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Abstract

In this paper, we investigate geometric conditions for isometric immersions with positive
index of relative nullity to be cylinders. There is an abundance of noncylindrical n-dimen-
sional minimal submanifolds with index of relative nullity n — 2, fully described by Dajc-
zer and Florit (Il J Math 45:735-755, 2001) in terms of a certain class of elliptic surfaces.
Opposed to this, we prove that nonminimal n-dimensional submanifolds in space forms of
any codimension are locally cylinders provided that they carry a totally geodesic distribu-
tion of rank n — 2 > 2, which is contained in the relative nullity distribution, such that the
length of the mean curvature vector field is constant along each leaf. The case of dimension
n = 3 turns out to be special. We show that there exist elliptic three-dimensional submani-
folds in spheres satisfying the above properties. In fact, we provide a parametrization of
three-dimensional submanifolds as unit tangent bundles of minimal surfaces in the Euclid-
ean space whose first curvature ellipse is nowhere a circle and its second one is everywhere
a circle. Moreover, we provide several applications to submanifolds whose mean curvature
vector field has constant length, a much weaker condition than being parallel.

Keywords Index of relative nullity - Relative nullity distribution - Mean curvature -
Cylinder - Elliptic submanifolds - Minimal surfaces - Curvature ellipse
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1 Introduction

A fundamental concept in the theory of submanifolds is the index of relative nullity
introduced by Chern and Kuiper [4]. At a point x € M" the index of relative nullity v(x)
of an isometric immersion f : M" — Q7 is the dimension of the relative nullity tan-
gent subspace A/(x) of f at x, that is, the kernel of the second fundamental form o at
that point. Here, Q7 is the simply connected space form with curvature c, that is, the
Euclidean space R™, the sphere S or the hyperbolic space H"”, according to whether
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c¢=0,c=1or ¢ =—1, respectively. The kernels form an integrable distribution along
any open subset where the index is constant and the images under f of the leaves of the
foliation are totally geodesic submanifolds in the ambient space.

Cylinders are the simplest examples of submanifolds with positive index of relative
nullity. An isometric immersion f : M" — R™ is said to be a k-cylinder if the manifold
M" splits as a Riemannian product M" = M"* x R¥ and there is an isometric immersion
g : M"* - R™* such that f = g X idgp:. A natural problem in submanifold theory is
to find geometric conditions for an isometric immersion with index of relative nullity
v > k > 0 at any point to be a k-cylinder.

A fundamental result asserting that an isometric immersion f : M" — R™ of a com-
plete Riemannian manifold with positive index of relative nullity must be a cylinder
is Hartman’s theorem [21] that requires the Ricci curvature of M" to be nonnegative.
Even for hypersurfaces, the same conclusion does not hold if instead we assume that
the Ricci curvature is nonpositive. Notice that the latter is always the case if fis a mini-
mal immersion. Counterexamples easy to construct are the complete irreducible ruled
hypersurfaces of any dimension discussed in [7, p. 409].

The cylindricity of minimal submanifolds was studied in [8, 23] under global assump-
tions. These results are truly global in nature since there are plenty of (noncomplete)
examples of minimal submanifolds of any dimension n with constant index v=n—2
that are not part of a cylinder on any open subset. They can be all locally parametri-
cally described in terms of a certain class of elliptic surfaces (see [5, Th. 22]). Some of
the many papers containing characterizations of submanifolds as cylinders without the
requirement of minimality are [6, 20, 21, 26].

In this paper, we deal with nonminimal n-dimensional submanifolds of arbitrary
codimension and index of relative nullity v > n — 2 at any point. Our aim is to provide
geometric conditions, in terms of the mean curvature, for an isometric immersion to be
a cylinder. The choice of the geometric condition is inspired by the observation that cyl-
inders are endowed with a totally geodesic distribution contained in the relative nullity
distribution, such that the mean curvature is constant along each leaf. Throughout the
paper, the mean curvature of an isometric immersion f'is defined as the length H = ||’H||
of the mean curvature vector field given by H = trace(af) /n.

The following result provides a characterization of cylinders of dimension n > 4.

Theorem 1 Let f : M" — @:ﬂ’,n > 4, be an isometric immersion such that M" carries a
totally geodesic distribution D of rank n — 2 satisfying D(x) C A(x) for any x € M". If the
mean curvature of f is constant along each leaf of D, then either f is minimal or c = 0 and f
is locally a (n — 2)-cylinder over a surface on the open subset where the mean curvature is
positive. Moreover, the submanifold is globally a cylinder if the leaves of D are complete.

It is interesting that the above theorem fails for substantial three-dimensional sub-
manifolds of codimension p > 2. Being substantial means that the codimension cannot
be reduced. We show that besides cylinders, there exist elliptic three-dimensional sub-
manifolds in spheres satisfying the properties assumed in Theorem 1. Thus, the sub-
manifolds being three-dimensional are special. The notion of elliptic submanifolds was
introduced in [5]. In fact, the following result allows a parametrization of them in terms
of minimal surfaces in the Euclidean space, the so-called bipolar parametrization, using
the following construction.
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Let g : [? > R"! 5> 5, be a minimal surface. The map <Dg : T'L > S" defined on
the unit tangent bundle of L? and given by

D (x,w) =g, w (0

parametrizes (outside singular points) an immersion with index of relative nullity at least
one at any point.

Theorem 2 Let f : M? — @3+p be an isometric immersion such that M carries a totally
geodesic distribution D of rank one satisfying D(x) C Ay(x) for any x € M3, If the mean
curvature of f is constant along each integral curve of D, then one of the following holds:

(i) The immersion fis minimal.
(i) ¢ =0andfislocally a cylinder over a surface.
(iii)) ¢ =1 and the immersion f is elliptic and locally parametrized by (1), where
g : [* = R™\ n > 5, is a minimal surface whose first curvature ellipse is nowhere
a circle and the second curvature ellipse is everywhere a circle.

Minimal surfaces satisfying the conditions in part (iii) of the above theorem can be con-
structed using the Weierstrass representation by choosing appropriately the holomorphic
data. It is worth noticing that minimal surfaces in the Euclidean space that satisfy the Ricci
condition, or equivalently are locally isometric to a minimal surface in R, fulfill these con-
ditions (see Sect. 6 for details). These surfaces were classified by Lawson [25].

The above results allow us to provide applications to submanifolds with constant mean
curvature and not necessarily constant positive index of relative nullity.

Having constant mean curvature is a much weaker restriction on the mean curvature
vector field than being parallel in the normal bundle. One can check that three-dimensional
elliptic submanifolds described in Theorem 2 do not have parallel mean curvature vector
field along the totally geodesic distribution. Combining this with Theorem 1, it follows that
a submanifold is locally a cylinder provided that it carries a totally geodesic distribution of
rank n —2 > 1 that is contained in the relative nullity distribution, along which the mean
curvature vector field is parallel in the normal connection.

Opposed to the fact that there is an abundance of noncylindrical n-dimensional minimal
submanifolds with index of relative nullity n — 2 (see [5]), we prove the following result for
submanifolds with constant positive mean curvature.

Theorem 3 Let f : M" — Q" n > 3, be a nonminimal isometric immersion with index
of relative nullity v > n — 2 at any point. If the mean curvature of f is constant and either
n>4orn=3and p =1, then c = 0. Moreover, there exists an open dense subset V C M"
such that every point has a neighborhood U C 'V so that f(U) is an open subset of the image
of a cylinder either over a surface in RP*2, or over a curve in RP*! with constant first Frenet
curvature.

The following is an immediate consequence of the above result due to real analyticity of
hypersurfaces with constant mean curvature.

Corollary 4 Let f : M" — @Z“,n > 3, be a nonminimal isometric immersion with index

of relative nullity v > n — 2. If the mean curvature of f is constant, then ¢ = 0 and f(M) is
an open subset of the image of a cylinder over a surface in R3 of constant mean curvature.
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The next result extends Corollary 1 in [3] for hypersurfaces in every space form with-
out any global assumption.

