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Abstract In this article, we give a complete description of the evolution of an area decreasing
map f:M — N, induced by the mean curvature of their graph, in the situation where M
and N are complete Riemann surfaces with bounded geometry, M being compact, for which
their sectional curvatures o)y and oy satisfy min oy, > supoy.
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1 Introduction

Let (M, g),) and (N, gy ) be complete Riemann surfaces, with (M, g,,) being compact. A
smooth map f:M — N is called area decreasing if |Jac(f)| < 1, where Jac(f) is the
Jacobian determinant of f (for short just Jacobian). Being area decreasing means that the
map f contracts two-dimensional regions of M. If | Jac(f)| < 1, the map is called strictly
area decreasing, and if | Jac(f)| = 1 the map is said area preserving. Note that in the latter
case Jac(f) = %1 depending on whether f is orientation preserving or orientation reversing
map. In this article, we deform area decreasing maps f by evolving their corresponding graphs
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rf)={x, f(x)) e M xN:xeM},
under the mean curvature flow in the Riemannian product 4-manifold

(M X N, gyun =78y + Taen):

where here 7y : M Xx N — M andry : M x N — N are the natural projection maps. Our
main goal is to show the following theorem which generalizes all the previous known results
for area decreasing maps between Riemann surfaces evolving under the mean curvature flow.

Theorem A. Let (M, g,,) and (N, gy) be complete Riemann surfaces, M being compact
and N having bounded geometry. Let f : M — N be a smooth area decreasing map. Suppose
that the sectional curvatures oy of gy, and on of g are related by min o)y > sup oy. Then,
there exists a family of smooth area decreasing maps f; : M — N, t € [0, 00), fo = f, such
that the graphs I' (f;) of fi move by mean curvature flow in (M x N, g7, n)- Furthermore,
there exist only two possible categories of initial data sets and corresponding solutions:

1) The curvatures oy and on are constant and equal and the map fy is area preserving.
In this category, each f; is area preserving and I' (f;) smoothly converges to a minimal
Lagrangian graph I' ( fo) in M x N, with respect to the symplectic form

QuxN =Ty FN2N,

depending on whether fy is orientation preserving or reversing, respectively. Here 2y
and §2y are the positively oriented volume forms of M and N, respectively.

II) All other possible cases. In this category, fort > 0eachmap f; is strictly area decreasing.
Moreover, depending on the sign of o := min o)y we have the following behavior:

a) If o > 0, then the family I"(f;) smoothly converges to the graph of a constant map.

b) If o = 0 and N is compact, then I'(f;) smoothly converges to a totally geodesic
graph I' (foo) of M x N. The same result still holds if N is non-compact and f is
homotopic to a minimal map.

¢c) If o < 0 and N is compact, then I'(f;) smoothly converges to a minimal surface
Moo of M x N. The same result still holds if N is non-compact and f is homotopic
to a minimal map.

Remark 1.1 Some parts of Theorem A, especially in the case where o)y and oy are constant,
are already known. More precisely:

a) If the initial data set belongs to category (I), then N is compact because fy is a local
diffeomorphism. On the other hand, the maps f; will be area preserving for all ¢ since
this is a special case of the Lagrangian mean curvature flow (see [39] or the survey paper
[36]). Now the statement of category (I) follows from the results of Smoczyk [37] and
Wang [40].

b) If the initial data set belongs to category (II), that is either fj is not area preserving
everywhere or o)y = ¢ = minoy = oy does not hold at each point, then (as will
be shown in Lemma 3.2) f; will be strictly area decreasing for all # > 0. Then if N is
compact, II(a) was shown in [23].

¢) In the category (Ilc), the minimal surface M, is not necessarily totally geodesic. One
reason is that there is an abundance of examples of minimal graphs that are generated by
area decreasing maps between two negatively curved compact hyperbolic surfaces. For
instance, any holomorphic map between compact hyperbolic spaces is area decreasing
due to the Schwarz—Pick—Yau Lemma [42] and its graph is minimal.
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d) If the surface N is non-compact and negatively curved, in general, is not expected con-
vergence of the flow without any assumption on the homotopy type of f. For example,
take as f a map from the flat torus S! x S! into a non-contractible circle on N which
does not have geodesics that are homotopic to S!. Note that there are plenty of non-trivial
(even harmonic) maps from any Riemann surface of positive genus to S! (see [4, Example
3.3.8]). The assumption that f is homotopic to a minimal map forces the evolving images
fi(M), t > 0, to stay within a fixed compact domain of N; see also [20, Conclusion C,
p. 674].

Another aim of the present paper is to obtain curvature decay estimates. In particular, we
prove the following theorem.

Theorem B. Let (M, g,,) and (N, gy ) be Riemann surfaces as in Theorem A and f : M —
N a smooth strictly area decreasing map. Suppose that the sectional curvatures oy of gy
and oy of gy are related by o := minoy > supoy. Then, we have the following decay
estimates for the mean curvature flow of the graph of f in (M X N, g1, n):

a) Ifo > 0, then there exists a uniform time-independent constant C such that the norm of
the second fundamental form A satisfies

AP <ct

b) If o = 0, then there exists a uniform time-independent constant C such that the norms

of the second fundamental form and of the mean curvature satisfy

AP =C. [ AP =Cr and (P =,
M

where §2q(y) is the positively oriented volume form of (M, g(1)).

¢) Ifo < 0, then there exists a uniform time-independent constant C such that
AP < C.

Remark 1.2 Similar decay estimates for the norm of the second fundamental form in the
case 0 > 0 were obtained also by Lubbe [25]. Explicit curvature decay estimates have
been obtained by the authors [29] for the norm of the mean curvature vector field of length
decreasing maps between Riemannian manifolds of arbitrary dimensions and by Smoczyk,

Tsui and Wang in [35] in the case of strictly area decreasing Lagrangian maps between flat
Riemann surfaces.

2 Geometry of graphical surfaces

In this section, we recall some basic facts about graphical surfaces. Some of these can be
found in our previous papers [29-31]. In order to make the paper self-contained, let us recall
very briefly some of them here.

2.1 Notation
Let F : ¥ — L be an isometric embedding of an m-dimensional Riemannian manifold

(Z‘, g) to a Riemannian manifold (L, (-, ~)) of dimension /. We denote by V the Levi-Civita
connection associated to g and by V the corresponding Levi-Civita of (-, -). The differential
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dF is a section in F*TL ® T*X. Let V¥ be the connection induced by F on this bundle.
The covariant derivative of dF is called the second fundamental tensor A of F,i.e.,

Ay, v2) := (VI dF)(v1, v2) = Vap ) dF (12) — dF (Vy,v),

for any v1, vo € T X. Note that the second fundamental form maps to the normal bundle
N X. The second fundamental form with respect to a normal direction £ is denoted by A%,
thatis A% (v, v2) := (A(v1, v2), &), for any pair vy, vy € T X. The trace H of A with respect
to g is called the mean curvature vector field of the graph. If H vanishes identically, then the
embedding F is called minimal.

