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Abstract

The fluid ball conjecture states that a static perfect fluid space-time is spherically sym-
metric. In this paper we construct a Robinson’s divergence formula for the static perfect
fluid space-time. Inspired by this conjecture, a rigidity result for the spatial factor of a static
perfect fluid space-time satisfying some boundary conditions is proved, provided that an
equation of state holds.
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1 Introduction and main results

The fluid ball conjecture (or Lichnerowicz’s conjecture) states that “a static stellar model
is spherically symmetric”. In [3], Avez proved that if a stellar model is regular, station-
ary, complete, asymptotically Euclidean perfect fluid whose trajectories coincide with time
lines, must be the Schwarzschild space-time. This problem was also discussed by Yau in
the 1982 list of unsolved problems in General Relativity (cf. [21], see also [12]). In fact,
there is a whole family of related conjectures, depending on whether the extent of the fluid
region is finite or infinite, and depending on the assumptions on the asymptotics of the
space-time and on the equation of state (cf. [4, 5, 8, 11, 12, 14] and the references therein).
The conjecture is proven under physically realistic conditions, but not in full generality.
This problem was widely explored by great scientists through the years and much
progress has been made. Although it is considered physically evident, the most general
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situation for the proof of the fluid ball conjecture is still lacking. A natural idea is to
consider some reasonable equation of state for the perfect fluid to show that the Rie-
manniann metric of the spatial factor of a static perfect fluid space-time is conformal
to a metric having nonnegative scalar curvature and zero mass. Then we can invoke the
rigidity part of the positive mass theorem to prove that the original Riemannian metric
is conformally flat. It is known that conformal flatness implies spherical symmetry (cf.
[11, 12, 14, 15, 17]). Another approach is to try to deduce some divergence formula
(inspired by the Robinson’s black hole uniqueness theorem [19]) and to combine it with
a good equation of state to get spherical symmetry [4, 5].

Inspired by [17] and [19], our main goal is to provide a divergence formula for the
static perfect fluid equations and to give a simple proof for the fluid ball conjecture
proving that (M3, g) is conformally flat, provided that a reasonable equation of state
holds. It is well-known that an appropriate linear equation of state for the perfect fluid
can lead us to prove the conjecture (cf. [2, 8]), under some additional hypothesis.

Static space-time is the solution to the Einstein equation in general relativity. The
Einstein equation

Ry
Ric, — > g=T

with perfect fluid as a matter field and static space-time (A//\I"“, 8) = M" X, R, such that the
warped metric (cf. the warped product formulas in [18]) is given by

20x, 1) = =f(0dF* + g(x),

where (x, 1) € M X R and (M", g), is an open, connected and oriented Riemannian mani-
fold. The energy-momentum stress tensor of a perfect fluid is 7 = 8x[(1 + p)U;U; + pgl.
Here, Ricg and Rg,, stand for the Ricci tensor and the scalar curvature for the metric 2,
respectively. Moreover, u and p are bounded measurable functions and U; is a unit time-
like vector field. Note that u, p and f are independent of 7. These functions are called the
density, pressure and lapse function, respectively. In what follows, we characterize a static
perfect fluid space-time (see [4, 7, 10, 13, 15] for instance).

Definition 1.1 A Riemannian manifold (M3, g) is said to be the spatial factor of a static
perfect fluid space-time if there exist smooth functions u, p, f > 0 on M satisfying the
static perfect fluid equations:

fRic = V2f + 4z (u — p)fg (1.1)
and
Af = 4z(u + 3p)f, (1.2)

where Ric and V? stand for the Ricci and Hessian tensors for g, respectively. Here, A is the
Laplacian operator for the metric tensor g.