Corollary 5 Let f : M" — @Z“,n > 3, be an isometric immersion with constant mean
curvature. If M™ has sectional curvature K < c, then either f is minimal or ¢ = 0 and f(M)
is an open subset of the image of a cylinder over a surface in R3 of constant mean curva-
ture. In the latter case, fis a cylinder over a circle provided that M" is complete.

The following rigidity result that was proved in [6] for ¢ = 0 is another consequence
of our main results.

Corollary 6 Any nonminimal isometric immersion f : M" — Qg“,n > 3, with constant
mean curvature is rigid, unless ¢ = 0 and f{iM) is an open subset of the image of a cylinder
over a surface in R® of constant mean curvature.

Our next result extends to any dimension a well-known theorem for constant mean
curvature surfaces due to Klotz and Osserman [24] (see [2] for another extension).

Theorem 7 Let f : M" — Qg*l,n > 3, be an isometric immersion with constant mean
curvature, where ¢ =0 or ¢ = 1. If M" is complete and its extrinsic curvature does not
change sign, then either f is minimal or totally umbilical or a cylinder over a sphere of
dimension1 < k < n.

For submanifolds with constant mean curvature of codimension two, we prove the
following.

Theorem 8 Let f : M" — R"™2,n > 3, be a nonminimal isometric immersion with con-
stant mean curvature. If the sectional curvature of M" is nonpositive, then there exists an
open dense subset V.C M" such that every point has a neighborhood U C V where one of
the following holds:

(i) The neighborhood U splits as a Riemannian product U = M? x W'=2 such that
fly = g Xj is a product, where g © M* — R*is a surface with constant mean cur-
vature and j © W% — R"2 is the inclusion.

(il) The immersion on U is a composition f|y;="hoF, where
h=y Xidg. : RXR" - R™?2is cylinder over a unit speed plane curve y(s) with
curvature k(s) and F © M" — R""is a hypersurface. Moreover, the mean curvature
Hp of F is given by

2212 2)2
Hy. = Hy - —k oF,(1-(&,a)*)",

where F,, = (F,a) and (&, a) are the height functions of F and its Gauss map & rela-
tive to the unit vector a = 0/0s, respectively.

(iii) The neighborhood U splits as a Riemannian product U = M|2 X M% X W' such
that f|,; = g, X 8, Xj is a product, where g; . Ml.2 — R3,i = 1,2, are surfaces with
constant mean curvature and j : W'™* — R"™* is the inclusion.
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For constant sectional curvature submanifolds with constant mean curvature of codi-
mension two, we prove the following theorem that extends results in [11, 14].

Theorem 9 Let f : M7 — @Z“,n > 3, be an isometric immersion of a Riemannian man-
ifold of constant sectional curvature ¢. If the mean curvature of f is constant and either
n >4 orn=3andc = ¢, then one of the following holds:

(i) fis totally geodesic or totally umbilical.
(i) ¢=c=0and f =gxj,where g : M*> - R* is a flat surface with constant mean
curvature and j : W — R" 2 is an inclusion.
(iii) &=0,c=—1andfisacomposition f = ioF,wherei : R"' — H"2 s the inclusion
as a horosphere and F © M — R™!is cylinder over a circle.

Cylinder theorems for complete minimal Kahler submanifolds were proved in [9, 19].
For Kihler submanifolds with constant mean curvature, we prove the following results.

Theorem 10 Let f: M" — R"™! n > 4, be an isometric immersion with constant mean
curvature. If M" is Kdhler, then either fis minimal or f{M) is an open subset of the image of
a cylinder over a surface in R® with constant mean curvature.

Theorem 11 Let f : M" — R"™2 n >4, be a nonminimal isometric immersion of a
Kdhler manifold M™ with constant mean curvature. If the Ricci curvature or the holomor-
phic curvature of M" is nonnegative, then there exists an open dense subset V. C M" such
that every point has a neighborhood U C 'V where f|; is as in Theorem 8.

The paper is organized as follows: In Sect. 2, we recall well-known results about the
relative nullity distribution, totally geodesic distributions that are contained in the relative
nullity distribution, as well as results about their splitting tensor. In Sect. 3, we fix the nota-
tion, give some preliminaries and prove auxiliary results that will be used in the proofs of
our main theorems. Section 4 is devoted to the proof of Theorem 1. In Sect. 5, we recall
the notion of elliptic submanifolds, as well as the associated notion of higher curvature
ellipses. We also discuss the polar and bipolar surfaces of elliptic submanifolds. In Sect. 6,
we study the case of three-dimensional submanifolds. We provide a parametrization for
these submanifolds in terms of certain elliptic surfaces, the so-called polar parametrization
(see Theorem 21). Based on this, we give the proof of Theorem 2. We conclude this sec-
tion by showing that minimal surfaces in the Euclidean space that are locally isometric to a
minimal surface in R3 satisfy the conditions in part (iii) of Theorem 2. In Sect. 7, we prove
Theorem 3 and the applications of our main results on submanifolds with constant mean
curvature. In addition, we provide examples of submanifolds as in part (ii) of Theorems 8
and 9.

2 The relative nullity distribution

In this section, we recall some basic facts from the theory of isometric immersions that will
be used throughout the paper.

Let M",n > 3, be a Riemannian manifold and let f : M" — Q’f be an isometric
immersion into a space form Q.. The relative nullity subspace Ay(x) of fat x € M" is the
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kernel of its second fundamental form o : TM X TM — NfM with values in the normal
bundle, that is,

A ={XeTM:d(X,Y)=0 forall Y€ T M}.

The dimension v(x) of Ac(x) is called the index of relative nullity of fat x € M".

A smooth distribution D C TM on M" is totally geodesic if VS € I'(D) when-
ever T,S € I'(D). Let D be a smooth distribution on M” and D' denote the distribu-
tion on M" that assigns to each x € M" the orthogonal complement of D(x) in T,M.
We write X = X¥ 4+ X" according to the orthogonal splitting TM = D @ D* and denote
V;’(Y = (VXY)h for all X,Y € TM, where V is the Levi-Civita connection on M". The
splitting tensor C : D x DY — D is given by

C(T,X)=-VLT

forany T € D and X € D*.

When D is a totally geodesic distribution such that D(x) C As(x) for all x € M", the
following differential equation for the tensor C; = C(T, -) is well-known to hold (cf. [7]
or [12]):

ViCr = CroCs + Cy r + (S, T, 2)
where [ is the identity endomorphism of Dt. Here VgCT € I'(End(D*')) is defined by
(VAC)X = ViC X - C;ViX
forall T,S € D and X € D*. The Codazzi equation gives
V5As = AgoCr +AV# 3)

for any T € D, where the shape operator A, with respect to the normal direction & is
restricted to D and V* stands for the normal connection of f. In particular, the endomor-
phism A,oC; of D* is symmetric, that is,

AgoCr = CroA,. @
For later use, we recall the following known results.

Proposition 12 [12, Prop. 7.4] Let f : M" — QU be an isometric immersion such that M"
carries a smooth totally geodesic distribution D of rank 0 < k < n satisfying D(x) C A/(x)
for all x € M". If the splitting tensor C vanishes, then ¢ = 0 and f is locally a k-cylinder.

Proposition 13 [12, Prop. 1.18] For an isometric immersion f : M" — QT the following

assertions hold:

(i) The index of relative nullity v is upper semicontinuous. In particular, the subset
My={xeM" : vix)=yvy},

where v attains its minimum value v, is open.
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(i)  The relative nullity distribution x = A(x) is smooth on any subset of M" where v is
constant.

(iii) IfU C M"is an open subset where v is constant, then A is a totally geodesic (hence
integrable) distribution on U and the restriction of f to each leaf is totally geodesic.

3 Auxiliary results

The aim of this section is to prove several lemmas that will be used in the proofs of our
main results.

Throughout this section, we assume that f : M" — Q" n > 3, is a nonminimal iso-
metric immersion such that M" carries a smooth totally geodesic distribution D of rank
n — 2 satisfying D(x) C A/(x) for any x € M". We also assume that the mean curvature of f
is constant along each leaf of D.