The normal bundle A% admits a natural connection which we denote by V1. Let us
denote by R, R and R' the curvature operators of TX, TL and N X, respectively. Then,
these tensors are related with A through the Gauf—Codazzi—Ricci equations. Namely:

a) GauB equation

R(vi, v2, v3,v4) = F*R(v1, v2, v3, 04)
+(A(v1, v3), A(v2, v4)) — (A(v2, v3), A(V1, v4)),
for any vy, v, v3,v4 € TX.
b) Codazzi equation

[

(Vo A)(v2, v3) — (Vy, A) (v1, v3) = — Z R(vi, v2, v3, £a)éas
a=m+1
where vy, vy, v3 € TX and {&,+1,...,&} is a local orthonormal frame field in the

normal bundle of F.
¢) Ricci equation

R (1. v2. &, ) = R(dF (v1), dF (1), £, 1)
+ (A5 1 e AT (2, &) — AT(v1, ) AR (12, 1)},
k=1

where here vy, v, € TX,&,n € NX and {ey, ..., ey} is alocal orthonormal frame field
with respect to g.

2.2 Graphs

Suppose now that the manifold L is a product of two Riemann surfaces (M, g;,) and (N, gy)
and that f : M — N is a smooth map. The induced metric on the product manifold will be
denoted by

guxn ={.) =8&u X &y-
Define the embedding F : M — M x N, given by
F(x) = (Id x f)(x) = (x, f(x)),

for x € M. The graph of f is defined to be the submanifold I"(f) := F(M). Since F is an
embedding, it induces another Riemannian metric g := F*g,,, » on M. Following Schoen’s
[32] terminology, we call f a minimal map if its graph is a minimal submanifold of M x N.
The natural projections 7ty : M X N — N,my : M x N — N are submersions. Note that the
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tangent bundle of the product manifold M x N splits as adirectsum T(M x N) = TM&TN.
The metrics g,;, g3/« n and g are related to

Suxn =Tyey +7ygy and g=gy + frgy.

The Levi-Civita connection V of the product manifold is related to the Levi-Civita connec-
tions V& and VEN by V = my, VEM @ 7y, VEN . The curvature operator R is related to the
curvature operators Ry and Ry by

R = JT}T,[RM @H;RN.

The Levi-Civita connection of g will be denoted by V, its curvature tensor by R and it
sectional curvature by o,. We denote the sectional curvatures of (M, gy,) and (N, gy) by
oy and oy, respectively.

2.3 Singular decomposition

Let us recall here some basic Linear Algebra constructions. Fix a point x € M. Let A2 < u?
be the eigenvalues of f*g, with respect to g,, at x and denote by {«, @2} a positively
oriented orthonormal (with respect to g,,) basis of eigenvectors. The corresponding values
0 < A < p are called singular values of f at x. Then, there exists an orthonormal (with
respect to g ) basis {1, B2} of T ()N such that

df(a) = A1 and df(ax2) = upo.

Indeed, in the case where the values A and p are strictly positive, one may define them as

df (o) df (o)
Bi = df(en) d = #
ldf () |df ()]
In the case where A vanishes and p is positive, define first 8, by
_ df(e)
Bri= ————
[df(2)l

and take as f; a unit vector perpendicular to 8. In the special case where both A and u are
zero, we may take an arbitrary orthonormal basis of T (,)N. This procedure is called the
singular decomposition of the differential d f of the map f. Observe that

o] a
V] == ——= and v = ——
V1422 V14 p?

are orthonormal with respect to the metric g. Hence, the vectors

1 1
e = 7W(ot1 @ p1) and e = ﬁ(az ® up2)

form an orthonormal basis with respect to the metric g,,, 5 of the tangent space dF' (T M)
of the graph I'(f) at x. Moreover, the vectors

1 1
e3 = ﬂ(—)\o{l @ﬂl) and e4 := \/ﬁ(_ noe @,82)

form an orthonormal basis with respect to g,,, » of the normal space Ny M of the graph
I’ (f) at the point f(x). Observe now that

epNex ANesNes=a) Aax A B A Pa.

@ Springer



16 Ann Glob Anal Geom (2018) 53:11-37

Consequently, {e3, e4} is an oriented basis of the normal space NyM if and only if
{a1, a2, B1, B2} is an oriented basis of T, M x Ty)N.
The area functional A(f) of the graph is given by

A(f) = /M JAet(ay T Fran) Qu = /M NAESERETEN

2.4 Jacobians of the projection maps

As before let §2); denote the Kihler form of the Riemann surface (M, g,,) and §2) the
Kihler form of (N, g,). We can extend §2), and £2 to two parallel 2-forms on the product
manifold M x N by pulling them back via the projection maps s and . That is we may
define the parallel forms

Q21 :=ny2y and 29 :=7yRyN.
Define now two smooth functions u#; and u; given by
uy = x(F*2)) = x{(mp o F)*Qu} = «(1d* Q2y)
and
up i=*(F*2y) = #{(ny o F)*Q2n} = *(f*2N)

where here * stands for the Hodge star operator with respect to the metric g. Note that u
is the Jacobian of the projection map from I"(f) to the first factor of M x N and u; is the
Jacobian of the projection map of I"(f) to the second factor of M x N. With respect to the
basis {ey, ez, €3, e4} of the singular decomposition, we can write

1 Al

and |up| = .
A+ 220 + u?) 14221+ u?)

Note also that

_ x(ffRy) _w
el = e o = ur

Moreover, the difference between u| and |u;| measures how far f is from being area pre-
serving. In particular:

up — luz] > 0 & f is area decreasing,
up — |luz| > 0 & f is strictly area decreasing,

up — |luz| =0 & f is area preserving.
2.5 The Kiihler angles

There are two natural complex structures associated with the product space (M X N, g7, v)-
namely

Ji=nyJy —nyJy and Jo = wyJy 4+ NN,
where Jys, Jy are the complex structures on M and N defined by

2y )=gyUnm-,), 2n(C,)=gyUn-, ).

Chern and Wolfson [14] introduced a function which measures the deviation of the tangent
plane dF (T, M) from a complex line of the space Tr()(M x N). More precisely, if we

@ Springer



Ann Glob Anal Geom (2018) 53:11-37 17

consider (M x N, g, y) as a complex manifold with respect to Ji, then its corresponding
Kdhler angle a; is given by the formula

cosa; = ¢ = ngN(‘,] dF(vy), dF(vz)) =uy — u.

For our convenience, we require that a; € [0, ]. Note that in general a; is not smooth at
points where ¢ = +1. If there exists a point x € M such that a;(x) = 0, then dF (T M) is
a complex line of Tr () (M x N) and x is called a complex point of F.If a;(x) = m, then
dF (T M) is an anti-complex line of Tr()(M x N) and x is said anti-complex point of F.
If a1 (x) = 7 /2, the point x is called Lagrangian point of the map F. In this case u| = us.
Similarly, if we regard the product manifold (M x N, g;;,») as a Kéhler manifold with
respect to the complex structure J, then its corresponding Kihler angle a; is defined by the
formula

cosay =9 := gy, v (J2dF (v1), dF (12)) = u1 + us.

