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Abstract

We prove the linear stability with respect to the Einstein-Hilbert action of the symmetric
spaces SU(n), n > 3, and E¢/F4. Combined with earlier results, this resolves the stability
problem for irreducible symmetric spaces of compact type.
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1 Introduction

Let M be a closed manifold of dimensionn > 2. Itis a well-known fact (see [2]) that Einstein
metrics are critical points of the total scalar curvature functional

g S = / scalg volg,
M

also called the Einstein-Hilbert action, restricted to the space of Riemannian metrics of a fixed
volume. In general, these critical points are neither maximal nor minimal. If we, however,
restrict S to the set G of all Riemannian metrics on M of the same fixed volume that have
constant scalar curvature, then some Einstein metrics are maximal, while others form saddle
points. To examine this, one considers the second variation Sg,/ of § at a fixed Einstein metric
g on M. If we exclude the case where (M, g) is a standard sphere, the tangent space of S at g
consists precisely of tt-tensors, i.e. symmetric 2-tensors that are transverse (divergence-free)
and traceless. In these directions, the coindex and nullity of Sg are always finite. The stability
problem is to decide whether they vanish for a given Einstein manifold (M, g).

The stability of an Einstein metric g is determined by the spectrum of a Laplace-type
operator Ay, called the Lichnerowicz Laplacian, on tt-tensors. There is a critical eigenvalue,
corresponding to null directions for Sé,’ , which is equal to 2E, where E is the Einstein
constant of g. The metric g is called linearly (strictly) stable it A > 2FE (resp. Ay > 2F)
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on tt-tensors, and infinitesimally deformable if there is a tt-eigentensor of Ay for the critical
eigenvalue.

Suppose that (M, g) is a locally symmetric Einstein manifold of compact type. The
Cartan—Ambrose—Hicks theorem implies that its universal cover (M, g) isasimply connected
symmetric space. As such, (M, §) can be written as a Riemannian product of irreducible
symmetric spaces of compact type. For many of these spaces, the stability problem has
been decided by N. Koiso. The following theorem collects the results of Koiso in [10]
together with a result of J. Gasqui and H. Goldschmidt in [7] about the complex quadric
SO(5)/(SO(3) x SO(2)).

Theorem 1.1 [. The only irreducible symmetric spaces of compact type that are infinitesi-
mally deformable are

SU(n), SU(n)/SO(n), SU(2n)/Sp(n) (n = 3),
SU(p +¢q)/S(U(p) x U(g)) (p=q =2),

as well as E¢/ Fy.
2. The irreducible symmetric spaces

Sp(n) (n=2), Sp(n)/Um) (n=3),

as well as the complex quadric SO(5)/(SO(3) x SO(2)) are unstable.
3. Let (M, g) be an irreducible symmetric space of compact type. If (M, g) is none of the
spaces from 1. and 2., nor one of

Sp(p+q)/(Sp(p) xSp(g)) (p=q=20rp=2,qg=1)
nor F4/ Spin(9), then g is strictly stable.

Moreover, the smallest eigenvalue of Ay on trace-free symmetric 2-tensors has been
computed in each case (see [3]). Among the spaces that possess infinitesimal deformations,
we have A; > 2E on ,702 (M) on the spaces

SU(n)/SO(n), SU2n)/Sp(n) (n = 3), SU(p+4q)/S(U(p) x U(@) (p =g =2),

which shows that they are linearly stable.

However, this did not fully settle the stability problem on irreducible symmetric spaces
of compact type. In particular, it had not been decided whether unstable directions exist on
the spaces

SU(n) (wheren >3),  Ee¢/Fs,  F4/Spin(9),
Sp(p +¢)/(Sp(p) x Sp(q)) (where p>g >2o0rp=2,9=1).

In these cases, we know that Ay, has eigenvalues smaller than 2E on the space of trace-free
symmetric 2-tensors, but it had not been checked whether the corresponding eigentensors
are also divergence-free. In a recent paper [14], U. Semmelmann and G. Weingart show the
following results.

Theorem 1.2 1. The quaternionic Grassmannians Sp(p + q)/(Sp(p) x Sp(q)) are linearly
stable for p = 2 and q = 1, but unstable for p > q > 2.
2. The Cayley plane QP? = Fy/ Spin(9) is linearly stable.

The current article finally resolves the question of stability for the last remaining cases by
proving the following.
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Theorem 1.3 The symmetric spaces SU(n), where n > 3, as well as Eg/F4 are linearly
stable.

Consider a manifold (M, g) that is a Riemannian product of Einstein manifolds. Then
(M, g) is Einstein if and only if the factors have the same Einstein constant E. It turns out
that if £ > 0, then (M, g) is always unstable (see [12], Prop. 3.3.7). For example, if (M, g)
is the Riemannian product of two Einstein manifolds (Mi" i, gi) (i = 1,2) with the same
Einstein constant, then an unstable direction is given by

h = nam{g1 —nimwj g,

where m; : M — M; are the projections onto each factor, respectively. In particular, a
product of symmetric spaces of compact type is always unstable since the factors have
positive curvature.

If we take (M, g) to be locally symmetric of compact type, we cannot in general conclude
its instability from the instability of its universal cover (M, &). The same holds for the exis-
tence of infinitesimal Einstein deformations. On the other hand, if (M, g) is infinitesimally
non-deformable (resp. stable), then the same follows for (M, g).In[11], N. Koiso has proved
the infinitesimal non-deformability of a large class of such manifolds:

Th~eorem 1.4 Let (M, g) be a locally symmetric Einstein manifold of compact type. Let
(M, g) be its universal cover and (M, g) = ]_[lN:1 (M;, gi) its decomposition into irreducible
symmetric spaces.

1. For N =1, see Theorem 1.1, 1.

2. If N = 2 and M; are neither of the spaces listed in Theorem 1.1, 1., nor Gy or any
Hermitian space except S2, then (M, g) is infinitesimally non-deformable.

3. If N > 3 and M; are neither of the above nor S?, then (M, g) is infinitesimally non-
deformable.

A closely related notion of stability arises in the study of the Ricci flow. The fixed points
(modulo diffeomorphisms and scaling) of the Ricci flow are called Ricci solitons. The v-
entropy defined by G. Perelman is a quantity that increases monotonically under the Ricci
flow. Its critical points are the shrinking gradient Ricci solitons, which include Einstein
manifolds. An Einstein metric is called v-linearly stable if the second variation of the v-
entropy is negative-semidefinite. H.-D. Cao, R. Hamilton and T. Ilmanen first studied the
v-linear stability of Einstein metrics (see [4]). It turns out that an Einstein metric is v-
linearly stable if and only if A; > 2E on tt-tensors and if the first nonzero eigenvalue of
the ordinary Laplacian on functions is bounded below by 2E as well. In particular, v-linear
stability implies linear stability with respect to the Einstein-Hilbert action. In [3], the v-linear
stability of irreducible symmetric spaces of compact type is completely decided.

