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Abstract In this paper, we investigate the existence of J-holomorphic curves on almost
Hermitian manifolds. Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M
be an injective immersion. We prove that if the L, functional has a critical point or a stable
point in the same almost Hermitian class, then the immersion is J-holomorphic.
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1 Introduction

Let (M, J) be a closed almost complex 2n-manifold and X be a closed real surface. We call
asmooth immersion f : ¥ — M J-holomorphic if J7(,) maps fi, (T, X) onto itself for any
point p € X. Under what condition an immersion is J-holomorphic is an interesting question
in differential geometry. Recently, Arezzo and Sun [1] gave a variational characterization of
J-holomorphic curves in almost Kéhler manifold (M, g, J, ). More precisely, they consider
the change of the area functional according to the change of the symplectic form on M in
the fixed cohomology class (with fixed immersion f and fixed almost complex structure J
on M). Let
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which is clearly a nonempty open subset of C*°(M, R). Here, d¢ is the twisted exterior dif-
ferential defined by d = (—1)?JdJ acting on p-forms, in particular d$ 0 (X) = —dp(J X).
To each p € H we can associate a Riemannian metric gp on M defined by g,(X,Y) =
%(wp (X,JY) + w,(Y, JX)). Let X be a closed real surface and f : ¥ — M be a smooth
immersion. Define

A(p) = Area(f(S), f*(g,)) = /X du,,

where du, is the volume form of the induced metric f*g,. We say that the area functional
A has a critical point p € H if for any ¢(t) € H with ¢(0) = p, we have A'(0) = 0.
Their first result, Corollary 1.2 of [1], says that if the area functional has a critical point, then
the injective immersion is J-holomorphic. We say that p € H is a stable point for the area
functional A if A”(0) > 0 forany ¢ (1) € H, ¢(0) = p. Furthermore, if J is compatible with
w,, then we say that p is a compatible stable point. For the stable case, their second theorem
(Theorem 3.2 of [1]) says that, if the area functional has a compatible stable point, then the
injective immersion is also J-holomorphic. The area functional is a natural candidate to be
considered because for a J-holomorphic immersion, the area functional is constant in the
same cohomology class (Proposition 2.2 of [1]) so that every point is both a critical point
and a stable point for a J-holomorphic curve. Immediately following, Arezzo and Sun [2]
generalized the results in [1] to arbitrary dimension and codimension as well as current case.

In [12], J. Sun considered a family of more general functionals defined in terms of the
Kihler angle. In order to ensure w, = o+ ddj pisa(l, 1)-form, Sun considered the general
functionals on a compact Kéhler manifold. Let (M, g, J, w) be a compact Kéhler manifold.
Recall that the Kéhler angle o of a surface X in M is defined by [3]

w|y =cosadusy, (1.1)

where duty is the induced volume form on X. We call an immersion f : ¥ — M symplectic
if cosa > 0 and Lagrangian if cosa = 0. As in [1], J. Sun fixed the immersion f and the
complex structure J, and let the Kihler form vary in the fixed Kihler class. Then he defined
a functional on H by

L,(p) :f cos? apdpt,, (1.2)
b>

where du, is the area form of the induced metric f*g, on X, «, is the Kahler angle of
the immersion f with respect to the Kihler form w, and associated Riemannian metric g,,.
When p < 0 or p is not an integer, we assume the immersion to be symplectic in order to
guarantee that the integral makes sense. When p = 0, Ly is just the area functional. J. Sun
proved in [12] that if the functional L, has a critical point or a stable point in the fixed Kihler
class, then the injective symplectic immersion is J-holomorphic.

In this paper, by considering the critical points and stable points of functional L, we
investigate the existence of J-holomorphic curves in almost Hermitian manifolds. We prove
that if the L, has a critical point or a stable point, then the immersion is J-holomorphic.