The above definition implies that the scalar curvature R for the metric g is given by
R=16xu. (1.3)

From (1.1), (1.2) and (1.3) a solution for the perfect fluid equation must satisfy
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fRic = V2f, (1.4)

where Ric = Ric — § gand %Zf = V% - % g stand for the traceless Ricci and Hessian ten-
sors, respectively. Furthermore, when we assume u = p = 0 everywhere, we are referring
to the static vacuum Einstein space-time. The set {f = 0} is well known to be the hori-
zon, i.e., the event horizon of a static vacuum Einstein black hole. We further remark that
{f = 0} may be defined as the set of limit points of Cauchy sequences on (M", g) on which
f converges to 0. Moreover, it should be emphasized that it is expected that {f = 0} # @,
since a complete three-dimensional static vacuum space-time such that f > 0 everywhere
must be trivial, i.e., the warped function f must be constant and the space-time must be the
flat Minkowsky space-time (cf. [13] and the references therein).

Astronomical evidence also indicates that the universe can be modeled (in smoothed,
averaged form) as a space-time containing a perfect fluid whose “molecules” are the galax-
ies. At present, the dominant contribution to the density of the galactic fluid is the mass
of the galaxies, with a much smaller pressure due mostly to radiation (see [18, p. 341]).
Considering such background, in [13] the authors proved that 4 = p = 0 in the set {f = 0},
provided that the dominant energy condition holds (i.e., u > p > 0). Furthermore, {f = 0}
is a minimal hypersurface for the static perfect fluid space-time (cf. [7, 13]). Assuming that
{f = 0} # @ we will prove that an asymptotically flat static perfect fluid space-time must be
spherically symmetric, if a particular equation of state is satisfied.

In this work we will consider similar asymptotic conditions used by Agostiniani and
Mazzieri, Beig and Simon, Kiinzle, Masood-ul-Alam and Robinson (cf. [1, 4, 5, 11, 14,
20], respectively), which are defined as follows.

Definition 1.2 A solution (M?, g, f, u, p) for (1.1) and (1.2) is said to be asymptotically
flat with one end E if M minus a compact set K is diffeomorphic to R3 minus a closed ball,
and the metric g, the lapse function f, the energy u and the pressure p satisfy the following
asymptotic expansions at infinity.

3
(I Letr?= lez x = (x1, X, X3) € M, 6 be the flat metric in which 5;(x) = o(r ?)

i=1
and oyn; = o(r~3), asr - o,
8;(x) = 6,;;(x) + n;;(x),

wherel <[, i, j < n.
(I) Forw = o(r~?),asr —» oo,

f=1—%+wm.

2m
B’

Moreover, d,w = o(r™3), as r — oo, and @"(r) < where 1 <i<n and
m € [0, oo) represents the ADM mass.

(III)  Also, consider
u>p>0 and M—p:o(r‘4), as r — oo.

We assume the existence of an interior boundary ¥ (non empty), where f =0 at X. Con-
sider £ compact and such that g and f extend smoothly to X (cf. Condition 2 in [13]).
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Remark 1.3

1. The Schwarzschild solution is an example of a static space which satisfies Definition 1.2.
In fact, we are assuming the same asymptotic conditions (Definition 1.2-(I)-(II)) used by
Robinson to prove the static vacuum black hole uniqueness theorem [19, 20]. Moreover,
the asymptotic conditions assumed in (/) and (/I) match with the asymptotics assumed
in [1, 4, 5, 11, 14, 15, 20]. However, in the above definition we provided a different
asymptotic condition for the pressure p and density x. The most common hypothesis for
the density and pressure is that they are identically zero outside the fluid region.

2. The condition o’ (r) < zr—'s" also agrees with the second-order derivatives for the function
 assumed by Robinson [19, 20]. Furthermore, it becomes trivial if we assume the equa-
tion of state u + 3p = 0 (cf. equation (3.6)). However, we will not discuss this equation
of state here since in this scenario the dominant energy condition does not hold (i.e., we
may have negative pressure), and therefore we can not apply Theorem 1 in [13] which
was very important in the proof of our main result (Theorem 1.5).

Here, we will discuss the following problem (cf. [11, 14, 15, 17]):

Conjecture 1.4 An asymptotically flat static perfect fluid space-time satisfying (1.1) and
(1.2) must be spherically symmetric.

