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Abstract We study the nodal sets of non-degenerate eigenfunctions of the Laplacian on
fibre bundles 7: M — B in the adiabatic limit. This limit consists in considering a family
G, of Riemannian metrics that are close to Riemannian submersions, for which the ratio of
the diameter of the fibres to that of the base is given by ¢ << 1. We assume M to be compact
and allow for fibres F with boundary, under the condition that the ground state eigenvalue
of the Dirichlet Laplacian on Fy is independent of the base point. We prove for dim(B) < 3
that the nodal set of the Dirichlet eigenfunction ¢ converges to the pre-image under 7 of the
nodal set of a function ¥ on B that is determined as the solution to an effective equation. In
particular, this implies that the nodal set meets the boundary for ¢ small enough and shows
that many known results on this question obtained for some types of domains, also hold on
a large class of manifolds with boundary. For the special case of a closed manifold M fibred
over the circle B = §', we obtain finer estimates and prove that every connected component
of the nodal set of ¢ is smoothly isotopic to the typical fibre of 7: M — S'.

Keywords Nodal set - Adiabatic limit - Laplacian - Fibre bundle

Mathematics Subject Classification 58J32 - 35B05

1 Introduction

For an eigenfunction ¢ of a differential operator on the manifold M, the nodal set is defined

as N'(p) := ¢~1(0) N (M \ 9M). The complex patterns that this set forms were discovered
by Chladni [1], who made them visible by letting sand settle at those points on a vibrating
plate where it was at rest. Subsequently, many aspects of the nodal sets have been studied by
mathematicians. One of the basic concepts related to the nodal set is that of a nodal domain, a
connected component of M \ N (¢). The fundamental theorem on nodal domains is originally

J. Lampart ()

CEREMADE, Université Paris-Dauphine, Place du Maréchal de Lattre de Tassigny,
75775 Paris Cedex 16, France

e-mail: lampart@ceremade.dauphine.fr

@ Springer



148 Ann Glob Anal Geom (2015) 47:147-166

due to Courant and gives an upper bound on the number of nodal domains (see [20, chapter

6]).

Theorem (Courant’s nodal domain theorem) Let (M, G) be a compact, connected Rie-
mannian manifold with boundary. Let 0 < Ao < A1 < --- be the eigenvalues of —A¢g with
Dirichlet boundary conditions, repeated according to multiplicity. If ¢y is an eigenfunction
corresponding to Ay, the number of nodal domains of ¢y is at most k + 1.

One is immediately drawn to ask when this bound is sharp. Certainly the ground state ¢g
has exactly one nodal domain, and since ¢y may be chosen real and positive ¢; must have
exactly two. On the contrary, Pleijel showed that for domains in R? the bound can only be
attained for a finite number of eigenvalues [17]. A more specific question is the relation of
N () to the boundary. Payne conjectured [16], again for domains in R?, that the nodal line
of 1 joins two points on the boundary. This conjecture has been proven by Melas for convex
domains [15], and other sufficient conditions were found by Hoffmann-Ostenhof et al. [9].
For general domains, however, these authors found a counter example [9]. Such counter
examples were later given by Fournais [2] for domains in R, d > 2 and by Freitas [3] for
the unit disc with a non-Euclidean metric.

More detailed and quantitative results can be obtained for special types of domains. For
instance, Jerison [11] and Grieser and Jerison [6] were able to obtain estimates on the loca-
tion of the nodal set of ¢, implying in particular that it meets the boundary, for convex
two-dimensional domains of large eccentricity. For such domains in higher dimensions, Jeri-
son [10] also proved that the nodal set of ¢; touches the boundary. Similar ideas were used
by the same authors to estimate the location and size of the maximum of ¢ [7]. Freitas and
Krejcifik [4] considered a different type of ‘thin’ domains. These are given as embeddings
of [0, 1] x Q into R¥, where @ < R¥~! is a compact domain, such that the image of
has diameter ¢ < 1. They show that there is a number N (g), increasing as ¢ — 0, of
eigenfunctions that attain Courant’s bound and that the nodal sets of these eigenfunctions
touch the boundary. In a recent contribution [12], which appeared after the preprint of the
present article, Krej¢ifik and TuSek proved the same result for thin tubular neighbourhoods
of codimension one hypersufraces in R?. The results [4,6,7,10-12] all rely on analysing
the problem in an asymptotic situation, where in fact, the behaviour of ¢ can be determined
using the solution to an effective equation, which is an equation on the unit interval (except
in [12]).

In the present paper, we will pursue similar ideas, in that we consider ‘thin’ fibre bundles
7: M — B and show how to determine the behaviour of N'(¢) using an effective equation
on the base B. This will allow us to obtain results in the spirit of [4,6,10, 11] for a large class
of compact manifolds, both closed and with boundary. In the latter case, this answers the
question, posed by Schoen and Yau [20, problem 45], whether such ideas apply to manifolds
with boundary. The case of closed manifolds allows for even more precise results, at least in
the case B = S', where we are able to not only locate the nodal set but also determine it up
to smooth isotopy.

2 Nodal sets in the adiabatic limit

Let M, F be a compact, connected manifolds with boundary and B a closed (i.e. compact
without boundary) and connected manifold. Let

nm:M — B
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be a smooth fibre bundle with fibre F, that is, for every x € B, there exists a neighbourhood
U of x such that n_l(U) is diffeomorphic to U x F. Let g, gp be metrics of M and B,
respectively, such that the differential i, induces an isometry m.: T M/ ker w, — T B. Then,
we can write

g=gr+mn'gn,

where g vanishes on horizontal vectors, that is, on the g-orthogonal complement of T F :=
ker 7,.. On every fibre F, := 7~ (x), gF is just given by the restriction g|7 5 to the tangent
space of Fy, which we call the vertical subspace of 7M. The adiabatic limit of (M, g) is
defined to be the family (M, g.), 0 < ¢ < 1, with

g =gr+e ‘g, (1

Clearly, the diameter of B grows like ¢~ 1, while that of the fibres is fixed, and so the fibres
become thin relative to the base.

In order to account also for metrics that arise from shrinking families of embeddings as
discussed in [4], we will consider slightly more general metrics G, which are perturbations
of g, and whose exact form we discuss in Sect. 2.1. These metrics will lead us to an operator
of the form —A,, + ¢ H}, which is unitarily equivalent to —Ag, . In order to understand this
operator, we first note that the dual metric to g, on T*M (which we denote by the same
symbol) acts on 7*& € w*T*B as g, (n*&, n*&) = e2gp(£, £). Hence, we have

Ag, = *Ap + Ap,

&

where A is the Laplace-Beltrami operator of the metric restricted to the fibres and
Ap = grgy V2 — n

is a horizontal differential operator determined by the Levi—Civita connection V and the mean
curvature vector 1 of the fibres, both with respect to g = g.—1. Possibly the most important
feature of this decomposition is that the vertical part A r is independent of €.