There is yet another notion of stability worth mentioning. It is motivated, for example,
by the investigation of Anti-de Sitter product spacetimes and generalized Schwarzschild-
Tangherlini spacetimes (see [5] or [8]). An Einstein manifold (M", g) with Einstein constant
E is called physically stable if

ars L (a-Luosp)=22ng
CE (L, sy 22T
L=uT 4 4

on tt-tensors. This critical eigenvalue is significantly smaller than the one from stability
with respect to the Einstein-Hilbert action, and even negative for n > 9. As it turns out, all
irreducible symmetric spaces of compact type are physically stable (see [5]). If (M, g) is a
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product of at least two symmetric spaces of compact type, then the smallest eigenvalue of
Ay, on tt-tensors is actually equal to O; hence (M, g) is physically stable if and only if n > 9.

In Sect. 2, we fix the notation and definitions used throughout this work. In particular, we
elaborate on the notion of stability of an Einstein metric. In Sect. 3, we recall some tools from
the harmonic analysis of homogeneous spaces that are routinely employed. Furthermore, we
prove a technical lemma that allows us to make explicit computations involving the divergence
operator. A helpful formula for the dimension of tt-eigenspaces of the Lichnerowicz Laplacian
is worked out in Sect. 4, generalizing a proposition of Koiso and utilizing properties of
Killing vector fields on Einstein manifolds. Sect. 5 uses representation theory to determine
the stability of SU(n), making use of the formula from Sect. 4; in Sect. 6, the same is done
for E¢/ F4. A different approach for proving the stability of both spaces that involves explicit
computations of the divergence operator can be found in the Appendix.

2 Preliminaries

Throughout what follows, let (M, g) be a compact, orientable Riemannian manifold. Let V
denote the Levi-Civita connection of g. The Riemannian curvature tensor, Ricci tensor and
scalar curvature are in our convention given as
R(X,Y)Z :=VxVyZ —VyVxZ — Vix,y|Z,
Ric(X,Y) :=u(Z +— R(Z, X)Y),
scal := try Ric,
respectively.! The action of the Riemannian curvature extends to an endomorphism on tensor
bundles as
R(X,Y) =VxVy — VyVx — Vix v},
where V also denotes the induced connection on the respective tensor bundle. Furthermore,
let P(M) = I"'(Sym?” T*M) for p > 0. We denote by
81 SPTUM) — FP(M)
the divergence operator on symmetric tensors, given by
§=— eiV,.
i
The space of tt-tensors, i.e. trace- and divergence-free symmetric 2-tensors on M, is denoted

by g (M).
Let 8* : ./P(M) — PT1(M) be the formal adjoint2 of the divergence operator. It can

be written as
% b
= ¢ OV,
i

where (e;) is a local orthonormal basis of 7M. Here, © denotes the (associative) symmetric
product, defined by
_ k+D!

a@ﬂ:_Wsym(cx@ﬁ)

' We use the index g only when the metric-dependence of an object is to be emphasized.

2 That is, with respect to the inner product (-, -) ¢ on Sym? T*M with orthonormal basis (ei-)1 O...0 e?p).
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fora € SymF T, B € Sym! T, where T is any vector space and the symmetrization map
sym : T® — Sym* T is given by

1
sym(X|1 ®...Q0 Xi) := E Z Xe) ®...® Xo1)
ToeS;

for X1, ..., Xy € T. This is analogous to the definition of the wedge product via the alter-
nation map. For tensors «, 8 of rank 1, we have

cO=0QRL+BRa.

It should be noted that §*X* = Lxg for any vector field X € X(M). Consequently, the
kernel of §* on Q!(M) is (via the metric) isomorphic to the space of Killing vector fields
on (M, g). More generally, symmetric tensors « € % (M) with §*« = 0 are called Killing
tensors of rank k, and §* is sometimes called the Killing operator.

Definition 2.1 On tensors of any rank, the following operators are defined:

1. The curvature endomorphism q(R) is defined by

q(R) = (e; Aej)xR(eire)),

i<j

where (e;) is a local orthonormal basis of T M and the asterisk indicates the natural action
of A2T = so(T).
2. The Lichnerowicz Laplacian Ay is defined by

Ap = V*V +¢q(R).
Recall that on QP (M), p > 0, this coincides with the Hodge Laplacian A.

On the space of Riemannian metrics on M, which is an open cone in S2(M), the total
scalar curvature functional or Einstein-Hilbert action is given by

S(g)=/ scalg volg
M

for any Riemannian metric g on M. As mentioned earlier, if we restrict this functional to the
space of metrics of a fixed total volume, then Einstein metrics are precisely the critical points
of the restriction of S.

Let (M, g) be an Einstein manifold with Einstein constant E' € R, that is

Ric = Eg,
and suppose that (M, g) is not isometric to a standard round sphere. Denote
Co(M) = {f € C®(M) ’ /M fvolg = 0} .
It is well known (see [2]) that there is a decomposition of .#?(M), which is orthogonal

with respect to the second variation Sg of the total scalar curvature functional, into the four
summands

FHM) =Rg & C¥(M)g @ im §* @ .77 (M).
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These correspond to infinitesimal changes in the metric by homothety, volume-preserving
conformal scaling, the action of diffeomorphisms, and moving within &, respectively. The
second variation Sg is positive on C go (M)g, zero on im §* and is given by

1
Sy(h,h) = 5 (ALh —2Eh. by,

on X%(M ), where it has finite coindex and nullity; that is, the maximal subspace of 5’3 (M)
where Sg is nonnegative is finite-dimensional. In fact, the null directions in F2(M) are
precisely the infinitesimal Einstein deformations of g, i.e. infinitesimal deformations of g
that preserve the Einstein property, the total volume and are orthogonal to the orbit of g
under diffeomorphisms.