Hereafter, we work on the open subset where the mean curvature is positive and choose a
local orthonormal frame &, , ..., §,,, in the normal bundle N:M, such that &, ., is collinear
to the mean curvature vector field. We also choose a local orthonormal frame e, ..., e,
in the tangent bundle TM such that e, e, span D* and diagonalize Ag . |pL, where A,
denotes the shape operator of f with respect to ¢,,,. Then, we have A; e; = ke;, i=1,2,
and consequently the mean curvature is given by nH = k; + k,, where k|, k, are the princi-
pal curvatures.

Since the mean curvature is positive, at least one of the principal curvatures &, and k,
has to be different from zero. In the sequel, we assume without loss of generality, that
k; # 0 and define the function

On the open subset where the mean curvature is positive we have

H
k=—lH and k= 2P
p—1 p—1

)

The above-mentioned notation is used throughout the paper.
The following lemma gives the form of the splitting tensor.

Lemma 14 On the open subset where the mean curvature is positive, the splitting tensor
is given by

Cr =y (DL, +y,(T)L,
Jor any T € I'(D), where y,,y, are 1-forms dual to the vector fields V, e,,V, e,, respec-

tively, and L,, L, € T(End(D')) are defined by L,e, = pe, = —L,e, and L,e, = e, = L,e,.
Moreover, the following holds:

n+p

T(ky) = pkyy(T) + Z <v;‘-§n+l?§a><A§uel’el>’ (6)

a=n+2
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n+p
T(ky) = ko (T) = D (V&1 ENAL €1, €)), (7)
a=n+2
n+p

(ky = k)ax(T) = koyr(T) + D (V7,01 ENA, €1, €2), ®)

a=n+2

n+p
(ky = k(1) = =y (D) + D (V5. E)As €1, €2) ©)

a=n+2

for any T € T(D), where w denotes the connection form given by w = (Ve,, e, ).
Proof From the Codazzi equation, we have

n+1 n+1

(VrAs, e = (VoA )T = Ay €= Avig

for any 7 € I'(D) and i = 1, 2. The above is equivalent to the following:

n+p
T() = k(Y e, TY+ Y, (V5&n ENAz ere),
a=n+2
n+p
T(ky) =ko(V, 00, T) = Y (Vi1 &) A €11,
a=n+2
n+p
(ky = k)ax(T) = ky(V, €0, TV + D (V& 1, E ) As €10 03),
a=n+2
n+p
(b = k)o(T) = ki (V, e, Ty + D (V51 E A €1, e5).
a=n+2

Using the assumption that the mean curvature is constant along each leaf of the distribution
D, the first two equations imply

(Velel’ T> = p<Ve262’ T>
for any T € I'(D). Additionally, the last two equations yield
<Vezel s T) = _p<ve1 €, T)

Now the structure of the splitting tensor and (6)-(9) follow easily from the above. O

Lemma 15 Let e,,r > 3, be an orthonormal frame of the distribution D. Then the func-
tionsu, 1=y, (e,) and v, := y,(e,) satisfy

n+p
p—1
20, +v,v) = 8, = o 3 (VEE L E) (1A ere)) = v (A ernen) (10)
a=n+2

forallr,s > 3, where 6, is the Kronecker delta.

Proof Using Lemma 14, we have
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(VIC,) = e, )L, +e,(v)Ly +u V" L +v, V" L, (11)
for any r, s > 3. A direct computation yields

(Verl)el = _(VZ_Lz)ez =e,(p)e; + (p — Dawle,)e,, 12)

(Vg,Ll)ez = (Vg,.LZ)el = (p = Dale,e;. (13)

Then (6) and (7) imply that

n+p
(

e,(p) = —p(p— Du, + —— Z (VEE,nEAz ep ). (14)

a=n+2
From (2), we know that the splitting tensor satisfies
(Vil’ceb‘)ei = ceS Oce,‘ei + CVL,re‘ei + 6'5,‘?6[« (15)

forany r,s > 3andi=1,2.
Let w,, be the connection form given by w,, = (Ve,, ¢,) for all r, s > 3. Using (11)-(14),
we find that (15) fori = 1is equivalent to

pe,(uy) =p(2p — l)uruj —pv,v, — (p— Dvw(e,)

(p (16
— i Z (ViE&un E)A: el,e1>+p2ws,<e ity + €
a=n+2 >3
and
e.(vy) = pu, vy +uy, — (p — Dugow(e,) + Z w, (e )y, (17)
>3
for all r, s > 3. Moreover, (15) fori = 2 implies that
e.(uy) =uu; — pv.v, + (p — v,w(e,) + Z wy (e )u, + o, (18)
>3
forallr,s > 3.
Combining (16) and (17), we obtain
n+p
2pu,ug + pv,v, — cb,., — v(p + Doole,) = u, T 2 (Vj SnrtsCaX(Ag €15 1)
a=n+2
Using (5), it is easily seen that (9) is written as
n+p
(p+ Dawle,) = —pv, — W Z (Vl Enr1s CaX(Ag €15 €2), (19)
a=n+2
and now (10) follows directly from the above two equations. O
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We recall that the first normal space N’: (x) of the immersion f at a point x € M" is the
subspace of its normal space NM(x) spanned by the image of its second fundamental form
« at x, that is,

N (x) = span{e/ (X, Y) : X.Y € T,M}.

The rank condition and the symmetry of the second fundamental form imply that
dim M (x) < 3 for all x € M".
Consider the open subset

My={xem : dimNw=3}.

Lemma 16 The splitting tensor vanishes on the open subset
M; =My~ {xeM" : H(x)=0}.

Proof On the subset M;, we consider the orthogonal splitting N’; = IVJ; @ span{H}.
Choose the local frame such that £, is collinear to the mean curvature vector field H, and
&,+2> &3 span the plane bundle N, . Then, we have

traceA; |p1 =0 =traceA; |p..
Hence, we obtain

Ag lprol = J’0A5H+ZIDL and A; |pioJ = JIOA§n+3|DL,

where J denotes the unique, up to a sign, almost complex structure acting on the plane
bundle D*.
It follows using (4) that

it T
A§n+2 |Dl OCT = CT0A5"+2 |Dl and AEMS |Di OCT = CTOA;;H |Dl

for any T eTI(D). Since IV’I‘ is a plane bundle, the above imply that

Cy € span{l,J} C End(D"'). This, combined with Lemma 14, yields
(p— Dy (T)=0 and (p— Dy (T) =0
for any T € I'(D). Thus, the splitting tensor vanishes identically on M;. O
Hereafter, we assume that M5 is not dense on M" and consider the open subset
M, = {x € M" M, : dimN! (x) = 2}.

In the sequel, we assume that the open subset M; := M, ~ {x € M" : H(x) = 0} is non-
empty. Choose a local orthonormal frame such that &, and &,,, span the plane bundle
N’: on this subset and &, , is collinear to the mean curvature vector field. Thus, there exist
smooth functions A, u such that

Ag e =Aep + ey, Ay ey = e — Aey and P+ut>0.

We proceed with some auxiliary lemmas.
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Lemma 17 The plane bundle N’; is parallel in the normal connection along the distribu-
tion D on the subset M. Moreover, the following holds:

jyy (T) = Ay (T), 20)
2 2p—1
u(T) = —(2 + 1) ==y (T, @1
nH
T(u) +240(T) + (p + DAy, (T) = 0, (22)
npH
T() = 2u0(T) ~ ppyaT) = i () = 225 9(D), 23)
T(3) = 2ueo(T) — pyrs(T) — Apur (T) = p"%ﬁd)m (24)

for any T € T(D), where ¢ is the normal connection form given by ¢ = (VY& |, &, ).

Proof 1t follows from (3) that
(VEE,E) =0 if a=n+1,n+2

for any T € I'(D) and any & € F(NJI‘ ). Thus, the subbundle N{ is parallel in the normal
connection along the distribution D.
Moreover, from (3) we have

(VTA5n+2)ei = A§n+2 ocTei + Av#§n+28i’ l = 1’ 2’
for any T € I'(D). Bearing in mind the form of the splitting tensor given in Lemma 14, the
above equations yield directly (23), (24) and the following
T(u) + 240(T) + Apyr(T) — py (T) = 0,
T(u) + 2A0(T) = ppyry(T) + Ay (T) = 0

for any T € I'(D). Subtracting the above equations, we obtain (20). Similarly, (21) follows
by subtracting (23), (24) and using (20). Finally, plugging (20) into the first of the above
equations, we obtain (22). O

Now suppose that the subset M5 U M, is not dense on M" and consider the open subset
M, = {x € M"\M, UM, : dim N.(x) = 1}.