From now on, we will assume:

Condition The ground-state energy of the fibre Laplacian with Dirichlet conditions

Ao(x) = min ]| 72 /gFr(d¢,d¢) vl
0£peW] (Fx.gr,) L2(Fr.gr) [ °0 SF,

is constant, i.e does not depend on the base point x € B.

This is of course always true if M is closed, since then Ag = 0. We define
H:=— Az +eH; — Ao,

with Dirichlet boundary conditions (i.e. on the domain D(H) := WZ(M) N WOl (M), where
we denote by WX(M) the L2-Sobolev space Wk2(M, g), which is independent of g as a
topological vector space so we will only make the dependence on the metric explicit if we
use a specific norm). This operator and its eigenfunctions will be our object of study.

In our recent work in collaboration with Teufel [14], we developed an approximation
scheme for operators of this form. For the case at hand, this gives us an effective operator on
L?(B), which can be used to obtain approximations of eigenvalues and eigenfunctions of H
for small ¢ (see Theorem 2 for the precise statement). Just as in the earlier works [4,6,7,10—
12], it will be these approximate eigenfunctions that allow us to locate the nodal sets of the
true eigenfunctions. More precisely, we will find an e-independent operator Hy on B whose
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eigenvalues p are in one-to-one correspondence with the eigenvalues of H. In particular, if
w is a simple eigenvalue of Hp, then there exists a unique eigenvalue A = &”u + O(e?) of
H, and it is also simple. Our main result is:

Theorem Assume dim B < 3 and that G satisfies the conditions specified in Sect. 2.1. Let
Hy be the self-adjoint operator with domain W2(B) c L%(B) given by (4) and denote by ¢
the positive ground state of —AF.

Then, for every simple eigenvalue u € o(Hy) with normalised eigenfunction €
ker(Hy — ) and € small enough, there exist . = e2u—+0(3) € o (H) and ¢ € ker(H —\)
such that ¢ — ™Yo uniformly as ¢ — 0. If zero is a regular value of , then ¢ has at
least as many nodal domains as  and N (@) converges to N () in Hausdorff distance.
If also OM # &, then N'(¢) N OM # @.

In the special case B = S' and dM = @, the nodal set of ¢ consists of finitely many
submanifolds F <> M and is smoothly isotopic through embeddings to w1 =N (/).

The proof of this theorem is given via several, slightly more precise and quantitative,
statements. These are: Theorem 8 for the convergence of eigenfunctions, Theorem 14 for the
estimate on the nodal count, Proposition 15 for the convergence of nodal sets and Theorem 13
for the final statement.

The condition dim B < 3 is due to our technique of proving uniform convergence of
eigenfunctions. To do this, we use the Sobolev embedding theorem W!(B) — ¥°(B) in the
case dim B = 1. In higher dimensions, a similar technique allows us to trade the possible
lack of regularity of W!(B) for a slower speed of convergence. This unfortunately gives no
meaningful estimate if dim B > 3. In the recent article [12], the authors were able to obtain
some results without restriction on the base dimension. Their technique involves proving
convergence ¢ — "¢ in Sobolev spaces of arbitrary order. This is facilitated by the fact
that, in the setting they consider, the vertical and horizontal part of A,, commute, which is
not the case in general. The sharper estimates in the case dim B = 1 also allow for good
control of the derivatives of the eigenfunctions, which makes it possible to prove that A/ (¢)
is essentially a graph over, and hence isotopic to, 7 ' A ().

Our approach, in particular the results of [14], also applies to the case of a varying ground-
state energy. However, if, for example, A has a non-degenerate minimum on B, the behaviour
of the eigenvalues and eigenfunctions of H is quite different. In this case, the small eigenvalues
of H and the corresponding eigenfunctions behave like those of an harmonic oscillator. In
particular, the typical distance between the eigenvalues is of order ¢, as opposed to &2 for
constant A, and the eigenfunctions are exponentially localised in a neighbourhood of size
/¢ of the minimum of Ag. Hence, in order to obtain non-trivial results, one must blow up
this neighbourhood and perform a detailed analysis of the eigenfunctions there. Some results
on this case are discussed in [13], and we will further analyse this in a future paper.

Aninteresting special case is given by thin tubes around embedded submanifolds B — R”
(For embeddings into Riemannian manifolds, our conditions on the induced metric G, will
not be satisfied in general, see however [13, remark 3.6]). These are often called quantum
waveguides and admit many generalisations, including surfaces of such tubes, as discussed
in [8]. To illustrate this, let 7, be the closed tubular neighbourhood of ¢: B < R” with
radius ¢. Then, T is diffeomorphic to the fibre bundle M := {v € NB : v]?2 < 1} K% B,
via v = D (v) := 1(wr(v)) + gv, where NB C TR" denotes the normal bundle and R"
carries the standard metric §. On M, we choose the metric G, := 8’2<b;8. This has the form
Ge =gr + 8_2(L*8 + O(g)), where g is the standard metric on the unit ball (see, e.g.[8],
where explicit expressions for G, and the operators Hy and H; are derived). Hence, the fibres
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of (M, G) are all isometric, and thus, Ag is constant. We may thus apply our main theorem
on M and map the resulting statements to 7, to obtain:

Corollary 1 Let i: B — R" with dim B < 3 and T, be as above. Let Hy and be as in the
theorem and u € o (Hy) a simple eigenvalue.

Then, for ¢ small enough, there exists a unique eigenvalue . = u + ¢~>Ag + O(¢) of
the Dirichlet Laplacian in Tg. If furthermore zero is a regular value of € ker(Hy — ()
(hence in particular if dim B = 1), then any eigenfunction ¢ corresponding to A has at least
as many nodal domains as , its nodal set intersects the boundary of T, and converges to
N (¥) in Hausdorff distance.

This corollary is parallel to the results of [4] (where B = [0, 1], which is not allowed
in our case) and [12] (where the dimension of B is arbitrary, but the codimension is one).
Hence, in [4], and also in [6,10,11], the operator corresponding to Hy is an operator on a
closed interval I C R with Dirichlet conditions. Thus, all its eigenvalues are simple and their
eigenfunctions attain Courant’s bound, which then forces the eigenfunctions of the operator
on M to attain the bound as well. For a general base manifold, this is of course not always
the case. However, the argument still applies to the point that if i attains Courant’s bound,
then so must ¢. This can be used to construct many examples of eigenfunctions that do so.