Definition 2.2 An Einstein metric g on M is called

1. (linearly) stable (with respect to the Einstein-Hilbert action) if Sg,’ < 0on th (M) or,

equivalently, if Ay > 2F on YHZ(M ). Otherwise it is called (linearly) unstable.
2. strictly (linearly) stable (with respect to the Einstein-Hilbert action) if Sg < Oon yﬁ(M )

or, equivalently, if A; > 2E on x%(M ).
3. infinitesimally deformable if Ay h = 2FEh for some nonzero h € xf(M).

3 Invariant differential operators

Let G be a compact Lie group with Lie algebra g and K a closed subgroup such that (M =
G/K, g) is a reductive Riemannian homogeneous space with K -invariant decomposition
g = £ & m, where £ is the Lie algebra of K and m is the reductive complement which is
canonically identified with the tangent space 7, M at the base point 0 := eK € M. Recall
that for some representation p : K — Aut V, the left-regular representation on the space of
K -equivariant smooth functions C*°(G, V)X is defined as

0:G — AutC®(G, VX . ) Hy) = fxty)

for x, y € G. Furthermore, the space C*°(G, V)X is identified with the space of sections of
the associated bundle G x,, V over M. The identification is given by

I'(Gx,V)—C®G,V)K: 53,

where § is defined by s([x]) = [x, §(x)] for any x € G. If V can be expressed in terms of
the isotropy representation m, then G x,, V is a tensor bundle; for example, we have
X(M) =T'(TM)=T'(G x,m) = C®G, mkK,
QUM) = I'(T*M) = I'(G x, m*) = C®(G, mK,

FA(M) = I'(Sym> T*M) = I'(G x, Sym®> m*) = C*(G, Sym* m)¥,

FF(M) = I'(Symd T*M) = I'(G x, Symjm*) = C®(G, Symj m)X,
where Sym(z), yOZ denotes the space of trace-free elements with respect to the metric. Note
that the invariant Riemannian metric yields an equivalence between m and m*.

Suppose that V' is a complex representation. Choose a maximal torus 7 inside G with
Lie algebra t. Recall that up to equivalence, every irreducible finite-dimensional complex
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representation of G is characterized by its highest weight y € t*. By the Peter-Weyl theo-
rem and Frobenius reciprocity (cf. [15]), the left-regular representation C*(G, V)X can be
decomposed into irreducible summands as>

C*(G. X = PV, ® Homg (V. V), (PW)
14

where y runs over all highest weights of G-representations and (V,,, p,) is the (up to
equivalence) unique irreducible representation of G with highest weight y. For any

a®A eV, ®Homg(V,, V),
the corresponding element of C*°(G, V)X is defined by
G- Vixe Ap, (7 Ha).

Since the Lichnerowicz Laplacian Ay, on I' (G x , V) is a G-invariant differential operator,
Schur’s Lemma implies that on each of the isotypical subspaces

Vy ® HOmK(Vy, V)v

Ay acts as an endomorphism of the finite-dimensional vector space Homg (V,,, V), that is,

Afi= ™
for some L, € End Homg (V,,, V).

In order to obtain the spectrum of Ay, one would have to find the eigenvalues of each L,,
— a potentially very cumbersome task. We will shortly see that this matter is considerably
simpler in the symmetric case.

Fix an Ad-invariant inner product (-, -)g on the Lie algebra g. If we assume that G is
semisimple, one such inner product is given by —B, where B is the Killing form on g,
defined by

B(X,Y) :=tr(ad(X) o ad(Y))

for X, Y € g.Recall that for any representation w : G — Aut W, the Casimir operator Casg
with respect to the chosen inner product is an equivariant endomorphism of W, defined as

Casg = — Zdn’(e,-) odm(e;)

for any orthonormal basis (e;) of g.

The following proposition combines two well-known results that allow us to compute
the eigenvalues of Ay on compact symmetric spaces, the latter being a formula due to H.
Freudenthal (cf. [6]).

Proposition 3.1 Let (M = G/K, g) be a compact Riemannian symmetric space where the
Riemannian metric is induced by an Ad-invariant inner product (-, -)g on g, and let p : K —
Aut 'V be a representation.

1. Onthe left-regular representation I' (G x , V), the Lichnerowicz Laplacian A coincides
with the Casimir operator Casf of the representation £ : G — Aut I'(G x, V).

3 Here, the bar over the direct sum denotes the closure in C° (G, V)X (with the L? inner product). In other
words, 69)/ Vy ® Homg (V), V) is dense in C®(G, V)K. In fact, it is dense in L2(G, V)K, but for our
purposes, it suffices to consider smooth sections.
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2. On each irreducible representation V,, the Casimir eigenvalue is given by
Cas$ = (y.y + 28g) ¢+

where 84 is the half-sum of positive roots and (-, -)¢= is the inner product on t* induced
by the inner product on t C g.

Remark 3.2 The first statement is a consequence of a more general result. Let G be a compact
Lie group and (M = G/K, g) be a reductive Riemannian homogeneous space. To the
reductive decomposition corresponds a canonical G-invariant connection on M (also called
the Ambrose-Singer connection), which we denote by V. This connection in turn defines a
curvature tensor R and an analogue to the Lichnerowicz Laplacian via

A:=V*V+4R),

called the standard Laplacian of this connection (introduced in [13]). Then, in fact, A= Cas?
on I'(G x, V). The above statement follows when we note that on Riemannian symmetric
spaces, the Ambrose-Singer connection coincides with the Levi-Civita connection.

According to (PW), we can write the complexified left-regular representation on trace-free
symmetric 2-tensors as

Sy = PV, ® Homg (Vy, Symgm®).
Y

Recall that irreducible symmetric spaces of compact type can be endowed with a Riemannian
metric induced by the Killing form (the so-called standard metric). In this case, the critical
eigenvalue of Ay is 2E = 1. Supposing we have a representation V), with subcritical Casimir
eigenvalue Cas}c,; < 1 occurring in this decomposition, it remains to check whether the ten-
sors in the corresponding subspace are divergence-free. By Schur’s Lemma, the G-invariant
operator

8 72T - 'm)©
is constant on each irreducible subspace. This means that we can regard § as a linear mapping
§ : Homg (V,,, Sym% m(c) — Homg (V,, mc),

the so-called prototypical differential operator associated to é and V), . For a further discussion
of invariant differential operators on homogeneous spaces, we refer the reader to Section 2
of [14].

The following lemma is of use when we need to calculate § explicitly. A derivation of
essentially the same formula can also be found in [14], Section 2.