The graph I"( f) in the product Kéhler manifold (M x N, g, v, Ji) is called symplectic
with respect to the Kihler form related to J;, if the corresponding Kihler angle satisfies
cosa; > 0. Therefore, amap f is strictly area decreasing if and only if its graph is symplectic
with respect to both Kihler forms. There are many interesting results on symplectic mean
curvature flow of surfaces in four-dimensional manifolds in the literature (see, for example,
the papers [11-13,18,19,24]).

2.6 Structure equations

Around each point x € I'(f), we choose an adapted local orthonormal frame {e1, e2; e3, e4}
such that {e, ep} is tangent and {e3, e4} is normal to the graph. The components of A are
denoted as AY. := (A(e;, ej), eq). Latin indices take values 1 and 2, while Greek indices
take the values 3 and 4. For instance, we write the mean curvature vector in the form H =
H3e3 + H*ey. By Gauf’ equation we get

20, = 2uioy + 2u3oy + |HI> — |A].

From the Ricci equation, we see that the curvature o, of the normal bundle of I" () is given
by the formula

P pl % 3 44 3 44 3 44 3 .4
on = Rip3q = Ri23a + A7 AT, — ADAY + A Ay — ApATL,.

The sum of the last four terms in the above formula is equal to minus the commutator o of
the matrices A3 = (A?j) and A* = (Afj), ie.,

ot = (A%, AYer, e2) = — A}, AL, + AT, A — AL, AT, + A3, AT, 2.1

3 A priori estimates for the Jacobians

Let M and N be Riemann surfaces, f : M — N asmooth mapandlet F : M — M x N,
F :=1d x f, be the parameterization of the graph I"( f). Consider the family of immersions
F:M x[0,T) - M x N satisfying the mean curvature flow

dFe,n(0:) = H(x, 1),
F(x,0) = F(x),
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where (x,t) € M x [0,T), H(x,t) is the mean curvature vector field at x € M of the
immersion F; : M — M x N given by F;(-) := F(-,t) and T is the maximal time of
existence of the solution. The compactness of M implies that the evolving submanifolds stay
graphs on an interval [0, Tg) with T, < T'. This means that there exist smooth families of
diffeomorphisms ¢, € Diff (M) and maps f; : M — N such that F; o ¢, = Id x f;, for any
time ¢ € [0, Tg).

3.1 Evolution equations of first-order quantities

In the next lemma, we recall the evolution equation of a parallel 2-form on the product
manifold M x N. The proofs can be found in [41].

Lemma 3.1 Let §2 be a parallel 2-form on the product manifold M x N. Then, the function
u = *%(F*$2) evolves in time under the equation

o= Au+ |APu—2 Z Azl‘Aijaﬁ + Z (§2]2a~9a2 + ﬁlzlaﬂla)
o, B,k o

where {e1, e2; e3, e4} is an arbitrary adapted local orthonormal frame.
As a consequence of Lemma 3.1, we deduce the following:

Lemma 3.2 The functions u| and u, defined in Sect. 2.4 satisfy the following coupled system
of parabolic equations

ouy — Aup = |A|2u1 + 20J‘u2 + oum (1 — u% — u%) up — 20'Nu1u%,
oty — Aupy = |A|2u2 + 26lu1 + oy (1 — u% — u%) ur — ZUMu%uz.
Moreover, ¢ and ¥ satisfy the following system of equations
o9 — Ap = (JAF =20 1) + 3 (om(p +9) + on(p — ) (1 — ¢,
89 — A9 = (JAP +201)9 + Low (@ +9) — owlp — )1 — 9.

Inparticular, if all the maps f; are area preserving, then the curvatures oy and oy necessarily
must satisfy the relation oy = oy o f; foranyt € [0, Ty).

Proof The evolution equations of u#| and u, follow as an immediate consequence of Lemma
3.1. Suppose now that each f; is an area preserving map. Then, ¢ = u; — up = 0 in space
and time. Combining the two equations from above, we deduce that the curvatures of M and
N are related to opy = on o f;, and so f;, ¢ € [0, Ty), are even curvature preserving maps.
This completes the proof of lemma. O

3.2 Estimating the Jacobians

We will give here several a priori estimates for the functions u| and u; and the Kéhler angles.

Lemma 3.3 Supposethat f : M — N is a smooth map between complete Riemann surfaces,
M being compact. Then, the mean curvature flow of I' () stays graphical as long as it exists
and the function uy/uy stays bounded.

Proof From the first equation of Lemma 3.2, we deduce that there exists a time-dependent
and bounded function £ such that

o] — Auy > huy.
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Then, from the parabolic maximum principle, we get that u(x, t) > 0, for any (x,?) €
M x [0, T). Therefore, the solution remains graphical as long as the flow exists. O

Lemma 3.4 Let f : (M,gy) — (N, gy) be an area decreasing map. Suppose that the
curvatures of (M, gy;) and (N, gy) satisfy o := minoy > supoy. Then, the following
statements hold.

a) The conditions Jac(f) < 1 orJac(f) > —1 are both preserved under the mean curvature

flow.

b) The area decreasing property is preserved under the flow.
c) Ifthere is a point (xo, to) € M x (0, Tg) where Jacz(f) =1, then Jacz(f) = 1 in space
and time and oy = 0 = oy.

Proof From Lemma 3.2, we deduce that
0o — Ap = {|AP = 20" +on(1 —pD)}e
1
+5 oM —on) e+ N1 — 7).

Note that the quantities 1 — ¢ and ¢ + ¥ are nonnegative. Hence, because of our curvature
assumptions, the last line of the above equality is nonnegative. Thus, there exists a time-
dependent function £ such that

0 —Ap = ho.

From the parabolic maximum principle we deduce that ¢ stays nonnegative in time. Moreover,
from the strong parabolic maximum principle it follows that if ¢ vanishes somewhere, then it
vanishes identically in space and time. Hence, the sign of ¢ is preserved by the flow. Similarly,
we prove the results concerning ©. This completes the proof. O

Now we want to explore the behavior of the function

2_ 2
0 =@0 =uj—u5

under the graphical mean curvature flow.
Lemma 3.5 Let (M, gy,) and (N, gy) be complete Riemann surfaces with (M, g,,) being

compact such that their curvatures oy and oy are related by the inequality o := minoy >
supoy. Suppose that f : M — N is a strictly area decreasing map.

a) Ifo > 0, then there exists a positive constant co such that

coe®!

oz
J1+ c(z)ez‘”
for any (x, t) in space-time.

b) If o < O, then there exists a positive constant co such that

COeZat

s
,/l—l—c%e“”’

for any (x, t) in space-time.
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Proof From Lemma 3.2 we get,
dhip — Ap = 2p|Al> — 2(Ve, V) +2(1 — poyui — 2(1 + p)oyu3.
Note that

1
—2p(Ve, V) + 5|Vp|2 = —(IV(e?)|* — 499 (Vp, VD))

(P2 IVO? + 92| Vol* — 200 (Vo, VD))

— = ] —

S A
Since by assumption o)y > o > oy, we deduce that
p— Ap > —%N,ol2 +20p (1 —uf —u3).
One can algebraically check that
1-p? <2(1—uf —ud) <2(1 - p?). (3.1)
Suppose at first that o > 0. Then,
o —Ap = —iwmz +op(l—p?).