2 Definitions and preliminaries

Let M be a closed oriented smooth 2n-manifold. An almost complex structure on M is a
differentiable endomorphism on the tangent bundle

J:TM — TM with J? = —id.
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A manifold M with a fixed almost complex structure J is called an almost complex manifold
denoted by (M, J). Suppose that M is an almost complex manifold with almost complex
structure J, then for any x € M, T, (M) ®gr C which is the complexification of T\ (M), has
the following decomposition (cf. [5]):

T, (M) Qg C =T + 101, 2.3)

where TXI’0 and Tf "1 are the eigenspaces of J corresponding to the eigenvalues +/—1 and
—+/—1, respectively. A complex tangent vector is of type (1, 0) (resp. (0, 1)) if it belongs to
Txl’0 (resp. T)? ’l). Let T(M) ®g C be the complexification of the tangent bundle. Similarly,
let T*M ®g C denote the complexification of the cotangent bundle 7*M. J can act on
T*M ®r C as follows:

Ya e T"M Qr C, Ja(-) = —a(J).
Hence T*M ®g C has the following decomposition according to the eigenvalues £+/—1:
T*M @r C= A" @AY (2.4)

We can form exterior bundle A’J)’q = AI’AIJ’0 ® A1 Ag’l. Let Q’;‘q(M) denote the space
of C* sections of the bundle A’;’q. Then we have a direct sum decomposition QKM =
D,y Q7 (M). We denote the projections QX (M) — Q7 (M) by T17+9. The exterior
differential operator acts on Q’}‘q as follows:

dQbd c @b It L hthe g bty bttt 2.5)
Hence, d has the following decomposition:
d=A; @3, ®3; ®Ay, (2.6)

where A; £ TIP~1442 0 d, 8; 2 TIPT1 9 0d, 9; £ 1791 od and A; £ TIPT247 1 o d.
Let o be a (p, g)-form. We have following formulas (cf. [10,11])

Proposition 2.1

3‘](1(51, o '7€p+1’ 7_“7 T ﬁq)

ptl A
=Y DM gatEr i)
k=1
+ Z (_1)k+la([‘§k!£l]»%:l7'"!ékv"'7él7"'!ﬁq)
I<k<I<p+1

+ ) DM g i e B ),
I<k<p+l,1<l<q

é‘/a(&_ls T Spa ﬁl! T 7_7q+1)

q+1

=Y D ik g )

k=1

+Y D ik L Er e e T g )
I<k<l<q+1

+ Y DM g i)
I<k<p,1<l<q+1
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Ala(éls R} E])—lv 7_717 ) ﬁq+2)
= > Dok il g ik i i)
I<k<l<q+2
and
Aja(Er, - Epya L, oy lg—1)
= > EDMaELELEL B,
1<k<I<p+2

where &1, -+ -, Ep2, N1, - - -, Ng42 are vector fields of type (1, 0).

It is easy to see that A; and A, are R-linear operators of order 0. Recall that on an almost
complex manifold (M, J), there exists Nijenhuis tensor N as follows:

AN =X, JY]—[X,Y]-J[X,JY]-J[JX, Y], 2.7)

where X, Y € TM. By Newlander-Nirenberg Theorem (cf. [8]), N; = 0 if and only if J
is integrable, that is, J is a complex structure. Moreover, we have the following equivalent
conditions (for details, see [5,9]):

1. J is integrable;
2.d=09;®dy;
3.92=0,07=0;
4.

If & and n are vector fields of type (1, 0), so is [&, n].

Let (M, J) be an almost complex manifold and (X, j) be a Riemann surface. A smooth
mapu : (X, j) — (M, J)is called a J-holomorphic curve if the differential du is a complex
linear map with respect to j and J:

Jodu=duoj. 2.8)

Hence, d;u(X) = %[du(X) +J(w)du(jX)] = 0if u is a J-holomorphic curve. By a result of
Nijenhuis and Woolf (cf. [9]), the local J-holomorphic curves in an almost complex manifold
are always exist.

Theorem 2.2 (cf. [9]) Let (M, J) be an almost complex manifold. Then to every point x
of M and every complex tangent vector v € T(M) ®r C, there is a J-holomorphic curve
passing through x with tangent vector v at x.

Suppose that (M, J) is a closed almost complex 2n-manifold. Let ¥ be a closed real
surface and f : ¥ — M be a smooth immersion. By (2.8), the definition of J-holomorphic
curve, we can naturally give the definition of J-holomorphic immersion.