Lemma 3.3 Suppose (M, g) is a Riemannian symmetric space. Leth € /(M )€ correspond
to an element

a® A€V, ®Homg(V,, Sym2 mC)
in the decomposition (PW) of ¥ 2(M)C. Let further (e;) be an orthonormal basis of m. Then

we have
(Bh)o(X) = Z(A(d,oy(ei)a), e ©X)

forany X e m =T, M.
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Proof The element of C*°(G, Sym? m©)X corresponding to & € .#2(M) is given by
h=f: G- Sym*>m®: x> A(p, (x D),

where p, is the representation of G on V,,. The covariant derivative of / at the base point
may be expressed by

(Vh)o(X,Y) = (dhe, X O Y)

for X,Y € m = T,M, since V coincides with the Ambrose-Singer connection on M as a
reductive homogeneous space. This implies that

Bh)o(X) = =Y eiaVeh(X) ==Y Veh(e, X) = =Y _(dh(e;), e; © X)

14

==Y (dfe), e © X) =) (Aldpy(epa), e © X).

4 tt-Eigenspaces of the Lichnerowicz Laplacian

We return to the general setting of a compact Einstein manifold (M, g). Define
1 2 * 2
0:QM)— SM): ar— §a+ —da-g,
n

so that @« is precisely the trace-free part of 8*a € . (M). The kernel of this operator is (via
the metric) isomorphic to the space of conformal Killing fields on (M, g), that is, the space
of vector fields X € X(M) such that Lxg = fg for some f € C°°(M). We thus call 6 the
conformal Killing operator.

The following lemma is a generalization of a proposition by Koiso [11, Prop. 3.3]. For
the proof, we refer the reader to the Appendix.

Lemma 4.1 Let (M, g) be a compact Einstein manifold of dimension n > 3. For any A € R,
the dimension of the eigenspace of Ay to the eigenvalue A on tt-tensors is given by

dimker(Ap — L) =dimker(Ay — dimker(A — A)‘QI(M)

|20 =Mz

+ dim (ker(4 = )| g ) Nker6)

(M)

At first glance, the third term on the right hand side of the above formula does not look
very amenable to computation. However, matters are made easier if we observe the following
properties of (conformal) Killing vector fields on Einstein manifolds, both of which are proven
in the Appendix.

Lemma 4.2 On any compact Einstein manifold (M, g) not isometric to a standard round
sphere, conformal Killing fields are actually Killing, that is, Lxg = fg forsome f € C*®°(M)
implies f = 0. Equivalently, ker 0 = ker §* on Q'(M).

Lemma 4.3 Any Killing field X € X(M) on an Einstein manifold with Einstein constant E
satisfies

AX" =2EX".
Equivalently, ker 8* C ker(A — 2E) on Q1 (M).
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If we assume that (M, g) is not isometric to a standard sphere, we can immediately
conclude that the intersection ker(A — )L)| N ker @ is trivial if A # 2E. By virtue of
Lemma 4.1, we obtain the following.

QL)

Corollary 4.4 Let (M, g) be a compact Einstein manifold that is not isometric to a standard
round sphere, and let E be its Einstein constant. For any A # 2E, the dimension of the
eigenspace of A, to the eigenvalue X on tt-tensors is given by

dimker(Ap — A)

=dimker(A; — )

— dimker(A — 1),

S{M) FEM) (€oh

Remark 4.5 1f we set A = 2F in Lemma 4.1 and note that

ker(A — 2E)| g1, Nker 6 = ker 8%,

(M) (M)

(as Koiso did in his proof of [11, Prop. 3.3]), we recover the original formula for the critical
eigenvalue

dimker(A; — 2F)

= dimker(A; — 2E)

220 w2 — dimker(A —2E)| 6,

+dimker 8%[g; -

Remark 4.6 Although the dimension formula of Lemma 4.1 works on any compact Einstein
manifold (M, g), it is worth mentioning that if additionally, (M, g) carries the structure of a
Riemannian homogeneous space M = G /K, the result can be refined in terms of irreducible
representations of G. Namely, if V), is an irreducible representation of G, then the multiplicity
of V,, in the (complexified) left-regular representation on tt-tensors is given by

dim Homg (V,,, #2(M)%) = dim Homg (V,,, Sym3 m®) — dim Homg (V,,, m©)
+ dim Homg (V,, (ker 0)©).

As in the proof of Lemma 4.1, the dimension formula essentially arises from the short exact
sequence

0 —> ker -S> Q' (M) -5 S2M) 2> F2M) — 0

and the fact that the Laplacian commutes with every arrow. In the homogeneous case, we
note that we have a short exact sequence of G-representations and use Frobenius reciprocity
to arrive at the statement.

5 The symmetric space SU(n)

Throughout what follows, let n > 3. As a symmetric space, SU(n) = G/K where G =
SU(n) x SU(n) and K = SU(n) is diagonally embedded, i.e. via

SU(n) < SU(n) x SU(n) : k+— (k, k).

Let g and € denote the corresponding Lie algebras of G and K, respectively. We endow M
with the standard metric g induced by the Killing form on g. Hence, M is Einstein with
critical eigenvalue 2E = 1. The reductive decomposition of g with respect to g is given by

g=t®m,
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where
E={(X,X)|X €t
m={X,-X)|X €t}

The K-representations £, £ and m are all equivalent. We denote by E = C” the standard
representation of K.

Lemma 5.1 Let V), be an irreducible complex representation of G with Casg < 1l and
Homg (V,,, Sym3 €©) # 0.
Then V, is equivalent to one of the G-representations E ® E* and E* ® E. In fact,

dim Homg (V;,, Sym3 €©) = 1

_ (m=D(m+1)
= 7

and the Casimir eigenvalue is Casf "

Proof Let t be the torus of diagonal matrices in €. The dual t* is generated by the weights
€1, ..., &, of the defining representation E. Explicitly,

Sj(X):Xj, 1<j<n

for X = diag(iXy,...,1X,) € t. Note thate; 4+ ...+ ¢, = 0.
Fix the ordering on roots and weights such that the simple roots of ¢ are given by

Ej — Ej+1, l<j<n-1

The semigroup of dominant integral weights is then generated by the fundamental weights

J
a)j:ZEj, lfjfn—l,
k=1

cf. [6, §15.1]. The highest weights of representations of K, i.e. all the dominant integral
weights, are precisely the linear combinations

n—1
Yy = Zarwr
r=1
with coefficients a, € No. The fundamental weights themselves correspond to the represen-
tations
Vo, = ATE Z A" TE*.
Let y, ¥’ € t* be two dominant integral weights. In particular, they satisfy
{(r.7)e =0,