2.1 The perturbed metric G,

In this section, we specify the exact form of the perturbed metric G, that we consider and
translate this into conditions on ¢ H. For 0 < ¢ < 1, let G, be a family of Riemannian
metrics on M that satisfies

‘(G,3 - ge)(v, v)‘ <e'n*gpv,v),

forall v € T M. In particular, this means that the difference of these metrics vanishes on T F,
and for horizontal vectors, it is bounded by eg.. Note also that by polarisation, we have for
everywe€ TFandveTM

‘(Gs — g) (v, w)‘ < te7lgp(mv, mo).

This implies vanishing of the left-hand side of the inequality by scaling w, so the space of
horizontal vectors does not depend on €. Additionally, we assume that all covariant derivatives
(with respect to g.) of the difference are bounded by eg.. For a detailed discussion of how
such metrics arise from embeddings, we refer to [8]. In order to bring —Ag, into the form
—Ag, + eHy we define a local unitary

volg,
Up: L*(M, Ge) — L*(M, g:),  f+> /Wf = Jpf.
8e

Transformation by this unitary gives (see, e.g. [21, lemma 1] for details)
~UpAg Uy = —Ag, +eH
with e H| = 8358 + V,, where
Sef =& divg, ((g: — G.)(df. ")
and

V, = % divg, gradg, (log p) + %Gs (dlogp,dlogp) .
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Note that S,: W2(M, g) — L%(M, g) is of order one since for £ € T*B

(8 = Go) (', 7°6)| < ege(n*6, 7°6) = £, §) @

and g — G vanishes on vertical forms. As to the potential V,,, we clearly have p = 1+ O(e)
and thus

V, = $Ag log p + fge(dlog p, dlog p) + O(e?)
= 3Arlogp + jgr(dlog p,dlog p) + 36 Ap log p
+3e2(*gp)(dlog p. dlog p) + O(e”)
=Arlogp+ %gF(dlogp, dlog p) + O(e3).

Here, the second term is of order &2, while the first is of order ¢ in general. Note, however,
that for 0F = &
/ Afplogpvolg, =0.

X
Thus, in this case, we find using regular perturbation theory, and the fact that the ground-state
eigenfunction of A, is constant that the ground-state eigenvalue

Ae(x) :=mino (—Afp + V,|r,) = Vol(Fy) ™! / V, volg, +0O(e?)
is of order &2.
This is also true for typical examples with 9 M # 0, such as those discussed in [4,8,12],
where actually Arlogp = O(£?) holds pointwise. All of our results will be valid also in
more general situations if the following condition holds.

Condition Let ¢ € ker(—AF, — Ag) be normalised. Then,

sup [ $I*V, voly, = O(e?). 3)
xeBJFy

2.2 Adiabatic perturbation theory

We now summarise the results of [14] insofar as they are relevant to our specific situation.
These results are concerned with the adiabatic operator H,, which is essentially given by
the projection of H to ker(Ar — Ag). This operator is still inherently e-dependent, and Hy
will be obtained as its leading order contribution. To be more precise, let ¢o: M — R be the
unique function such that for every x € B the restriction ¢y| , is the positive and normalised
ground state of —Ar (with Dirichlet boundary conditions if dM # &). Let A.(x) be the
smallest eigenvalue of —Ar + V, |, (with Dirichlet boundary conditions if 9M # @) and
Py, (x) be the corresponding spectral projection. Define ¢, € L*(M) by

GelF i =Pa, (X)¢0/ | Pa, ()P0l L2(F g, ) -

The difference between ¢y and ¢, is of order ¢ in L*(M, g), as can be seen immediately
from the formula (11). Since gr and V), are smooth, ¢ and ¢ are actually smooth functions
not only on every fibre, but on M (see [13, appendix B.2] for a detailed proof).

The adiabatic operator is then given by

(Hatr) (0):=(@e, HOeT " V) 12,
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for ¥ € D(H,) = W2(B). In the following, we will often not make the pullback 7* of ¥
explicit in the notation, that is, we treat ¢z as a function on M, even though 1/ is actually a
function on B. For the situation, we wish to study here the relevant result can be formulated
as follows:

Theorem 2 ([14]) Letvg < vy < --- and Ly < A1 < --- denote the eigenvalues of H, and
H, respectively, repeated according to multiplicity. For every J € N, there exist constants
Cyand ey > 0 such that forall j < J and ¢ < &g

|vj—kj| SC]84.

If in addition dist (vj, o(Hy) \ {Vj}) > stz for some j < J, then given a normalised
eigenfunction v, € ker(H, — v;) there is ¢ € ker(H — A ;) such that

1p0we — @31 (ar.g) = /M [pove — ¢I” + g(d(@ove — 9). d(dove — ) voly = O(e?).

Since (=Ar +V, — Ag)p: = (9(52) by condition (3), we can isolate the leading order
of this operator, that is, we have (see [13, chapter 3])

H, = —SZAgB + &2 Veip + O(3) =: 2 Hy + O(£3) , 4)

with
Vetr = Va + &7 2(Ae — Ap)

and the adiabatic potential

Vo= %trgB (VBﬁ) —/ n*gg(gradg o, grad, ¢0) volg,,

X

where V5 is the Levi-Civita connection of g and 7 is the average of the mean curvature 7
of the fibres,
iX)= | |ol*g5(m<n, X) volg,, .

Equation (4) defines the operator Hy, and the remainder is an operator of order &3 in the
norm of .¥ (WZ(B, gB), L? (B, gB )) . Hence, by standard perturbation theory, the eigenvalues
v of H, are given by £ 4 O(e?), where 11 is an eigenvalue of Hy. In particular s is simple, if
and only if v is simple and separated from the rest of o (H,) by a gap of order &2, as required
in the second part of Theorem 2.

Now if u € o (Hp) is a simple eigenvalue and ¥ € ker(Hp — 1), we can easily construct
Ve € ker(H, — v) such that

lYe — 1/f||w2(3,g3) = 0(e),

which for dim B < 3 implies

e = ¥lloo = OCe) .

Hence, in order to prove convergence of ¢ to ¥ ¢y, it will be sufficient to prove convergence
to ¥ ¢o. The key idea to prove the latter is that this difference satisfies an elliptic boundary
value problem on M. More precisely, note that both ¢9y/. and ¢ are smooth functions on M
that vanish on the boundary and that additionally

(H = 2)(Weo — @) = (H — M) ¥reho -
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Using that ¢g and /. are eigenfunctions of explicit elliptic operators on F and B, respectively,
one shows rather easily that the right-hand side of the equation is small, not only in L>(M, g)
but uniformly. Together with the W !-estimate on the difference given by Theorem 2, this
will imply smallness of ||¢po¥: — ¢|loo (see Lemma 7).