The main result (Theorem 1.5) will prove Conjecture 1.4 supposing that an equation of
state holds. To do this, we first provide an divergence formula for the static perfect fluid
equations and then, by an integration of this formula (cf. Lemma 2.4), we prove that the
only possible static perfect solution must be trivial (i.e., Schwarzschild or R3). In fact, the
conditions on the equation of state are not really relaxed here but the conditions on the
asymptotic behavior (Definition 1.2-(III)). To accomplish our goals, we assume that the
isoperimetric (Penrose) inequality holds for £ (cf. [9] and the discussion after equation
(3.8)) .

Without further ado, we state our main result.

Theorem 1.5 An asymprotically flat solution for (1.1) and (1.2) in which the energy-den-
sity is a smooth function of f and

d
(5p — W)fG + 4Fd—? >0 (1.5)

must be isometric, in the exterior of a compact subset of M, either to Schwarzschild space
or R3 with the standard Euclidean metric. Here,

F

F) = +d1-fH and G0‘)=6<1_—f2>—26(1—f2)‘3, (1.6)

in which c and d are constants such that F > 0.
It is worth stating that the functions F and G in the above theorem came from the origi-
nal divergence formula of Robinson [19, page 697] used to proof the three dimensional

static black hole uniqueness theorem. Here, we used these functions to get a distinct equa-
tion of state in the attempt to solve Conjecture 1.4.
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As far was we know, the most general proof for Conjecture 1.4 was presented by
Masood-ul-Alam in [17]. In his proof, it was assumed that the density u(p) is a non-
decreasing function of the pressure p, where y and p are functions of f (see also [15, 16]
and their assumptions on the equations of state). It is worth pointing out that his technique
avoids a Robinson-type identity and uses the positive mass theorem as an approach. On the
other hand, the results of Beig and Simon [4, 5] used equations of state similar to (1.5).
Assuming their equation of state holds, they were able to provide a rigidity result. In fact,
the equation of state Beig and Simon studied is related to the divergence formula of Robin-
son. However, their intention was to use the maximum principle for the Laplacian of a con-
formal metric, which came from a divergence formula for the conformal metric. Then, they
concluded that this conformal metric is, in fact, conformally flat. Those proofs follow the
same trend of using the conformal metric to get a rigidity using the positive mass theorem.
Our approach is more similar to the strategy used by Robinson to get the static vacuum
black hole uniqueness theorem [19, 20].

Now let us analyze the hypothesis assumed in our main theorem. First, bear in mind
that equations of state like (1.5) were considered before (cf. [4, 5, 16]). The decay (Defini-
tion 1.2) assumed for u — p came naturally since it is expected that 4 = p = 0 outside the
fluid region (cf. [14, 15, 17]). It seems more natural to assume a decay for the density and
pressure instead of its immediate vanishing outside the fluid region. Thus, the assumption
in Definition 1.2-(IIT) is weaker than the one assumed in the earliest works about this topic.

In addition, the asymptotic condition for the second derivative of the function w is
reasonable, see Definition 1.2-(Il), if we compare this decay with the decay assumed by
Robinson and Agostiniani-Mazzieri [1, 19, 20]. Hence, part of our hypothesis concerns a
slight change of the asymptotic conditions considered by [1, 4, 5, 11, 14] and others. It is
also important to remember that the dominant energy condition u > p holds for all known
forms of matter.

2 Background

In this section we shall present some preliminaries which will be useful for the establish-
ment of the desired results. We will obtain a useful expression of the divergence for the
static perfect fluid equations similar to the divergence formula of Robinson [19, 20] that
will be integrated later. Then, we will get an inequality which leads us to a contradiction
with our divergence formula (Lemma 2.4). This will drive the solutions for the static per-
fect fluid space to be trivial (i.e., Schwarzschild or R3).