Lemma 18 [f the subset My := M, ~ {x € M" : H(x) = 0} is nonempty, then ¢ =0 and

fla is locally a cylinder either over a surface in RP*? or over a curve in RP*,
1

Proof On the subset M; we choose a local orthonormal frame &, ... ,&,,, in the normal

bundle such that &, is collinear to the mean curvature vector field. Then we have A, =0
for all @ > n + 2. The Codazzi equation yields
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Aviiguer = Avj'_.f,, €

foralla > n+2,i =1,2,and r > 3. Thus, we obtain Vjﬁnﬂ = 0 and Lemma 15 gives
2p(uug +v,v,) = cé,, (25)
for all » > 3. Moreover, (14) becomes
e,(p) = —p(p — Du,.

Differentiating (25) with respect to e, and using the above along with (17) and (18), we
obtain

pu,(p — 3)(14% + vf) - 2cpu, +2p Z a),s(e,)(usu, + vsvr) =0

§>3
for all » > 3. In view of (25), the above equation simplifies to the following
c(p+ Du, =0.

Now we prove that ¢ = 0. Arguing indirectly, we suppose that ¢ # 0. Assume that the open
set of points where p # —1is nonempty. On this subset, we have u, = 0 for all » > 3. Thus,
(25) becomes 2pv? = ¢ for all r > 3. Using (19), (18) yields 2p?v> = c(p + 1), which is a
contradiction. Assume now that the set of points where p = —1 has nonempty interior. On
this subset, (6) yields u, = 0 and (8) implies that v, = 0, which contradicts the assumption
that ¢ # 0.

Hence, ¢ = 0 and (25) becomes

p(uf + vf) =0

for all r > 3.If p # 0, then the splitting tensor vanishes and Proposition 12 implies that f'is
locally a cylinder over a surface. If the subset of points where p = 0 has nonempty interior,
then the Codazzi equation implies that the tangent bundle splits as an orthogonal sum of
two parallel distributions one of which has rank n — 1. Thus, the manifold splits locally as a
Riemannian product by the De Rham decomposition theorem. Since the second fundamen-
tal form is adapted to this splitting, the result follows from [12, Th. 8.4]. O

4 Submanifolds of dimensionn > 4
We are now ready to give the proof of our first main result.

Proof of Theorem 1 If the open subset M is nonempty, then Lemma 16 implies that the
splitting tensor vanishes identically on 1t Then, by Proposition 12 the immersion f is
locally a cylinder over a surface on M;.

Now assume that the subset M is not dense on M" and suppose that M is nonempty.
Hereafter, we work on M >. Due to the choice of the local orthonormal frame EilsEnpn I
the normal subbundle N and using (20) and (21), (10) of Lemma 15 takes the following
form
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2 (20— (242 2= 2 s 26
v, +u)< p— (A2 +u?) i )—cu s (26)

forany r,s > 3.
We claim that v, = O for any r > 3. In fact, at points where

(=17

2 2
2p — (/1 +u )W #0,
it follows from (26) that
2
V2= H —
(A2 + u2) (2p —(A2+ ﬂz)%)

for any r > 3 and v,v, = O for » # s > 3. Thus, v, = 0 for any » > 3 at those points.
It remains to prove that the same holds on the subset U C M} of points where

—1?
2p—(,12+,42)%=0

Notice that because of (5), the subset U is the set of points where
2y = =2k k. (27)

In order to prove that v, = 0 for any r > 3 on U, we suppose that the interior of U is non-
empty. Suppose to the contrary that there exists r, > 3 such that Vi F 0 on an open subset
of U. Differentiating (27) with respect to €, and using (5), (6), (7), (22) and (23), we obtain

Pu, = Apv, +(p+ Dkjkyu, = Ak, — 2k)d(e, ).

Multiplying by u the above and using (21), we find that

p—1
ity (32 + (p + Dhyky) = Av,o(;ﬂ — B+ )y = 2 )

Taking into account (5), (20) and (27), the above yields
v, (p+ DA + ) =0,

Due to (27), we conclude that A = 0 and consequently u # 0. Then, it follows from (20)
that u, = O for any s > 3. It is easily seen from (16) and (18) for s = r, that

pv%0 +(p- 1)vr0a)(er0) —c¢=0 and pvfo —(p- l)vrow(ero) —c=0.
Hence, a)(ero) = 0, and consequently (19) yields

p—1 _
pv,, + W#‘ﬁ(é’rﬂ) =0.
Using (5), (21) and (27), we find that p = 0, which contradicts (27). Thus, we have proved
the claim that v, = 0 for any r > 3.
Now, we claim that u, = O for any r > 3. It follows using (20) that yu, = 0 for any r > 3.
Obviously, the function u, vanishes at points where u # 0.
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Assume that the set of points where ¢ = 0 has nonempty interior and argue on this sub-
set. Since A # 0 on this subset, it follows from (22) that w(e,) = O for any r > 3, and conse-
quently (23) and (24) yield

p—1
nH

¢le,) = Au, and e.(4) = (p+ 1)Au, (28)

for all r > 3. Using the first of the above equations, (10) is written equivalently as

Ap - 1)2) ¢

I (29)

uf <2p -
forallr > 3.
Since we already proved that v, = 0 for all » > 3, Lemma 14 implies that the image of
the splitting tensor C : D — End(D*) satisfies dim Im C < 1. Thus, dimker C > n — 3.
Now suppose that dimker C = n — 3. Then, there exists a unique 7, > 3 such that
u, # 0andug = 0 for any s # r,. Thus, (29) implies that ¢ = 0 and

Flp—=1)7
2 =—
n*H
On account of (5), the above equation becomes A? = —2k,k, > 0. Differentiating this

equation with respect to e, and using (5), (6), (7) and the second of (28), we obtain
2% + ki k, = 0, which contradicts the previous equation. Thus, the splitting tensor vanishes
identically on the subset M} and consequently, by Proposition 12, the immersion fis locally
a cylinder over a surface.

If the open subset M} is nonempty, then Lemma 18 implies that f is locally a cylinder
over a surface or over a curve. O

5 Elliptic submanifolds

In this section, we recall from [5] the notion of elliptic submanifolds of a space form as
well as several of their basic properties.

Let f: M" — Q7 be an isometric immersion. The ¢™-normal space N’;(x) of f at
x € M" for £ > 1is defined as

f .
N(x) = span{af+l(Xl, e Xpn1) P X Xpy € TXM}.

Here ag =« and for s > 3 the so-called s”-fundamental form is the symmetric tensor

af :TM X -+ X TM — N,;M defined inductively by
d(X,,....X,) = ”5—1<V2 V§3af(xz,xl)),

where 7* stands for the projection onto (N': @D N’;_l)l.

An isometric immersion f : M" — Q is called elliptic if M" carries a totally geodesic
distribution D of rank n — 2 satisfying D(x) C As(x) for any x € M" and there exists an
(necessary unique up to a sign) almost complex structure J : D+ — D such that the sec-
ond fundamental form satisfies
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o (X, X)+ o (JX,JX) =0

for all X € D*. Notice that J is orthogonal if and only fis minimal.

Assume that f : M" — Q7 is substantial and elliptic. Assume also that f is nicely
curved which means that for any £ > 1 all subspaces N ,(x) have constant dimension
and thus form subbundles of the normal bundle. Notice that any fis nicely curved along
connected components of an open dense subset of M". Then, along that subset the nor-
mal bundle splits orthogonally and smoothly as

_ A
NM =N, &~ &N, , (30)

where all Nf ’s have rank two, except possibly the last one that has rank one in case the
codlmensmn is odd. Thus, the induced bundle f*TQ splits as

fTQ =f.DBN, O N & - ® N,

where N{; = f.D'. Setting

B 7 if m—n iseven

-1 if m—n isodd
it turns out that the almost complex structure J on D' induces an almost complex structure
J, on each Nf 0<7< T" defined by

Joy  (Xys o Xp Xppy) =

%o (Xis oo X, I )

f+1

where 0/ =f.