From the comparison maximum principle, we obtain

coe®!

2,20t '
W 1+ cge
where ¢y is a positive constant.

In the case where o < 0, from Eq. (3.1) we deduce that

p=

1
dhp—Ap > —%IWI2 +20p(1 — p?),
from where we get the desired estimate. O

Letus state here the following auxiliary result which will be used later for several estimates.
The proof is straightforward.

Lemma 3.6 Let f : (M, gy) — (N, gy) be an area decreasing map. Let n be a positive
smooth function depending on p and let { be the function given by

¢ = logn(p).
Then,

2pmp

n 1
e = ag = IR 42 (= 2V, V9) 4 5 190F)

— L +2 — on2)IVpl + Ve
2,0772 nnp PNMMpp — PNy 14 3 ¢

2n
+Tp((1 — p)oyui — (1 + ,o)aNu%>.
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4 A priori decay estimates for the mean curvature

We will show in this section that under our curvature assumptions, in the strictly area decreas-
ing case, the norm of the mean curvature vector stays uniformly bounded as long as the flow
exists.

Lemmad.l Let f : M — N be an area decreasing map. Suppose that the curvatures of
M and N satisfy o := minoy > supoy. Let § : [0, T) — R be a positive increasing real
function and t the time-dependent function given by

T :=log (8|H|* +¢),

where ¢ is a nonnegative number. Then,

' 2
|H|

HP AP+ ——|H
HEA+ S e

b — At < ———
T = SIHE + .

1
2 2 2 2
+m|H| om (1—uf —u3) + SIvel”

Proof Recall from [36, Corollary 3.8] that the squared norm |H|? of the mean curvature
vector evolves in time under the equation

& H> — A|H> = 2|A" )2 — 2|Vt H)?
+2R(H,e1. H,e1) + 2R(H, e2, H, 2),

where {e1, ez} is a local orthonormal frame with respect to g. Using the special frames
introduced in Sect. 2.3 we see that

R(H,e1,H,e)) + R(H, ez, H,e2) = (H*)*Rarar + (H")* R3131
= u}(i1Pou + 2oy ) (HY? + ui(FPoy + 1oy ) (H?)?
= omui (A + w?) I HI? = (on — on)ui (W (HY? + 112 (H)?)
<om(l —uf —ud)|H
Note that from Cauchy—Schwarz inequality we have |A¥| < |A|| H|. Moreover, observe that
at points where the mean curvature vector is nonzero, from Kato’s inequality, we have that
IVEHP = |VIH|].

Consequently, at points where the norm | H| of the mean curvature is not zero the following
inequality holds

oHI* = AIH* < =2|VIHI? +20AP|H + 203 (1 - uf — u3) |HI.
Now let us compute the evolution equation of the function . We have,

8(H>— AlH?)  82|V|H|*? 8'|H|?

T T GIHP +¢)? ' SIHP +e
< —mwwz - (5|H|22+8)2|V|H|2|2
+5|Hfif+E|H|2|A|2+Wfi;ﬂjm2
+ﬁ|m2w(1 —u} —uj).
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Note that
28 , 1 82 -
S IVIH|? + 5 |VIH P < 0.
S|H|?2 +¢ 2 (8|H|? +¢)
Therefore,
1
9T — At < —|VT|P+ ——|H*|A]?
7= AT = SIVeP s IHEPIA

!/

|H? + ~|H oy (1= uf = u3),

+6|H|2+s SIH|? +

and this completes the proof. O

Theorem 4.1 Let f : (M, gy;) — (N, gy) be an area decreasing map, where M is compact
and N a complete Riemann surface. Suppose that the curvatures of M and N satisfy o :=
min oy > supoy. Then, the following statements hold.

a) There exists a positive time-independent constant C such that
|H? < C.

as long as the flow exists.
b) If o > 0, the following improved decay estimate holds

|H? <Cr7l,
where C is again a positive constant.
Proof Consider the time-dependent function ® given by
O :=log(8|H|* + ) —log p,
where § is a positive increasing function. Making use of the estimate
|H* < 2|AP

and from the evolution equations of Lemmas 3.6 and 4.1 we deduce that

»O — AO < —(VO, VT + Vp)

N =

8'|H|* —e|H|> —2e0 (1 —u} — u3)
SIH|> +¢

_|_

Choosing § = 1 and ¢ = 0, we obtain that
i 1
0,0 — A < E(V@, V14 Vp).

From the maximum principle, the norm |H | remains uniformly bounded in time regardless
of the sign of the constant o. In the case where o > 0, choosing ¢ = 1 and § = ¢, we deduce
that @ remains uniformly bounded in time which gives the desired decay estimate for H. O

@ Springer



Ann Glob Anal Geom (2018) 53:11-37 23

5 Blow-up analysis and convergence
5.1 Cheeger-Gromov compactness for metrics

Let us recall here the basic notions and definitions. Fore more details, see the books [26,
Chap. 5], [15, Chap. 3] and [1, Chap. 9].

Definition 5.1 (C*° — convergence) Let (E,w, X) be a vector bundle endowed with a
Riemannian metric g and a metric connection V and suppose that {&; }rcn is a sequence of
sections of E. Let U be an open subset of X with compact closure U in X. Fix a natural
number p > 0. We say that {&}ren converges in CP to éx € I'(E|g), if for every & > 0

there exists kg = ko(e) such that

sup sup [V (6 — §oo)| < ¢
O=a=p xeU
wheneverk > ko. We say that {&; };en convergesin C* to & € I"(E|g) if {& }ren converges
in CP t0 & € I'(Elg) forany p > 0.

Definition 5.2 (C*°-convergence on compact sets) Let (E,mw, X) be a vector bundle
endowed with a Riemannian metric g and a metric connection V. Let {U}, },cN be an exhaus-
tion of X' and {£; }rew be a sequence of sections of E defined on open sets Ay of X'. We say
that {&; }xen converges smoothly on compact sets to £x, € I'(E) if:

a) For every n € N there exists kg such that U,, C Ay, for all natural numbers k > ko;
b) The sequence {& |ﬁk }k=k, converges in C° to the restriction of the section £x, on U .

In the next definitions, we recall the notion of smooth Cheeger—Gromov convergence of
sequences of Riemannian manifolds.

Definition 5.3 (Pointed Riemannian manifolds) A pointed Riemannian manifold (X, g, x)
is a Riemannian manifold (X, g) with a choice of origin or base point x € X If the metric
g is complete, we say that (X, g, x) is a complete pointed Riemannian manifold.

Definition 5.4 (Cheeger—Gromov smooth convergence) A sequence of complete pointed Rie-
mannian manifolds {(X%, g, Xk)}ken smoothly converges in the sense of Cheeger—Gromov
to a complete pointed Riemannian manifold (Yo, g4, Xoo), if there exists:

a) An exhaustion {Ug }xen of Yoo With xo € Uy, for all k € N.
b) A sequence of diffeomorphisms @ : Uy — Py (Ur) C Xy with @k (xs0) = xg and such
that {&}" g; Jxen smoothly converges in C* to g, on compact sets in Zeo.

