lety :[0,1) > M (0 < | < 00) be a unit-speed minimal geodesic with y (0) = x. Assume
that f'(t) > 0ont € (0, 1) and the sectional curvature sec of M satisfies

sec(y'(1), X) < k(t), YVt € (0,1),¥X € T,nM, X1y'@).
IfRic(y’, y) (@) < k1(t) ont € (0, 1), then we have

1) N JHO)
f@ @)

Remark 1.3 In fact, Theorem 1.2 implies Theorem 1.1. Indeed, if we take k() = 0, k1 (¢) =
1 Ric(

-—1 Ric(y’, 7')(1), then we obtain

Ar(y(n) = (n —2)

vt € (0,1).

1 / /

In this paper, we extend the above two theorems to the upper integral Ricci curvature
condition. We prove the following theorems.

1 ~
— BF ),

Theorem 1.4 Settings and notations as in Theorem 1.1. Denote
I~ .
¥ (0 = max [0. — X (0) - Ar(y )],

1
p(1) = max {0, Ric(y', ) (1) — —Ric(7. 7).

Then for g > 1, we have

a a
/ vepdr < / plwdt, Va € [0,1]. (1.2)
0 0
Here w is given in (2.5).

Theorem 1.5 Settings and notations as in Theorem 1.2. Denote

1@ N f1@
f@® - fi®)

A1) = max {0, Rie(y', ) (0) — ki (0)].

¥ (0) = max {0, (n - 2) - ary}.

Then for g > max{l, "Il }, we have

[01/72%(1;5/0 plwdt, Vae[0,1). (1.3)

Here w is given in (2.5).
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Remark 1.6 When p(¢) = 0 (or p(¢t) = 0), Theorem 1.4 (or Theorem 1.5) implies Theo-
rem 1.1 (or Theorem 1.2). But unlike in the pointwise case, Theorem 1.4 doesn’t follow
directly from Theorem 1.5 because of the difference of the restriction on g. Actually, the left
side of (1.2) is not bigger than the left side of (1.3) from Remark 1.3 so the restriction on ¢
can be relaxed, which is reasonable.

As an application of Theorem 1.5, we can prove the following reverse relative volume
comparison theorem.

Theorem 1.7 Settings and notations as in Theorem 1.2 and (1.1). Given q > n/2, then there
is a constant C = C(n, q, R) such that

(VOI‘I/E((rx), r) ) ﬁ _ (VOlf((;; R)

forr < R < inj,, where inj, denotes the injectivity radius at x.
In particular, we have

= 1
) = COLa RGN i (1.4)

1
i r 2
vol B(x, R) = (1= C(n, ¢, R)IAIZ s )™V (R). (1.5)
Remark 1.8 When p = 0, Theorem 1.7 recovers Theorem 2 in [6].

We point out that the constant C = C(n, g, R) in Theorem 1.7 depends on k(¢) and k1 (¢)
as well, but we omit them in the expression. We would also like to mention that, the integral
curvature conditions in Theorems 1.5 and 1.7 can be viewed as so-called integral radial
(Ricci or sectional) curvatures condition in Mao’s recent work [7], where lots of comparison
results were obtained.

The paper is organized as follows. In Sect. 2, we give some preliminaries, including basic
facts on relations between the Hessian/Laplacian of the distance function and the ordinary
differential equations, notations for quantities of space forms and an algebra inequality. In
Sect. 3, we prove the Laplacian comparison Theorems 1.4 and 1.5 . In Sect. 4, we prove the
relative volume comparison Theorem 1.7.

2 Preliminaries
2.1 Second order ODE and Riccati ODE

We briefly recall some well-known facts on the relations between the Hessian/Laplacian of
the distance function starting from a fixed point and the Jacobi fields along the geodesic,
which can be easily found in some textbooks or survey articles, e.g., [8].