The z,””‘ order curvature ellipse & ,(x) C N () of fatx € M"for0 < < rf is

gw={a,  (Z....2) : Zy =cos6Z +sin0JZ and 0 € [0,7)},

where Z € D*(x) has unit length and satisfies (Z, JZ) = 0. From ellipticity, such a Z always
exists and g;(x) is indeed an ellipse.

We say that the curvature ellipse 8’; of an elliptic submanifold fis a circle for some
07 < Tf if all ellipses Sf (x) are circles. That the curvature ellipse Ef in a circle is
equivalent to the almost complex structure J, being orthogonal. Notice that Sf is a circle
if and only if fis minimal.

Let f: M" - Q" ce{0,1}, be a substantial nicely curved elliptic submanifold.
Assume that M”" is the saturation of a fixed cross section L?> C M" to the foliation of the
distribution D. The subbundles in the orthogonal splitting (30) are parallel in the normal
connection (and thus in Q7~) along D. Hence, each Nf can be seen as a vector bundle
along the surface L.

A polar surface to fis an immersion 4 of L? defined as follows:

(@) Ifm—n— cisodd, then the polar surface i : L*> — S~ !is the spherical image of the
unit normal field spanning N’;

(b) If m—n— c is even, then the polar surface 4 : L> — R™ is any surface such that
hTL= N; (x) up to parallel identification in R™.
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Polar surfaces always exist since in case (b) any elliptic submanifold admits locally
many polar surfaces.

The almost complex structure J on D' induces an almost complex structure J on TL
defined by PoJ = JoP, where P : TL — D' is the orthogonal projection. It turns out that
a polar surface to an elliptic submanifold is necessarily elliptic. Moreover, if the elliptic
submanifold has a circular curvature ellipse then its polar surface has the same property
at the “corresponding” normal bundle. As a matter of fact, up to parallel identification
it holds that

N/ =N, and J\=(/, ), 0<s<1. 31)
In particular, the polar surface is nicely curved.
A bipolar surface to f is any polar surface to a polar surface to f. In particular, if we

are in case f : M? — S$"!, then a bipolar surface to f is a nicely curved elliptic surface
g L[* > R™

6 Three-dimensional submanifolds

In this section, we study the case of three-dimensional submanifolds and we provide the
proof of Theorem 2. To this purpose, we need the following results.

Proposition 19 Let f : M? — @iﬂ; be an isometric immersion such that M> carries a
totally geodesic distribution D of rank one satisfying D(x) C A,(x) for any x € M3, If the
mean curvature of fis constant along each integral curve of D and the normal bundle of f
is flat, then fis minimal or c = 0 and f'is locally a cylinder.

Proof Assume that f is nonminimal. If the open subset My is nonempty, then Lemma 16
and Proposition 12 imply that the immersion f'is locally a cylinder over a surface.

Now suppose that the open subset M7 is nonempty and argue on it. Having flat normal
bundle implies that 4 = 0 and according to (20), we obtain v; = 0. Consequently, (18) is
written as

ey(us) = ug +c. (32)
Comparing (23) and (24), we obtain
bles) = ”n;ll Ju.
Thus,
e3(4) = (p+ DAuy (33)
and consequently (14) becomes
e3(p) = us(p — Dz = p), (34)

where 7 is the function given by
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-1
= n2H?

Moreover, (10) is written as u§(2p — 1) = c. Differentiating with respect to e; and using
(32)-(34), we derive that

o+ 1)(p—7)=0.

Now we claim that u; = 0. Arguing indirectly, we suppose that u; # 0 on an open sub-
set. Observe that p # —1 due to our assumption and (6). Hence, p = 7, or equivalently
pn?H? = 2*(p — 1)? and e5(p) = 0 by (34). Thus, e;(4) = 0, which contradicts (33) since
A # 0. This proves the claim that u; = 0 and consequently the splitting tensor vanishes.
That the immersion f'is locally a cylinder on M follows from Proposition 12.

If the open subset M} is nonempty, then Lemma 18 implies that the immersion f is
locally a cylinder over a surface or over a curve. a

Proposition 20 Let f : M? — @3+p be a nonminimal isometric immersion such that
M? carries a totally geodesic distribution D of rank one satisfying D(x) C Ar(x) for any
x € MP. If the mean curvature of f is constant along each integral curve of D and f is not
locally a cylinder, then the splitting tensor of f is an almost complex structure on D*. More-
over, fis a spherical elliptic submanifold with respect to this almost complex structure and
its first curvature ellipse is a circle.

Proof Since by assumption the immersion fis not a cylinder on any open subset, it follows
from Proposition 12, Lemmas 16 and 18 that the open subsets M} and M} are both empty.

Proposition 19 implies that the immersion f has nonflat normal bundle on M. Thus, we
have u # 0 and p # —1. Using (20) and (21), it is easily seen that (10), (14), (17), (19), (22)
and (23) are written as

__pr-T
w(e;) = p+1v3,
1 (35)
es(p) = ;(p = D(p—1)vs,
A 2
e3(;4):——(2f+p +1)v3,
p+1 36)
2u 2up A2
N=(——1-—=-"(p+1))vs,
es(3) (pHr ot )

- r — _ 2 2
H(p+1)((p Dz —(2p* +p+ D)3, -

(2 + 1H2p — 1)V = cit,

e3(v3) =

where 7 is the function given by

(p—17

= +ud) T

By differentiating (37) and using all the above equations, we obtain
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A2 + M2)<p(5p2 Y 6p+5)— (49 +2p+ 7 — 212)@ = Ay,

We claim that Av; = 0. Arguing indirectly, we assume that the open subset where Av; # 0
is nonempty. Thus, comparing the above equation with (37), we derive that = = p. This
along with (35) implies that e;(7) = e;(p) = 0. By the definition of 7, it follows that
e;(A%2 + u?) = 0. Using the above equations, it is easy to see that

A
ey (A + p?) = —2;% + 1) (p + vy,

which is a contradiction and this proves our claim.

Now we claim that v; cannot vanish on any open subset. Arguing indirectly, we suppose
that v; = 0 on an open subset. Then (20) implies that u; = 0. By Lemma 14, the splitting
tensor vanishes and consequently the immersion f would be a cylinder by Proposition 12.
This contradicts our assumption.

Since we already proved that Av; = 0, we obtain A = 0 and (20) implies that u; = 0. It
follows from (36) that

2172
,  pn°H
U= . 38
(- 17 G
In particular, we have p > 0. This, along with (37) yields
pl=c. (39)

Hence, ¢ = 1. Now observe that the splitting tensor satisfies C% = —I, where I is the identity
endomorphism of D%, that is, C; is an almost complex structure J : D* — D*. Using (39)
and the fact that the shape operator A,_satisfies A; ¢; = pe; fori # j = 1,2, we easily verify
that the second fundamental form of f satisfies of (Je,,ey) = o/ (e}, Je,). This is equivalent
to the ellipticity of the immersion f.

In order to prove that the first curvature ellipse of fis a circle, it is equivalent to prove
that the vector fields o (e;,e,) and of (e, Je,) are of the same length and perpendicular.
Obviously, they are perpendicular since

o (e).e)) = k& and o (e,,Je)) = uvsés.
Using (5) and (38), we obtain

||05f(ely-]el)||2 — 2
e enlz %

Bearing in mind (39), we conclude that the first curvature ellipse is a circle. a

The following result parametrizes all three-dimensional submanifolds in spheres that
carry a totally geodesic distribution of rank one, contained in the relative nullity distri-
bution, such that the mean curvature is constant along each integral curve. This para-
metrization, given in terms of their polar surfaces, was introduced in [5] as the polar
parametrization.

Theorem 21 Leth : [* — QICV“, c €{0,1},N > 5, be a nicely curved elliptic surface of
substantial even codimension, such that the curvature ellipses 6’;_2,8; are circles and
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5/1
7,—1
M = UNf/ ={(x,w) € Nf/ 2wl = 1} by ¥),(x, w) = w is a nonminimal elliptic isometric

is nowhere a circle. Then, the map ¥, : M> — SN* defined on the circle bundle

immersion with polar surface h. Moreover, M carries a totally geodesic distribution D of
rank one satisfying D(p) C Ay (p) for any p € M3 such that the mean curvature of ¥, is
constant along each integral curve of D.