Definition 2.3 Let (M, J) is a closed almost complex 2rn-manifold and ¥ be a closed real
surface. We call a smooth immersion f : ¥ — M J-holomorphic if J¢(,) maps fi, (T, %)
onto itself for any point p € X.

It is well known that there always exists complex structure j on surface X, that is,
(X, j) is a closed Riemann surface. By the definition of J-holomorphic curve, if immer-
sion f : (X, j) — (M, J) is a J-holomorphic curve, then f is a J-holomorphic immersion.
Conversely if f : ¥ — M is a J-holomorphic immersion, then f : (X, f*J) — (M, J) is
a J-holomorphic curve.

A symplectic structure on a differentiable manifold is a nondegenerate closed 2-form
w € Q7. A differentiable manifold with some fixed symplectic structure is called a symplectic
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manifold. Suppose (M, w) is a closed symplectic manifold. An almost complex structure J
is said to be tamed by w when the bilinear form w(:, J-) is positive definite. The almost
complex structure J is said to be compatible with « when this same bilinear form is also
symmetric, that is, (-, J-) > 0 and w(J-, J-) = w(-, ). We also call w a J-compatible
symplectic structure. It is well known that there always exists w-compatible almost complex
structure J on (M, w). Then we can define a J-invariant (J-compatible) Riemannian metric
by g(-, ) £ (-, J-). Such a quadruple (M, g, J, ) is called an almost Kihler manifold.
Recall that the energy of a smooth map u : ¥ —> (M, g, J, w) is defined as the L>-norm
of the 1-form du € Q'(Z, u*TM):

1
Esw 2 5 [ jauidus.
x

Here, the norm of the (real) linear map L £ du(z): T.% — T, ;)M is defined by

Ll 2 67 IL@R + LG8

for0 # & € T, X, where |L(£)[2 = g(L(€), L(£)). By Lemma 2.2.1 in [7],

E;(u):/ |5Ju|3d,m+/ wro.
X x

Hence J-holomorphic curve u : (¥, j) — (M, g, J, ») is a minimal surface with respect
to the almost Kéhler metric g. Under what condition a minimal surface is a J-holomorphic
curve is an interesting question in differential geometry.

3 Ciritical point of L ,-functional

Suppose (M, J) is a closed almost complex 2n-manifold. One can construct a J-invariant
Riemannian metric g on M. Such a metric g is called an almost Hermitian metric for (M, J).
This then in turn gives a J-compatible nondegenerate 2-form F by F(X,Y) = g(JX,Y),
called the fundamental 2-form. Such a quadruple (M, g, J, F) is called a closed almost
Hermitian manifold. If d F = 0, then F will be written as @ and (M, g, J, ) is called an
almost Kéhler manifold. By direct calculation, F" = n!dug, where diig is the volume form
of M determined by g.

Proposition 3.1 (Wirtinger Inequality) (we refer to [4] for a direct and simple proof) Suppose
that (M, g, J, F) is a closed almost Hermitian 2n-manifold. Let N be an oriented real smooth
2 p-submanifold in M, and let Ay be the Riemannian volume form on N associated with
the metric g|N. Set

1
—'FplN =aduy, a € C®(N).
p!

Then |a| < 1 and the equality holds if and only if N is an almost complex submanifold of M.

Hence, we can define the Kihler angle « for a surface X in almost Hermitian manifold
(M, g,J, F)by
Fly =cosaduy. 3.9)

Note that a smooth map u : ¥ — (M, g, J, F) (an almost Hermitian manifold) is a
J-holomorphic curve if and only if it is conformal with respect to g, i.e. its differential
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preserves angles or, equivalently, it preserves inner products up to a common positive factor.
By Wirtinger Inequality and the definition of Kéhler angle, we can easily get the following
Proposition,

Proposition 3.2 Let (M, g, J, F) is a closed almost Hermitian 2n-manifold. Then f : ¥ —
(M, J) is a J-holomorphic immersion if and only if sina = 0.