Using Freudenthal’s formula for the Casimir operator Cas)lf of a K-representation V), this
implies the estimate

Cast\ =y +7' +28e, v +v)e = (v + 206, e + 200, V) e + (v + 286, ¥)ee
> (y +266, ¥)e + (v + 28e, ) = Cask +Cas}, .
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In particular, we obtain

Casf > Zar Casalfr (%)
r

fory = Zf;ll a,wy.
The Casimir eigenvalues of the fundamental representations are given as
K _ (n+ Drn—r)
@r 2n?
n

forr = 1,...,n — 1. Note that this expression is symmetric around r = 5 and strictly

increasing for r < Z. Furthermore, we can compute that

3
K :(n+1)(n—l) -

Cas

CaswI o2 1,
¥ @+DHn-=-2)
(:asw2 == ’172 < 1,
% <1, n==o6,
Casaliz %<1, n=717,
TS
Casg1 ~|—Cas£2 > 1, n>4,
Casfw] > 1,
K
Casy o, = 1.

cf. table on p. 15 of [14]. Combining the above with inequality (x), we can deduce that if y
is a highest weight with Casf < 1, then necessarily

Y €1{0, w1, 0n—1, w2, W42, W3, Wy—3}.
———
if n=6,7
These dominant integral weights are, respectively, highest weights of the representations C,
E,E*, A’E, A’E*, A’E, AE* of K.
The irreducible representations of G = K x K are precisely the tensor products of

irreducible representations of K. Let y, ¥’ be highest weights of K -representations such
that

Cas®

_ K K
oy = Casy —I—Casy/ <1

holds. Assuming that y, y’ # 0, we conclude that y, y’ € {w], w,—1}. This yields the four
pairwise inequivalent G-representations EQ E, EQ E*, E*® E and E* ® E*. Furthermore,
in the case of y = 0 or ¥’ = 0 we obtain the representations of K that were listed above,
composed with the projection onto one factor,

G — K : (ki,k2) = ki or (ki, k) +— ko,
respectively. By restricting the mentioned G-representations to K via the embedding
K— G: ki (kk),
we again obtain the irreducible K -representations C, E, E*, A2E, A2E*, A3E, A3E* as

well as the tensor product representations E ® E, E ® E* and E* @ E*. The latter are not
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irreducible, but decompose into irreducible summands as follows:
E®E =Sym?>E @ AE,
EQE"=E Q) E*®C,
E*® E* = Sym? E* @ A’E*.

Here E ®( E™* is the set of trace-free elements of £ ® E* when regarded as n x n-matrices
over C. As a representation of K, we have

E®E* = Vg 1o, , =tC.

The K -representation Sym? € = Sym?(E ®o E*) appears on one hand as a summand
of

Sym?(E ® E*) = Sym*(E Q¢ E* & C) = Sym*(E ® E*) ® E ®y E* & C.
On the other hand, the symmetric power of the tensor product is given by*
Sym*(E ® E*) = Sym” E @ Sym” E* @ A’E @ A’E*.
The tensor products Sym? E ® Sym? E* and A>’E ® A%E* can in turn be decomposed into
Sym2 E® Sym2 E* Z Vg 12001 D Vaor+a, ® C,

E*QEZ= Vw1+w,,,1 @C, n =3,
Veorton2 ® Vor+o,, ®C, n>4.

11

A’E ®@ A’E*

By comparing summands, we see that
Sym*(E ®0 E*) = Voo 20,1 ® Yo+, ® E ®0 E* @ C.
—_———
if n>4
Hence, the trace-free part is given by
SYMF(E ®0 E*) = Vawy 120,y ® Ven+e, ® E @0 E*.
——
if n>4

Now that we have decomposed the relevant representations into irreducible summands, we
recognize that E® E* and E* ® E are the only two of the specified subcritical representations
of G that, after restriction to K, have a common summand with Sym% tC. In each case, the
summand in question E ®¢ E* = £C appears with multiplicity 1; hence we have

dim Homg (E ® E*, Sym3 ¢©) = dim Homg (E* ® E, Sym3 ¢©) = 1.
Moreover, both G-representations exhibit the same Casimir eigenvalue
k _ (m=DHn+1

G _ G _ K
Cas(wlvwn—]) - Cas(a)n—lywl) - Caswl +Caswn—l -

n2
[}
According to Lemma 5.1, the only representations of G (up to equivalence) with subcritical

Casimir eigenvalue that occur in decomposition (PW) of 5”02 M )(C are EQE*and E*Q E,
and we have

dim Homg (E ® E*, Sym% m®) = dim Homg (E* ® E, Sym% m&) =1

4 Thisisa consequence of, for example, the formula Symd(V QW) =P Sp(V)®S,; (W) in[6, Ex. 6.11].
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(recall that m = £), i.e. the summand occurs with multiplicity 1. It remains to check whether
the tensors in the corresponding subspaces are divergence-free. Since

EQE*=tCoC
as a representation of K, we have
dim Homg (E ® E*, m®) = dim Homg (E* @ E, m®) = 1,

meaning that both summands also occur in the left-regular representation $2' (M) with the
same multiplicity. It now follows from Corollary 4.4 that

dimker(A;, — A) 0

FEM) T

for A = ("_lr)l# Since this is the only subcritical eigenvalue on 5”02(M ), we have shown
the following.

Proposition 5.2 The symmetric space SU(n) is linearly stable.

6 The symmetric space Eg/Fy4

Let (5, o) be the Albert algebra, where §) is the set of Hermitian 3 x 3-matrices over the
octonions, 1.€.

axy
9= xbz|la,b,ceR, x,y,z€0y,
yzc
and with Jordan multiplication defined by
1
XoY:= 5(XY—i—YX).

The exceptional Lie group E¢ can be realized as

Egq = {a € Autc bC

« preserves determinant and inner product} ,

while Fj is defined as the set of algebra automorphisms
Fy = Aut(9, o).

By complex-linearly extending linear automorphisms of §), one obtains the inclusion
Autg H C Autc S’JC. In this sense, we have F4 C Eg. In fact,

Fy = Eq N Autg 9.

As a representation of Eg, HC is irreducible. As an F4-representation, $) decomposes into
the irreducible summands

H=H SR,

where $)g is the set of trace-free elements of §). An invariant inner product on ) is defined
by

(A, B) :=tr(Ao B)
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for A, B € §. An orthogonal basis of § (cf. Section 2.1 of [16]) is given by the matrices

100 000 000
E,:=[1000], E;:=|010), E3:={000],
000 000 001
000 00x 0x0
Fiix):=100x|, Fx):=1000], Fx) =1x00],
0x0 x00 000

where x runs through the standard basis of O as a real vector space.

