Ann Glob Anal Geom (2012) 42:585-610
DOI 10.1007/s10455-012-9328-y

Energy functionals and soliton equations for G,-forms

Hartmut Weiss - Frederik Witt

Received: 5 January 2012 / Accepted: 24 April 2012 / Published online: 13 May 2012
© Springer Science+Business Media B.V. 2012

Abstract We extend short-time existence and stability of the Dirichlet energy flow as
proven in a previous article by the authors to a broader class of energy functionals. Further-
more, we derive some monotonely decreasing quantities for the Dirichlet energy flow and
investigate an equation of soliton type. In particular, we show that nearly parallel G;-struc-
tures satisfy this soliton equation and study their infinitesimal soliton deformations.

Keywords G;-manifolds - Geometric evolution equations

1 Introduction

In the quest for ‘special’ metrics, variational principles play an important rdle. A prominent
example is the total scalar curvature functional on the space of Riemannian metrics, whose
critical points are Ricci-flat metrics. In this article, we consider various functionals defined
on Qi_(M ), the space of positive 3-forms on a compact, seven-dimensional spin manifold
M. These forms are sections of the fibre bundle AiT*M — M whose fibre is the open
orbit GL(7)4+/G> of GL(7)4+ acting on A3R”*. Furthermore, such a section 2 induces a
Riemannian metric gg on M. We also refer to Q2 as a Gp-structure on M. The importance
of this notion stems from the fact the only (irreducible) odd-dimensional instance of special
holonomy comes from metrics of the form gq. A central problem is to find conditions which
ensure the existence of a holonomy Gy-metric provided necessary topological conditions are
met. Such a theorem would yield an analogue of Yau’s celebrated theorem [18] which asserts
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the existence of a metric with holonomy SU () on a Kihler manifold M Zm whose first Chern
class vanishes.

The quantity we seek to extremalise is the intrinsic torsion of a positive 3-form 2 which
can be thought of as an endomorphism of 7 M (cf. Sect. 2 for a definition). To see what this
means concretely we recall that by a result of Ferndndez and Gray [9], 2 is forsion-free,
i.e. its intrinsic torsion vanishes, if and only if dQ2 = 0 and §o2 = 0O (here, g denotes
the codifferential induced by gq). This, in turn, is equivalent for the holonomy of gq to be
contained in Gy. In [17] we show that the critical points of the Dirichlet energy functional

1
D: QY (M) >R, Q> 5/(|dsz|’g‘2+|59sz|§z) volg
M

(with volg = Q A xqQ2/7) are precisely the torsion-free forms. Since these are absolute
minimisers of D, it is natural to consider the negative gradient flow

0

3 @ = —grad D) =: Q(£) (DF)
fort € [0, T), subject to some initial condjtion Qo € Qﬁ_ (M ). Here, —grad denote§ the
nengltive Lz—gradient determined by DD (R2) = —(Q(RQ), L)g = — fM 0(R2) A xqS2 for
all © € Q3(M). The principal results of [17] are these:

Theorem 1.1 (Short-time existence) The Dirichlet energy flow 0;2; = Q(2;) has a unique
short-time solution for any initial condition Qg € Qi(M ).

In particular, for any initial condition, there exists a unique solution to (DF) on a maximal
time interval [0, Tinax) Where Thhax € (0, oo].

Theorem 1.2 (Stability) Let Qe Qi(M) be torsion-free. Then for any initial condition
sufficiently close to Q2 in the C*°-topology, the Dirichlet energy flow exists for all times and
converges modulo diffeomorphisms to a torsion-free Gy-structure.

In this article, we analyse the flow (DF) further. Firstly, we derive various monoton-

ely decreasing quantities. In particular, we show that the W!2-Sobolev norm ||€2; ”%}Vl'z is
Q

bounded by a monotonely decreasing bound C;. Moreover, %C, = 0 if and only if ; is
torsion-free. The proof involves the functional

1
c(Q) = §/|VQQ|§Z volg,
M

where V* is the Levi-Civita connection induced by gq. Its critical points are again the tor-
sion-free positive forms, and the associated negative gradient flow has properties very similar
to (DF). In fact, both D and C are special instances of a whole family of energy functionals.
To discuss these in general, we first recall that any Q € Qi(M ) induces a Gy-decomposi-
tion of p-forms A? = @, Af; into irreducible modules, where ¢ is the rank of the module.
The corresponding module of sections will be denoted by Qf; (M) (this is analogous to the
decomposition into (p, g)-forms over an almost-complex manifold). For example,

AP=A2@ A} and A=Al @ A3 @ A3, (1)

Of course, A{’ is spanned by the invariant form . Furthermore, A is irreducible. Since the
induced Hodge-star operator g is a Gp-equivariant isomorphism A? — A7~7, we imme-
diately get the decomposition of A? for p = 4, 5 and 6. In particular, we can decompose
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d2 and d *q 2 into irreducible components. Using various Ga-equivariant isomorphisms,
we can write

dQ=1%xQ Q4+ 311 A QL+ *xq03 2)
and
dxq Q=41 A*QQ + 120 A Q 3)

(see e.g. Proposition 1 in [5]) for uniquely determined forsion forms ty € Q?(M), T] €
QI (M), 1, € @}, (M) and 73 € Q3,(M). These forms depend on €2 and can be thought of
as maps from Qj_ (M) to Qg . The 74 (€2) vanish identically for all k if and only if €2 is closed
and coclosed, that is, if €2 is torsion-free. Note in passing that it is not obvious that t; appears
twice in both d2 and d g €2, cf. [4]. Here, this will be a consequence of a Bianchi-type
identity for €2, see the remark after Lemma 3.3. We now define the energy functionals

3
D, = Z v; D;
i=0

with

1
Di(Q) := 5/|r,~|§zvolg.
M

and v = (vg, vi,v2, 13) € RY. If v € R‘_‘F, that is, all entries in v are positive, then we can
prove Theorems 1.1 and 1.2 for the generalised Dirichlet energy flow

)
Pm Q= 0v(820), (DFy)

see Theorems 2.9 and 2.10. The flow (DF) is just the special case for v = (7,84, 1, 1).
However, we shall write D and Q for D,, and Q,, in this case to be consistent with [17].
To obtain concrete solutions to (DF,), we consider the equation

0, (R0) = o0 + Lx,20

for some real constant 1o and vector field Xy (with Ly, the Lie derivative along Xy). In
analogy with Ricci-flow, we call this the D, -soliton equation. A D-soliton, where D is the
original Dirichlet energy functional, will be simply called a G,-soliton. For a D,-soliton ¢
as initial condition, the solution to (DF,) has the form 2, = u(#)Qo with p(f) N\ 0 as
t /" Tmax, and so becomes singular. As in the Ricci-flow case, one expects Gz-solitons to
play a major rdle in the study of finite time singularities. We first show that any Gj-soliton
is necessarily of the form Q(€2) = u <. This is precisely the condition to be a critical point
for D subject to the constraint that the total volume || 1 Volg equals 1. Furthermore, any such
Gj-soliton is either steady, i.e. ;o = 0, in which case the flow is constant and thus exists
trivially for all times, or shrinking, i.e. ;o < 0. In this case, the flow collapses in finite time.
Our main result is that nearly parallel G-structures (i.e. Ga-structures for which all torsion
forms but 7o vanish) are G;-solitons in the sense above (cf. Theorem 4.1). For example, the
7-sphere with the round metric is nearly parallel. In general, nearly parallel G;-structures
induce Einstein metrics with positive Einstein constant. However, we do not know whether
a soliton is necessarily of this type. Finally, we investigate the premoduli space of G»-sol-
iton deformations at a nearly parallel G;-structure. As in the Einstein case, we can prove
that the premoduli space is a real-analytic subset of some finite-dimensional real analytic
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submanifold (cf. Theorem 5.7). Any infinitesimal Einstein deformation of a nearly parallel
Gy-structure gives an infinitesimal soliton deformation, but again we do not know whether
the converse holds.