Let (M, g, J, F) be an almost Hermitian 2n-manifold. After a simple calculation, we can
get the following properties:

d:Q" — Q' d=29;+09,. (3.10)
Ajodj+3i+A00;+92=0:2" — (3" + %%, (3.11)
djo0dj+d;0d; =0:Q° — @bl (3.12)
d:Q' — Q% d=A;+0;,+0;+Ay. (3.13)

By the above formulars, we get

Proposition 3.3 Let (M, g, J, F) be an almost Hermitian 2n-manifold. For any p €
C>® (M, R), we have

ddSp =2/=18,0;p +2v/~1(A;3;0 — Asd1p).
Proof Firstly, by a simple calculation, we can get
dd§p =2v=10;0;p +=1(A;3;p — 85p) + =137 p — A0 p).
Since
d*p =d@;p+3;p)
=30+ As9,p+ 3,970 +350+ Asd,0+ 3,950
= (35070 +9;0;0) + 0 p + Asd;p) + (37p + Asdsp)
=0,

the corresponding individual components are equal to O respectively, that is, the (1, 1)-
component d;d;p + dy07p0 = 0; the (2, 0)-component 83/) + Ajdyjp = 0; the (0, 2)-
component 53,0 + Ajdyp = 0. Hence,

ddSp =2v/=18;0;p +2v/=1(A1d5p — Asdyp).

O
Let (M, g, J, F) be an almost Hermitian 2n-manifold. Let
HE{peC®MR): F,2F+ddp tames J},
which is clearly a nonempty open subset of C°°(M, R). Given p € H, define
F,=F +ddp. (3.14)

In general, since J is not integrable, ddj pisnota (1, I)-form. Thus, F, is nota J-compatible
2-form. The associated almost Hermitian metric is given by

1
8p(X.Y) = S(Fp(X, JY) + Fp(Y. X))

=n"(F)(X,JY)
= (F +2v/=108;3;p)(X, JY). (3.15)
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Obviously, F +2+/—109; dypisa J-compatible 2-form and (g,, J, F +2+/—19; 9y p)is an
almost Hermitian structure. Given the immersion f : ¥ — M, we have the induced metric
and 2-form on X:

gy =18, F,=[f*(F+2J=13;0;p). (3.16)
The cosine of the Kihler angle «,, is define by
Fé = cosapduy . 3.17)

Define the L ,-functional on H by

Ly(p) =/‘Ecospozpd,ug;). (3.18)

Definition 3.4 Given an immersion F' : ¥ — (M, g, J, F), we say that the functional L,
has a critical point p € H if for any ¢(¢) € H with ¢(0) = p

d

—|i=0L 1)) =0.

g7 =0Lp(@(®)
Stokes’ theorem immediately gives the following

Proposition 3.5 If F : ¥ — (M, g, J, F) is a J-holomorphic immersion, then L is con-
stant on 'H.

Proof By Proposition 3.2, for each p € H, we have cos” ap, = 1 on X. Without loss of

generality, we may assume that cosa, = 1 on X since cosa, is smooth on X. Then,
Ly(p) = fz dug;) is just the area functional A(p). By Proposition 2.3 in [1], we get that L,
is constant on H. ]

By the above proposition, we will find thatif F : ¥ — (M, g, J, F) is a J-holomorphic
immersion, then every p € ‘H is the critical point of L. Our interest is in which sense the
converse holds. Choose a g(,-orthonormal basis {ey, e2} of T, %, then

cosag = F(/)(e‘l, €) (3.19)
and Fi( ,
e, e
cosa, = ——L (3.20)
\Jdet(gy (i e)))
By (3.16), ) )
F, = f*(F +2v—=10;3;0) = Fy + f*(2v/=13;0; p), (3.21)
so that )
F)(e1, e2) = cosap 4+ (2v/—=13;0;p)(fe1, fxe2). (3.22)

Hence, by (3.20), we have
cosag + (2¢/ =103, p)(fre1, frea)

cosay, = (3.23)
\/det(g (ei. e)))
Since {ey, ez} is g{)-orthonormal, by (3.15), we have
gplei, ej) = gp(feei, fxe))
= (F +2V/—18;0;p)(fxei, T fxe})
= g(fuei, fre)) + 2V =10;9;p)(frei, I fre))
=8 + (2N —18;3,0)(frei, I fre). (3.24)
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Therefore,

det(g,) = 1+ V/=13;9;p)(fxe1, Jfae1) + 2N/ =10;01p)(fxea, J fxe2)
+4(V=18;3;p)(frer, I fxer) - (W=18,8; p)(fuea, J fre2)