The family {(Uk, @r)}ken is called a family of convergence pairs of the sequence
{(Zk, g» x1)}ken With respect to the limit (Yoo, oy Xoo)-

When we say smooth convergence, we will always mean smooth convergence in the
sense of Cheeger—Gromov. The family of convergence pairs is not unique. Two such families
{(Uk, Di) Yken, {(Wr, Yi) }ken are equivalent in the sense that there exists an isometry Z of
the limit (X, go0» Xo0) such that, for every compact subset K of X, there exists a natural
number kg such that for any natural k > kq:

a) the mapping &, LS Y, is well defined over K and
b) the sequence {®; o Wi bi>k, smoothly converges to Z on K.
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In the matter of fact, the limiting pointed Riemannian manifold (Xw, g4, Xoo) Of the Defi-
nition 5.4 is unique up to isometries (see [26, Lemma 5.5]).

Definition 5.5 A complete Riemannian manifold (X, g) is said to have bounded geometry,
if the following conditions are satisfied:

a) For any integer j > O there exists a uniform positive constant C; such that IVIR| < C B
b) The injectivity radius satisfies inj, (X) > 0.

The following proposition is standard and will be useful in the proof of the long-time existence
of the graphical mean curvature flow.

Proposition 5.1 Let (X, g) be a complete Riemannian manifold with bounded geometry.
Suppose that {ay}keN is an increasing sequence of real numbers that tends to 400 and let
{xt}keN be a sequence of points on X. Then, the sequence (X, a]% g, Xx) smoothly subcon-
verges to the standard Euclidean space (R™, g.,.. 0).

We will use the following definition of uniformly bounded geometry for a sequence of
pointed Riemannian manifolds.

Definition 5.6 We say that a sequence {(Xx, g;, Xk)}ken of complete pointed Riemannian
manifolds has uniformly bounded geometry if the following two conditions are satisfied:

a) For any integer j > O there exists a uniform constant C; such that for each k € N it
holds |V/ Ry| < C;, where Ry is the curvature operator of g;.
b) There exists a uniform constant ¢y such injgk (Xy) >co > 0.

In the next result, we state the Cheeger-Gromov compactness theorem for sequences of
complete pointed Riemannian manifolds. The version that we present here is due to Hamilton
(see, for example, [17] or [15, Chaps. 3 and 4]).

Theorem 5.1 (Cheeger—-Gromov compactness) Let {( X, g, Xk)}keN be a sequence of com-
plete pointed Riemannian manifolds with uniformly bounded geometry. Then, the sequence
{(Zk. 8- X1)}ken subconverges smoothly to a complete pointed Riemannian manifold

(Yoo, 800 Xo0)-

Remark 5.1 Due to an estimate from Cheeger et al. [6], the above compactness theorem
still holds under the weaker assumption that the injectivity radius is uniformly bounded
from below by a positive constant only along the base points {x; }xen, thereby avoiding the
assumption of the uniform lower bound for inj & (Zp).

5.2 Convergence of immersions
Let us begin our exposition with the geometric limit of a sequence of isometric immersions.

Definition 5.7 (Convergence of isometric immersions) Suppose that Fy : (Xy, g, xk) —
(P, hk, yr) is a sequence of isometric immersions, such that F(x;) = yi, for any k € N.
We say that the sequence {F}ren converges smoothly to an isometric immersion Foo :
(Zoos oo Xoo) = (Poos hoos Yoo) if the following conditions are satisfied:

a) The sequence {(X%, g, Xk) }ken smoothly converges to (X0, 840, Xoo)-
b) The sequence {( Pk, hi, Vi) }kren smoothly converges to (Poo, foo, Yoo)-
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c) If{(Uk, Pr)}ren is afamily of convergence pairs of {( X, g, xk) ey and {(Wi, i) }ken
is a family of convergence pairs of {(Px, hk, yx)}ren, then for each k € N, it holds
F o @1 (Uy) C ¥ (W) and lI/I:I o F o @} smoothly converges to F, on compact sets.

The following result holds true (see, for example, [16, Corollary 2.1.11] or [9, Theorem
2.1).

Lemma 5.1 Suppose that (P, h) is a complete Riemannian manifold with bounded geometry.
Then, for any C > 0 there exists a positive constant r > 0 such that inj,(X) > r for any
isometric immersion F : (X, g) — (P, h) such that the norm |AF| of its second fundamental
form satisfies |Ap| < C.

The last lemma and the Cheeger—Gromov compactness theorem allow us to obtain a com-
pactness theorem in the category of sequences of immersions (see for instance [16, Theorem
2.0.12]).

Theorem 5.2 (Compactness for immersions) Let {( X, g, Xk)}ken and {(Pr, hi, Yk)}keN
be two sequences of complete Riemannian manifolds with dimensions m and l, respectively.
Let Fy : (X, g, xk) = (Pk, hi, yr) be a family of isometric immersions with Fy(xy) = Y.
Assume that:

a) Each Xy is compact.
b) The sequence {( Py, hi, yi)}ren has uniformly bounded geometry.
c) For each integer j > 0, there exists a uniform constant Cj such that

(VY ARl < Cj,
for any k € N. Here A, stands for the second fundamental form of the immersion Fy.

Then, the sequence of immersions { Fy}xeN subconverges smoothly to a complete isometric
immersion Fuo 1 (XYoo, 850> Xoo) = (Poo, Mooy Yoo)-

5.3 Modeling the singularities

The next theorem shows how one can built smooth singularity models for the mean curvature
flow by rescaling properly around points where the second fundamental form attains its
maximum. The proof relies on the compactness theorem of Cheeger—Gromov and on the
compactness theorem for immersions. For more details see [ 10, Theorem 2.4 and Proposition
2.5].

Theorem 5.3 (Blow-up limit) Let X be a compact manifold and suppose that F : X x
[0, T) — (P, h) is a solution of mean curvature flow, where P is a Riemannian manifold
with bounded geometry and T < o0 is the maximal time of existence. Suppose that there
exists a sequence of points {(xx, ty)}ken in X x [0, T) with limty = T and such that the
sequence {ay }xen, where

ag:=  max |A(x, )] = [ACxk, t)],
(x,1)e X x[0,1;]

tends to infinity. Then:
a) The maps Fy, : X x [—a,%tk, 0] — (P, a]%h), k € N, given by
Fi(x,s) i= Fis(x) := F (x,5/a} + 1) ,
form a sequence of mean curvature flow solutions. Moreover, we have |Af,| < 1 and

|AE, (xk, 0)| = 1, forany k € N.
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b) Foranys <0, the sequence {(X, F,js(a,%h), Xk) }keN smoothly subconverges to a com-
plete pointed Riemannian manifold (Zoos 20> Xoo) that does not depend on the choice
of s. Moreover; the sequence of pointed manifolds {(P, a,%h, Fi(xk, $))}ken smoothly
subconverges to the standard Euclidean space (R, g.,., 0).