1.1 Conventions

(i) In this article, we shall only encounter irreducible G,-representation spaces of dimension
equal or less than 27. In this range, an irreducible G;-representation is uniquely determined
by its dimension ¢. For instance, the space of symmetric 2-tensors ©>R”* can be decom-
posed into the line spanned by the identity and the 27-dimensional irreducible space of
tracefree 2-tensors @%R”, which is thus isomorphic to A%7R7*. Consequently, the module
of endomorphisms can be decomposed into

R™*@R™ = 0R™* @ AR = Al @AY, @ A3 @ A2, )

We denote projection onto irreducible components by [ - ],. For example, a 3-form Qe
523 (M) can be dt;compos_ed into 2 = [Q]; D [Q]7 (&) [9]27 and an endomorphism A into
[Al1 © [A]l; ® [ALi4 © [Al27.

) If F: Qi_(M ) — E is a smooth map between Fréchet spaces, then we often write
FQ for Do F (Q), the linearisation of F at 2 evaluated in 2 € §23(M ). For example, for the
map © : Q3 (M) — Q*(M) which sends Q to ©(Q) = xo<Q, we get

Og = *qpa(R) (5)
with
. 4 . . .
pe(Sl) = 5[9]1 +[Q]7 — [Q]27.
Another example is Q : Qﬁ_ (M) — Q3(M), the negative gradient of D, given by
0(Q) = —80dQ — pa(dse) — a(VIQ), ©)
where gq is determined by the identities
. 1, . .
(Q, qa(VQ)q = 5((*s2d§2, *dQ)q + (kod *q Q, xod xq Q)q) (7

to hold for all 2 € Q3(M).

2 The Dirichlet energy and the Hitchin functional
2.1 The torsion forms of a positive 3-form

Recall that VS22 is a section of A! ® A% and hence may be written as V9Q = T(Q) for a
uniquely determined tensor field 7 € T(A!' ® A%), the intrinsic torsion of the Gy-structure
(cf. for example [5]). Here the A% factor of T acts, seen as an element in A2 = s50(7), the Lie
algebra of SO(7), equivariantly in the standard way on 2 and gives an element in A%. The
module A% ® A% decomposes as A(l) ® A% @ A%4 ) A%7 into Gy-irreducible ones. Hence

VEQ = & 4+ &7 + E1a + £,
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where & denotes the projection of & := V2 onto the corresponding irreducible summand.
The & are thus the irreducible components of the intrinsic torsion T under the embedding
T — T(Q).

Proposition 2.1 Ler Q € Qi(M ) be a positive 3-form. Then the following holds:
(i) One has

1dQI% =775 + 36|11 + 1313

and
80215 = 48|14 + 0213
In particular,
1dQI% + 1815 = 718 + 841115 + [nl% + 115, ®)
(ii) One has
7
IVeQP2 = i C+ 241113 + 2% + 2|13, 9)

Proof (i) Clearly
QI = | *@ Q% + 91 A QUG + 5315,

which using |« Q% = |Q[% = 7 and |1 A Q|% = 4|71|3, (cf. for instance Eq. (15) in [17])
yields the first equation. Similarly,

1800213 = |dxg /5 = 16|71 A%@Q% + 1 A QU

as |11 A x@Q1% = 3|15 (cf. Eq.(15) in [17]) and |72 A QI3 = |02]3, for A3, = {a €
A2 la A Q2= —xqal.

(i)Lete : A' @ AF - AT and (1 A' @ AK — A¥1 denote exterior resp. interior
multiplication. Then d2 = €(§) and §oQ2 = —¢(&). Since ¢ and ¢ are GL-equivariant, one
has more precisely

dQ =e(&1) + &(&7) + e(&27)

and

82 = —1(§7) — 1(814).

We need to calculate the length distortion of the maps & and ¢ on the irreducible summands.
We claim that

3 1
le(EDIE = 416115, le(EDlh = 5'57'?2’ le(Ean) % = E|sz7|§2

and
1
lLENE = 218715, LEWIE = 5|514|§2.

To establish these we consider themap f : A'®@ Al - Al® A% which to v ® w assigns v ®
(wixg ). The module of symmetric endomorphisms ©% which is spanned by v @ w+w Q v
can be decomposed into the tracefree endomorphisms @% and multiples of the identity. A
(GL(7)-)equivariant projection g : o — O% is given by mg(a) = a — Tr(a)Id/7. We want
to compute |e( f (g (a)))|* and | f (o (a))|? for a € ®Z. It suffices to do this for elements
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of the form ¢; ® e¢; + e¢; ® ¢; for some orthonormal basis ey, ..., e7 of A!. Furthermore,
since Gy acts transitively on pairs of orthonormal vectors, we need to consider the element
e1 ® ez + e2 @ e only, which is already in @%. Thus,

If(e1®er+er®@en)> = ler ® (e2 %) + €2 ® (e1LxQ))> =8
while
le(f(e1 ® e2 +ex ® e = |er A (e2xf) + €2 A (e1xqQ)|* = 4,

whence the distortion factor 1/2 as claimed above. In the same vein, consider the projection
71124 (A > A%4 given by 71124(00 = Qa — xq(a A 2))/3. Then

If(e1 @er—er @ep)|? = le1 @ (eaurq Q) — 2 ® (e1Lxqf)|> = 8
and
ll(fe1 ®ex —er @ en))* = ler(eaxq) — eri (ejxqQ)|* = 4,

giving again the distortion factor 1/2. Either by proceeding as before or by using the transi-
tivity of Gy on the sphere of its vector representation we deduce the remaining coefficients.
Therefore

3 1
QI3 = 4|55 + 5|s7|%2 + 5|$z7|%z
and
1
180915 = 216715 + §|sl4|é.

Comparing this with the formula (2) and (3) we get:

&g = %r&, 8716 = 24|11g.  [Eulg =2In2lg.  1E21G = 2Iwl%.
Since clearly
IVEQIG = [E11g + E118 + [E1alg + 12718
the result follows. O

Remark The previous proposition provides an alternative proof of the result of Fernindez
and Gray mentioned in the introduction: For 2 € Qi_ (M) one has V#Q = 0 if and only if
dQ = 8o = 0, since both equations are equivalent to 7p = 1] = 15 = 73 = 0. By standard
holonomy theory, V¥ = 0 is equivalent to go having holonomy contained in G,.