Conversely, let f : M® — S*P p > 2, be a substantial nonminimal isometric immer-
sion such that M carries a totally geodesic distribution D of rank one satisfying
D(x) C As(x) for any x € M3. If the mean curvature of f is constant along each integral
curve of D, then f is elliptic and there exists an open dense subset of M> such that for each
point there exist a neighborhood U, and a local isometry F : U — Uth such that

f =Y, oF, where h is a polar surface to f with curvature ellipses as above.

Proof Let h:I[*— Qi\’“,c € {0,1}, be a substantial elliptic surface, where
N =2m+3,m > 1. Choose a local orthonormal frame e,, e, in the tangent bundle of 12
such that the almost complex structure J of the elliptic surface is given by

Je, = be, and Je, = —%el,

where b is a positive smooth function.
We argue for the case where m > 2. The case where m = 1 can be handled in a similar

manner. We know from (30) that the normal bundle splits orthogonally as
N,L=N'® - ®N"

m—1

h h
@ Nm @ Nm+1'

Let s, ..., {5,414 be an orthonormal frame in the normal bundle, defined on an open subset

V C L2, such that {,,,, {5, span the plane subbundle fo forany 1 < s < m+ 1. The corre-

sponding normal connection forms @, are given by Wy = (VLCG, Cﬂ), a,fp=3,....2m+4.
Due to our hypothesis, we may choose the frame such that

K
h h m—1
a (er,....e) =Ky 16om1, @, (€,....€,€) = 5 Com
and
K
h _ h _ “m+l
@, o€ e) =Ky bompss @, o€, e,6) = B Comas

where x,,_;, ,,,.; denote the radii of the circular curvature ellipses Ez’_l , Ef'n +1> Tespectively.
Since the curvature ellipse Ef'n is nowhere a circle, we may choose &,,,.1,{5,,4» t0 be col-

linear to the major and minor axes of this ellipse, respectively. Thus, we may write
h _ h —
a, (e e) =V +Vinloms, and a, (e, ... €1,6) = vy Gy + V228omi0s

where v;; are smooth functions such that

2 — — (2 2.2 \1/2 — (2 2.2 \1/2
b vy vy + v vyp =0, Km—(v“+b v21) , ,um—(vlz+b v22)

(40)
and «,,, u,, denote the lengths of the semi-axes of the curvature ellipse Eﬁl .

Bearing in mind the definition of the higher fundamental forms, their symmetry and the
ellipticity of the surface 7, we have
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h

h 1 h N 1 h N
as+1(el,...,el,ez)=<V€2as(el,...,el)> =(Velas(el,...,el,ez)) s

2( ol h Ny L h N
aSH(el,...,el) =-b (Vezas (el,...,el,e2)> = (Velas (el,...,el))

h

for s = m,m + 1, where (-)* denotes taking the projection onto the normal subbundle Nj?.

From these, we obtain

Vi Vio

Ot pmi1(€1) = —— Doy i) = >
m—1 Kn—1
) _ Y
Ot o1 (€2) = s Wyt 2min(€2) = >
m—1 m—1
_ bV21 _ bV22
O omr1(€1) = s Wypomin(er) = >
Kin—1 Kin—1
_ Vi1 _ Vi2
Oy o1 (€2) = — b s Wyomin(€y) = — b >
m—1 Kin—1
_ me+1 _ Km+1
Oy omr3(€1) = —— V22, Dppyiame3(€r) = b Vi2s
mrrm mr'm
_ Kn+1 _ Km+1
Dppy1omra(€1) = = Vi, @yt omea(€) = Va2,
mrm mrm
_ me+1 _ Knt1
B2 ome3(€) = — Vo, @pynomes(€r) = — b Vi
mrem Km m
_ Kin+1 _ Km+1
Oy 2mia(€1) = ———Vi1s  Oppyrompal€r) = — Varp-
Km m mrm

LetII : M? — L? the natural projection of the circle bundle
M*=UN! ={(x.8) €N, , : |6l = LxeL?}.
We parametrize IT~! (V) by V X R via the map
x,0) —~ (x, co0s 84,,,,3(x) + sin 0{2m+4(x))

and consequently, we have

¥, (x,8) = cos 08,3 +8in0,,, 4.

; Lagh h h : :
Notice that V2N | C N, @ N, . It is easily seen that
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¥, E = ( CO8 03,43 2y41(€)) + SIN O, 44 241 (ei))C2m+l

+ ( €08 0wy, 43 5,12(€;) + Sin 0w2m+4,2m+2(€i))€2m+2’

where the vector fields E; € TM, i = 1,2, are given by

d
E =¢ - w2m+3,2m+4(ei)%'

Using (45)-(48), we obtain

K,
¥, E = L“(( — by, cos 0 + vy, 5in0)y, g + (b cOsO — vy, sin 0){,’2m+2>

Kmﬂm
(49)
and
K
¥, E, = 2+ ( - (m oS 0 + vy SIn0) &y, + (E c0os 0 + vy, sin9)§’2m+2>.
: . b b
(50)
Additionally, we have
‘ph* (6/09) = —sin 6§2m+3 + cos 04’21n+4' (5 1)

It follows that the normal bundle of the isometric immersion ¥, is given by
Ny M = cspan{h} @ N/ @ - ®N!_, ®N!_,.

It is easy to see that the first normal bundle of ¥, is N;P” = NZ_V Moreover, it follows eas-
ily that the distribution D = span{d/06} is contained in the nullity distribution Ay, of '¥,.
In particular, from (51) and the Gauss formula we derive that V,,,,,0/06 = 0. This implies
that the distribution D is totally geodesic.

It remains to show that the mean curvature of the immersion ¥, is constant along each
integral curve of D. The shape operator As”sz,- of ¥, with respect to the normal direction

Com-j»J = 0, 1, is given by the Weingarten formula as
Nh

i ~ 2@,y 1 N,
_lP’@ (ACZm—jEi) = Ve,-czm—j - <V€;C2'"—j> = (Ve,-élzm—j) » =12, (52)

since {y,_1>Com € ny‘l _,- Here, V stands for the induced connection of the induced bundle
R*TQN*! 1t follows from (52) using (41)-(44) that

¥ (A, Ei)=- 1 (11 8ome1 +V12lomen) (53)
e
1

Y, (Agz,,,,lEz) = _K_I(V21§2m+1 +V0lomin)s (54)
m—
b

¥y, (Agz,nEl) = _K_—l (V21§2m+1 + V22C2m+2)’ (55)
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1
v, (AQmEz) = F(VIICZmH + V12C2m+2)' (56)
m—1
We may set
AészlEi = A E, + ApE, and AszEi =y B, +y,E,, i=12, (57)

where 4; and y; are smooth functions on the manifold M>. From (49), (53), (54) and the
first one of (57), we obtain

Ay = ————((V3, +v1,) cos @ + b(vy vy +vi5vy,) sin )
Kin—1Km+1
and
Ay = 1 (=1 (v3, +v3,) €08 0 + b(vy vy + vipvy, ) sind).
Kn—1Km+1
Hence
traced, = ﬁ’%“((v%l + "%2 - bzvgl - bzvgz) cosf + 2b(v11v21 +V1avy,) sin 0).

Similarly, from (50), (55), (56) and the second of (57), we find that

= S (b(vyvyy + viavyy) cos O + b*(v3, +v3,) sin6)
Kin—1Km+1
and
Yoy = _r (B(vi1vay + viavyy) cos@ — (vi, +v7,) sin ).
Km—1Km+1

Then, it follows that

1

Kn+1

traceA, = (217(\/“1/21 + V12V22) cosf — (v%1 + V%z - b2v§1 - bzvgz) sin 9).

Km—-1

Thus, the mean curvature of the isometric immersion ¥, is given by

1

Hy I = —s
M, Gr )

(03498, + 0203+ 8302) = 4(03, + 8303 ) (%, +693,)7).