Remark 3 If we use ¢q instead of ¢, in the definition of H,, i.c. we set

(Hat) (x) == (po. HooV') 12(r,) -

we obtain the expression

Hy= —&?Ngy +&*Va+ [ |ol*V, volg, +0(%). 5)
Fy

This amounts to calculating A, — Ag in first order perturbation theory, so if V, = O(d),
then H, = IT-NIZl + O(&3). On the other hand, if V, is only of order &, the second order of
perturbation theory is of order &2, and the operators H, and H, differ at leading order.

Note also that for the calculation of V, it makes no difference whether we use ¢g or ¢,
since ¢ — ¢pg = O(e) as an element of %\ (B, LZ(F)) by formula (11) and [14, lemma 3.9].

2.3 A regularity lemma

Here, we establish an elliptic regularity estimate for — A, that takes into account the explicit
e-dependence of the operator. In this, care needs to be taken since, written in a fixed system
of local coordinates, the family {—Ag, : 0 < & < 1} is not uniformly elliptic. For this reason,
we will choose e-dependent coordinate systems, basically g.-geodesic coordinates, in which
the local expressions for H give a uniformly elliptic family of differential operators on some
ball in R™.

The lemma will also be useful in other contexts, so we prove it in greater generality than
required. In particular only for this section, we will not assume M to be compact. Rather we
assume that 7: M — B is a fibre bundle of manifolds with boundary with compact fibre F
that the boundary of B is empty and that M carries a family of metrics of the form (1) such
that (M, g;) is of bounded geometry in the sense of Schick [19], uniformly in €. This means
that there exists » > 0 such that for every ¢ there is an atlas ¢ := {KJS- U ; — R":jeZ}
(denoting m := dim M) of M with the following properties:

— For j >0, Kj : Uf — B(r, 0) is given by a system of g.-geodesic coordinates centred at
some point x; € M with radius r.

— Forj <0, K‘;: U]‘? — B(r,0) x [0, r) is a boundary collar map, i.e it extends a geodesic
coordinate system 8 on (0 M, g.|s») along the inward pointing normal v of the boundary
via (Kj-)’l(v, §) = €XPg-1(y) (sV).

— The sets (Kj)—‘ (B(2r/3,0)) for j > 0 and (K;)—l (B(2r/3,0) x [0,2r/3)) if j < O
form an open cover of M.

— The coefficients of the metric tensor (g, )z; and its dual (g,
are bounded with all their derivatives, uniformly in j and .

)¥ in these coordinate systems

For a compact manifold with the adiabatic family of metrics g, given by (1), this is always
satisfied because all of the quantities associated with g, that need to be bounded, such as
curvatures and injectivity radii, only become better as ¢ decreases (see [13, appendix A]).

The proof of the lemma relies on a generalised maximum principle [18, theorem 10] that
was also used in earlier works [4,6,10,11] on this topic.
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Theorem (The generalised maximum principle) Let @ C R¥ be a bounded ! domain. Let
D be a uniformly elliptic* operator of second order with coefficients in €°°(Q2). If u, w €
€2(Q) N 6O (Q) satisfy the differential inequalities

Du >0
Dw <0

in Qandu > 0in 2, then w/u cannot attain a non-negative maximum in 2, unless it is
constant.

Additionally, we use the following well-known corollary (see, e.g. [13, Corollary 3.14]
for a proof):

Corollary 4 Let Q@ = B(r,0) and let D° denote the operator D with Dirichlet boundary
conditions. Assume DO is self-adjoint and that w € W'(Q) N ¢0(Q) is strictly positive on
dKQ. Then, if » < mino (D), the unique solution u € € () N €°(Q) of the boundary
value problem

Du=Mu in Q,

u=w on 0

is strictly positive.

Lemma 5 Assume (M, g.) is a manifold of bounded geometry uniformly in ¢. Let A(g) > 0
with limg_0 A(e) = 0. If f € €%(M) is a solution of

(H=x@©)f=8, flam=0. 6)

with ||§]lcc = O(¢), then there are positive constants C, R and &gy such that for every x € M

and & < &g
1/2

f)l < /|f|2+ga(df,df>volgg tel . ™
Q(x)

where Q(x) := {y € M : distg, ((y), m(x)) < eR}.

Proof We prove the statement for the positive part f of f, the proof for the negative part is
identical. Let K > 0 be a constant such that [|§]loc + ||V lloc < K& for & small enough and
note that in the interior of Q4 := supp f+ we have

(H=2()—K)(fyr +&)=8—eK +eV, —Kfi —e(h(e) + Ag) <0.  (8)
—

<0

We now aim at constructing a function u, defined on a neighbourhood of x, with u > f., but
bounded by the integral in the statement of the lemma. This will be achieved by choosing u
as the solution of an elliptic boundary value problem and then using the maximum principle.

We will now work in the atlas $1° introduced in the introduction to this section. The
uniform estimates on geometric quantities expressed in these coordinates will make our
locally obtained estimates hold uniformly on M. The virtue of these e-dependent coordinate
systems is that they mitigate (the leading order of) the e-dependence of g, since in geodesic

* Our convention is that —o (D) (§) > e|é \2, e > 0, where the symbol is defined by the relation o (D)(d f) =
(LD, f1, f1
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coordinates this leading order is always given by the Euclidean metric. Since the bounded
geometry of (M, g.) is uniform in ¢, we have uniform bounds on the expression g’s‘l — 8 and
its derivatives in these coordinate systems. Moreover, there exists an e-independent radius
ro < r such that forevery x € M and 0 < ¢ < 1 there is j € Z for which the Euclidean ball
B(ro, Kf(x)) C R™ (or B(ro, Kf(x)) N {x, > 0}if j < 0) is completely contained in the
image of «¢. '

Now fix x € Q4, andlet«®: U® — R™ be the coordinate system with the property above,
shifted so that k®(x) = 0. Set D{ := «x¢H and if «® is a boundary chart extend this to an
elliptic operator on B(rp, 0) by smoothly extending its coefficients. This yields a family of
elliptic operators that have common bounds {e, c}, independent of x and &, on their ellipticity
constants and coefficients. Hence, there exists a positive radius r; < rg such that for all x
and ¢, we have a lower bound on the Dirichlet energy:

(@, DY9)12(B(r,0)) -

inf >3K.
0w, (B(r1.0)) (@, )
Now w = «. fi (extended by zero if «® is a boundary chart) defines a function in

w! (B(rl, O)) nev (B(rl, 0)), and the boundary value problem
Diu=2Ku, ulypr0=w+e 9)

has a unique solution u € €*°(B(r;,0)) N %OtB(rl, 0)) (see [5, chapter 8]), which is
strictly positive by Corollary 4. Positivity of u entails that (D{ — K)u = Ku > 0, while
(D — K)e = «.Vye — Aoe — Ke < 0. Hence, by the maximum principle,

e e
O< sup —= max —<1. (10)
yeB(@r1,0) U y€dB(r1,0) U

Now for ¢ small enough, we have A(¢) < K, and hence,
D —r—Ku=(K-MNu>0

in B(ry, 0), while w satisfies

®)
(D =2 —K)w+e) <0

in k(24 N U?). Thus, by the maximum principle, the function (w + ¢€)/u, defined on
k8 (Q4+NU*®) N B(ry, 0) attains its maximum on the boundary of this set. On the boundary of
B(ry, 0), the quotient equals one by (9), while on the boundary of x¢(2), we have w = 0
and (w + ¢)/u = ¢/u < 1 by (10). Consequently,

(w+e)/u=<l

and in particular
Fr@) = w(0) < u0).