—4[(V=13,3;p)(frer. T fren)]*. (3.25)
Choose a g-orthonormal frame {ey, ez, - - - , €2} of Tr() M such that {ey, e} spans the
tangent space T), X and {e3, - - - , e2,,} spans the normal space of X. Here, we identify e; with
f«ei for simplicity. Then the almost complex structure J takes the form
(J1)ax4 04x (2n—4) )
J = , 3.26
(0(2n—4)><4 (J2) 2n—4)x 2n—4) (3.26)
where
0 COS o sin o 0
_ | —cosap 0 0 —sin o
fi=| _ sin oy 0 0 cosag |’ (3.27)
0 siny — Ccosag 0
and J; satisfies ]22 = —Idy,_4.
In [1], Arezzo and Sun have gotten the following useful result
ddip(X,Y) = =(V?p)(X, JY) + (V2 p) (Y, JX)
+{(Vp, (Vy )X — (VxJ)Y)e, (3.28)
where V is the Levi-Civita connection of g. By Proposition 3.3, we have
2V =18,8;p(X,Y) = ddSp(X, Y) — 24/—1(A;d;p — Ajd;p)(X, Y)
= —(V*p)(X, JY) + (V*p)(¥, JX)
+H(Vp, (Vy )X — (VxJ)Y),
—2V=1(As0;0 — Aj;p)(X, 7). (3.29)

Let ¢(t) be a variation coming from a 1-parameter deformation of ¢(0) = 0 in H with
¢(0) = y. By (3.23), the L ,-functional has the following representation

Ly(p(n) = /ECOSP apnditg
_ / [cosao + (2J/=10,0; o) (fre1, fre2)
b>

VJdet(gy, (e e))

In the following part, we will compute the first variation of the L ,-functional. By (3.25), we
have

]pdug;(t). (3.30)

d - _
alz:Odet(gfp(,)) = @2V —=105095y)(e1, Jer) + 2V —18;0;7)(e2, Je2). (33D
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Then, by (3.23) and the above formualr, we have

l1=0 COS @y (1)

dr
1
= (2v=13;9;¥)(e1, ez)—icosao li=odet(gy,))
_ 1 _
= 2V —19;9;7)(e1, €2) — 5 cosap[(2v/—10,9;y)(e1, Jer)
+—1853;57)(e2, Jer)). (3.32)

With (3.26) and (3.29), by a direct computation,

P [r=0 €COS Ay (r)

= cosap[(V2y)(er, e1) + (V2y)(e2, e2)] + sinag[(VZy) (er, es) + (VZy)(e2, €3)]
+(Vy, (Ve,Der — (Ve )ea) g — 28/ —1(A 3,7 — Ajdyy)(er, e2)
1
— cosa {(1 + cos 2 00)(VZy)(er, e1) + (1 + cos” ag) (V2y) (e2, €2)
+2sin org cos ag(V2y) (e2, €3) + sin® ag(V2y)(e3, €3)
+2sin &g cos ap(Vy) (e1, e4) + sin” ag(V>y) (eq, €4)

1
_ECOSO‘OKV%(VJelJ)eI (Ve, N Jer)g — 2/ =1(A 05y — Ajdyy)(er, Jer))

1
_ECOSWO{(V%(VJQJ)‘Q (Ve,)Jex)g — 2/=1(A 5y — Ajdsy)(ea, Je2))

1
=3 sin” ag {cos ag [(VZy)(er, 1) + (VZ¥)(e2. €2) — (VZy)(e3. €3) — (V2y)(es. €4) ]

+2sinag [(V2y) (e, ea) + (V2y)(e2, €3)]}
H(Vy, (VeyDer — (Ve, Nex)g — 24/ =1(A;357 — Ajdyy)(er, e)

1
_ECOS(XO{(V%(VMIJ)Q (Ve DJe1)g —2v/=1(A3;7 — Ajdsy)(er, Jer)}

1
—5 cos 0 {(Vy., (Viey ez — (Vey )T e2)g — 24/ —=1(A 3y — Ajdsy)(ez. Je2)}.
(3.33)
Lemma 3.6 Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M be an
injective immersion such thatcos oy > 0. Setd: M — R any smooth extension from a tubular

neighborhood of f(X) to M of the distance function from f(X), i.e. d(q) = dist(q, f(X))
for q sufficiently near f(X). If

d (d?

for some p € 7 — {1} and p € H, then the immersion is J-holomorphic.