We start by recalling that for a Riemannian manifold (M3, g) the curvature tensor is
defined by the following decomposition formula

R
Rijkl = (Rikgjl + legik - Rilgjk - Rjkgil) ) (gjlgik - gilgjk)’

where Ry, stands for the Riemannian curvature operator. Moreover, the Cotton tensor C is
given according to

1
Cijk = ViRjk - VjRik 2 (Vijok - VjRgik)'

Another useful fact for proving our formula is the Ricci equation:
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ViVif = V.V Vf =Ry V'f. @.1)
In what follows, we define the covariant 3-tensor Ti]-k by
T =2(i€ikvjf - Rikvif) + (R/'lvlfgik - Rizvlfgjk)-

Notice, also, that it is skew-symmetric in the first two indices and trace-free in any two
indices.

The first lemma we present here was recently proved in [7], and it connects the Cot-
ton tensor with the perfect fluid equations in a simple expression which will be useful
providing our divergence formula.

Lemma 2.1 Ler (M3, g) be a Riemannian manifold and f a smooth function on M? satisfy-
ing fRic = V2f. Then, it holds

f Cl/k l]k

The next lemma gives us a formula for the norm of the Cotton tensor involving only
the functions of Definition 1.1.

Lemma 2.2 Let (M3, g, [) be the spatial factor of a static perfect fluid space-time. Then:

FHCP =41V PIAIVS? —}C(V|Vf|2, Vf) = 8zf(Vu, Vf)

+ 87(u + p)|VfI* — (A
= 3|VIVFII> + 4AF(VIVFI%, Vf).

Proof From Lemma 2.1 we have
FCy =fTy,
=2(fieikvjf _fiejkvif) + (fiejlv{fgik _fi?ilvlfgjk)-
Using (1.4) the above identity, it can be written in the following way
f 2 Cijk =fT, ijk
=2V VS = Vaf Vi) + (Vi Vifgy = Vif Vifg,).
Now, to prove the next identity we only need to use the above equation. Then,
FHer =T
=8|V fPIVfI” = 12V f V(YD VIS,
where (Vz)kf \7 ka Af k

2
Since V2f = V2f — g|V2f|2 [V2f|? - (f)

and V2f(Vf) = -V|Vf|2weget
FcP? = 8IV2f| VI - 3|VIVf|2I2—4IVf| (AP +4AF(VIVF?, V). (22)

On the other hand, contracting (2.1) over i and k we get
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VIV, Vif = V,Af = RV'f.
Moreover, from (1.1) and (1.2) we have

VIV.Vf - VAf = fV|Vf|2+4ﬂ(;4 PV f.

Then, using Equation (4.7) in [7],

VAf—fVR——V}f

we can infer that

VVVf—]:VR+ V}f v HIVFI +4n(u — p)Vif.

Thus,
VIFVIV,Vif = 4xf (V. V) + 5 (VINS . V) = 4+ IV

So, using this in the next equation
VIVIFV,Vf) = VIVIFV,V f + VIFVIV V f,
we get
2IVEf? = AIVFI? - (VIVfIZ, Vf) = 8af(Vu, Vf) +8a(u + p)|Vf|*.
Combining the above equation with (2.2) the result follows. a

From now on, we start developing the divergence formulas for the static perfect fluid.
For this formula, which is the key ingredient to prove our main results, we need to define
the functions F and G given by (1.6). These two functions appear naturally in the original
proof of the divergence formula of Robinson [19]. Here, we assume the existence of the
same functions in the attempt to provide a good divergence formula for the perfect fluid
equations.

Lemma 2.3 Let (M3, g, f) be the spatial factor of a static perfect fluid space-time such
that u = u(p). Then,

Ef|CP?

4|VfI?

= 162F(Vyu, Vf) + [82(u = p)|IVf12F + G| Vf |

+ [Ffﬁc +8z(u — p)F + G|Vf|2] Af

div[F(f~'VIVfI? +8a(u = p)V) + GIVFI’VS] —

3F|V|VfI*)?
AfIVfI?

b}

F FAf )
+ <? +G—W><V|Vf| , V)Y +

where F(f) and G(f) are smooth functions of f.
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Proof The Bianchi identity for g is reduced to (cf. [5, Lemma 2] and [15, Equation 2.8])

Vo =—f"(u+p)Vf. (2.3)
A straightforward computation gives us

div[F(F~'V|Vf|* + 8z(u — p)Vf) + GIVf > Vf]