2.2 Monotone quantities

For any smooth family €2;, we can write
0:2 = 3112 +xq, (s A Q)+ vi

for uniquely determined quantities f; € C*°(M), «; € Q'(M) and Vi € 937,9, (M) depend-
ing smoothly on 7. These are called the deformation forms of ;. In particular, the evolution
of the associated volume form is given by

0 volg, =17 f; volg,,
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see e.g. [5]. For a solution €2, to (DF), we have
80, (Q(1), Q) =3 figa, (21, Q) =21f;
and hence
3 volg, = 1g0,(0(Q), ) volg, . (10)

Alternatively, use that the differential of the map ¢ : Ai — A7 sending Q to volg is given
by

Dad(2) = 12 A%, (11)
cf. [12]. The Hitchin functional is defined by

H:Qi(M)—)R, Qr—>/volg,
M

i.e. it associates with Q € Qi(M ) its total volume. We find that the value of the Hitchin
functional is monotone and convex along a solution to the Dirichlet energy flow:
Proposition 2.2 If (£2;);c[0,1) is a solution to (DF), then

dH(Q)<0 d dz7—{(SZ)>0
- and —
= a2 =

forallt € [0, T). Further, 4 OH(Qt) = 0 if and only if 4, is torsion-free.

dt lr=t
Proof Using Eq. (10) we get

4@ /a I

— = [ —vo

de 9
M

1
= g/gQI(Q(Qt),Qt)VOIQ,

M
= —1Dq,D()
Since D is positively homogeneous, i.e. D(AQ2) = 233 D(Q) for A > 0, one has DoD(Q) =
%D(Q) by Euler’s formula, cf. the proof of Corollary 4.3 in [17]. Hence

d
3 (@) =-3D@) <0 (12)

with equality if and only if €2, is torsion-free. Furthermore,

d2

3210 = =5Do, D(Q(20) = 31023,

which is always non-negative. O
Equation (12) has the following noteworthy consequence for a long-time solution to the
Dirichlet energy flow: Suppose that 2; is a solution to (DF) on [0, co). Then, since D(£2;)
is monotonely decreasing, the limit

Doo := lim D(2;) >0
—00

exists. In fact, we have
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Corollary 2.3 If (2/)/¢[0,00) is a solution to (DF), then Do, = 0.

Proof Assume to the contrary that Dy, > 0. Then D(€2;) > Dy > 0 for all ¢ € [0, c0).
Hence, by Eq. (12), %H(Qz) < —%Doo < 0 for all ¢, and therefore

5
H(2) < H(S0) — §Doot-
In particular, H(€2;) becomes negative in finite time. Contradiction! O

Remark As an example communicated to us by Joel Fine shows, long-time existence is not
sufficient to imply convergence to a critical point (cf. Fine, Pers. commun.). It is obtained
by restricting the Dirichlet energy functional D to the space of SO(4)-invariant forms on
R* x SO(3). Using Lemma 3.1, the flow equations can be reduced to a system of nonlinear
ODEs which can be explicitly solved and whose solutions project down to 7% x SO (3). This
is related to the failure of the Dirichlet energy functional to satisfy the Palais—Smale condi-
tion. If, however, lim;_, o0 2; = Qo € Qi_(M ), say w.r.t. the C 1—topology, then Corollary
2.3 suffices to conclude that Q4 is torsion-free.

As for the Dirichlet energy functional, we may set
Hoo := lim H(2) >0
—00

for a solution €2; to (DF) on [0, co). Here two cases may occur:

(1) Heo >0
(2) Heo=0

A prototypical example for the first case is a solution converging to a torsion-free G,-struc-
ture as + — oo. Such solutions exist as a consequence of Theorem 1.2, our stability result
for the Dirichlet energy flow. A solution fitting into the second case is provided by Fine’s
example (cf. Fine, Pers. commun.).

A further consequence of Eq. (12) is that the value of the Hitchin functional decays at
most linearly along a solution to the Dirichlet energy flow:

Corollary 2.4 If (2/)s[0,1) is a solution to (DF), then
H(Q0) = H(Q) = H(Q0) — 3D(Q)t

forallt € [0, T). In particular, for all ¢ > O there exists § > 0 such that H(2;) > § for all

. . o
t € [0, to — e] with to = min{T, %gggzgg ).

Proof Since the Dirichlet energy flow is the negative gradient flow of D, one clearly has
d
—D(2) <0
a D) =

for all t € [0, T), in particular D(£2;) < D(2p). Hence by Eq. (12)
d
dr

and the claim follows by integration. O

5
H(ES2) = —§D(Qo),
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Remark 1f one knew exponential decay of D(€2;) for a solution to (DF) on [0, co) before-
hand, then H(£2;) would be bounded from below: Assuming D(€2;) < C e~ for constants
C, A > 0 and using Eq. (12) once again, one gets

t

5
H(Q,) > H(S) — 6/Ce*“olz

0
5C
= H(Qo) - 55 —eM)
5C
> H(0) — %

for all ¢ € [0, o). This would be particularly useful if one could choose C and A in such a
way that § := H(Q0) — 3§ > 0.

In [5] it is shown that the scalar curvature of the metric gg is given by
21 1 1
Sgo = 128071 + =13 + 3011l — = |nll — = Inl3
8 2 2
(cf. (4.28) loc. cit.). Thus, by Stokes’ theorem, the total scalar curvature

S(Q) = /sm volg

M

of gq is given by

21 1 1
S(Q) = /(§1'02 +30/7 13 — 5|r2|§2 - 5|r3|§2) volg . (13)
M

On the other hand, by Proposition 2.1, we have

7 2 2 1 2 1 2
D@ = [ (3% + 4l + 3 1nl + luk) volo.
M

Comparing coefficients immediately yields

Lemma 2.5 Let Q2 € Qi(M) be a positive 3-form. Then |S(2)| < D(L2).

Using the monotonicity of D and Corollary 2.3 we obtain

Corollary 2.6 The absolute value of the total scalar curvature S($2;) is bounded by a mono-
tonely decreasing quantity along a solution (2;)sc(0,1) to (DF). If @, is defined on [0, 00),

then llm[*)oo S(Q[) =0.

If we define

1
C(Q) = E/|v9sz|§2vo19,
M
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then we get from Egs. (8) and (9)

Q) = zt2+12|r 2 2 2 ) vol
= ] 0 1lg + ln2lg + |13lq ) vole

M
21 1 1
— D(Q) +/(—§ § =301l + 512l + 1l vola
M
=D(Q) — S(R).

Furthermore, we remark that

20(Q) + THQ) = 121,15,
Q
whence
0 < IQ012,, < 4D(Q) + TH(R) <8I, ».
Q Q

In particular, we find along a solution to the Dirichlet energy flow

Proposition 2.7 Let (2;);c[0,1) be a solution to (DF). Then

2
||Qt||W1.z <C =C(Cp
Q

for the monotonely decreasing bound C, = 4D(2;) + TH(S2;). Furthermore, one has
% |z:ro C; = 0 if and only if @y, is torsion-free.

Proof The first assertion follows directly from the discussion above. Secondly, %Ct =

44D +7$ 1) < 0 with equality if and only if $D(2,) = 0and $H (@) =0,
whence the result by Proposition 2.2. O

2.3 The generalised Dirichlet energy flow

The energy functionals D and C considered above are special instances of the functional

3
'D)L = Z v,-D,-
i=0
with

1
Di(Q) = 5/|m§2volg
M

and v = (vg, v1, V2, 13) € R*. More specifically, one has
D =TDy + 84Dy + Dy + D3
and

7
C = ZDO + 24Dy + 2Dy + 2Ds.

We call the functional D, the generalised Dirichlet energy functional associated with the
parameter v € R*. The aim of this section is to further analyse this family of functionals. In
particular, we prove generalised versions of Theorems 1.1 and 1.2 for D,, for v € R‘_‘,_.
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Set Q;(R2) := —gradD;(2),i = 0,1,2,3 and Q,(R2) := —grad D, () for v € R,
The functional D, shares the same basic properties with D: It is Diff (M) -invariant and
positively homogeneous, i.e. D, (u2) = M%Dv () for u € Ry.