Let {e; (#)}!_, be a parallel orthonormal frame along the unit speed geodesic y (¢) such
that e, (t) = y/(r). Let J;(t)(1 < i < n — 1) be the Jacobi field along y () such that
Ji(0) =0, J/(t) = ¢;(0). Denote

Ji el
(1) = A(t) ®),

Jn—1 €n—1
then A(r) satisfies the second order ODE

{A”(r) L ADK (1) =0; on
A(0)=0,A(0) =I,_y,
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where K (1) = (Ki; (1)) and K (1) = (R(ei, y)y' ;) ()1 <i.j <n—1).
When A(r) is invertible, denote U(r) = A~ (t)A'(t), u(r) = trU(z), then by a direct
calculation, we have (cf. [4])

(Hessr(ei,e)(0), o <y = U@, u®) = Ar(y (). (2.2)
On the other hand, from (2.1), U (¢) and u(t) satisfy the Riccati ODE (cf. [11,12]):
U'(t) + U*(1) + K(t) = 0;
u' (1) 4+ trU% (1) + Ric(y/ (1), y' (1)) = 0. 2.3)
Similarly, for M we have the Riccati ODE
@ (1) + w0 (1) + Rie(7' (1), 7' (1) =0, (2.4)
where it = trtU = Z?()?(t)).

2.2 Volume element of space forms

Forafixed pointx € M,letr(y) = d(x, y) be the distance function starting from y. Under the
geodesic polar coordinate (¢, ) around y, the volume element d vol of M has the following
expression:

dvol = wdt Adb,_q, (2.5)

where df,,_; (sometimes we use df for simplicity) represents the standard volume element
on the unit sphere "~

Let My denote the n-dimensional (complete, simply-connected) space form of constant
curvature K. Then the metric can be written as gx = dr? + sn%< (t)gsn—1, and the volume
element on MY is given by d vol ¢ = wgdt A df,_ (when K > 0, generally t < n/\/? is
required). Here by abuse of notation, we have (cf. [11,12])

wk (1) = wk (t,-) = sny (1), i =ugok,

s (1)
ug () =ug(t,-)=n— l)snK(t) = (n—1)ctng (?),
ﬁ sin(v/K 1), for K > 0; cos(v/K1), for K > 0:
sng(t) = {¢t, for K =0; cng(t) =131, for K = 0;
lK sinh(v/—Kt), for K <O. cosh(v/—Kt), forK <O.
(t) \ﬁKcot(ft) for K > 0;
cn
ctng (1) = SnK o= for K = 0;
K V=K coth(v—Kt), for K < 0.

According to Sect. 2.1, we have AKrg(t) = ug(t), where ri (1) means the distance
function from any point x = y(0) € M) along a unit-speed geodesic y (¢) and AK is the
Laplacian on M .

2.3 An algebralemma

Now we recall the following algebra lemma which will be used later.
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Lemma 2.1 ([6, Lemmal]). Given a > 0, b > ma?, consider the set
D= {(xl,...,xm)eRm la<x <--- Sxm,zx? Zb]

and define a function ® : D — R by &(xq, -+, x,) = Zlmzl x;. Then
min ®(D) > (m — Da + {b — (m — Da*}'/2.

Remark 2.2 1n fact, we just need to consider min @ (D) on the compact set
m
Dy={xr, o) €R" [asxi <o S, Y a3 =b.

So @ attains its minimum on D, at either the interior critical points or the boundary point.
Intuitively, this lemma says that the minimum of ® on Dy, is attained at the boundary point

X] = " =Xp_1] =0a, Xy = b—(m—l)az.

3 Laplacian comparison

Proof of Theorem 1.4 Since M is a Cartan—-Hadamard manifold, by the Hessian comparison
theorem, we know that U (7) is Well defined and positive definite for ¢ € (0, /] (cf. [4] and
Theorem 6.4.3 in [8]). So are for M and U.

Since trtU? < (tU)? (U (¢) is positive definite) and r0? > nlj (trf] )2 (Cauchy—Schwarz
inequality), from (2.3) and (2.4) we have

u/(r) +ut(t) + Ric(y’(r), Y (1) =0,
1
(n ) )+ ( ) 0+ Rw(V(r) 7)) <0.