=f"(VF, VIVfI?) + 87(u — p)(VF, Vf)
— Ef VS, VIVFI?) + Ef AV + 82F(Vu, Vf)
— 8xF(Vp, Vf) + 8z(u — p)FAf
+ [VFIX(VG, Vf) + G(Vf, VIVF*) + GIVf*Af

=f7'F'(Vf, VIVFI?) + 8x(u — p)F'|VfI?
— Ef(Vf, VIVfI?) + Ff ' AIVF> + 82 F(V, Vf)
— 8xF(Vp, Vf) + 8z(u — p)FAf
+ G'|VfI* + G(Vf, VIVf*) + GIVfI*Af

= Ff ' AIVF? + (F7'F = Ef 7 + GX(VS, VIVF) + 8x(u — p)F'|Vf|?
+ 872 F(Vu, Vfy —8xF(Vp, Vf)
+ G'|Vf1* + [G|VfI* + 87(u — p)F1Af

= Ff'AIVFI? + (f7'F = Ff + G)(Vf, VIVfI?)
+ 8xF(Vyu, V) + 8x[Ff ™' (u + p) + (u — p)F'1|VSfI?
+ [GIVf|* + 87(u — p)F1Af + G'|Vf|*.

Combining the above formula with Lemma 2.2 we get the result. O

Finally, we present the divergence equation for the static perfect fluid. This equality was
mainly inspired by Robinson [19].

Lemma 2.4 Let (M3, g, f) be the spatial factor of a static perfect fluid space-time such
that u = u(p). Then,

div[F(F~'VIVFI® + 84 = p)VS) + GI VS Vf]

_EPICE  FAf ) s, /1P|
= o VIV W e VIV s
+ 4z@u + p)FASf + 0% JJZIVfI (u— P)+47Z|Vf|2[(5p y)fG+4Fc(li—f
Proof Notice that
3F L SIVEPVE 3R 2, )
V|V 8 = V|V VIV \Y
v VST a | =g VIV g f2< IVFI%, V) .
4o VT
(-

Combining Lemma 2.3 with (2.4) yields
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: 1 2 _ 2o EPICP
div[F(f~'VIVFI* + 8x(u — p)Vf) + GIVfI*Vf] e
., ., 48Ff
= 162F(Vu, Vf) + [87r(u—p)|Vf| 2F+ G - Ty IVF)*
+ [FTAf +87(u — p)F + G|Vf|2] Af
F' FAf 12F 5
—4+G-—— - —— (V \%
+<f+ FIVFE - >< VI ND
3F > fIVfI2Vf
ST AR TN

Now, consider
F(f)=(cf*+d)(1-f)7, G(f) = 6<1_—Ff2) —2c(1 -7

such that ¢, d € R. A straightforward computation assures us that

Therefore,

Ff3|C|?
4IVfI2
(VIVfI2 Vf)

div[F(F~'VIVFI? +8a(u = p)VS) + GIVfI2Vf] -

_ _ ! 2
= 162F(Vp, V) +87(u = p)F'|VfI* W f|2

3F s AIVERVEL
*avee YV R

2cf + 6f (cf>+d)
(1-f2 =2+ "

+ [47G3u + p)F + GIVfI*| Af,

where F' = . Then, we can rearrange the above equation to get

Ff|CP?
4VrP

div[F(f~'VIVFI® + 8 (u — p)V/) + GIVFIPVS] —

FAf

o VIV )

= 162F(Vu, V) + [8x( — p)F' + 4x(u + 3p)fG1|Vf|* —

3F
4fIVfI2

= 16zxF(Vu, Vf) +

fI vrRvr[
f2

IVFI*(u = p) —

VIVA? +

+4z(Bu + p)FAf

fF
f2
AVEEve[
(1—f2)

(VIVfI2 Vf)

fIVfI2
3F

+ 4f|Vf|2 + 473 + p)FAf + 4x(5p — wfG|Vf|*.