The rest of the proof consists in bounding u(0) by the right-hand side of (7). To start with,
we have the a priori estimate [5, corollary 8.7] (with C = C(K, ry, e, ¢))

luliwseopy < CUwlw o0 + ) -

For higher Sobolev norms, interior elliptic regularity [5, theorem 8.10] gives

lullwe e 2,00 < Clk, 11, e, ¢, K)ullwi e, 0)) -
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since u is an eigenfunction of D%. If we take k > (m + 1) /4, the Sobolev embedding theorem
gives a bound on SUPye B /2,0) 4(Y) and in particular on u(0). Hence, we have

u(0) < C(m,ri, e, c, K)(lwllwi (.0 + ) -

Choose R such that for every x and every 0 < & < 1, (k®) ™! (B(ry, ¢ (x)) is contained in
the metric ball {y € M : distg, (x, y) < R}. Then, there is a constant C, depending on the
constants bounding the geometry of (M, g.), such that

lwllw (s .0n < Clik™wllyi 1)) »
and we obtain
1/2
g zc|| [irtsearan o, | el
Qx)

which completes the proof. O
For a solution to an elliptic equation such as (6), we naturally obtain estimates on deriva-
tives. Since the family of operators A,_, which dominates the behaviour of H, is associated

with the metric g, such estimates hold for the function f of Lemma 5 in the ¥*-norm
corresponding to this metric. More precisely, let for f € €% (M)

k

2 = Vj ;V] )

1f gkt g2 Wm+ggw@(f 1))
]:

where V! = d denotes exterior derivation, higher derivatives are induced by the Levi—Civita
connection of g, and the metric is canonically extended to the tensor bundles.

Lemma 6 Let f € €%(M) satisfy Eq. (6), then there exists a constant C independent of €
such that

If g2, gy < C(I1flloo + 18ll00) -

Proof Apply the local version of the statement [5, lemma 6.4] in the atlas $(°. O

2.4 Uniform convergence of eigenfunctions

We are now ready to prove uniform convergence of eigenfunctions of H to ¥ ¢, where i is
an eigenfunction of Hy, under the appropriate conditions. We remind ourselves that here M
is compact again and ¢g € €°°(M) is independent of ¢, so for any k € N, ||¢0||c@0k(M,g) <
C (k). Since ¢, is a ground state of an operator whose coefficients are smooth and bounded
independently of ¢, we also have ||pe [l (s, o=C (k) for an appropriate choice of constants
(c.f[13, appendix B]). In fact, since ¢ is the ground state of a smooth perturbation of —Ag,
the difference of ¢, and ¢y is of order ¢ in ¥°°(M, g). However, we only make use of this
estimate in the norm of €, for which we give a simple proof here.

Lemma 7 Let ¢ and ¢. be the functions on M defined in Sect. 2.2. Then

[P0 = ¢elloc = O(e)
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Proof 1Itis clearly sufficient to prove that (1 — Py, )¢o = O(e). Since the spectrum of —AF,
depends continuously on x € B (by the min-max principle), we have

inf (o(=Arlr) \ {Ao}) = Ao = min (o (~AF|£) \ {A0}) = Ag = ¢ > 0.

For ¢ small enough, we then have the integral representation

1 1

— V dz 11

2w —Ap+V,—z p—AF_Z¢O F, (b
lz—Aol=c/2 ’

(1- PA£)¢0|FX =

which follows from the Riesz formula for the spectral projection. Now since for any k € N:
v, ||<gk(M’g) = O(e), the integrand is an operator of order &€ on Wk (Fy, 8F.)-

Now let » > 0 be less than the injectivity radius of (B, gg) and choose points {x; : i € I}
such that the metric balls B(r/2, x;) form a finite open cover of B. Then, let U; := B(r, x;) be
the open cover by balls of double radius and choose trivialisations ®;: 7~ Y U;) - U; x F.
The map ®; has bounded derivatives on 7 Y B /2, x;)) (with respect to some fixed metric
go on F), so for x € B(r/2, x;), it induces a bounded map ®;,: WX (F, gr,) — WX(F, go)
with norm less than a constant C(®;). Then, taking k > dim F/2, the Sobolev embedding
theorem, applied to ®;4(1 — P, )¢o, gives

11 = Pa)¢olloo = max|[@ix(1 = P, )¢ollc = Cemax C(®;) = Oe) .
O

Theorem 8 Assume d = dimB < 3. Let ( be a simple eigenvalue of Hy and
Y € ker(Hy — 1) a normalised eigenfunction. Then, there exists g > O such that for every
0 < & < &g there exists a simple eigenvalue . = > + O(&3) of H and a normalised eigen-
function ¢ € ker(H — )\) such that ¢ converges uniformly to ¥ ¢g as € — 0. More precisely,
there exists a constant C such that for all ¢ < g9

lo — ¥dollo < Cebale),
where 01(g) =1, 0(¢g) = W, 03(e) = e~ V2. Additionally, if  is real then ¢ may be

chosen real.

Proof Perturbation theory for H, = e2Hy + O(&3) gives us an eigenvalue v = e2u+ 0@
and an eigenfunction ¥, € ker(H, —v) with || — ¢ |looc = O(¢). Theorem 2 gives existence
of A and ¢. Note that if ¥ is real, we may choose both 1/, and ¢ real, since their imaginary
parts are necessarily small.