Proof Without loss of generality, we assume that p = 0 so that F, = F. Let ¢(f) be any
curve in H such that ¢ (0) = p = 0 and ¢(0) = y.Fix apoint p € ¥ and take an orthonormal
basis {ey, ez} of T, X so that the complex structure J takes the form (3.26). By (3.24) and
(3.31), it is easy to see that
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2
d 1 _
ab:odug;([) =3 E 1(2\/—13131)/)(61', Jei)dug .
i=

Then, with (3.26) and (3.29), we obtain that

1
g lr=0dug, = 5 {1+ cos’ a0)(V2y)(er, en) + (14 cos o) (V) (e2, 2)

+2sin g cos g (V2y) (€2, €3) + sin® ag(V2y) (e3, e3)

+2 sinag cos g (V2y ) (e1, es) + sin® ag(V2y) (es, e4)

+H(Vy, Vye,Der — (Ve J)Jer + (Vye, J)ez — (Ve, J) T e2) g
—2V—=1(A;0;y — Ajd5y)(er, Jer)

—2V/=1(As05y — Asdsy)(er, Jex)ldpy. (3.34)

By (3.33) and (3.34),
d
;=0 Lp(@®)

d d
= Py —1,— , P oty —|;—odit./
p/ECOS aodtlt_ocosaq;(z)dugo +/2COS aOdt|t_0 gl

pcosP~ Loy sin? g
- / . {cos o [(V2y)(er e1) + (V29 (ea. e2)
)

—(V2y)(e3, e3) — (V2y)(es, e4)]
+2sinag [(V2y)(er, ea) + (V2y)(ea, e3)]} dpgy

p
+/ cos2 a0 {(1+ cos? ag) [(V2y)(er, e1) + (V2y)(e2, €2)]
b

+sin ag [(V2y)(e3. e3) + (V2y)(e4. e4)]
+2 sin o cos ag [(sz)(ez, e3) + (Vz)/)(el, e4)]} d,ug(/) + &

1 .
= / {5 cos” (1 + cos® ag + psin® ap)[(VZap)(er, e1) + (Viap)(e2, €2)]
>

+=—L §in? g cos” gl (V2a) (e3. €3) + (V2atg) (e, €4)]

+ sin o cos”? ! g (cos® ag + p sin® &) (V) (2, €3)
+ sin g cos” ! ap(cos? ag + p sin® ap) (VZap) (e, e4)}dug6 + @, (3.35)

where

b = pf COSP—1 ao(Vy, (ngf)el — (Vel J)eg)gdug(/)
)
—P/ cos” ™ w27/ =1(A;3;y — Asdsy) (e, e2)dpeg
)]

p
—5/ cos”? ao{(Vy, (Ve et — (Ve J)Jer)g
)

~2V=1(A By = Asdsy)ier. Jenldpuy

YL

/ cos? ao{(Vy, (Vye, J)ea — (Ve J)J €2) g
)
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—2V=1(Aj05y — Asdsy)(e, Jea)}dpg

cos? o
+ ) (VJ/, (VJe|J)el _(velj)Jel +(V1e21)62_ (VL’ZJ)Je2>gd:ug(’)
b
—/ cos” o/ —1(A 3y — Aydsy)(er, Jeduy
b

—/ cos” apy/—1(A 05y — Ajdsy)(ea, Jea)dpg .
b

We identify ¥ with its image in M. Denote d the distance function of M from ¥ with
respect to the metric g, that is, for ¢ € M, d(q) = distg(q, ¥). Recall that § = %dz is
smooth in a neighborhood of ¥ in M (cf. [6]). By Proposition 2.6 in [1], for any p € X, the
hessian Hess(&)(p) represents the orthogonal projection on the normal space to X at p, that
is, foreach X, Y € T,M, we have