Hence,

1
(7 —uw) (1) + ( ) () —u?(1) < Ric(y' (1), ') — 1 Ric' (1), 7).
By the definitions of ¥/, p, we have

) + P2 + 2OV () < p(). (3.1)

Inspired by the approach in [11], multiplying by ¥2¢ 2w both sides of (3.1) and then inte-
grating from O to a, we obtain

a a a a
/w’¢2q—2wdt+f w%)dz+2/ mﬂ—‘wdtg/ oYU 2wdt.  (3.2)
0 0 0 0

Integration by parts yields

/a VI dr = sy f T
wodt = —— ol — P — 1)
0 2g — 1 0 0o 2qg—1

a

1

> —/ 7w2’1_1ua)dt,
0 2q—1
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where we used the relation ' = uw, 1//2””1 |t:a > 0, \/fzq’l |t:0 = 0. Inserting this into
(3.2) we obtain

a 1 a a
/ wz"wdt—l—(Z— )/ mﬂq*lwdzg/ P20 dt. (3.3)
0 2g — 1/ Jo 0

When g > 1, by the Holder inequality, we derive that

/ Ve dt 5/ oY1 20 dr < (/ ,o‘fwdt) q(/ wzqwdt) !
0 0 0 0

Therefore,

a a
YvH¥pdr < / olwdt.
0 0
o

Corollary 3.1 Let M be an n-dimensional Cartan—Hadamard manifold. Given K < 0, for
q > 1, we have

K

- 172
12,5 < (IRICT llgpeery) (3:4)

where

& = max {0, ctng (r) — Ar},
r(-) =d(x, -) is the distance function from x € M, and A is the Laplacian on M.

Proof We use exponential polar coordinate around x € M. Suppose the coordinate of y € M
is (t,0), then r(y) = d(x, y) =t, and (cf. [4])
2

d
A= Yol —+ u(t, 9)—
By taking M = M in Theorem 1.4 and noting that the Laplacian on M (cf. Sect. 2.2), we
have
~ R ~
/ V24 d vol = / / V2w dt do
B(x,R) st Jo
R
< / / (Ric —K)‘iwdtdo
sn—1
/ / (Ric™ )qa) drdo = / (RIC =14 d vol,
S B(x,R)
which implies (3.4). O

Proof of Theorem 1.5 The main process of the proof is almost the same as the proof of The-
orem 1.4 but some extra steps are needed.

Firstly from Sturm’s comparison theorem we have f1(¢) > 0 on (0, /). So we can denote
F@) = f/(t)/f@), Fi(t) = f{ (t)/ f1(¢) for convenience, and it is easily checked that F
and F satisfy the following Riccati equations, respectively:

F'+ F*+k(t) =0, (3.5)

F{+ F{ + [ki(t) — (n — k()] = 0. (3.6)
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By the Hessian comparison, we know that each eigenvalue of U () is not less than F(¢),
so we can apply Lemma 2.1 to the eigenvalues of U (¢) by takingm =n — 1,a = F(t) >
0, b = trU2(¢) and then obtain

[u@®) = (n =2DFO] = cU(t) — (0 — 2)F2().
So from (2.3) and (3.5) we have
V(1) + v* + Rie(y' (1), (1) — (n = 2)k(1) = 0,

where v(t) = u(t) — (n — 2) F(¢). Combining this with (3.6) and noting the definitions of U
and p, we have

@)+ P2 + 2000 @) < (). (3.7)

Multiplying by 292w both sides of (3.7) and then integrating from 0 to a, we obtain
a _ a _ a _ a _
/ VUM wdt + / V2 wdr + 2/ v lwdr < / oY1 2w dr.
0 0 0 0

By using the analogous arguments to (3.3) (we also have 324! |z=0 = 0 from the initial
value condition), we obtain

a a
/ VHodr + 2/ v wdr —
0 0 2g -1

In order to replace v with u in the second term of the left side of (3.8), weuse v =u — (n —
D)F >u— —%u = i 7u by the Hessian comparison and then we obtain

f WZIIa)dt—l—( 2 : )/am/_fzq_lwdt</a151/_/2‘1—2a)dt.
n—1 26]—1 0 - 0

Now by using the same method of dealing with (3.3), we derive

a _ a
/ wzqwdtgf 2 wdt
0 0

provided ¢ > max{l, %}. O

a a
/M&Qq—‘wdzgf oY1 2wdt.  (3.8)
0 0

4 Relative volume comparison

In this section, we prove Theorem 1.7. Inspired by the proof of [3, Lemma 2.1], we firstly
prove the following

