Ann Glob Anal Geom (2012) 42:371-389
DOI 10.1007/s10455-012-9317-1

Deformations of calibrated subbundles of Euclidean
spaces via twisting by special sections

Spiro Karigiannis - Nat Chun-Ho Leung

Received: 31 August 2011 / Accepted: 6 March 2012 / Published online: 24 March 2012
© Springer Science+Business Media B.V. 2012

Abstract We extend the ‘bundle constructions’ of calibrated submanifolds, due to
Harvey-Lawson in the special Lagrangian case, and to ITonel-Karigiannis—Min-Oo in the
cases of exceptional calibrations, by ‘twisting’ the bundles by a special (harmonic, holomor-
phic, or parallel) section of a complementary bundle. The existence of such deformations
shows that the moduli space of calibrated deformations of these ‘calibrated subbundles’
includes deformations which destroy the linear structure of the fibre.
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1 Introduction

In this article, we examine some explicit deformations through calibrated submanifolds of
calibrated ‘subbundles’ of Euclidean spaces. Let M be a Riemannian manifold with a calibra-
tion, that happens to also be the total space of a vector bundle over a base Q. Then, a calibrated
subbundle N of M is a calibrated submanifold of M which is also a subbundle of M, in the
sense that N is the total space of a vector bundle over a submanifold P of Q, the fibres of
which are subspaces of the corresponding fibres of M. The following are some examples.
If L? is a p-dimensional austere submanifold of R”, then the total space of its conormal
bundle N*L is an n-dimensional special Lagrangian submanifold in 7*R" = C". Similarly,
if L? is a 2-dimensional submanifold of R* which is minimal (or negative superminimal),
then the bundle A2 (R*) of anti-self dual 2-forms on R* restricts on L? to the direct sum
E & F of arank 1 and a rank 2 real vector bundle over L2, respectively, and the total space
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of E is associative (or the total space of F is coassociative) in A2 (R*) = R. A similar
construction holds for Cayley subbundles of R® as rank 2 real vector bundles over a mini-
mal surface L? in R*, obtained by restricting the negative spinor bundle $_ (R*) = R® of
negative chirality spinors on R* to the submanifold L2 and decomposing the restriction into
the direct sum of two rank 2 real vector bundles over L. The total space of each one of
these is a Cayley submanifold of R®. The construction in the special Lagrangian case is due
to Harvey—Lawson [2], while the constructions in the case of the exceptional calibrations
appeared in lonel-Karigiannis—Min-Oo [3]. All these constructions were later generalized
to noncompact manifolds of special holonomy that are total spaces of vector bundles over
compact bases, such as the Stenzel manifolds 7*S”, which admit Calabi-Yau metrics, and
the Bryant—Salamon manifolds of G; or Spin(7) holonomy, by Karigiannis—Min-Oo [6].

The purpose of the present article is the following. In 1993, a generalization of the
Harvey—Lawson conormal bundle construction of special Lagrangian submanifolds in C"
was presented by Borisenko [1]. This construction involves ‘twisting’ the conormal bundle
by the gradient of a smooth function p on the austere submanifold L? C R”", and finding
the condition on p for the resulting smooth n-dimensional submanifold of C", which is no
longer a vector subbundle of T*R"|,, to be special Lagrangian. In the case when p = 2,
the function p needs to be a harmonic function on L. For p > 2, the condition is more
complicated, and was only considered by Borisenko for p = 3 and n = 4. First, we rederive
the Borisenko construction using the notation of [3], but for general p and n. We also extend
his construction by considering a twisting by a closed 1-form u, rather than an exact 1-form
dp. We then proceed to adapt this idea to give an analogous construction of twisted calibrated
subbundles in the setting of the exceptional calibrations on R7 and R®. The main results in
this article are contained in Theorems 1, 2, 3, and 4.

These new examples of calibrated submanifolds of Euclidean spaces are deformations
of calibrated subbundles which are no longer total spaces of vector bundles. This shows
that the moduli space of calibrated submanifolds near a calibrated subbundle includes both
deformations of the base L (as a submanifold of the required ‘type’ for the associated vector
bundle to be calibrated), and deformations of the ‘fibre’ in a way that destroys the linear
structure, but remains a foliation of smooth submanifolds foliated by the original base L of
the calibrated subbundle. In particular this answers, in the negative, the question posed at the
very end of [6] about whether calibrated subbundles can only deform as bundles.

The deformation theory of compact calibrated submanifolds was first studied by
McLean [11]. His arguments used the Hodge theory of compact oriented Riemannian man-
ifolds extensively, in particular the L2-orthogonal decomposition of the space of smooth
forms into harmonic forms plus exact forms plus coexact forms. To study the moduli space
of noncompact calibrated submanifolds, one needs noncompact analogues of the Hodge
theorem, which are much more complicated. However, in the case of noncompact-oriented
Riemannian manifolds which are, for example, asymptotically cylindrical or asymptotically
conical, then the techniques of Lockhart—-McOwen [8,7] can be employed. Much study
has been done on the deformation theory of noncompact calibrated submanifolds which are
asymptotically conical or asymptotically cylindrical. A partial list of references to such study
includes [4,5,9,10,12].