VIVF?+8
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Considering u = pu(f) and (2.3), we obtain the desired result. O

3 Proof of the main results

Proof of Theorem 1.5 We start the demonstration by proving that from (1.1) we have

X(VFI?) =2Vx V. V)
=2V3f(X, Vf)
=2fRic(X, Vf) = 8z(u — p)f (X, Vf) =0
for any X € X(X). Since f =0 at Z, k = |Vf|is a non null constant on X (by lemma 1 in
[13] we have that Vf does not vanish at Z).

In what follows, 7 and N = ﬁ are the normal vector fields of the sphere S and interior

boundary X, respectively. Here we assume fand g extend smoothly to the interior boundary
2 (see Definition 1.2). From Lemma 2.4 and (1.2) we can infer that

/ div[F(f~'VIVFI* + 8x(u — p)VS) + GIVf*Vf]dv
M

(1 +3p)F
v IVfI?

From now on we apply Stokes’s theorem in the above inequality but first notice that from
(1.1) we have

(3.1)
> —4r

(VIVI?, Vf)dv.

F(F~'VIVfI? + 8y — p)Vf) + G| Vf*Vf = 2FRic(Vf) + G|Vf V.
Therefore, from the fact that f = 0 at ¥ and from the asymptotic conditions at the end E of
the manifold M3, an integration of the above equation yields

/ div[F(f~'V|VFI* + 8x(u — p)VS) + GIVF*Vf]dv

-V
IVfI

+ lim (Ff'V|VF|* 4 8z(u — p)FVf + G|Vf|*Vf, n)ds

r—00 S(r)

/ (2dRic(Vf) + 2(3d — o)|VF*Vf, —=)ds

= —d|Vf| / 2Ric(N, N)ds — 2(3d — ¢)|Vf|* Area(S)
p

+ lim (Ff'V|VF|* 4 8z(u — p)FVf + G|Vf|*Vf, n)ds.

r—>00 S(r)

A similar integration can be found in [14, equation (3.24)] and [19, equation (3.3)].
Since ¥ is umbilic (cf. [7]), i.e., the second fundamental formula h* =0, and
= 16z = 0in X (cf. Theorem 1 in [13], which proved 4 = p = 0 at Z if x and p are non
negative functions) from the Gauss equation we have
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R* = — 2Ric(N, N).
Thus,

/ div[F(f~' VIVFI* + 8x(u — p)VS) + GIVF[*Vf]dv

M

= dx / R¥ds — 2(3d — ¢)k> Area(Z) (3.2)
z

+ lim (Ff'V|VF|* + 8z(u — p)FVf + G|Vf|*Vf, n)ds.

r—>o00 S(r)

The easiest way to evaluate the two-dimensional integral at infinity that arises after the
application of Stokes’ theorem is to use spherical polar coordinates to describe the asymp-
totic flatness of the three-metric. Then, to evaluate asymptotically on a sphere of radius r as
r tends to infinity—we will only need to keep leading terms. Using the facts that g,, tends
to one and ftends to 1 — m/r, we will compute the integral below.

First of all, from Definition 1.1 and Definition 1.2 we have (cf. [19, 20])

-V
0< 47[/(/4 +3p)fdv = / Afdv = /(Vf, —f)ds+ lim/ (Vf, n)ds
M M = | VS = Jsw)
= —kArea(X) + m lim 1 ds = —xArea(X) + 4zm,

r—oo S(r)

where 7 is the exterior normal vector field of S. So, from the above inequality we can con-
clude that

kArea(X) < 4zm. (3.3)

Since f > 0in M, equality holds if and only if  + 3p = 0.
On the other hand, we can consult [14, Equation 3.26] and [19, Equation 3.3] to see that

r—00

lim / (FFYV|VF? + 8z(u — p)FVf + G|Vf|>Vf, n)ds
S(r)

—(c+d
= ZCEDT i [ (Sx(u— pFYVS, nyds
2m r—o0 S(r)
vd) (3.4)
DT i [ 8a(u— ppF™ds
2m = Js(r) r?
= ZCEDT | a? lim (u — p)F.
2m r—0o0
Therefore, combining (3.1), (3.2) and (3.4) we get
dx / R¥ds — 2(3d — ¢)k> Area(T)
pH
(3.5)
3p)F
> XD N im(u - pF +4x | LE32F 1w, vl
2m r—oo m VI