In this section, we consider the Riemannian symmetric space M = E¢/ F4 equipped with
the standard metric (hence with critical eigenvalue 2E = 1). The reductive decomposition
of e with respect to the standard metric is given by

e6 = fa ®m,
where m = ) as a representation of Fjy.
Lemma6.1 Let V), be an irreducible complex representation of E¢ with Casf6 < 1l and
Homp, (V,, Sym3 §§) # 0.
Then V, is equivalent to one of the Eg-representations $C and Y)ﬁc. In fact,

dim Hom z, (5, Sym? %) = dim Hom, (5T, Sym3 $5) = 1,
Lo . G _ 13
and the Casimir eigenvalue is Cas,’ = 3.
Proof We abstain from specifying a particular choice of simple root system and fundamental
weights for Eg¢ and Fy4, since we are merely interested in the corresponding fundamental
representations of the respective Lie group. Following the enumerative convention of Bour-
baki (as used by the software package LiE), if we denote the fundamental weights of E¢ by

i, ..., we and of F4 by n1, ..., n4, then the associated representations are identified as
Vo, =27 =95, Viy = 78 = ¢F, Vs = 3512 A%29C,

Vi, =2925 = A39C, v, =351= A%0C, vV, =27 = §C,

Vy =525, V,, = 1274, Vy, = 273, Vi =26 = 9,

where the number indicates the dimension.
As in the proof of Lemma 5.1, we have the estimate

6
E¢ E¢
Casy > Z a, Caswr

r=1

for any representation V,, of E¢ with highest weight

6
y = Za,wr.

r=1
Among the fundamental representations, only the Casimir eigenvalues
13

Ee _ [ ——
Cas,> = Cas,’ = T
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are smaller than 1 (see table on p. 16 of [14]). Since % + % > 1, it follows that only the

representations to the highest weights C, YJC, S’TC come into question.
Consider now the F4-representation Y)g = Vy,- We obtain’ the decomposition

Sym? V,, = Vs, ® V,, @ C
into irreducible summands, hence
Sym3 95 = Va,, ® 9.
Furthermore, we have
HC=sC=nf0C
as a representation of Fy. The assertion follows by comparison of summands. O

Lemma 6.1 now tells us that the representations of E with subcritical Casimir eigenvalue
that occur in decomposition (PW) of yOZ (M)C are precisely $€ and $HC, both with multiplicity
1,ie.

dim Homg, (S’J(c, Sym% m(c) = dim Hom g, (5’37@, Sym% m(C) =1,

since m = §)o. Again, we have to check whether the tensors in the corresponding subspace
are divergence-free. It follows from the decomposition $ = 9 @ R as a representation of
Fy4 that

dim Hom £, (5, m®) = dim Homz, (5C, m®) = 1,

so as in the previous section, the summand has the same multiplicity in the left-regular
representation $2' (M). Again, it follows from Corollary 4.4 that

dimker(Ap =0

—A) |.5/)lf(M)

for A = %, and since this is the only subcritical eigenvalue on yOZ (M), we have shown the
following, which, together with Proposition 5.2, finishes the proof of the main theorem.

Proposition 6.2 The symmetric space E¢/ Fy is linearly stable.
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A Appendix

A.1 Proofs of general statements

Proof of Lemma 4.1 The following is a slightly generalized version of the proof of a result by
N. Koiso [11, Prop. 3.3]. We first note that

1 1
Ba-g,h)g = / Sa{g, h)gvolg = = (8, trg h)g = —(a,d trg h)g
M 2 2
fora € Q1 (M), h € .#*(M), so the formal adjoint of @ is given by
1
0% : FFM) — Q' (M) : h> 8h+ ~dtrgh.
n
We show that 6 is overdetermined elliptic. The principal symbol of 6 is
. 2 2
og(0)a = 0¢ (67 + ;GE(S)a 8=E0a— ;(E,Mgg

for§, o € TyM.1f § # 0, then 0% (0) is injective: Suppose o (0)a = 0. Then

§0a=

%( )
n o g8

Take an orthonormal basis (e;) with respect to g of T, M and write
b b
&= Zéiei, o= Zaiei.
i i

Fori, j =1,...,n,itfollows that
2
Siaj +&joi = (5, a)gdij
and so &§;aj = —§ja; if i # j, as well as &;a; = &o; for any i, j. Then
Eizotj = —§io;§; = —Sfa]w

If aj # 0, this would imply that é;:iz + 512 = O and so §; = &; = 0, which contradicts the
assumption that & # 0. Overall, we conclude that « = 0 and thus the injectivity is proven.
From ellipticity, we obtain the orthogonal decomposition

FE(M) = im6 & ker 6%

Leth € ker(Ap — A)

Sy According to the above decomposition, we can write & as

h=0a+y
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where 0%y = 0. Then also,
. 1
Y =0"Y — —dtrgy =0.
n
Since (M, g) is Einstein, Ay commutes with § on 2(M) and with 8* on QY(M) [9,
10.7/10.8]. Furthermore Ay (fg) = (Af)g for any f € C°°(M). We conclude that Ay,

commutes with # and 6* as well. This implies that

(A —Na = (AL —Vba = (AL =) (h =) = —(AL — MY,
0" (AL — MY = (A = 10"y =0,

and so
0 0(A — Ma = —0% (AL — M)y = 0.
It follows that
16(A = Vally = (0*0(A — Ma, (A — Ma), =0

and s0 (A — Mo =0= (AL — A)¢. Intotal, ¢ € ker(Ap — A1)

Sy
Also, if & is an element of ker(A; — X) S2M)’ then
N 1
0"h =08h+ —dtrgh =0
n
and so ¥ = h. This means that the mapping
P :ker(Ap — \) F20) — ker(Arp — A) F2(M) the= Y
defines a projection, and the dimension formula
dimker(Az = )] 2, = dim (ker(Az =2 2, ) — dimker P

holds.

By definition, the kernel of P consists of those & € ker(Ay — ) with 2 = 6« for

FEM)
some a € Q1(M), i.e. h € im 6. Hence we know that

ker P = ker(Ap — 1) Niméo.

S5 (M)

Let @ € ker(A — We have seen that A; commutes with 6, so it follows that

fa € ker(Ap — X)

A) ‘ Ql(M)”
and therefore

FEHM)
0 (ker(A - )‘)|QI(M)) C ker P.