It remains to prove that ||[Y¥:¢o — ¢]lco converges to zero, or in view of Lemma 7 that
1Vede — ¢ll.o — 0. This will be achieved by using Lemma 5 with f:=v.¢. — ¢ and
A(e) = A. We have

(H =N f = (H—=Yehe,

which is exactly of the form (6) with

8= (H— Ve = (— 2D + &3 Se — W) Wepe + e (— Ap + V, — Ao) e
= (— 82Ah +83Sg — A+ A — AO)W&‘ps-

Since A = O(e%) = A, — A by condition (3), this is bounded by

Ce?llpeVe 20,0y < CEXNDellg2ar.g) Ve lg2(8.g5) = O .

because V. is a bounded eigenfunction of H,.
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Now Lemma 5 may be applied, and we need to estimate the integral on the right-hand
side of Eq. (7) for our choice of f = ¥:¢. — ¢. To begin with, we write

/ |f1P+ge(df. df) volg, = / (+A0= V)l fI*+ge(df. df)+(V,—Ag) £ Vol .
Q(x) Q(x)

Since, by condition (3), —Ar + V, — Ay > —ce? we can estimate the latter terms by
integrating over the whole of M. That is, using that vol,, = e volg, the latter terms are
bounded by

/ga(df, df) + (V, = Ao + ceD)| f? volg,
M

= 87‘1 <f7 (_Agg + vp — Ao+ Cez)f)LZ(M’g)

6 _ _
Qe (£,8) + 67 (f, 0+ ce® — £35,) f)
Now the fact that (H — A) f = (H — A)¢: ¥ and H is self-adjoint implies

e f.8) 2y = € (Wes (Ha = MWe) 2.y = € (0 —2) = O(e) .

The second term is easily estimated by
_ - 2 _
e |(f. O ce? =S f)] < CETf 11 4. = O,

since || — ¢g||5V1(M,g) = O(g?) by Eq. (11) and [14, lemma 3.8].

To estimate the integral of | f |2 over 2 (x), we will resort to local arguments. Let 7 > 0 and
{(U;i, ®;) : i € I} be the cover of B and trivialisations chosen in the proof of Lemma 7. This
has the property that for every x € B, thereis i(x) € I such that B(r/2, x) C Uj(). Then, if
R is the radius, we get from Lemma 5, €2(x) is contained in P (Uix)) foreR < r/2. We
may thus rewrite the integral over £2(x) in the trivialisation ® := ®;(y)

e¢ / |f|2volg=£_d/ / |®. £ 1% volg, Vol g -

Q(x) F 7(Q)

Let& e %6’0 (RY) be zero outside of B(r/2,0) and equal to one on B(r/4,0) and let x €
©5°(B(r/2, x)) be the pullback of £ by a geodesic coordinate system centred at x. Then we
claim that

g™ / |®, £ 1% volg, < CH3(e) / IXPsf1> + g5 (dx P f, dx Do f) VOlg,
() B(r/2,x)

for eR < r/4. In fact, since Volg (7(2)) = O(e?), for d = 1, this is just the Sobolev
embedding theorem, and for d = 2, 3, it can be shown in a similar way, e.g. by using the
Fourier transform in local coordinates (see [13, appendix C]). Integrating this inequality over
F gives
e~ / | f17 volg < COFON f 131 1. -
Q)

%/VI(M,g) = 0(6‘2), this completes the

proof. O

with a constant C that is independent of x. Since || f|

@ Springer



160 Ann Glob Anal Geom (2015) 47:147-166

Corollary 9 Let M, v, ¢ and 64(¢) be as in Theorem 8. Then, there exist constants C and
go > 0 such that for every ¢ < gg

Voo — @lle2(p,q,) = Cebale).
Proof We have

(H—2)(W¢o — @) = (H — 1) Vo

= (=M +& S+ V, = MY+ ¥ (— Ar — Ao)go,  (12)
—_—
=0
and this is bounded by Ce||¢o o201, 1Y ls2(B, ) = O(e). Hence, Lemma 6 together with
Theorem 8 proves the claim. O

2.5 Closed manifolds fibred over the circle

Now that we have uniform convergence of the appropriate eigenfunctions, we will study the
nodal set of these functions in the case M = @ and B = S'. The estimation of the location
of N'(¢) will be rather simple to derive in this context. This allows us to exhibit the structure
of the argument in a clear way, which will prove useful for the proof in the slightly more
involved case of Sect. 2.6. In addition, in this specific case, we are able to obtain significantly
stronger results. Namely we prove in Theorem 13 that the nodal set AV/(¢) is the disjoint
union of embedded submanifolds (;: F — M, one for every element of w_l (0), and every
one of these submanifolds is isotopic to a fibre of 7: M — B.

Throughout this section, we will work in a fixed model of B, namely we let L := diam(B)
and make use of the isometry of (B, gg) with (R/2LZ, dsz), where we denote points by s.
Since also M = @, we have Ag = 0 and ¢¢ = 7*Vol(Fy) /2. Additionally, using ,/p as
a trial function, one easily checks that A, = O(e?). Plugging this into Eq. (4), we find that
the relevant operator has the simple form

Ho = —37 + 182 1og Vol(F) + 113, log(Vol(Fy))[* (13)

as an operator on the interval (—L, L) with periodic boundary conditions. Theorem 8 applies
to every simple eigenvalue of Hy, and generically, that is, if Vol(Fj) is an arbitrary 2L-
periodic function of s, all of the eigenvalues of Hy are simple. This allows us to estimate the
location of N'(¢) based on the analysis of the behaviour of .

Proposition 10 Assume dM = @ and B = S'. Let pu be a simple eigenvalue of Hy with
real, normalised eigenfunction  and ¢ € ker(H — )), the corresponding eigenfunction of
H provided by Theorem 8. There exist constants C > 0 and o > 0, such that for every
e <eggandy € M, we have

distg, (m(y). N'(¥)) = Ce = sign(p(y)) = sign(¥ (7(y)) .

Proof We carry out the proof in several small steps that will reappear in the proof of the
more general statement of Theorem 14.
Let N'(y) = {s; : i € I} be the (finite) set of zeros of .

1. There is Co > 0 such that |9;¢|(s;) > Co for every i € I: i solves the second-order
ordinary differential equation

2y = Vet — ) ¥,
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so if at any point ¥ (s) = ;v (s) = 0, it must vanish everywhere since zero is the unique
solution of the equation with that initial condition. Thus, the derivative of i cannot vanish
at any s;. It is also independent of ¢, since ¥ does not depend on ¢ at all. Cp may now be
chosen as the minimum of |d;y (s;)| over the finite set /.

2. Forany C; > 0 and ¢ small enough, we have | (s; £ C2¢)| > Cie with C := 2C/Cy:
By Taylor expansion

¥ (si +2C2/Coe)| = 2C1e1d; ¥ |(s:)/ Co + O(&) > Cie .

3. If dist(s, N () > Cae, then | (s)| > Cje for & small enough:
If in the interval [s;, s ;] between two consecutive zeros of ¥/, there is no local minimum
of [[, then || attains its minimum on the boundary of [s; + Cze, s; — Ca¢], where it
is larger than C; ¢ by step 2).
If on the other hand there is a local minimum at s* € [s;, s;] we just need ¢ to be small
enough to ensure that [/|(s*) > Cje.