¢) There is a mean curvature flow Foo : Yoo X (—00, 0] — R, such that for each fixed
time s < 0, the sequence { Fy s }xen smoothly subconverges to Fu, . This convergence is
uniform with respect to the parameter s. Additionally, |Af | < land |Af, (Xs0, 0)| = 1.

d) If dim ¥ = 2 and Hr,, = 0, then the limiting Riemann surface X, has finite total
curvature. In the matter of fact, the limiting surface X~ is conformally diffeomorphic to
a compact Riemann surface minus a finite number of points and is of parabolic type.

5.4 Long-time existence
We shall see that under our assumptions the graphical mean curvature flow exists for all time.

Theorem 5.4 Let (M, gy,) and (N, gy) be Riemann surfaces as in Theorem A and f :
M — N a strictly area decreasing map. Evolve the graph of f under the mean curvature
flow. Then, the norm of the second fundamental form of the evolved graphs stays uniformly
bounded in time and so the graphical mean curvature flow exists for all time.

Proof Suppose to the contrary that |A| is not uniformly bounded. Then, there exists a
sequence {(xx, fx) }ken in M x [0, T) with lim#y = T < oo, with

ag == max  |A(x, )] = |A(xk, %),
(x,1)eM x[0,1;]

and such that {ay }xen tends to infinity. Now perform scalings as in Theorem 5.3. A direct
computation shows that the mean curvature vector Hy of Fj is related to the mean curvature
H of F by

Hi(x,s) = ak_zH (x, s/a,% + tk) ,

for any (x,s5) € M x [—a}ty, 0]. Let Fao : g x (—00, 0] — R* be the blow-up flow of
Theorem 5.3. Since | H | is uniformly bounded and the convergence is smooth, from Theorem
5.3(d) it follows that Fno : oo — R* is a complete minimal immersion of parabolic type.
Hence, any nonnegative superharmonic function must be constant. Since the convergence
is smooth, the corresponding Kihler angles g0, ¥ Of Foo With respect to the complex
structures J = (Jg2, —Jg2) and Jo = (Jg2, Jg2) of R* are nonnegative. As in Lemma 3.2
we get that

Apoo + (|AR P =207 )poo =0, (5.1)
Ao + (|Ap, 12 + 207 )Poc = 0, (5.2)

where —o }-OC is the normal curvature of F,,. Moreover,

Vol =1 =2 ((Ar )} + (A1) + (AR} - A0t 53)
IVOool? = (1 — z?io)(((msoo)i1 — AR+ (AR, + Ar0h)’). G4
Note that from (2.1) one can easily derive the inequalities

|Apy | £207_ > 0.
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From (5.1) and (5.2)M we deduce that ¢, and ¥« are superharmonic and consequently
they must be constants. Thus, the functions (#1)x and (#2)~ are also constants. We will
distinguish three cases:

Case A. Suppose at first that ¢, > 0 and 9 > 0. Then, from (5.1) and (5.2) we deduce
that

|Ap, > £ 20 =0
which implies that |A g | = 0. This contradicts the fact that there is a point where |[Ar, | = 1.

Case B. Suppose that both constants ¢, and ¥, are zero. Then, from the Eqgs. (5.3) and
(5.4) we obtain that A r_ vanishes identically, which is a again a contradiction.

Case C. Suppose now that only one of the constants ¢, Voo i zero. Let us assume that
Yoo = 0 and Yo, > 0. The case poo > 0 and Vo, = 0 is treated in a similar way. Since
Voo =0, Foo : XYoo — R* must be a minimal Lagrangian immersion. Note that in this case
necessarily (#1)o0 = (U2)0o = const > 0. It is well known (see, for example, [8] or [38])
that minimal Lagrangian surfaces in C? are holomorphic curves with respect to one of the
complex structures of C2. In the matter of fact (see, for example, [3, Theorem A, p. 495]),
we can explicitly locally reparameterize the minimal Lagrangian immersion Fo, in the form

1 . _ _
Foo = —=€P2(F1 —iF, Fo + i),
oo \/E ( )
where 8 is a constant and F{, 7, : D € C — C are holomorphic functions defined in a
simply connected domain ID such that
[(FD:? + (F2):]* > 0.

The GauB image of Fy, lies in the slice S* x {(e'#, 0)} of the product S* x S?. In the matter
of fact, all the information on the Gauf image of F., is encoded in the map G : D — S? =
C U {oo} given by G = (F1);/(F2);. Because (#1)oo = const > 0 we get that F, is the
graph of an area preserving map /. Then,

Fi=(+ih)/2, Fp=(—iz+h)/2 and |h;|* — |hz]* = L
Therefore,
G = (F1):/(F2); = (1 —ihz)/h;.
A straightforward computation shows that

72 e
ot = [L+ihz|” 1+ |hz* +i(hz — hz) _ ., 2Im(ke)
|h|? 1+ |z 1+ |hz > —

Hence, the image of G is contained in a bounded subset of C U {oco}. But then, due to a result

of Osserman [27, Theorem 1.2] the immersion Fo, must be flat, which is a contradiction.
Hence, the norm of the second fundamental form is uniformly bounded in time. This

completes the proof of the theorem. O

Remark 5.2 In the case where Foo (Xo) is an entire minimal graph, in the proof of the above

theorem, one could use the Bernstein type theorems proved by Hasanis, Savas-Halilaj and
Vlachos in [21,22] to show flatness of F.
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5.5 Convergence of the flow

Now we shall prove the convergence of the graphical mean curvature flow.

Theorem 5.5 Let (M, gy,) and (N, gy) be Riemann surfaces as in Theorem A and let f :
M — N be a strictly area decreasing map. Evolve the graph of the map f under the mean
curvature flow. Then, the graphical mean curvature flow smoothly convergence to a minimal
surface Moo of (M X N, p15n)-

Proof For the proof of the theorem, we will distinguish two cases:

Case A. Suppose at first that N is compact. In this case, the product manifold M x N is
compact. Since

0 2) = — /M |H|*Q2g0)

and since the graphical flow exists for all time we have that there exists a time-independent

constant C such that
o0
/ </ |H|29g(,)> dt < C.
0 M

Therefore, there exists a sequence {f }xeN such that

lim / |H|*2q(4) = 0. (5.5)
k—o00 J

From Theorem 5.4, the norms of the second fundamental forms of the evolving submanifolds,
as well as their derivatives, are uniformly bounded in time. Because of compactness of M x N,
after passing to a sub-sequence of {#; }xcn if necessary, we deduce that our flow sub-converges
smoothly to a smooth surface M, of M x N (see, for example, [5, Theorem 1.1 and p. 1371])
which in view of (5.5) should be minimal. Due to a deep result of Simon [34, Corollary 2, p.
536], it follows that our flow converges smoothly and uniformly to M.

Case B. Suppose now that the Riemann surface N is non-compact.

Sub-Case Bj. Let us consider at first the case where 0 = min oy; > 0. Recall from Lemma
3.5(a) that there exists a positive constant cg such that for any (x, ) € M x [0, 00), it holds

1— )"2/"2 - Coeal
—_— = p =
2 2
(14201 + p?) [ & e
Observe that
1— )'2#2
1 2 = <
p(1+p7) T =
Consequently,
32 < Sp_l—lécale_“’
and so

[dfil? =22+ p* < 2¢5"e™".
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Claim 1. The diameter diam( f; (M) of f;(M) tends to zero as time goes to infinity.