Considering the asymptotic conditions we also have
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Vf=f'Vr and V|Vf>=2ff"Vr; r=|x| > co.
Notice that
(VIVFR V) = 2(F "

Then, by Definition 1.2, we have o < 2mr3. So,

FA
VIV ) = 8"+ 300F = 8t + 3pF (o = 2) <0
r 3.6
" — (3.6)
<0
Additionally, assuming that u — p = o(+~*), for a sufficiently large r, we get
_ 244 A 2 2
lim (i — pF = lim PO A P pler=m+dr]
r—o0o r—o0 (1 —f2)3 r—-oo m3(2r - m)3
Now, we need to consider two special cases: (I) c = landd =0; (I)d = landc = —1.
Case (I): Considering ¢ = 1 and d = 0, from (3.5) we have
3Area(T) > =
K~ Area(X) > i (3.8)

Considering (3.3) and combining with the above inequality we get

LSK‘.
4m

Therefore, using again (3.3) we have that the isoperimetric (Penrose) inequality holds, i.e.,
Area(T) < 16m?z. This result can be interpreted as an optimal lower bound for the mass 1.

In fact, from (3.3) we have Area(X) < dmr < 16m2x. So, we can infer that k = |Vf] .= o
K m
(otherwise we will have a better estimate for Area(X) than the Penrose estimate), and again
from (3.8) we get
k*Area(X) > 7.

Case (II): Considering ¢ = —1and d = 1, from (3.5) we have
K / R¥ds — 8x>Area(T) > 0
T
So, from the Gauss—Bonnet theorem we obtain
27%(%) = /Z R*ds > 8x”Area(X) > 0,

where X(X) is the Euler characteristic of X. Thus, we can conclude that X(X) is equal to 1
or 2. That is,
7 > kK2Area(x).

Conclusion: Hence, Case (I) and Case (II) are compatible if and only if the right-hand
side of the equality in Lemma 2.4 is identically zero (cf. [19, 20]). That is,
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FRICIP  FAf , 2, oI IVEVE[
=== _ V|V \Y
ave e YT f>+4fIVf|2 NI+ 8 2y
96 du
+ 47+ FAf + - fcf IVf P = p) + 4x|VF 12| 5p — w)fG + 4F df]
CFPICE . 3F 2 SIVEPVEL m
=itV o Ay +87r(,u+3p)F<r—3—a) )
967 du
+ 473 + pFAf + ’JZ VP - p)+47rIVf|2[(5p u)fG+4FE] > 0.

(3.9)

Therefore, from the above identity we have two possibilities, either the Cotton tensor is
zero and 4 = p = 0, or the Cotton tensor is zero and f'is constant.

In the first case we get that (M?, g, f) is conformally flat and the static space is vacuum.
Then, from [6, 19] we have that (M?, g) is isometric to Schwarzschild. If f is a constant
function, we have that (M3, g) is conformally flat and, from (1.4), an Einstein manifold, so
it has constant curvature (cf. [10]). However, from (1.2) we get u + 3p = 0, and since we
assume that ¢ and p are non negative, we must have ¢ = p = 0. Thus, the only possibility is
(M3, g) to be isometric to R? with the Euclidean metric. O

Acknowledgements This work was done while the third author was a postdoc at Instituto de Matematica e
Estatistica, Universidade Federal de Goids, Brazil. He is grateful to the hosted institution for the scientific
atmosphere that it has provided during his visit. We would like to thank, also, the referee for careful reading,
relevant remarks and valuable suggestions.

Funding Fernando Soares Coutinho was partially supported by PROPG-CAPES/FAPEAM.