Next we consider the negative gradient flow of the generalised Dirichlet energy functional

a
Fm Q= 00(820) (DFy)

forv € R?, subject to some initial condition ¢ € Qi(M ). We call the flow equation (DF,)
the generalised Dirichlet energy flow.

For v € ]Ri, the generalised Dirichlet energy flow behaves much like the ordinary
Dirichlet energy flow. In this case, Euler’s formula implies as for Q (corresponding to D)
that Q,,(2) = 0 holds if and only if 2 is torsion-free. As a first result, we have

Lemma 2.8 The flow equation (DF,) is weakly parabolic for v € Rio, ie.
~82(0 (D2 Q) (x, )2, ) = 0
forallx e M, & e T)M and Q € A3TFM.

Proof According to Proposition 2.1 one has

Q15 =775, |[dQ115 =36lt113,  [dQlg = 5315

and
I8aR171> = 48|15,  [[BaQisl* = |nlb.
Therefore
1
7-Do(Q) = 5/|[dsz]1|évolg,
M
1 2
36-Di() = 5 [ 114l volg,
M
1 2
D3() = 7 [ [1dQ7[g volo
M
and

1 1
48-D1(Q) = E/|[agsz]7|%zvolg, Dy(Q) = E/I[Snﬂ]mlgzvoln-
M M

Linearising as in [17] we get

. 1 . . 1 .
—0(DaQo)(x, )2 = 7&[%‘ AQlL, —o(DeQD(x,§)Q = %SL[S A 217,

—0(Da02)(x,6)Q = pa(E A [ELpaQRlia), —o(DaQ3)(x,£)Q2 = EL[E A Q.
Now for k =1, 7,27 we have for § € T)M

g(EL[E A QL Q) = |[EAQKIE >0
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and for k = 14
ga(pa(€ ALELpalia), Q) = |[ELpaial’ > 0.

Since Do Q, = Z?:() v; Dg Q;, the result follows. O
Breaking the diffeomorphism invariance one gets:

Theorem 2.9 The generalised Dirichlet energy flow 9;2; = Q,(£2;) has a unique short-time
solution for v € Ri and any initial condition Qo € Qi(M).

Proof We employ DeTurck’s trick as in [17]. Given some background G,-structure Q &
Qi_(M ) (e.g. the initial condition 2p) we consider the vector field

X(Q) = —(6592).Q.
For e(v) = min;—g 12,3 v; /36, we set A(2) := Lx )2 and
0,(Q) := 0,(Q) + (M) A(Q).
Then, Do 0, = DaQ, + e(v)DoA. For & € T*M with [£|q = 1, we find that

3
—20(0(Da Q1) (x, £)2, Q) = — > viga(0(DaQi)(x, £)S2, Q)
i=0

> —e(v)ga(o (Do Q) (x, £)$2, Q)

and hence

— 82(0(Da0))(x, 5)2, Q)
> —£(1)ga(0(DeQ)(x, ), Q) — e(Mga (o (Do) (x, )L, Q)
= — e()ga(0 (DeQ)(x, H)Q, Q) = e(M)ILg,
where the last line follows from Lemma 5.7 El [1~7].

This shows that the flow equation 9,2, = Q,,(€2;) is strongly parabolic. Standard methods,
see for instance [16], now yield a unique short-time solution €2;. A short-time solution €2, for
the original flow equation 9;€2; = Q,(£2;) is then obtained by integrating the time-dependent
vector field X (2;) and pulling back €2; by the corresponding family of diffeomorphisms,
cf. [17] for details.

The proof of uniqueness given in [17] for the Dirichlet energy flow applies without change
to yield uniqueness of the solution 2; on short time intervals. O

Finally, as in [17] we also get a stability result:

Theorem 2.10 Let Qe Qi(M ) be torsion-free. Then for any initial condition sufficiently
close to Q in the C*°-topology the solution to (DF,) for v € Ri exists for all times and
converges modulo diffeomorphisms to a torsion-free Gy-structure.

Proof LetQ € Qi (M) be torsion-free, i.e. d2 = §o2 = 0. Then

. 1 . . 1 .
(D@Q)2 = —559[(19]1, (D012 = —%59[“2]7
(Do 02)2 = —pa(ddopalia), (Da03)Q2 = —8a[dQly
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and
(Do A)(R) = —3d[5o Q17
Weset L, := Dg é,, and L = DQQ as in [17]. Then we get
L,= —vo%zsg[ds'z]l —v %sg [d2]7 —v2 pa(dlde pa2li4) —v38aldr — 3e(v)d[8a Sy
and hence
(—Lu Q)2 = e)(-LQ, Q)2 V2 € (M)

with £(v) = min;—g 12,3 v;/36 as above. In particular, L, is non-positive and the Garding
inequality holds. The proof then proceeds along the same lines as the one given in [17] for
the Dirichlet energy flow. O

3 G3-solitons
3.1 Symmetries

We recall that one has a natural Diff (M) -action on Qi(M ) given by pullback and that D
is Diff (M) -invariant, i.e. D(¢*Q2) = D(L2) for all ¢ € Diff(M).. This implies that

P 0(Q2) = 0(p™Q). (14)
Further, any symmetry of the initial condition 2 is preserved by the Dirichlet energy flow:

Lemma 3.1 Let ():cfo,1) be a solution to (DF) with initial condition Qo. If ¢*Q0 = Qo
for some ¢ € Diff (M), then ¢*Q; = Q; forallt € [0, T).

Proof Using Eq. (14) one gets that (¢*$2;);¢[0,7) is a solution to (DF) with initial condition
©*Qo. Since ¢*Qy = Qp, uniqueness of the Dirichlet energy flow implies that ¢*2;, = ;
forallz € [0, T). ]

Secondly, one has a natural R -action on Qi(M ) given by scaling with respect to which
D is positively homogeneous:

DOQ) = A3D(Q) (15)

forall A € R;.

Lemma 3.2 One has Q(AQ2) = A% Q) forall A € Ry.

Proof Using Eq. (15) we calculate

Dy oD(Q) = DO + 1K)

3l
dr lt1=0

d .
— 35 p@+nlo)

dr ‘t:O
= AIDeD('Q) = A3 DaD(Q).
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Hence

DyaD(Q) = A3 DaD(Q) = A3 / ga(grad D(Q), ©2) volg
M

and on the other hand

DsaD(Q) = / g10(zrad D(L.Q), Q) volyg = A3 / ga(grad D(LR), ) volg .
M M

7
Here, we have used the fact that vol, o = A3 volg and g, = )fng on 3-forms. Comparing
these two expressions, we get the result. O

Remark As a consequence of the preceding lemma, if €2; is a solution to (DF) on [0, 7') and
A > 0, then the space—time rescaling Q;\ := A2, -2/3, is again a solution to (DF), defined on
[0, A2/3T).

3.2 A Bianchi-type identity

For some fixed background G;-structure €2, consider the operator

Ay X(M) - QXM), X = LxQ

2
8Q’

ra: QBM) > XM, Q> —Xao(Q) — QudR,

and its formal adjoint with respect to L?,_, namely

where X Q(Q) = -5 QL. As usual, we identify 1-forms and vector fields using gg. Recall
that we have an L?-orthogonal decomposition

Q3 (M) = ker Lq @ im A, (16)

where the second summand is tangent to the Diff (M) 4 -orbit through €2, see Proposition 5.6
and Lemma 7.3 in [17].