Lemma 4.1 Settings and notations as in Theorem 1.7, we have

d vol B(x,r)

VolB(x,r))l—ﬁ - —2%,
dr V(r) '

= ~Cinn (S0 17 ll2g.50 (V) .1

Proof Denote u(t) = (n — 2) g((f)) + ;‘ x; and recall (2.2), (1.1) and Theorem 1.5 for the

definitions and properties of u, @ and ¥, then we have
d w(t,0) _ o)

—w
Td aw S@-wZ sV
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which implies that

d [ o(,6)do 1 dow -
dr [qu (1) do vol(S"=1y Jgu1 dt @ vol(S"=1y Jou1 7 @

Thus for ¢ < r, we have

Jon-1 @(2,60)do B Jan-1 (r,0)do - /‘ A )a)(s, 0)
fonandd e = vl@ D ) Jea VY e

which derives

o) = (/SH w(”e)d9)</gn4 B(r) d) (/H w(r.6) d9>(/nil a(1)do)
([ et pwesome)([ sow)([ snw)

By integrating this with respect to ¢ from 0 to r, we have

/Or 0(1)dt 5 /n_ J)(r)d@) for [(/Sn_l (1) de)(/tr m( " I ($)o(s, 0) o) ds)}dt

do ds,

V (t) -
—v (r)/ /0 iy o P06 0)40) ar) | as
B RATY
—V'(r )/ 70 s (s)os, 0)d6) | ds
/ V(s) 4 -
<V (;2%3,’;] T@))/{) (sz Y ($)w(s, 0)do) ds

V(s) =% 1
<V'@) <;E[0 VG )) . (volB(x, r)) 2 . 1V ll2g.Bx.ry»

where we used the Fubini’s theorem in the first equality and the Holder inequality in the last
inequality. Now we derive that

dvolB(x,r) d [j Jsrr@,0)d0dr  — [7 O@)dr

ar V() dr f] feaamdodt (V)2
_L -
V@) (maxsepo. $465) - (vol B.r)' "3 - 19 ag e
> _
B (V(r))2
1B
> —Cl(n,r)«(m?(x)”) N g, (VO3
where
Ci(n,r) = V' <rnax V(s) ) .
V(r) \sel0.r1 V'(s)
We remark that Cy(n,r) — 1 asr — 0. O

Proof of Theorem 1.7 Combining (4.1) with Theorem 1.5, we obtain
d vol B(x,r)
dr V(r)

then by separation of variables we obtain

vol B(x,r)

= —Ci () Vol

) 81 gy (V) .

vol B(x, R)\ % vol B(x,r)\ % N
(W) N (W) - */ Ci(n, s)||p||q B, Y)(V(S)) % ds
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1
== Cn,q. RN, p gy

_L
thatis (1.4). Here C(n, g, R) = i fOR Ci(n, s)(V(s)) 24 ds and we remark that the integral
indeed converges when ¢ > n/2 since the integrand &~ s" as s — 0.

By letting r — 0 in (1.4) and noticing that % — 1, we obtain (1.5). o

Remark 4.2 When k(t) and k1 (¢) are both constant, one can show that max¢[o | % V()

&) = V@)
and then Cy(n,r) = 1,50 C(n, g, R) is increasing with respect to R (cf. [3]).

Remark 4.3 1tis interesting that for the Laplacian comparison Theorem 1.4 and Theorem 1.5,
g > 1 and ¢ > max{l, ”%1} are required, respectively, while ¢ > 7 is required when con-
sidering RicX (cf. [11]). It is reasonable since the assumptions on curvatures in our theorems
are stronger. But for relative volume comparison Theorem 1.7, the range of ¢ is the same as

1
in the RicX case because we need the convergence of the integral fOR Ci(n,s) (V(s))75 ds.
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