Using (40), the above equation becomes

2 — 4|

3Km—le+1

1 Hep, Il =

It is clear that the mean curvature of the isometric immersion ¥, is constant along each
integral curve of the distribution D. This completes the proof of the direct statement of
the theorem for m > 2. The case m = 1 can be treated in a similar manner. In this case, the
mean curvature of ¥, is given by
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7 — pil

H —
Il = =

Conversely, let f : M?> — S$3*” be a nonminimal isometric immersion. Suppose that M>
carries a totally geodesic distribution D of rank one satisfying D(x) € A.(x) for any x € M3
such that the mean curvature is constant along each integral curve of D. From Proposi-
tion 20, we know that f'is an elliptic submanifold and its first curvature ellipse is a circle.
Hereafter, we work on a connected component of an open dense subset where f is nicely
curved.

Consider a polar surface h : L> - @ “** to the immersion f, where ¢ = 0 if p is even
and ¢ = 1if p is odd. Notice that 70 = 7, — 1. Using (31), we conclude that the curvature
ellipse Sﬁh_z of the surface # is a circle and the curvature ellipse é’ﬁh_l is nowhere a circle.

We claim that the last curvature ellipse Sﬁh is a circle. Observe that th = span{¢&,n},
where the sections &, of the normal bundle N,L are given by £ = for and 5 = f,e;or.
Here 7 denotes the natural projection 7 : M> — L? onto the fixed cross section L?> C M° to
the foliation generated by the distribution D. _

Let X,..., X, € TL be arbitrary vector fields. By (31), we have th_ = N{) =f.D*.

1
Thus, there exists X € I'(D*) such that
a (Xp,.n X, ) =f.X.

For every vector field Y € TL there exists a vector field Z € I'(D*) such that Y = 7,Z. Then
we have

h
@ KXo 1) = (VE (X X))
= ~(fX.L.2)¢ = (X Vof.es)n.

Using the Gauss formula and the definition of the splitting tensor, the above equation
becomes

afhﬂ(xl, s X, Y) = —(X, Z)E + (X, C3Z)n.

[ 7

From Proposition 20, we know that the splitting tensor in the direction of e; is the almost
complex structure Jg : D+ — D' of f. Hence, we obtain

o (XX, Y) = —(XZ)E+ (X Zn.

7,+1
On account of 7, of(f) = Jé’on'*, we have J(’)’Y = n*J}gZ. Thus, it follows that

ath(Xl, e X IY) = =X, G Z)E = (X, Z)n.

Since &, 1 is an orthonormal frame of the subbundle th, it is now obvious that the normal
vector fields ath(Xl, s X, 11, Y) and ath(Xl, ,XTh,JgY) are of the same length and
perpendicular. Hence, the last curvature ellipse of the polar surface # is a circle.

Finally, observe that the isometric immersion fis written as the composition f = ¥, oF,
where F . U — Uth is the local isometry given by F(x) = (z(x),f(x)), x € U, and U is the
saturation of the cross section L> C M>. |
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Remark 22 1t follows from the computation of the mean curvature of the submanifold ¥,
in the proof of Theorem 21, that the mean curvature is constant by properly choosing the
elliptic surface A. Ejiri [13] proved that tubes in the direction of the second normal bundle
of a pseudoholomorphic curve in the nearly Kihler sphere S° have constant mean curva-
ture. Opposed to our case, the index of relative nullity of these tubes is zero.

Proof of Theorem 2 Assume that the isometric immersion f is neither minimal nor locally a
cylinder. Proposition 20 implies that f is spherical. Thus, from Theorem 21 we know that
for each point on an open dense subset there exist an elliptic surface i : L? — @f_CH,
where ¢ =0 if p is even and ¢ = 1 if p is odd, a neighborhood U and a local isometry
F:U-> Uth such that f = ¥, oF. In fact, the elliptic surface % is a polar to f. Moreover,
we know that the curvature ellipses Eﬁ] _, and Sﬁh are circles, while the curvature ellipse
8};_1 is nowhere a circle. 1

Now consider a bipolar surface g to f, that is, a polar surface to the elliptic surface 5.
Then it follows from (31) that the curvature ellipse Sg of g is a circle. This means that the
bipolar surface is minimal. Furthermore, its first curvature ellipse is nowhere a circle and
the second one is a circle. That the isometric immersion fis locally parametrized by (1) fol-
lows from the fact that f = ¥, oF and Ng =N". O

Th

6.1 Minimal surfaces

The following proposition provides a way of constructing minimal surfaces in R that satisfy
the properties that are required in part (iii) of Theorem 2.

Proposition 23 Let § : M? — R be the minimal surface defined by
8§ = cos gy @ sin gy, .o,

where g,,0 € [0, ), is the associated family of a simply connected minimal surface
g . M? = R3 with negative Gaussian curvature, and @ denotes the orthogonal sum with
respect to an orthogonal decomposition of R®. If @ # r /4, then its first curvature ellipse is
nowhere a circle and its second curvature ellipse is a circle.

Let g : M - R" be an oriented minimal surface. The complexified tangent bundle
TM ® C is decomposed into the eigenspaces 7’M and T"'M of the complex structure J, cor-
responding to the eigenvalues i and —i. The r-th fundamental form af, which takes values
in the normal subbundle Nf_l, can be complex linearly extended to TM ® C with values in
the complexified vector bundle fol ® C and then decomposed into its (p, g)-components,
p + q = r, which are tensor products of p differential 1-forms vanishing on 7"’M and ¢ dif-
ferential 1-forms vanishing on 77M. The minimality of g is equivalent to the vanishing of the
(1, 1)-component of the second fundamental form. Hence, the (p, g)-components of & vanish
unless p=rorp =0.

It is known (see [30, Lem. 3.1]) that the curvature ellipse of order » — 1 is a circle if and
only if the (r, 0)-component of a?f is isotropic, that is

(¥(X,....X),a8(X, ..., X)) =0
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for any X € T'M, where (-, -) denotes the bilinear extension over the complex numbers of
the Euclidean metric.

Proof of Proposition 23 Choose a local tangent orthonormal frame e, e, such that the
shape operator A of g satisfies AE = kE, where E = e, + ie, and k is a positive smooth
function. The associated family satisfies g, = g,0J,, where J, = cos 0/ +sin6J and I is
the identity endomorphism of the tangent bundle. Then we have

8.E= e (cos @g.E,—isin (pg*E). (58)

Using the Gauss formula and the fact that the shape operator A, of g, is given by
A, = AoJ,, we find that the second fundamental form & of § satisfies

a(E, E) = 2ke™"(cos @N, —i sin pN), (59)

where N is the Gauss map of g. It is obvious that &(E, E) is not isotropic if ¢ # x /4, which
implies that the first curvature ellipse of g is nowhere a circle.
Differentiating (59) with respect to E and using the Weingarten formula, we obtain

WE&(E, E) = 2¢ " E(k)(cos @N, —isin N) — 2k>e ™" (cos @g.E,—isin (pg*E),

where V is the connection of the induced bundle of §. Since §,E and §,E span Ng ® C, the
above equation along with (58) yield

(V5a(E, £))"0® = —22¢ ™ cos 2903, E.

It follows using (59) that N’? ® C = spanc{&,n}, where § = (N, 0) and n = (0, iN). Then,
we find that

(V,a(E, E))"1® = 26 E(k)(cos oN, —isin gN).

Using the above and since the (3, 0)-component of the third fundamental form of g is given
by

2 5 1

- ¢ R

&(E,E,E) = (V a(E, E))(N[)@CG)NI &c) ’
we obtain

&(E,E,E) = k*¢™" sin2¢(— sin @g,E., i cos ¢g,E).

Thus, the (3,0)-component of the third fundamental form of g is isotropic, and conse-
quently the second curvature ellipse is a circle. a

7 Submanifolds with constant mean curvature

In this section, we provide the proofs of the applications of our main results to submani-
folds with constant mean curvature.
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Proof of Theorem 3 The manifold M" is the disjoint union of the subsets
M, ={xeM" :vx)=n—-i}, i=12

Assume that the subset M, _, is nonempty. Then, using Proposition 13 it follows from The-
orem 1 for n > 4, or Theorem 2 for n =3 and p = 1, that the isometric immersion f is
locally a cylinder over a surface on M, _,.