Lemma 3.3 Forall 2 € Qi(M), we have Lo(Q(R2)) = 0 and Lo = 0.

Proof The proof proceeds along the same lines as Kazdan’s derivation of the usual Bian-
chi identity in [13]: If F : Qj_ (M) — R is a Diff(M)-invariant functional, then
rq(grad F(2)) = 0, since the level-set F~YF(Q)) contains the Diff (M) -orbit through
Q. Now by definition, Q(2) = —grad D(2), which yields Ao (Q(£2)) = 0. Secondly, from
Eq. (11) it follows that

grad H(Q) = 1Q
which gives Lo Q2 = 0. ]

Remark The equation A2 = 0 is equivalent to t; = 71, where in light of the definition of
the torsion forms, one has

dQ=19%Q L+ 371 A Q + *xqT3
and

dxg Q =47 Ax@Q+ 1 A Q
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for 71 a priori different from ;. Indeed, Ao = (5o R2)L Q2 — QLdQ2 = 0 is equivalent to
([6R2]7).Q2 = QL([d2]7). (7

Substituting [6oR]7 = —4 xq T1 A *@Q2 and [dR2]7; = 371 A Q we obtain that Eq. (17) is
equivalent to

—4dxq (T1 A*Q)LQ = 3QL(1] A Q). (18)

A routine calculation establishes for & € QY (M) the identities QuE A Q) = —4£ and
*Q(E A xqQ)LQ2 = 3&. Hence, the left-hand side of Eq. (18) equals —127;, whereas the
right-hand side equals —127;.

Corollary 3.4 IfQ € Qi(M) satisfies Q(Q2) = f - Q for f € C®°(M), then f is constant,
ie. Q(Q) =AQ for . € R

Proof Applying Ag to the equation Q(2) = f - Q yields the equation Lo (f2) = 0 using
Lemma 3.3. On the other hand

Ao (fQ) = —8a(fQ)LQ — £QuLdQ
= [dfLQ — 8oL — FQUAQ
= [dfLQ)Q — fraQ = [dfLQ)LQ,

where we have again used Lemma 3.3 in the last line. Now since (§.Q).Q = 3£ for all
£ € Q!(M) we conclude that df = 0, i.e. f is constant. O

Next we consider the operator QQ(Q) = 0(Q) + 15 (X5(Q)), 2, Qe Qi_(M), defined
in [17].

Corollary 3.5 IfQ € Qi_(M) satisfies QQ(Q) =0, then Q(RQ) =0, i.e. Q is torsion-free.

Proof Applying Lg to the equation

05(Q) = Q(Q) + 15X (2) =0 (19)
yields the equation AoA$(X5(R2)) = 0 using Lemma 3.3. Hence, 1§(Xq(R2)) = 0 and
therefore Q(2) = 0. ]

Remark Note that if M has finite fundamental group or more generally satisfies H' (M; R) =
{0}, then QQ(Q) = 0 also implies X &(£2) = 0. Indeed, since Q(2) = 0, 2 is torsion-free
and Lxg = 0. Hence, go is Ricci-flat and X&(£2) is Killing. But this implies that
X 5(2) is parallel and therefore its dual 1-form is harmonic. In general, a parallel Killing
vector field has no zeros unless it is identically vanishing. Hence, the dual of X5(2) is a
closed, nowhere vanishing 1-form. By Tischler’s theorem [15], M must globally fibre over
the circle. Note, however, that non-trivial parallel Killing vector fields can exist: If X is a
Calabi—Yau threefold, then the product X x § I admits a natural torsion-free Gj-structure
for which the coordinate vector field d; on S! is a parallel Killing vector field. Conversely,
by standard holonomy theory, (cf. for instance [2]), a torsion-free G;-manifold (M, 2) with
non-trivial parallel Killing vector field is reducible, i.e. locally of the form X x S' for X a
Calabi—Yau manifold.
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3.3 The soliton equation

Definition 3.6 A triple (20, X0, o) with Q¢ € Qi(M), Xo € X(M) a vector field and
1o € R, which satisfy the equation

0(R0) = pnoS20 + Lx,20
is called a Gp-soliton structure. A solution to (DF) of the form
Q = n)p;

for some function w(¢) and a family of orientation-preserving diffeomorphisms ¢; is called
a Gy-soliton solution.

A particular case of a soliton structure is a Gy-structure 2o satisfying the equation
0(R20) = uo - Qo for some constant g € R. The ansatz

Q= p(0)Q2, w0 =1
yields using Lemma 3.2
3 = 1 (1)
Q(Q) = 1(1) 1o
and hence, the ODE
W) = pou(®)3, w0 = 1. (20)

The solution of (20) is given by

3
w(t) = (#r + 1)2

on some maximal time interval [0, Trhax). As in the Ricci-flow case, one has more generally:
Lemma 3.7 Let (2, Xo, (o) be a Gy-soliton structure. Then
Q= (e Qo (21
is a Gp-soliton solution on [0, Tnax) for n(t) = (%t + 1)% and ; the flow of the time-
dependent vector field /,L(l)_% Xo. The associated metric flow is given by
2 4
8 = 1(1)3¢; go.

Conversely, if Q; = u(t)e; Qo is a Ga-soliton solution on [0, Tmax), then (Qo, Xo, (o) with
Xo = % |t=0(p, and 1o = (0) is a Ga-soliton structure.

Proof Differentiating Eq. (21) we get
1
3 Qe = ¢ (1(1)3 Lx, (o) + 1 (1))

Q) = ¢ (1) 3 O()

which yields the claim upon substituting (20). The evolution of the associated metric g;
immediately follows from its scaling behaviour. O
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Remark By the preceding lemma, a G;-soliton structure and a G;-soliton solution are essen-
tially the same thing. We will therefore simply refer to both the Gy-soliton structure or the
corresponding soliton solution as a Gy-soliton.

Definition 3.8 A G,-soliton (20, Xo, o) is called expanding, if ;19 > 0; steady, if po = 0;
and shrinking, if o < 0. It is called trivial it Q(Q2) = 1op.

Using this terminology we can state the following:

Proposition 3.9 Let (20, Xo, 1to) be a Ga-soliton. Then the following holds:
(i) Any Gy-soliton (20, Xo, o) is trivial, i.e. already satisfies Q(20) = oS.
(i1) One has o < 0, i.e. there are no expanding Gj-solitons.
(iii) If ©2; denotes the corresponding soliton solution, then Tyax = 00 in the steady case

and Tpax = —ﬁ in the shrinking case.

Proof To prove the first assertion we apply Aq, to the equation
Q(R0) = 1020 + Lx, Q0 = 12020 + A5, Xo-

This gives, using Lemma 3.3, the equation kgokgo Xo = 0, hence, Lx,20 = 0.
Secondly, for o > 0 we would have

d d 5
37 D) = 3 Pr()Q0) = 31on()D(0) > 0

which is incompatible with the monotonicity of D. The remaining statements follow from
the behaviour of the solution of the ODE (20). ]

Remark For a shrinking soliton one clearly has lim;.7,, u(t) = 0 and therefore
lim,_ 7, H(2;) = lim;_, 7., D(2;) = 0. This follows easily from the scaling behaviour
of these functionals.