4. Denote by C3 the constant of Theorem 8 with d = 1. The proof is completed by letting
C1 = |I¢y looC3 and C := C2 = 2C / Cyy:
First note that since 3 F = @, we have ¢g = 7*Vol(Fy) /2, so ||¢)0_1 lloo 1s finite. Now
let y € M with x = m(y) satisfy dist,, (x, N'()) > Ce. By step 3), we have

[Wdo| > Csegolldy oo = Cie,

and since by Theorem 8
¥ o — ¢llo = Cs3e,

¢ must have the same sign as .

[m}

The estimate on sign(¢) we just derived tells us that ¢ is nonzero far from 7 ~'A/(¥), and
also that it must change sign in a neighbourhood of this set. This entails convergence of the
nodal set rather directly.

Corollary 11 Let , ¢, C and &g be as in Proposition 10. Then, for all ¢ < &g
dist (W (), 7'V (¥)) < Ce,
where dist denotes the Hausdorff distance with respect to the metric g.
Proof For § > 0 and a compact set K C M denote by T5(K), the closed §-tube
T5(K) = {x € M : disty(x, K) < 5} .
The Hausdorff distance is given by
dist(K, K) = inf{§ > 0: K C T5(K) and K C T5(K)}.

Proposition 10 shows that A'(¢) C Tce (" N (¥)). Now let s; € A'(¥), in the notation of
Proposition 10, and let v € {£9,} denote the normalised tangent vector at s; pointing into
the region where 1 is positive. Then, for x € Fy,, let v} € (TF ))% be the unique horizontal
vector with w,v% = v and define y to be the g-geodesic

y:[—Ce,Cel > M t>exp,(tv}).
This horizontal geodesic projects to the gp-geodesic t +— s; £t so by Proposition 10

we know that ¢(y(Ce)) > 0 and ¢(y(—Ce)) < 0. Consequently, y N N (p) # < and
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since y(0) = x, this proves dist(x, N'(¢)) < Ce. Because x was arbitrary, this shows
7N () C Tce (N (9)) and the statement of the corollary. ]

In order to determine the homotopy class of A (¢), we will show that the point 7y €
(—Ce¢, Ce) where the curve y defined above cuts the nodal set is a well-defined, smooth
function of x € F. An isotopy is then given by moving along these curves. In order to
achieve this, we must show that y¢ does not vanish close to the nodal set. Since we know
that yr*y = 959 = O(1) in this region and we believe that ¢y is a good approximation
of ¢, this should be true. However, the estimate [[¢oy — @41, o) = O(e) of Corollary 9
only gives ||y (¥ ¢o — ¢)|lcc = O(1) because y has length e~ 1. This is useless for the task at
hand, so we need to prove a refined estimate on the difference of the horizontal derivatives.

Lemma 12 Let M, y and ¢ be as in Proposition 10 and let 9] denote the unigue lift of 0
to a horizontal vector field on M. Then, there exist C and gy > O such that

185 (Yo — P)lloo < C/e
forall e < ¢g.
Proof The proof of this statement proceeds by applying Lemma 5 with
=07 (¥o — ¢)
and A(¢e) := A. Hence, we calculate
(H =0 f = [H.8]1Wo — ¢) + 8] (H — My =: 6.

[H, 0;]is a second-order differential operator in which every horizontal derivative is accom-
panied by a factor &, so using Corollary 9, we have

ILH, 351 do — @)oo = CliYdo — @llg2(pr 4, = OCE)
By Eq. (12), we have

195 (H — MY dollos < Cellgo¥r llgsa,q) = OC&)

and hence § = Of(e).
After applying Lemma 5, we must estimate the integral on the right-hand side of (7) to
complete the proof. To start with, we have

/ |1+ ge(df. df) volg, < / |1+ ge(df.df) volg, = &7 (f. (1 = Ag) 120
Q(x) M

Now in view of (2)

=B Pz < | (H =20 D1+ 10 G— Vo) £l + L. €3S, £)]
< BV + Cellf g+ Co [ 2e@f.) vl
Then, since e — ¥ lly1 (5., = O(€), we have
1120000 = 18560 — D205y = 190 = 0l ) 2 OCE).

Together with ||S||L2(M’g) < [18llo0+/VoI(M) = OC(e) this implies (f, (1 — Ag,) f) = O(e?),
which proves the claim. O
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Theorem 13 Let M, v, ¢ and C be as in Proposition 10. There exists ¢y > 0 such that
for e < g9, N (@) is a smooth submanifold of M that is smoothly isotopic to w~ N (yr).
Consequently, the number of connected components of N (@) equals the number of zeros of
Y, and every one of these components is smoothly isotopic through embeddings to the typical
fibre of 1: M — B.

Proof We know from Proposition 10 that (in the notation used in the proof there and in
Corollary 11)

N(p) c | Tee(Fy) -
iel
Hence, we may perform the proof by showing that for every i € I, N(p) N Tc(Fy,) is
smoothly isotopic to a fibre.

For a given zero so of ¥ denote Fy := Fy, and let 1: F — Fy, be an embedding. We will
show that N (¢) N Tee (Fy) = Fy. First, let v be the unit tangent vector at sy pointing in the
direction of grad v as in Corollary 11. Then, the map

®: F x (—2Ce,2Ce) — 1" ((so — 2Ce, 50 + 2Ce))
(¥, 1) > expy(y,) (tv})
is a diffeomorphism. It satisfies ®.9; = (v4, d5)9;, since exp,(y) (tv}) is a horizontal geo-

desic. Let
fi=®"p: F x (=2C¢,2Ce) — R.

By Lemma 12, we have
10 f1 = 1959 = |19 povr| — c1/¢] .

where ¢ is the constant of Lemma 12. Now recall that ¢g = 7*Vol(F,)~1/2, so oy =
95 Vol(Fy)~'/24. In view of Eq. (13), one easily checks that

97 Vol(Fy) ™' /24yr = Vol(Fy) ™" Hyyr = uVol(Fy) ™"y ,

Hence, Vol(Fy,)~"/21(s0) = 0 implies that 8¢oy| r,, # 0, since otherwise the differential
equation above would imply ¢y = 0. The value of 9, ¢po | F, is independent of ¢, as both
¢o and ¥ are, and thus, for & small enough, we have

min [|3:¢01/f(x)| -7 (x) € [s0 — 2Ce, 50 + 2c5]} >c>0,

and consequently d; f # O everywhere. Now by Proposition 10 and our choice of vy, we
have f(y,t) > Ofort > Ce and f(y,t) < 0fort < —Ce¢ (soin fact 9; f > 0). Hence, for
every y € F,thereis aunique fo(y) € (—Ce, Ce) sothat f(y, to(y)) = 0 and by the implicit
function theorem the map y — fo(y) is smooth. Hence, f~1(0) = {(y, fo(y)) : y € F}isa
graph over F, and we have

¢~ (0) N Tee (Fo) = {exp,(y (tlo(M)V}) @ y € F},
which shows that (p‘l (0) N Tce (Fp) is isotopic through embeddings to Fjp. ]

2.6 Manifolds with boundary and dim B < 3
In this section, we generalise Proposition 10 to compact manifolds w: M — B whose base

has dimension at most three. Now, M may also have a boundary, which requires additional
estimates on ¢ — r¢o near the boundary where both ¢ and ¢¢ vanish. It will be a corollary
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to locating the nodal set that it must intersect the boundary. We obtain a more precise ver-
sion of this statement in Proposition 15, giving a lower bound on the number of connected
components of dM NN ().