Conversely, let 7 € ker P. Then there exists some « € QY (M) such that & = e, and also

h € ker(Af — 1) ,» (- BY the ellipticity of the operator A — A, we can decompose « into
<0

a=pB+(A-Ny
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with B € ker(A — 1)|g1,y)- ¥ € 21 (M). Then

(M)
0=(AL — 1O«
= (AL — MO8+ (AL — 1)O(A — X))y
=0(A =B+ (AL — 120y
= (AL —1)%0y.

Since Ay is self-adjoint, we have
1AL = Moyl = ((AL — )0y, 0y), =0
and thus
(A =Ny = (AL — Wy =0,
i.e. (A — A)y € ker6. This implies that h = 8 = 68, so
0 : ker(A — A)|QI(M) — ker P
is surjective and we obtain the dimension formula

dim ker P = dim ker(A — )| — dim (ker(A — 1)1 ppy N ker 9) .

Qlm)

ProofofLemma4.2 Let E be the Einstein constant of (M, g). Let « € !(M) such that
N 2
O =6"a+ —da-g=0.
n
Taking the divergence yields
2
§0a = 88 — —dda =0,
n

since 8(fg) = —df for f € C>(M). We make use of the well-known Weitzenbock identities

88" —8*8 =V*V —q(R) on.ZX(M),
A=d*d+dd* =V*V+q(R) onQkM).

For k = 1 and since §* = d = V on functions and (M, g) is Einstein, these amount to

§6*a — dda =V*Va — Euq,
d*da + déa =V*Va + Ea.

Putting these together, we obtain
2 * 2 *
0 =|1——)déa +V*Va — Ea =|2— — |déa +d*da —2Ex = 0.
n n
Taking the L? inner product with & then yields

2
(2 - ;) I8e} + lldet|; — 2Elerllg = 0.
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If E < 0, this directly implies that = 0. If £ = 0, it implies o = 0 and de = 0, and since
fa = 0, it follows that §*« = 0. If E > 0, then applying the codifferential to 80« yields

2 * *y 2 * 2
2——)d*déa+ (d*)da —2Ed"a = [2 — — ) ASa — 2ESa = 0,
n n

. . . . scal
so o would be an eigenfunction of the Laplacian to the eigenvalue % = ;Ci £. By a

theorem of Obata [1, Thm. D.I.6], this eigenvalue can only be attained on the standard
sphere, so necessarily o = 0. It follows again from fa = 0 that §*« = 0. O

Proofof Lemma 4.3 Let o € Q!(M) such that §*« = 0. Then also sa = 0, since do =
—trg 8*a = 0. By virtue of the Weitzenbock formulae that were already employed in the
proof of Lemma 4.2, we conclude that

Aa =V*Va + Ea =88 —dSa +2Ex = 2E«.

A.2 Alternative proof of the stability of SU(n)

An alternative method of checking that the prototypical differential operators
8 : Homg (E ® E*, Sym% m®) — Homg (E ® E*, m©),
8 : Homg (E* ® E, Sym3 m®) — Homg (E* ® E, m®)

are injective is an explicit computation by means of Lemma 3.3. To do so, we first pick out
an explicit element

A € Homg (E ® E*, Symdm©)
and then proceed to compute the divergence on the corresponding subspace of Yoz (M).
LemmaA.1 Let 7w : Sym?(E @ E*) — E ® E* denote the mapping defined by
7(A® B) := AB* + BA*,
where A, B € E ® E* are regarded as complex n x n-matrices. Then
7 € Homg (Sym?(E @ E*), E @ E¥).
Moreover, the restriction
7 : Sym3(E ® E*) — E ®¢ E*
is surjective, and W := (kern|sym%(E®0E*))L = EQ®qE*
Proof The equivariance of 7 under the action of K follows from
(kA" © kBT = kAKT (kTN BE* + kT BR(kT)*AMKY = k(AB* + BAM)k ™!
forany k € K = SU(n) and A, B € E ® E*. Furthermore, we have
tr(7(A © B)) = tr(AB* + BA*) = (A, B) + (B, A) = tr(A © B),
where the last trace is taken with respect to the inner product on £ ® E*. This means that

n(Sym3(E ® E¥)) C E ®g E*.
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Next we want to show that 7w does not vanish when restricted to Sym%(E ®o E*). If we denote
by E;; the n x n-matrix that has entry 1 at position (i, j) and 0 elsewhere, then we have for
example Ey1, E31 € E ®9 E* and (E»;, E31) = 0,50 E2] © E31 € Sym%(E ®o E*) and

7(Ex © E31) = E21E13 + E31E12 = Ex3 + E3 #0.
Now, since E ®q E* is irreducible, the mapping
7 : Sym3(E ® E*) — E Q¢ E*
must be surjective. We have seen in the proof of Lemma 5.1 that E ®¢ E* appears in the
decomposition of Sym(z)(E ®o E*) with multiplicity 1; hence W := (kern| Sym2(E®o E*))l
must be the irreducible summand of Sym%(E ®o E*) that is equivalent to £ ®g E*. |
Alternative proof of Proposition 5.2 The properties of 7 from Lemma A.1 allow us to define
A:=x|,' € Homk (E ® E*, Sym}(E ®q E*))
and extend it with zero to a mapping A € Homg(E ® E*, Sym%(E ®o E*)). Via the
identification mC = E ®q E*, this gives rise to a mapping
A € Homg (E ® E*, Sym(z) m©).
From the equivariance of ‘ - the irreducibility of W = E ®o E£* and Schur’s Lemma it
follows that |W is unitary up to a positive constant, that is
(7 (v), (W) EgE* = € - (V; Wgym? (£@y E%)
for all v, w € W and some ¢ > 0. Denote the tensor product representation of G on E ® E*
by
p:G — Aut(E ® E*): p(ki, ko) F = ki Fk;"
for F € E ® E*. Its differential is given by
dp:g— End(EQE™): dp(X1,X2)F =X |F — FX;

for X1, X, € €. In particular,

dp(X,—X)F = XF + FX.