Indeed. Fix a time ¢t > 0. Since f;(M) is compact, there are points p;, g; € M such that
diam(f; (M)) is realized by the distance of the points f;(p;) and f;(g;) in (N, gy). Let
v: 10, €4;] — (M, g),) be a unit speed geodesic which connect the points p; and g;. Using
the Cauchy—Schwarz inequality we have

b
diam(f;(M)) < length(f; oy;) = /0 [df (y/(s))]ds

< ¢,(max|df]) < diam(M, gy)v/2c, e/,

This completes the proof of the claim.
Let #(q, r) be the geodesic ball of N with radius r centered at a point ¢ € N and
dy : #(q,r) — R be the function given by

dy(y) :=disty(q., y),

where dist y is the topological metric on N. Because the Riemannian manifold N has bounded
geometry, due to a theorem of Whitehead (see [7, Theorem 5.14, p. 103] or [28, Theorem
29, p. 177]) there exists a positive constant 7o < inj, (N), depending only on the geometry
of (N, gy ), such that the distance function of geodesic balls of radius r( is strictly convex.
Because the diameter of the sets f;(M) is tending to zero, there exists a sufficiently large
time 7, such that the image of f;,(M) is trapped in a geodesic ball Z(p, ry/2) centered at a
point p € N with radius ry/2.

Claim 2. The images f; (M) stays within the geodesic ball Z(p, ro/2) for all times t > to.

Suppose to the contrary that there exist #; > #y for which the moving images f;(M) touch
for the first time the boundary of the geodesic ball Z(p, ro/2). Define the smooth function
wp 1 M X [tg, ] — R given by
wp(x, 1) = dp(fi(x)) = disty, (p, fi (x)).
Note that the family of maps { f;};¢[0,00) €volves under the equation
df @) —7(H=0

where .7 is the tension field of maps between the Riemannian manifolds (M, g(#)) and
(N, gy)- Inlocal coordinates (xi, x2) of M and (y1, y2) of N, the operator .7 has the form

T(f) = g7(V] df)d;
= g"{0,0; f* — 2ok s + (¥ Ig, o )3 fF0; f7 )0,
where (f1, f2) are the components of f with respect to the given charts, V/ is the connection
on the induced by f bundle on the surface M, g' the coefficients of the induced time-
dependent graphical metric g, & Fl]; are the Christoffel symbols with respect to g and &~ [
the Christoffel symbols with respect to the metric g5. Moreover, «, 8, v, i, j € {1,2} and

there is a summation whenever repeated indices appear. By a straightforward computation,
we deduce that

dwp — Aw), = —tracey(;) Hess dlz,(dft(-), dfi()),

for any (x,t) € M X [t9, t1]. Because d), : B(p,ro) — R is strictly convex, its Hessian
Hess d), is strictly positive definite. Thus,

dwp — Aw, = —traceg() Hess dy (dfi (), dfi () < 0.
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From the parabolic comparison principle, we deduce that
wp(x,1) < wp(x,t9) <ro/2,

for any point (x, 1) € M X [t9, t1], which leads to a contradiction. This completes the proof
of the claim.

Because the images f; (M), t > ty, stay inside the geodesic ball Z(p, r), we deduce that
all the graphs I"(f;), t > 0, are trapped in a bounded region of M x N. Again from the result
of Simon [34, Corollary 2, p. 536], we deduce smooth convergence of the flow to a minimal
surface M, of the product (M x N, gy n)-

Sub-Case B. Let us consider now the case 0 > ¢ = minoy > oy. By assumption the
initial map f : M — N is homotopic to a smooth minimal map ¢ : M — N. Define the
time-dependent function wy, : M x (0, o0) — R given by

wy (x, 1) = disthy, y (¥ (0), fi (),

where disty » y is the distance function on the product (N x N, gy x gy). Because N has
non-positive curvature and because the maps ¥ and f are homotopic to each other, it follows
that the function wy, is smooth (details can be found in [33, Section 2]). Note that the functions
Y and f satisfy the differential equations

TW)=0 and df(;)— T(f)=0.
Then, by a direct computation we see that the function wy, evolves in time under the equation
0jwy — Awy = —traceg(;) Hess dist%,xN (d(w X fo) (), d(y x fl)(-)).

Since oy < 0, from [33, Proposition 1, p. 366], the Hessian of the function dist%VX N 18
nonnegative. Therefore,

Orwy — Awy < 0.

Hence, from the parabolic maximum principle it follows that wy, stays bounded in time.
Therefore, the images f; (M), t > 0, stay in a bounded region of N and as a consequence, all
the graphs I"(f;), t > 0, are trapped in a bounded region of the product M x N. Again from
the theorem of Simon [34, Corollary 2, p. 536], we deduce smooth convergence to a minimal
surface M, of the manifold (M x N, g, ). This completes the proof of the theorem. O

6 Proof of Theorem B

In this section, we will prove the decay estimates claimed in Theorem B. Let us start by
proving the following auxiliary lemma.

Lemma 6.1 Let [ : (M, gy) — (N,gy) be an area decreasing map, where M and N
are Riemann surfaces as in Theorem A. Suppose that ¢ := minoy > 0. Consider the
time-dependent function g given by

g = log (t|A]* +1).
Then, g satisfies the following inequality
1
dig — Ag <3IAP + IVl + CU+ VDT = p2,

where C is a positive constant.
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Proof Recall from [41, Proposition 7.1] that

aAP? = AJAP? = 2|VEAP?

23 (a4 kl) 2> (Xk: - ARAS ))2

i,j.k,l o a,Bii,j

+4 Z (AZJAkl 81 ZAIP Jp>Rk”f
ikl

2 ) <4A‘;kAikRD,ﬁj,- + A% AL Ruigi)
a,B.i, j.k

+2 Z ‘;k((viR)ajki + (VkR)m'ji)’
a,i,jk

where the indices are with respect to an arbitrary adapted local orthonormal frame
{e1, e2; e3, eq}. From [2, Theorem 1], we have that

2
23 (Sapan) <2 T (X (asa - ) = 3ar
i,jkl o« o.B.i,j
Consider now the term

= 4 Z (Al]Akl 8kl ZAlp jp)ﬁkl'lj

i,j.k,la

2 ) (4AjkafkRa,3j,- + A% AR, R ).
k,a,B

k
i, ).k,
In terms of the frame fields introduced in Sect. 2.3, we get that

A1 = —4(opui + oyu3) (A — Anl? +4|A1]?)
+2ut (M2oy + pron) |4 P + 2ut (uPoy + 2Poy) 1AM
—16u1|uz|(om + on)o ™
—duzon (IA1 — Al +4Anl) + 27 (7 + uP)ou|AP

—16u1|uz|(op + on)o™t.

IA

Since the evolving graphs are area decreasing, we see that

2u = 2A2M2u < 2)\,uu1 < (kz +/L2)u1 =1—-u] —u%

Additionally,
Quilua| = 20put < ut (A +u?) < 1 —uf —us.