The generalisation of Proposition 10 to base dimensions larger than one will require the
additional hypothesis that zero is a regular value of . As we saw in step one of the proof
of 10, this is automatically satisfied for dim B = 1. Also for dim B > 1, an eigenfunction of
Hj and its derivative cannot both vanish on a smooth hypersurface (see, e.g. [5, lemma 3.4]).
Hence, zero is a regular value of ¥ if and only if ¥~ (0) is a smooth submanifold of B.

Theorem 14 Assume d := dimB < 3, let u be a simple eigenvalue of Hy and
Y € ker(Hy — 1) a real, normalised eigenfunction. Let ¢ € ker(H — v) and 6;(¢) be as in
Theorem 8. If zero is a regular value of r, there exist constants C > 0 and &y > 0 such that
foreverye <eyandy € M\ OM we have:

distg, (7 (y), N(¥)) = Ceby(e) = sign(p(y)) = sign(¥ (7w (y)) .

Proof The proof follows the same steps as that of Proposition 10. We will stick to the notation
introduced there and explain step by step how the arguments may be generalised to the present
setting.

1. Because zero is a regular value of ¥ and A (y) is obviously compact, there exists a
constant Cy > 0 such that |viyg| > Co on N (), where v denotes a unit normal of the
nodal set of .

2. For ¢ small enough, €6,(¢)2C1/ Cq is smaller than the injectivity radius of (B, gp). Then,
forevery x € N (), the argument of step two in the proof of 10 applies on the g-geodesic
t — exp,(tv), and we have (setting C» = 2C;/Cp)

|V (expy (C2e64(e)v)| = Creba(e) .

3. The argument from 10 can be applied to the connected components of B \ N (1) and we
obtain |/ (x)| > C1£64(¢) whenever dist(x, N (¢¥)) > Cre6,(e).

4. If 9M = o, the proof concludes just as in the case dim B = 1. Otherwise, we need take
into account the behaviour of fibre eigenfunction ¢ near the boundary, where both 1 ¢o
and ¢ vanish.

4. Let D(y):=distg Faty) (y, 8Fn(y)) be the distance to the boundary measured inside the
fibre. We begin by noting that there exists a positive constant C4 such that for every
yem

lpo(y)/D(y)| = C4 > 0.

This is true because the boundary of F is smooth, and hence, by [5, lemma 3.4], the
normal derivative of ¢y on 9 Fy(y) is nonzero everywhere, which gives a lower bound
by compactness of 9 M. Now, since D(y) > distg, (v, dM), we may use Corollary 9 to
obtain the following estimate

1o — )/ Dlios < 1¥d0 — @llog01 a1 g0 < ClYPo — @llgi (a0 < CseBule) .

Thus, setting C; := C, 1C5 and C := C; = 2C 1C1 completes the proof since for
dist(z (y), N(¥)) > Ceb,(¢), we have by the previous steps

[Weo(y)/ D) = [ ((y)|Cs > C1Caeba(e) = Cseba(e) .
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Proposition 15 Let , ¢, C and gq be as in Theorem 14. Then, for all ¢ < &g
dist (M (), 7' N (¥)) < Cebale)

for the Hausdor{f distance with respect to g. Moreover if OM # @, then the set N'(¢) N OM is
non-empty and has at least as many connected components as w ' N () N d M. In particular
if B is one-dimensional and 9 F has k connected components, then the number of connected
components of N'(¢) N OM is at least k times the number of zeros of .

Proof The statement on the Hausdorff distance can be proved in the same way as in Corol-
lary 11. That is, one constructs for every x € 7~ 'N () \ M a curve y with y(0) = x,
o(y(t+)) > 0 and ¢(y(¢-)) < 0. In order to prove the statement concerning N (¢) N IM,
we slightly refine this idea and construct a globally defined map

pra! ({x e B : dist (x, N () < Ce@d(s)}) - N, (14)

To achieve this, let K be a connected component of A'(¥) and let vy be the unique unit
normal to K pointing into the region where v is positive. Set 4 := £Ce0,(¢e), and let
T :=T, (K) C B (in the notation of 11) be the tubular neighbourhood of K with radius z., .
Parallel transport of v along geodesics normal to K defines a vector field X on 7. We claim
that there exists a lift X of X to 7~ (), which is tangent to the boundary, that is, we have

X=X, XlomeToM.

In fact, X can be constructed by covering T by open sets U;, over which M may be trivialised
by maps ®; and patching together the vector fields CI>?‘X , which are clearly tangent to the
boundary, using a partition of unity. The flow of X projects to the flow of X and since X
is tangent to d M, its integral curves exist until their projection reaches the boundary of T'.
Every integral curve of X intersects 7~ (K) exactly once, so projection along these integral
curves defines a smooth map

p: N_I(T) — n_l(K).

Repeating this construction for the other components of N (1) defines the projection p of
Eq. (14).

Now, because continuous images of connected sets are connected, d M NN () has at least
as many connected components as its image p(8M NN ((p)). Because X is tangent to the
boundary, this is contained in M N 7~ A(y). We conclude the proof by showing that the
restriction

p:IMNN(p) — M N "N ()

is onto. Assume there exists y € dM N 7~ N'(y) that is not contained in the image of
Plamnn ()- Then, the integral curve y of X through y does not intersect A/ (¢). Since the nodal
set is closed, there exists also an open neighbourhood U of y in 7 ~1(T) with N () NU = 2.
But then there must be a curve in the interior

yilt—,t41 > U\ M,
with w(y (1)) = (v (t)). It follows from Theorem 14 that ¢ (y (t1)) > 0, ¢(y(1-)) < 0, and

this contradicts the fact that 7 N A/(¢) = @, so such a point point y € dM N 7' N ()
cannot exist. ]
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