Let (e;) be an orthonormal basis of m, ¢; = (f;, — f;) with f; € £ Under the identification

m€ = E ®q E*, the invariant inner product changes by some positive constant factor, and e;

is mapped to f;. Hence, (f;) is an orthonormal basis of € C E ®¢ E* up to a positive factor.
Now, let X € tand F € E ® E*. Using the formula from Lemma 3.3, it follows that

(Bh)o(X, =X) = D (Adp(E)F). & © (X, =X))gy2 e
=c- Y (A(fiF +Ff). f; © X) sym2 (E@oE*)

l

=c- Y (AiF + Ff;), prw (fi © X)symp £@orn)

1

= Y (fiF + Ff;, 7 (Prsymd Egors) (fi © X)) EgoEs

i
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for some ¢, ¢’ > 0. Since the trivial summand of Sym?(E ®q E*) can only be mapped to the
trivial summand of E @ E* under the equivariant map , we have

T 0 Pryym2(E@oE*) = PTE@E* © T
on Sym?(E ®q E*), implying that

(h)o(X, =X) =" Y (fiF + Ffi, prpgyps (/i X" + Xf)

i
=—c- Z(f,-F + Ffi, prpgy e+ (iX + Xf))).
i
Choose the (up to a positive factor) orthonormal basis (f;) of ¢ in such a way that f; =
Ei{» — Ej;. Furthermore, let X = F = E|3 — E3;. Then,

fIF +Ffi =(Ei2 — E2)(E13 — E31) + (E13 — E31)(E;2 — E3)) = —Ep3 — Exp € EQo E*
and we obtain

S USF+ Ffiprpges (X + Xf)) =Y _(fiF + Ffi.prge (i F + Ff))

1 1

> (fiF + Ffi,prpgees (/1 F + Ff1)) = (Ex3s + Exn, Ex3 + Ep) =2 > 0.

In particular, we have found ¥ € m such that (§h),(Y) # 0, where h € yoz(M ) is associated
to

F®A € (E® E*)® Homg (E ® E*, Sym m®).
This means that the linear mapping
8 : Homg (E ® E*, Sym3 m®) — Homg (E ® E*, m")

is nonzero. Hence, there are no tt-eigentensors for the subcritical Casimir eigenvalue. This
proves the assertion. O

A.3 Alternative proof of the stability of E¢/F,

As we did before in the situation of SU(n), we want to apply Lemma 3.3 to verify that the
mappings

8 : Homp, (HC, Sym3 m®) — Homp, (5C, m©),

8 : Homp, (HC, Sym m€) — Homp, (HC, m®)
are injective. Surprisingly, the computation works very similar to the SU(n) case.
LemmaA.2 Letm : Sym2 H — 9 denote the mapping defined by

m(A®B):=AB+ BA=2A0B.
Then we have
7 € Homp, (Sym? $9, 9).

The restriction

T Sym%jﬁo — o
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1
is surjective, and W := (kern |Sym% 550) = 9o.

Proof The proof is completely analogous to the proof of Lemma A.1. First, we note that 7 is
well-defined since (), o) is a commutative algebra. The equivariance of 7 under the action
of Fy4 follows from

T(f(A) O f(B) =2f(A)o f(B) = f(2A0 B) = f(m(A O B))
forany f € F4 = Aut($, o) and A, B € 9. Furthermore, we have
tr(r(A® B)) =2tr(Ao B) =2(A, B) = tr(A ® B),
where the last trace is taken with respect to the inner product on $). This means that
7 (Symg 9) C $o.

Now we want to show that 77 does not vanish when restricted to Sym% $o. For example, take
Fi(1), F2(1) € $H9. We have (Fi(1), F(1)) = 0 and thus Fi(1) © F»(1) € Sym(z) Ho. Also,

n(Fi(1) © F2(1)) = 2F1(1) o F2(1) = F3(1) # 0.
Since £ is irreducible over Fy, the mapping
T Sym(z) Ho — Ho
must be surjective. From the proof of Lemma 6.1, we know that §)y appears in the decompo-

1
sition of Sym(z) o with multiplicity 1; hence W := (ker b4 ‘Symz ﬁo) must be the irreducible
0

summand of Sym% o that is equivalent to $Ho. O
Alternative proof of Proposition 6.2 By Lemma A.2, we can define
~1
A:=xly, € Homp,(f0, Symj 9o),

extend it with zero to §) and then complex-linearly to a mapping A € Homp, G Sym% bg).
Again, we need that ] W 18 unitary up to a positive constant, which follows by Schur’s Lemma
from the equivariance of n}w and the irreducibility of W = §)g. By Theorem 3.2.4 in [16],
every element o € ¢¢ C Endc (.‘f"J(C) can be written as

a=pB+iTo

with unique elements § € f4 C ¢c and T € $o. This corresponds to the Fs-invariant
decomposition

e6 = f4 D 9No.
Throughout what follows, we identify m = ). If we denote the defining representation by
p: E¢ — Aut Sﬁ(c,
then in particular,

dp(X) =iXo
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for X € m. Let (¢;) be an orthonormal basis of $)g (again, under the identification m = ),
the invariant inner product changes at most by some positive constant factor), X € m and
F e bC. Using Lemma 3.3, we thus obtain

@h)o(X) =c- ) (A(dp()F).e; © X)gyp g = c- ) (Aliej 0 F), e; © X)g 2 6

=c- Z(A(iei o F), priy(ei © X))gym2 ¢

1

=c'- ) fiei o F, 7 (Prgym3 sy (€ © X)) g

i

for some ¢, ¢’ > 0. The trivial summand of Sym? o can only be mapped to the trivial
summand of § under the equivariant map , implying that

T 0 Plgym? 55, = Ply, O7F
on Sym2 9o. Thus, we have

Bh)o(X) =ic - fei o F.prey (m(ei © X)) = 2ic’ Y (e; o F. pre, (ei o X)).
i i
Now let X = F = Fj(1). Choose the (up to a positive factor) orthonormal basis (e;) of
o in such a way that e; = F>(1). Then we have
1
ejo F=F(1)o Fi(l) = EFa(l) € 9o

and it follows that

Y eio F.pry,(eio X)) = Y (ei o F,prg,(ei o F)) = (e o F,prg,(e1 0 F))

1 1
LB, B(1) = £ > 0
= - =—->0.

I 3(1), 113 5
In particular, we have found Y € m such that (64),(Y) # 0, where h € yOZ(M ) is associated
to

F®A-e ﬁ(c ® Homp4(.‘7JC, Sym% mC).

This means that the linear mapping

S Homp4(5§(c, Symg mC) — Hompg, (,‘«'JC, m(c)

is nonzero. The same argument works for the Eg-representation T, since we exclusively used
real elements and automorphisms in the computation. In total, there are no tt-eigentensors
for the subcritical Casimir eigenvalue, which proves the assertion. O
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