Because the Riemann surfaces M and N have bounded geometry, we deduce that there exists
a constant C such that
Ar < Cy (1 —uf —u3) 1A%

Denote by A the term

@ Springer



32 Ann Glob Anal Geom (2018) 53:11-37

Similarly, we deduce that there exists a constant K such that
Az < Kol Aluf (A4 e+ A+ ap® + 2202).
Because by assumption the map f is area decreasing and since u; < 1, we obtain

A

IA

Ka|Aluf (k4 p + 2% + % + ap)

IA

3
K| Alu? ( 202 4 pu2) + E(Az + ;ﬂ))

3
< Kol (V21— d =) 4 50 - u - )
3
§(ﬁ+§)K2|A| 1 —u? —ul.

Going back to the evolution equation of |A|?, we deduce that there are constants C; and C,
such that

WAP — AJA]? < =2|V*tAP? +3)4)*

+C1IAP (1 — uf — u3) + C2| A1 — u? — u3.

By straightforward computations, we have

|A]?

g = Ag+ (3:1A17 — AlA]?) + +|Vgl?

1
tHAIZ+1 tHAIZ+1
3t|AP + 1
tHAIZ+1

A2 1A
t|A||2 |+ [ HCyl—ui—uw t|A||2 L 1
2t
A2 + 1

1A f|A|
C(1l—id—ud) — = — 4 Co 1= = — .
O (1) e OV i e g

2t

= Al?
tA]2 +1 Al

< Ag+|Vgl* - VA2 +

i (1-18 - )

1 1
< Ag+5|Vg|2— |V|A||2+5|Vg|2+3|A|2

Consequently,

1
dhg < Ag+ §|Vg|2 +3|A]

t1AJ? Vit A
Ci /1 —u?—u? Co /1 — u? — u2
e MM agsl T2 T AR+

1
< Ag + 5|Vg|2 +3AP + C(1+Vi)V1 = p?
where C is a positive constant. This completes the proof. O

In the following result, we give the decay estimates for the norm of the second fundamental
form.

Theorem 6.1 Let (M, g,,) be a complete Riemann surfaces as in Theorem A and let f :

M — N be a strictly area decreasing map. Let o := min oys. Then, the following statements
hold true:
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a) If o > 0, then there exists a constant C such that
AP < ce.

b) Ifo =0, then there exists a constant C such that
/ |A? 2q¢) < Ct7\.
M

Proof Recall from Theorem 5.4 that |A| is uniformly bounded and that the flow exists for
all time. Let us now consider the following cases depending on the sign of o.
(a) Suppose at first that o > 0. Consider the function @ given by the formula
HAP> +1
®—g—t=logA 1
n(p)

where here n(p) is a positive increasing function depending on p that will be determined
later. From Lemmas 3.6 and 6.1, the evolution equation of @ is

3y —2
3® < AD + %%|A|2+C(l+\/;)\/l Z 2

1 1
+5(V, Vg +VE) + W(nnp + 201100 — p13) IVl
2n

—=L((1 = pyoyui — (1 + p)oyu3).
Hence,
3n—2
80 < Ad + L1 AR 1 (14 Vi)V 1T - p?
n
1 1 2 2
+5(VP, Vg +Ve) + W(nnp + 200100 — p13) 1V

—20'0’7'0 (1 — u% — u%)
n

Since o > 0, we get that
3p—2
9P < AD + %wz +C(1+ VD)1= p2
1 1 ) 5
+5 (VP Vg + Vi) + W(nnp +20mmpp — p13) Vol

Let us choose for 1 the smooth function given by
1 2
n(p) == <—§+«/,5> .

Since the flow exists for all time, from Lemma 3.5(a) and from the fact that p < 1 we see
that p tends to 1 uniformly as time tends to infinity. Thus, there exists a #p > 0 such that
n(p) > Oforall t € [#9, +00). Moreover, for this choice of 1, we see that

3n—2pm, 3(/p—1) -

n 3/p—1 —
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By making again use of Lemma 3.5(a), we deduce that there exists a positive constant cg
such that

C(1+ 1)

1
WP — AP — (VO , Vg + Vi) < C(1+ V1)1 —p? < ———=
2 1+ cieot
0
c

<—(1 t)e "

< Co( +Vt)e
Let y be the solution of the ordinary differential equation

C
Y1) = %(1 +/1)e™ y(0) = max & (x, 0).

From the parabolic maximum principle, it follows that @ (x,7) < y(¢z) for any (x,t) €
M x [0, 0o). Therefore, @ is uniformly bounded because the solution y is bounded. This
implies that there exists a constant, which we denote again by C, such that

1A < C.

(b) Suppose that o = 0. Denote by £2,(;) the volume forms of the induced metrics. Because

of the formula
0 </ 9g(z)> = —/ |H|29g(z) <0,
M M

/ ¢(1) 5/ §24(0) = constant.
M M

Now from Theorem 4.1(b) it follows that there is a nonnegative constant C such that

C C
/ |H|29g(z) < */ ) < */ 290)-
M tJm t Jm

Due to our assumptions, we have that u% < u% < 1 and minoy > 0 > supoy. Moreover,
recall that

we obtain that

1
¢y =V (1 + WA+ u®)Q2y = iQM.

u

From the Gauf} equation (2.6) and the Gauf3-Bonnet formula, we get

/M AP 240 = /M HP 240

+2/ (OMM% +ONM%).Qg(,«) - 2/ Ug(t)Qg(t)

M M

< 2/ (TMM%Qg(t) - 2/ Og(1) VOlg(l) +/ |H|2V01g([)
M M M

= 2/ oMU12g(1) —2/ a1 $2g(1) +/ | H|? Volg(
M M M

= 2/ omMS$2m —2/ Og(1)$2g(1) +/ |H|*240)
M M M
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From the above inequality, we get the decay estimate of the L?-norm of |A|. This completes
the proof of part (b). O

From Theorems 5.4, 4.1 and 6.1, we immediately obtain the results stated in Theorem B.

7 Proof of the Theorem A

Let (M, g3,) and (N, gy) be Riemann surfaces satisfying the assumptions of Theorem A
and let 0 = minoy. Let f : M — N be an area decreasing map. Then, the property of
being area decreasing is preserved by the flow and, moreover, the flow remains graphical
for all time. In the matter of fact, there are two options: either the map f is immediately
deformed into a strictly area decreasing one or each map f;, t € [0, T), is area preserving,
N is compact and the curvatures of M and N are constant and satisfy o)y = 0 = oy. The
area preserving case is completely solved in [37] and [40]. Thus, it remains to examine the
case where f becomes strictly area decreasing. In this case, from Theorem 5.4 we know that
the graphical mean curvature flow, independently of the sign of o, smoothly converges to a
minimal surface M.

Suppose that o > 0. In this case, the flow is smoothly converging to a graphical minimal
surface Moo = I'(foo) of M x N. Due to Theorem 6.1(b), M, must be totally geodesic and
foo 18 @ constant map.

Assume that ¢ = 0. As in the previous case, we have smooth convergence of the flow to a
minimal graphical surface Mo, = I'(fs) of M x N, where f is a strictly area decreasing
map. From the integral inequality of Theorem 6.1(b), we deduce that

/ A2 = 0,
M

Consequently, M, must be a totally geodesic graphical surface.
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