References

1. Agostiniani, Virginia, Mazzieri, Lorenzo: On the geometry of the level sets of bounded static poten-
tials. Commun. Math. Phys. 355(1), 261-301 (2017)
2. Andersson, Lars, Burtscher, Annegret Y.: On the asymptotic behavior of static perfect fluids. Ann.
Henri Poincaré 20(3), 813-857 (2019)
3. Avez, André: Le ds® de Schwarzschild parmi les ds” stationnaires. Ann. Inst. H. Poincaré Sect. A (N.S.)
1, 291-300 (1964)
4. Beig, R., Simon, W.: On the spherical symmetry of static perfect fluids in general relativity. Lett. Math.
Phys. 21(3), 245-250 (1991)
5. Beig, R., Simon, W.: On the uniqueness of static perfect-fluid solutions in general relativity. Commun.
Math. Phys. 144(2), 373-390 (1992)
6. Bunting, Gary L., Masood-ul-Alam, A.. K.. M..: Nonexistence of multiple black holes in asymptoti-
cally Euclidean static vacuum space—time. Gen. Relat. Gravit. 19(2), 147-154 (1987)
7. Coutinho, F., Didégenes, R., Leandro, B., Ribeiro, E., Jr.: Static perfect fluid space-time on compact
manifolds. Classical Quantum Gravity 37(1), 015003, (2020), 23 pp
Heinzle, J. Mark., Uggla, Claes: Newtonian stellar models. Ann. Phys. 308(1), 18-61 (2003)
9. Huisken, Gerhard, Ilmanen, Tom: The inverse mean curvature flow and the Riemannian Penrose ine-
quality. J. Differ. Geom. 59(3), 353-437 (2001)
10. Kobayashi, O., Obata, M.: Conformally-flatness and static space-time. Manifolds and Lie groups
(Notre Dame, Ind., 1980), pp. 197-206, Progr. Math., 14, Birkh6user, Boston, Mass (1981)
11. Kiinzle, H.P.: On the spherical symmetry of a static perfect fluid. Commun. Math. Phys. 20, 85-100
(1971)

*®

@ Springer



468 Annals of Global Analysis and Geometry (2021) 60:455-468

12. Lindblom, Lee: Some properties of static general relativistic stellar models. J. Math. Phys. 21(6),
1455-1459 (1980)

13. Leandro, B., Pina, H., Ribeiro, E., Jr.: Volume growth for geodesic balls of static vacuum space on
3-manifolds. Ann. Mat. Pura Appl.(4) 199(3), 863-873 (2020)

14. Masood-ul-Alam, A.K.M.: The topology of asymptotically Euclidean static perfect fluid space-time.
Commun. Math. Phys. 108(2), 193-211 (1987)

15. Masood-ul-Alam, A.K.M.: On spherical symmetry of static perfect fluid spacetimes and the positive-
mass theorem. Classical Quantum Gravity 4(3), 625-633 (1987)

16. Masood-ul-Alam, A.K.M.: A proof of the uniqueness of static stellar models with small dp/dp. Classi-
cal Quantum Gravity 5(3), 409-421 (1988)

17. Masood-ul-Alam, A.K.M.: Proof that static stellar models are spherical. Gen. Relat. Gravit. 39(1),
55-85 (2007)

18. O’Neill, B.: Semi-Riemannian geometry with applications to relativity. Pure and Applied Mathemat-
ics, 103. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, (1983). xiii+468
pp. ISBN: 0-12-526740-1

19. Robinson, David C.: A simple proof of the generalization of Israel’s theorem. Gen. Relat. Gravit. 8,
695-698 (1977)

20. Robinson, D.C: Four decades of black hole uniqueness theorems. The Kerr spacetime, 115-143, Cam-
bridge University Press, Cambridge (2009)

21. Yau, S.-T.: Seminar on Differential Geometry. Papers presented at seminars held during the aca-

demic year 1979-1980. Edited by Shing-Tung Yau. Annals of Mathematics Studies, 102. Princeton
University Press, Princeton, N. J.; University of Tokyo Press, Tokyo (1982). ISBN: 0-691-08268-5;
0-691-08296-0

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	On the fluid ball conjecture
	Abstract
	1 Introduction and main results
	2 Background
	3 Proof of the main results
	Acknowledgements 
	References