3.4 A constrained variational principle

Next we ask for critical points of D under the constraint H(€2) = 1. Let Qi’l (M) be the
submanifold of Qi(M ) consisting of positive 3-forms of total volume 1. Its tangent space
at @ is ker Do’H. Now by (11), Hao = (R, Q) /3 so that TgQi’l(M) = Q7 the 3-forms
which are perpendicular to  with respect to the natural L2-product. On the other hand, we
need grad D = —Q to be orthogonal to Tg Qi,l(M ), hence, a constrained critical point
satisfies Q(€2) = o2 for some constant g € R. In view of Proposition 3.9, we obtain an
alternative characterisation of G-solitons.

Corollary 3.10 A positive 3-form Q2 is a Gy-soliton if and only if Q is a critical point of D
subject to H = 1.

Remark Theresults of this section apply mutatis mutandis to the generalised Dirichlet energy
functionals D,,, v € Ri More precisely, we say that (2o, Xo, (o) is a Dy, -soliton if the equa-
tion Q,(R0) = o2 + Lx,20 holds. Since D, shares the same symmetries with D, we
obtain the Bianchi identity Aq(Q, (€2)) = 0. Hence, we may deduce that any D,,-soliton is
trivial with o < 0. The explicit solution to the soliton equation remains unchanged.
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4 Examples
4.1 Homogeneous spaces

Consider a compact homogeneous space M = G/ H. Then G acts on M via diffeomorphisms
coming from left translations. Let g = ) & m be the decomposition at Lie algebra level from
the inclusion H < G, where m is some complement invariant under the isotropy action of
H (the adjoint action of G restricted to H). The space of G-invariant G,-forms is precisely
the space of H-invariant Go-forms in A3m*. Since invariant critical points can be obtained
by restricting the functional to invariant Gp-forms, we are left with a finite-dimensional
variational problem. We will illustrate this procedure for the Dirichlet energy functional D.

4.1.1 The round sphere

We think of S7 as the homogeneous space Spin(7)/G». Then spin(7) = APRT* = g Pm
by (1), where m is isomorphic to the 7-dimensional irreducible vector representation of Gy.
Hence, A’m* = 1dm@ @%m (also cf. our first convention at the end of Sect. 1) is a decompo-
sition into irreducible G,-modules, and we find a one-dimensional space of Spin(7)-invariant
Gy-forms spanned by 2. In fact, if we think of S7 as the unit octonians with induced metric
go (the round metric), then at p € S7, Qo (u, v, w) = go,p (p, u- (V- w) —w- (v-u)) (here”
and - denote conjugation and multiplication on Q). Since Q(£2p) must be also Spin(7)-invari-
ant by Lemma 3.1, we deduce Q(€2p) = c2p for some nonpositive constant c. Furthermore,
H3(S7; R) = 0 so that q cannot be torsionfree, whence, 0(R0) #0.

4.1.2 The squashed sphere

Now consider S7 as the homogeneous space G/H = Sp(2) x Sp(1)/Sp(1) x Sp(1) defined

by the embedding
a0
(a,b) € Sp(1) x Sp(1) —~ ((O b)’ b).

The complex irreducible representations of Sp(1) = SU(2) are obtained from the symmetric
powers o, = OF C? of the standard vector representation on C2. Endowed with some nega-
tive multiple of the Killing form G/H becomes a normal Riemannian homogeneous space
(cf. Definition 7.86 in [2]) with orthogonal decomposition g = h @ m. As an Sp(1) x Sp(1)-
space, m = 1 ® 07 @ 0] ® 01 =: m’ @ m”. Here, by abuse of notation, o7 ® o1 (which is
of real type) also denotes the underlying real representation. In the resulting decomposition
of A3m*, we find two trivial representations, namely A3m™* = R and one in m™* @ AZm”*
(cf. [1]). If f1, f> and f3 denotes an orthonormal basis of m’, then the first one is spanned
by! Q1 = £33, For the second invariant form 2, we note that A’m”* =1 o @ or ® 1
which is just the decomposition into self- and antiselfdual forms. Consequently, if ey, ..., e4
is an orthonormal basis for m”, then Q1 = >, f K A wr where

o] = e]2+e34, - — 13 —e24, = e o3,
The G-invariant forms

T ={Qup:=—a’Q +ab*Q |a, b > 0}

! Here and in the sequel, f123 will be shorthand for f1 A f2 A f3.
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are of Ga-type and compatible with the natural orientation. To compute the G-invariant crit-
ical points we must compute D on Z. We first note that €, ; induces the metric g, =
—a% Bl — b2 By so that voly p = a’b*e!23 A f123 and

*a,an,b — —b461234 +a2b2 (f23 Aw) — fl3 Awr + f12 A w3)~

We compute the commutators [-,-]y, and thus the exterior differentials of ey, ..., f3. Upon
suitably rescaling B we find

A5 = 12ab%e'?* + (10ab* +2a%) (— fR A wi + P Awy — 12 A ws)
and d x4 Q4.5 = 0. Consequently, [d2, 5| = 24(7a’b™* + 25a=% + 10b~2), whence,
D(Qu.p) = 12(7a° + 10a>b* + 25ab*)Vol,

with Vol the total volume of G/H with respect to vol;; = e'>3* A 123, Subject to the
constraint a>b* = 1 the critical point equations read
Ta* + 6a’b* + 5b* = 3pua’b*, a® +5b° = pa’b?, bt =1

for some constant 7. Substituting # = a2 and v = b* shows that u = v and & = 6/v. Hence,
a =1,b = 1and pu = 6 is the unique solution which gives the soliton €2 ;. The resulting
metric is the so-called squashed metric.

4.2 Nearly parallel Ga-structures

The previous two examples define in fact nearly parallel G, -structures (see for instance [10]).
These were first investigated by Gray [11] (who called them weak holonomy Gj-structures).
This is a Ga-structure given by a Go-form 2 satisfying

dQ =19 %xq Q

for some constant 7g # 0. In particular, d o €2 = 0 so that alternatively, we may characterise
nearly parallel G;-structures as those for which all torsion forms but 7y do vanish. By abuse
of language, we refer to such an €2 itself as a nearly parallel G;-structure. The associated

metric is necessarily Einstein with positive constant scalar curvature sq = 2 ‘1702
Theorem 4.1 If Q2 is a nearly parallel G,-structure, then
5.2
0v(2) = — 33075 ()2 (22)

forallv = (vg, v, V2, 13) € Ri. In particular, Q is a Gy-soliton.

Proof First we note that Do Dy () = Sy T AxeT(Q) + % S () Ak (). But for
anearly parallel G2-form 2 we have 1y = 0, k # 0, so that grad Dk(Q) = 0 and in particular
0,(0Q) = —vpgrad Dy(£2). We contend that for general 2 € Q3 (M),

grad Dp(Q) = — 132 + 270 %0 dQ + § g (d1o A Q). (23)

If this is true, then grad Do(2) = 35 > 22 for nearly parallel €2, whence the result. It remains

to show (23). We first determine g, the derivative of the map A3 — Hom(A0 A7) which
sends 2 to x. As this is a pointwise computation, we can write Q A*Q, where A = A
for a smooth curve A; C GL(7) with Ay = Id. Then,

*Q = %‘z:o*/ﬁ‘ﬂ = % AT *a AT = Ag,
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for GL(7) acts trivially on O-forms. In general, if v, w € A', the action is given by (v ®
w)*a? = v A (wea?) for a” € AP. Using the standard formula o (vea?) = (—=1)PH v A
*qa? and xq (v A af) = (—1)Pvixqa? we get

A¥xg = Tr(A) xq — *q (A)* = Tr(A) »q .
On the other hand, we have A*Q = ATQ + A’;Q + A%Q where we used the decomposition
of A e A' ® A! given by (4). Since A| = %Tr(A) id, we have
ArQ =3Tr(h)Q. (24)
Hence,

*QT) = roTr(A) *o 1= %‘L’QTI‘(A)Q A*qQ = %roQ A*qQ Q.