VAE)X, Y)(p) = (X1, v h), (3.36)

where Ty,M = T,X @& N,X¥ and X L is the projection of X onto N p%. Next, we will take
special test function y to be a smooth function on M such that y = %a’z in a neighborhood

of ¥ in M. Since {e1, ez} is an orthonormal basis of T, %, it is easy to see that ef- = 0 and
ej‘ = 0. Hence,

d L
Eh:o p(@(1))

I—p .
= / L sin” ag cos” a0l (Vo) (e3. €3) + (Vo) (ex. eq)ldpigy + . (337)
)

It is well known that both V and A ;3; — A3, are R-linear operators of order 1. So by the
choice of y = %dz and the definition of d, we can easily get ® = fz (-)dug(/) = 0. Then by
(3.36) and (3.37), we have
d . d? .
E'tzOLP(F + tddj(z)) =(1—p) | sin”agcos” otodug(/) =0. (3.38)
)

On the other hand, by our assumption, coseg > 0, p #* 1 and %|,=0LP(F +

t2+/—10y 51(‘12—2)) = 0. Therefore, we must have sin g = 0. By Proposition 3.2, to prove
the theorem, it suffices to show that sinag = 0 on X. Hence, this completes the proof of
Lemma 3.6.

Theorem 3.7 Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M be an
injective immersion such that cos ay > 0. If for some p € Z — {1}, the functional L, has a
critical point in H, then the immersion is J-holomorphic.

If dF = 0, then F will be written as w and (M, g, J, w) is called an almost Kihler
manifold. The condition cos g > 0 is just show that f : ¥ — M is an injective symplectic
immersion. Then Theorem 3.7 can be expressed as,

Corollary 3.8 Let (M, g, J, w) be an almost Kihler manifold and f : ¥ — M be an
injective symplectic immersion. If for some p € Z — {1}, the functional L, has a critical
point in 'H, then the immersion is J-holomorphic.

When p = 0, Lo(p) is just the area functional .A(p). Then the integrand of the right hand
side of (3.38) becomes sin? ag. Hence, we get
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Corollary 3.9 (see[1]) Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M
be an injective immersion. If the functional Lo has a critical point in H, then the immersion
is J-holomorphic.

Let (M, g, J, ) be an almost Kdhler manifoldand f : ¥ — M be an injective immersion.

Suppose that
d (d?
E[lt:OLp <C0p + [dd; (7)) =0

for some p € 2Z* and p € H. By (3.38), we have
sin? o cos” ap = 0

on X. Then we will obtain sinagy = 0 or cosag = 0 on X. If sing = 0, the immersion is
J-holomorphic. If cos &g = 0, the immersion is Lagrangian.

4 Stable point of L ,-functional

In light of our knowledge about the relationship between stable minimal surfaces and holo-
morphic curves, it is natural to look at special properties of the second variation of the
functional L.

Definition 4.1 Givenasymplecticimmersion F : 2 (M, w, Jy, g),wesaythatp € H,
is a stable point for the functional L, if for any ¢(¢) € ‘H with ¢(0) = p

d2
ﬁlt:OLp((p(t)) > 0.

Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M be an injective
immersion such that cos g > 0 as in the previous section. Take any curve ¢(t) € H with
(0) = 0, $(0) = y and §(0) = ¢. By (3.23),

- 1—
Ly(p(0) = / [cosao + (/=Ta,3;9) (e, ex)]Pdet(g]) 2"
)}
Then, we have

d _ - d _
T L) = /Z pleosag + (2v/=10;8,¢)17 det(g) 2" - v/ =10,3,0)

1— “1-p

_ d
3 P [cos ag + (2«/—18181¢)]pdet(g(’p) p adet(g(’p).