Suppose that the interior int(M,_,) of the subset M, _, is nonempty. It follows from the
Codazzi equation that the relative nullity distribution is parallel in the tangent bundle along
int(M,,_,). Thus, the tangent bundle splits as an orthogonal sum of two parallel orthogonal
distributions of rank one and n — 1 on int(M,_,). By the De Rham decomposition theo-
rem, int(M,_,) splits locally as a Riemannian product of two manifolds of dimension one
and n — 1. Then, the Gauss equation yields ¢ = 0. Since the second fundamental form is
adapted to the orthogonal decomposition of the tangent bundle, it follows that f'is a cylin-
der over a curve in RP*! with constant first Frenet curvature (see [12, Th. 8.4]).

Finally, observe that the open subset V = int(M,,_,) UM, _, is dense on M". O

In order to proceed to the proofs of the applications of our main results, we need to recall
Florit’s estimate of the index of relative nullity for isometric immersions with nonpositive
extrinsic curvature. The extrinsic curvature of an isometric immersion f : M" — M™*? for
any point x € M" and any plane ¢ C T, M is given by

K(0) = Ky (@) = Ky (£.0),

where K,, and Kj; are the sectional curvatures of M" and M"*?, respectively. Florit [15]
proved that the index of relative nullity satisfies v > n — 2p at points where the extrinsic
curvature of fis nonpositive.

Proof of Corollary 5 We have that the index of relative nullity of f satisfies v > n — 2. Theo-
rem 3 implies that ¢ = 0 and, on an open dense subset, f splits locally as a cylinder over a
surface in R3 of constant mean curvature. By real analyticity, the splitting is global. If M is
complete, then the surface is also complete with nonnegative Gaussian curvature. That the
surface is a cylinder over a circle follows from [24]. O

Proof of Corollary 6 Assume that the hypersurface is nonrigid. Then, the well-known Beez-
Killing Theorem (see [12]) implies that the index of relative nullity satisfies v > n — 2. The
result follows from Corollary 4. a

Proof of Theorem 7 Suppose that the hypersurface is nonminimal.

At first assume that the extrinsic curvature is nonnegative. If ¢ = 0, a result of Hartman
[22] asserts that f(M") = Sfe x R"* where 1 < k < n.If c = 1, then M" is compact by the
Bonnet-Myers theorem. According to [28, Th. 2], fis totally umbilical.

In the case of nonpositive extrinsic curvature, the result follows from Corollary 5. O

Proof of Theorem 8 According to the aforementioned result due to Florit [15], we have
v > n — 4. Clearly the manifold M" is the disjoint union of the subsets

M, ,={xeM" :vx)=n—-i}, i=1273.

We distinguish the following cases.
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Case I: Suppose that the subset M,_, is nonempty. According to Proposition 13, this
subset is open. Using [16, Th. 1], we have that on an open dense subset of M,,_, the immer-
sion f is locally a product f = f; X f, of two hypersurfaces f;, : M" — R"*,i=1,2, of
nonpositive sectional curvature. The assumption that f has constant mean curvature
implies that both hypersurfaces have constant mean curvature as well. Each hypersurface
fii=1,2, has index of relative nullity n; — 2. Then, it follows from Corollary 4 that the
submanifold is locally as in part (iii) of the theorem.

Case II: Suppose that the interior of the subset M,_; is nonempty. Due to [17, Th. 1],
on an open dense subset of int(M, _5), fis written locally as a composition f = hoF, where
h =y Xidg.- : RxR"— R"™?is cylinder over a unit speed plane curve y(s) with non-
vanishing curvature k(s) and F : M" — R™!is a hypersurface. The second fundamental
form of f'is given by

odX,Y)=ha"X,Y)+a"(FX,FY), X,Y€TM.

From this, we obtain k(F,T,d/ds)?> = 0 for any T € A, This implies that the height func-
tion F, = (F,a) relative to a = d/ds is constant along the leaves of A,. Then, the mean
curvature vector field of fis given by

nH; = nHyh,& + koF || gradF,||°n,
where &, 77 stand for the Gauss maps of F and A, respectively. Using that
llgradF,[I* = 1 = (£.a)*,

it follows that the mean curvature of F'is given as in part (ii) of the theorem.
Case III: Suppose that the subset M,_, U M, _; has nonempty interior. Then Theorem 3
implies that the submanifold is locally as in part (i) of the theorem. a

Proof of Theorem 9 Tt follows from [12, Th. 5.1] that ¢ > ¢ if n > 4. We distinguish the fol-
lowing cases.

Case I: Suppose that ¢ > ¢. From [10, Prop. 9] or [29, Lem. 8], we have that the second
fundamental form splits orthogonally and smoothly as

o ()= B )+ VeE—c (o,
where # is a unit normal vector field and g is a flat bilinear form. Thus, the shape operator
A & associated to a unit normal vector field & perpendicular to #, has rankA e < 1. The mean
curvature H of fis given by

HZ_E c—c

s

n? n

where k = traceA,. Obviously, the function k is constant. If k = 0, then fis totally umbilical.
Assume now that k # 0. Let X be a unit vector field such that A X = kX . The Codazzi
equation

(VAT = (ViA)X = Ay, T = Ays, X

implies that

@ Springer



106 Annals of Global Analysis and Geometry (2020) 58:79-108

leg _ygl, _
ViE=Vin=0
for any T € ker A;. Moreover, from the Codazzi equation

(VXA)T = (V7A)DX = A T — Ayi X
it follows that

VyX =0 and (V4T,X) = —V&— (V& n)T.S)

1=

for any T,S € kerA;. Hence, the distributions D' = span{X} is totally geodesic and
D! =kerA ¢ is umbilical. The flatness of the normal bundle implies that D"!is spheri-
cal. Thus the manifold splits locally as a warped product My = M ! X, M"!and fis a
warped product of a curve and an umbilical submanifold (see [12, Th. 10.4 and Th.
10.21]). This implies that p is constant and the manifold splits locally as a Riemannian
product M? = M' x M"~'. Consequently, we have ¢ = 0 and ¢ = —1. Clearly M"~! is flat
and the second fundamental form is adapted to this decomposition. Then it follows that
fis a composition f = ioF, where i : R™! — H"? is the inclusion as a horosphere and
F M- R™*!is the cylinder over a circle (see [12, Th. 8.4]).

Case II: Suppose that ¢ = ¢. It is known that v > n — 2 (see Example 1 and Corollary 1
in [27]). Then, the result follows from Theorem 3.

If n = 3, then Theorem 2 implies that either ¢ = 0 and f(M) is an open subset of a cyl-
inder over a flat surface g : M> — R* of constant mean curvature, or ¢ = 1 and fis para-
metrized by (1). In the latter case, it follows from Proposition 20 that f is either totally
geodesic or elliptic. However, the ellipticity of f implies that the sectional curvature cannot
be equal to one. a

Proof of Theorem 10 Assume that f is nonminimal. According to Abe [1], the index of
relative nullity satisfies v > n — 2. Corollary 4 implies that the hypersurface is a cylinder
over a surface with constant mean curvature. O

Proof Using [18, Cor. 2], it follows that v > n — 4. The rest of the proof is omitted since it
is similar to the proof of Theorem 8. a

The following example produces submanifolds satisfying the conditions in part (ii) of
Theorem 8 or 11.

Example 24 Let F = g X idp.— : U X R"2 — R"! be a cylinder over a rotational surface
g(x,0) = (xcosf,xcos b, p(x)), (x,0) € U, where @(x) is a smooth function. Consider a
cylinder 4 = y X id, in R™?2 over a unit speed plane curve y with curvature k. Then the
isometric immersion f = hoF satisfies the conditions in part (ii) of Theorems 8 and 11,
with constant curvature H and a = (1,0, ..., 0), if the function ¢(x) solves the ordinary dif-
ferential equation

(p(p” 11— (,0'2 — i(P\/(l + (p'2)<n2H2(1 + (prz)z _ kz)_

In particular, g can be chosen as a Delaunay surface and y as the curve with curvature
k = co(1 + ¢'?) for a constant ¢, such that 0 < |co| < n|H|.
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