To compute the linearisation of 7o(2) = xo(d2 A R)/7 we note that *é = id implies
*Q*Q = —;Q*Q, WheIlCC,
t0,0 = *o(*Q 10(R)) + 1 *q ([AQA Q + QA dQ)
= —110(Q) *q (LA *@Q) + 5 % QA Q + QA dQ).

From

(grad Dp(L2), Q)Q :/‘E()‘i’()QVOlQ +%/r§§2/\*g§2
M M

Equation (23) easily follows. O

Remark The factor appearing in the soliton equation (22) can also be computed using the
homogeneity of D,: If dQ2 = 79 xo 2, then by Euler’s rule

(00(Q), Qg = —DaDy(Q) = —3D,(Q) = —Z1075 (2, a.
In particular, it follows that

2 D)

" . ) (25)

3(Q) =

Corollary 4.2 Let Q2 € Qi (M) be torsion-free. Then there exists a neighbourhood of Q in
Qi_(M ) with respect to the C*°-topology which does not contain any shrinking D, -solitons,
and in particular no nearly parallel G,-structures.

Proof Choose a neighbourhood U C Qi_(M ) such that for any initial condition Qo € U the
conclusion of Theorem 1.2 holds. Now if 29 were a shrinking D,,-soliton, then Tipx < 00
according to Proposition 3.9, which is impossible. O

Remark The previous corollary should be compared with Theorem 1.2 in [6] which asserts

that a Ricci-flat metric which admits nonzero parallel spinors (as it is the case for go with €2
torsion-free) cannot be smoothly deformed into a metric of positive scalar curvature.
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5 Soliton deformations

LetQ e Qi(M ) be a fixed nearly parallel G,-structure, i.e. dQ =17 *3 Q for some constant
7o # 0. In this final section, we linearise the G;-soliton equation

Sa(Q) = 0(Q) + 2752 =0 (26)

at Q and study the premoduli space of G,-soliton deformations.
5.1 The linearised soliton equation

In order to linearise the G-soliton equation, we need a lemma first. Recall the map
0: Q3 (M) - Q' M), Q> %

from' Convent@on (i1) ‘in Sect._ 1. Its linearisation at €2 is given by Oq = *o §29) () where
pa(S2) == 3[Q1 + (2] — [Q7.

Lemma 5.1 Let Q2 € Qi(M). Fo'rx € M let Q, = A;"Qx for a curve A; C GL(7) such
that Ag = Idr, y. If we define sq(2) := [Q2]1 — [2]7 + [S2]27, then for the second derivative

. 2
O = $3|,_,O(Q) at x we find

Oq %g(sz, Q) xq (pa — 52)2 + 2 xq (A)Q — xqsad
+ %(g(@, Q) — g(s5Q2, Q) *q Q.
In particular, we have
Oq = %g(ﬂ, Q) *q (pa — 5Q)Q2 + 2 xq (AN*Q — %g(m@, Q) *q Q.
forS"Z =0.

Proof Writing A; = AtAtglAto we get

%‘tztoAf@(Q) = A;;% - (A4A,") 0@ = AF, (AgA,") ©(Q)
and hence,
2 . . .
@‘:::06(9’) = ((A"? + A% — (AH*) ().

In the same way, we obtain
Q= (AH? + A* — (AHHQ. (27)
Now
(A*)?O(Q) = A*(A* *q Q)
= A*(Tr A »q Q — xq(A)*Q)
=TrA(Tr A »g Q — xo(A)*Q)) — Tr A xg (A)*Q + x(A) 2 Q
=Tr A »q (pa — 50)Q + *a(A)*Q,
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where we have used Tr A g Q — x(A")*Q = Og and (A)*Q = 5o<2. Similarly,
A*O(Q) = A* xq Q = Tr A xg Q — o (A)*Q
and
—(A)*O(Q) = —Tr A% xq Q + *xq(A>)*Q.
Finally, using (27)
((A*)* + A* — (A*)o(Q)
=TrA»q (pa —50)S2 + (Tr A — Tr A?) % Q + 2 xg ((A")*)?Q — xqsa 2.

Next we need to compute the expression Tr(A—A2). By (24) Tr A= % g(Q, Q) and similarly
Tr A = 1g(Q, A*Q). Write (A — A%)*Q = 2 — (A*)?Q. Then

Tr(A — A%) = 1g(Q, (A — A1)*Q) = 1g(Q, & — (49)*Q).

Furthermore,
(A7 = 78(A]Q @) = 72 AjRQ = JlQN @
[A3Q]) = 1g(A5Q, @@ = —1g(2, Az)Q = —L|[Q12Q
[A5Q0 = Le(A5Q @ = 1g@, A0 = L.
Hence,
[A*A*Q]r = [A*Q]
= [AQ1 + [AIQ + [A5Qn
= L(IQn? — 1252 + 120 2) 2
= 1g(s5092. Q)Q
and in turn
Tr(A — A%) = $2(2.€) — $8(sa2, Q).
which yields the assertion. =

Propositiop 52 Let Q € Qi_ (M) be a nearly parallel Gy-structure and define ro() =
(id —p@)(R2). Then

Do Q(2) = — 8qd — padsapaSt — to(xqdra + ro *q d)S2
+ 15 (K@ + L1217 — 2[Q127)
= — pad(pad)*$2 — (xad + 1re)*Q + LT3R
for 1o = 10(Q) and Q2 € Q3 (M).
Proof We compute the linearisation by starting from Eqs. (6) and (7). First,
Do (Q > 8qdQ)(Q) = 4qd *g dQ + xqdiedQ 4 xqd xq dQ2

= 104 xq Q + 10 *q dkg xq Q + *qd xq dQ
= roerQ + 79 *q dro Q2 + 8odQ.
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Second,
Do (Q > padsaQ)(R2) = —pa(d*q dx@Q) — pa(died xq Q) — pa(d xq dOg)
= paddapase.

Third we note that qQ(VQ) = go(dQ2) + ga(6a2), where go(d2) and go (5o 2) are deter-
mined by the identities

go(dQ) A xQ = 1(x4dQ) A dQ (28)

and
422 Ax@Q = 1(xgd xg Q) Adxg (29)
(withx, = Dq(2 > x)(2)) valid forall Q" € Q3 (M). Tt follows that g () = —71:0 2Q.