+

Hence, combined the above formula, (3.25) and (3.31), the second variation formula for the
functional L is given by

2
ﬁ|t=0Lp((p(t))
d _
=/ p(p—1)cosP*Zao[a|z=o(2~/—1818/<p(t))(61,ez)]2
z
(1—p) _ d d -
o cos ! ag - li-odet(g ) im0 @V =T0s 89 (1)) er. €2)

o, a -
+pcos?™! @03 li=0(2v/ —10;059(t))(e1, e2)
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r(1—p) - d - d
s cos” ™! aoah:o@v —19;9;9())(e1, 62)a|t:0det(g;,<,))

(P =D+ d 1-p ’
e cos? ozo[aI,:odet(g(’p(t))]2 +— cos” aoﬁlzzodet(g(’p(t))

= /E p(p — 1) cos” 2 ap[(2v/=18,3;)(e1, )]

+p(1 = p)cos? ™ ap(2v/—10,0,7)(e1, e2)
1@V=18;3,7)(e1, Jer) + (2v/—=13;3,7)(e2, Je2)]
+p COSP_1 oo (2+/ —13]5]()(61, €)

—1 1 _ B
(”)4& cos” ao[(2v/=10;3;y)(e1, Je1) + (2v/—13,3,7)(e2, Je2)]?

1— _ _
+Tp cos” ap{(2v/ —18595¢)(e1, Je1) + 2V —=10;0;5¢)(e2, Je2)}

_|._

1 — _ _
+T” cos? ap{2(2/=18;3;y)(e1, Je)2v/—18,3,v)(e2, Te2)
—2[(2V/=10dy)(e1, Jex)1?}. (4.39)

Lemmad.2 Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M be an
injective immersion such that cosag > 0 as above. Set d: M — R any smooth extension
from a tubular neighborhood of f(X) to M of the distance function from f(X), i.e. d(q) =
dist(q, f(X)) for q sufficiently near f(X). If

d> 2 (d
ﬁ't:()l‘p (Fp + Edd‘] <7>) == 0

for some p € Z — {1} and p € H, then the immersion is J-holomorphic.

Proof Without loss of generality, we assume that p = 0. Moreover we take ¢(t) = %{ SO
that y = 0. Then formula (4.39) becomes

d? _
ﬁ|t=0Lp(§0(t)) =/Epcosp*lao(Zx/—lajBJ;“)(el,ez)

+——P cos? ag(2v/=T10,3,¢)(er, Jer)

+——P cosP apg@v/=T0,3,2) (e, Je2). (4.40)

By (3.26), (3.27) and (3.29), we have

2V/=18505¢(e1, €2) = —(V20)(er, Jea) + (VE¢)(e, Jey)
+H(VE, (Veyer — (Ve D)ea)g
—2V/—1(A;8;¢ — Aj3;)(er, €2)
= cos ap[(VZ¢)(er, e1) + (V2¢)(e2, €2)]
+sinag[(VZ¢)(er, es) + (V) (e2, €3)]
H(VE, (Ve, )er — (Ve Dea)g
—2V/—1(A;3;¢ — Aj3;0)(er, €2). (4.41)
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Now, we take ¢ to be a smooth function on M so that { = % in a neighborhood of . Then
by (3.36) and t_he fact that both V and A;3; — A9 are R-linear operators of order 1, we
have 2./—10;9;¢(e1, e2) = 0 when restricting on X. Similarly, we have

QV=10;350)(e1, Jer) = 2v/=19;3;¢)(e2, Je2) = sin® .

Therefore, we have

d? 1? d?
— | —ddS|—))=0—=p) | cos”agsin®ag = 0.
gal=oLp | Fp+ =dd; { = (I=p . 0 0

Then, we obtain sin &g = 0 since we have assumed thatcos g > Oand p # 1. By Proposition
3.2, this proves the lemma.

If L, has a stable point p = 0, then by Definition 4.1, we have

d* P2
a2 l=oLp (Fp + 56”3(4)) > 0. (4.42)
It easy to see that

d? 1? d? 12
ﬁ|t=0Lp (Fp - Eddj(§)> = _ﬁh:oLp (Fp + Eddj(§)> .

Replacing ¢ by —¢ in (4.42), we can get —%I,ZOL,,(FP + %dd? (¢)) = 0. That means

d? 2
ﬁ't:OLp <Fp + dej (C)) =0.

Then, with Lemma 4.2, we can easily get the following theorem

Theorem 4.3 Let (M, g, J, F) be an almost Hermitian manifold and f : ¥ — M be an
injective immersion such that cosag > 0. If the functional L, (p € Z — {1}) has a stable
point in 'H, then the immersion is J-holomorphic.
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