Indeed, the left hand side of (28) is twice To *Q O(RQ) A BO(R). Now Q = xoB®(£2) so that
Q' = %0 () +xo 0. Hence, [x,®()]1 = —[2'];/3 which is the only component which
survives wedging by ©(£2). Differentiating Eq. (28) therefore implies

Dq(Q > ga(dR))(Q) A Q'
= J(D3)(Q2, Q)dQ A dQ + x6dQ2 A dQ — go(dQ) A %o
= 15 (DE)(Q2, Q) xq Q A %@ + 10 ¥ x@Q2 A dQ — L13roQ A %@

On the other hand, differentiating the equation Q = xo® (2) gives Q= *QO(R) +2*Q OQ +
*q®gq. Without loss of generality we may assume that ; = (1+1)£2, so in particular Q=0
and hence, *q®q = —2%q — *989. From Lemma 5.1, we deduce

175 (DE*)(Q2, Q) x@ Q Ao
= 15 (—*0Oa—12a(2, D) (pa — )2 — ((A)?Q + tga(saf, Q)Q) A Q).
Furthermore, the identities
—((AD*)2Q A x@Q = —(AN*Q A x@A*Q = —5Q A %o
—*0Og A xqQ = —erQQ A %o
—18a(Q. Q) (pa — )2 A %@ = — & [Q) A %2
Lea(sa QA %R = LsaQ A %o
imply
15 (DG, Q) xq Q Ax@Q = 17 (3[Q)1 — $[Q + 2[Q27) A%
Hence, using
0 % *o A dQ = —10 *g ¥R A dQ = 10rqQ’ A dQ = Torg xq dQ A xS
we arrive at
Do (R = go(dR))(2) A *oQ
= 102 (%[Q]l — %[9]7 + %[9]27) A xS + Torq *o dQ A % Q) — érgrQQ A %o

= (lis[s'z]l — Lo + %[5’2]27) A% + Torq *o dQ A *qQ.
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Similarly, differentiating Eq. (29) we get
Dqa(Q — ga(3a2)(R) A %@
= L(DE»)(22, 2)dO(2) A dO(Q) + x4dO(2) A dOg — ga(8aR) A *oQ
=0,
for d® () = ga(§q2) = 0. Hence,
Do(2 > qa(VH)(Q) = Da(Q — ga(dR)) ()
= wrg +o A2 + 1 (120 — ek + He).
Summing up we obtain
(D@ Q)(Q2) = — 8od2 — padSapa® — 19 *xq dro2 — 13re$
— Torg x@ dQ — 1§ (%[9]1 — Q0 + %[9]27)
= — 8qd2 — padda pa — t(xqdra + ro xq )
+ ¢ ( [ + 1 [ 27 — *[9]27)
which is the desired result. O

Remark In particular, we see that Do Q(R2) = 18 7 22 which, of course, follows directly
from differentiating Q((1 4+ 1)) = (1 +1)'/3Q() at t = 0 (cf. Lemma 3.2).

As a corollary to Proposition 5.2, we immediately obtain the linearisation of the operator
Sg at Q:
Corollary 5.3 Let Q € Q3 3 (M) be a nearly parallel Gy-structure. Then
DgS5(2) = —pad(pad)*Q — (xgd + Torg) 2 + T4
for Ty = 10(RQ) and 2 € B (M).

5.2 The premoduli space

As above, let Q Qi(M ) be a fixed nearly parallel Gy-structure on M. We wish to study
the space of Gs-soliton deformations of Q. i.e. solutions Q € Q3 % (M) to the soliton equation
(26) close to € modulo the action of diffeomorphisms. Towards that end, we first investigate
the linear equation Dg S (£2) = 0. As this parallels the corresponding theory for the Einstein
premoduli space as developed by Koiso, we follow [2,3] and only sketch the main points.
Recall the L2-orthogonal decomposition

3 .
QM) = 1m)ﬁ§i2 @ ker Ag.

given in (16). By Ebin’s slice theorem_[S], ker Ag = TpSg integrates to a slice §Q for the
Diffy(M)-action. Hence, the space o (2) of infinitesimal soliton deformations of 2 consists
of Q € Q3 (M) satisfying the equations

DgS5(2) =0 and 15(2) =0.

The premoduli space M(R) of Gy-soliton deformations at  is the set of Gy-solitons in the
slice Sg near Q. To investigate the structure of o () and M() further we introduce the
linear operator
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Po 1 (M) — QY (M), Py(Q) := DgSq(2) — A5r5(),
which is clearly symmetric.
Lemma 5.4 The operator Pg is elliptic.

Proof The operator Pg differs from the linearisation of the Dirichlet-DeTurck operator only
in the lower order terms, cf. in particular Eq. (32) in [17]. Hence, it has the same symbol and
the claim follows from Lemma 5.7 in [17]. ]

Since any infinitesimal soliton deformation of Q lies in the kernel of Pg, we immediately
conclude from ellipticity:

Corollary 5.5 The space o (Q) is finite dimensional.
To discuss the structure of the premoduli space we first prove the following
Lemma 5.6 The restricted linear operator DgSg : ToSq — Q3 (M) has closed® image.

Proof Clearly, Pg(TgSgq) = DgSq(TgSg). As an elliptic operator, Pg has closed image.
Furthermore, A o Py = )LQ)L’EZ o Ag and thus

Po(TaSs) C Po(Q3 (M) Nkerig C Pa (Ag (kerxéxg)).

Now Lg := )‘Q)‘E is elliptic. Indeed, for th_e principal symbol applied to a cov?ctoré eTM
we find that o (Lg)(x, §)v = i(v @ §)*Q. This is injective, for (v ® £)*Q = 0 implies
v®E e A> C A'® A' on representation theoretic grounds, that is, v ® £ is skew. But this is
impossible for a decomposable endomorphism unless v = 0. Hence, g (0 (Lg)(x, §)v, v) =
—|a(k}2)(x, & )v|§-2 is negative-definite. Consequently, ker Lg is finite-dimensional and so
T§Sg is of finite codimension in )‘Ezl (ker AgAg). Since TgSg is also closed, Pg(TSg) is
closed in Pg, ()»51 (ker AgA%)). Asaresult, Pg(ToSg) is closed in Pg (Q3(M)) Nker Ag and
thus in Q*(M). a]

Let p : Q3(M) — Dg5q(T5Sg) be the orthogonal projection. By the previous lemma,
poSs:Sg = DgSs(TgS) is a submersion at 2. It is also a real analytic map, since g, is
Einstein (hence, real analytic in harmonic coordinates, cf. [7]) and Ag, €2 = f02 Q (sothat Qs
real analytic as a solution of an elliptic PDE with real analytic coefficients). As a consequence,
Z .= pOSs'_zl (0) is areal analytic submanifold with tangent space ker D5 SeNT5Sq = 0 ().
Restricted to Z, Sg is also real analytic so that (Sg| z)‘l (0), the premoduli space of solitons,
is a real analytic subset. We thus arrive at the following conclusion (compare with Koiso’s
work [14] in the Einstein case).

Theorem 5.7 The slice S contains a finite-dimensional real analytic submanifold Z such
that Z contains M() as a real analytic subset and ToZ = o (S2).

Example Consider the spaces
o1 ={y € 23;(M) | x5 dy = =Ty},
o2 = {y € 23;(M) | x5 dy = =370y},
o3 = {y € Q3;(M) | xg dy = 3%y}

2 Here and thereafter, this refers to the natural extension of DQ SQ to Sobolev- or Holder-spaces.
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Any y € o1 is coclosed. Since dQ = 1 *xg 2, we also have yLd2 = 0. Furthermore,
any y € o3 is closed, hence, [§qy]7 = 0 (see the proofs of Lemma 3.3 and Proposition 5.3
in [1]). Therefore, A5(y) = 0 in all three cases. It is straightforward to check that Pgy =0
for y € 01,2,3. By Theorem 6.2 in [1] these spaces correspond to the infinitesimal Einstein
deformations of €. We do not know whether they exhaust all of o ().
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