The outline of our article is as follows. In sections 2 and 3, we discuss our ‘twisted’
calibrated subbundle constructions in the special Lagrangian and exceptional cases, respec-
tively. Section 4 presents an explicit example, and in Sect. 5, we summarize some of the
more important observations that can be made and questions that can be asked. Finally, the
Appendix collects a useful lemma on the symmetric polynomials of a matrix and the octonion
multiplication table, which are used in the text to prove the main theorems.
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Remark 1 As the present article is in some sense a sequel to both [3] and [6], we use the
notations established in those articles throughout. Readers may find it helpful to familiar-
ize themselves with [3] before reading the present article. Although the proofs of the main
theorems are somewhat similar to those in [3], we provide as much detail as possible for com-
pleteness. The special Lagrangian case (Theorem 1) is the most different, and the Eqgs. (2.8)
derived there may prove to be interesting in and of themselves.

2 Review and extension of the Borisenko construction

In this section, we review and extend the Borisenko generalization [1] of the Harvey—
Lawson conormal bundle construction of special Lagrangian submanifolds of C", for a
general p-dimensional submanifold L? of R".

Let{ey, ..., ep} be alocal orthonormal frame of tangent vectors to L, and let {el, ..., eP)
be the dual coframe for the cotangent bundle. Similarly, let {vy, ..., v,—,} be a local ortho-
normal frame of normal vector fields to L and let {v1 , ..., V" P} be the dual coframe for the
conormal bundle. By parallel transport using the tangential and normal connections, we can
assume without loss of generality that for a fixed point x € L, we have

(Veep)I! and (V,vp)IY =0 .1

where V is the Levi-Civita connection on R”. If v is any normal vector field on L, then we
define the second fundamental form in the direction of v by

A T'M - Ty M
A" (w) = (V)T

for any tangent vector w to L at x.

Remark 2 As mentioned in [3], here we follow the sign convention of Harvey—Lawson [2],
which differs from the more widely used convention.

For notational convenience, we will denote
k Vg Vi (. N\ — Ak
Alj_Alj —(A k(e,),e])_Aji.

Now at the point x, by our assumption, V,, e; has no tangential component. Therefore, at the
point x, we have

l‘l*p q
k
Ve ej = Z(Ve,-ej, V) Ve = —ZAiij,
k=1 k=1

where we denote ¢ = n — p. Similarly, we also have, at the point x, that

p p
Ve, vj = Z(Veivj’ ek)ek = ZA{kek.
k=1 k=1
From these two formulas, it follows immediately that at x, we have
Veel == ALk, Vvl =" Al (2.2)
k=1 k=1
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Let N*L be the conormal bundle of L in R". It was shown in [2] that N*L is special
Lagrangian in 7*R" with a particular phase if and only if L is austere. That is, the odd degree
symmetric polynomials of A” vanish for every normal vector field v. More generally, we will
consider the following situation. Let u be a smooth 1-form on L and define

X, ={(x,64+puy) eT*R"|, :x € L,& € NIL}. (2.3)

This is a ‘twisting’ of the conormal bundle N*L obtained by affinely translating each fibre
N} L by avector 1y, in the orthogonal complement 7, L, which varies with x € L. Of course,
for © = 0, we recover the conormal bundle. It is clear that X, is a smooth n-dimensional
submanifold of 7*R" = C". We can also mnemonically write X, as ‘N*L + u’.

In order to state our theorem, we need to recall the definition of the elementary symmetric
polynomials o (A) of a p x p matrix A. These can be defined by

P
det(I +1A) = Ztkok(A). (2.4)
k=0

The cases 01(A) = Tr(A) and 0,,(A) = det(A) are the most familiar, but all these matrix
invariants play an important role in special Lagrangian geometry. Note that og(A) = 1.

Proposition 1 The submanifold X, is Lagrangian in T*R" if and only if dju = 0.

Proof Although this is a simple calculation, and a well-known result, it is easy to get confused
by the notation, since we are looking at the total space of a vector bundle, so we proceed care-
fully. We need to show that every tangent space to X,, = N*L + u is a Lagrangian subspace
of the corresponding tangent space to 7*R" if and only if w is closed. In local coordinates

(!, ..., uP)for L and coordinates (71, . . ., t4) for the fibres of N* L with respect to the local
trivialization {v', ..., v?}, the immersion & of X w in T*R" is given by
h: (ul,uz,...,u”,tl,tz,...,tq)

()., et v e o @), X W)

A basis for the tangent space to X, at the point 2 (uo, 1, 2, . . ., ;) is given by the vectors
3 q
E;, = h* (W) = (6,’, ka(ve’,vk)h(um —+ (Vgil/l/)|x(u(])) i=1,..., D,
k=1 (2.5)
a ; vi .
Fi=hy| — ) =(0,v)=v j=1,....q.
8l‘j

Sinc¢ T(x,a%)(T*]R”) = T R" & T, R" naturally, as in [3], we will denote (e;, 0) by e; and
(0, ¢') by &'. Then, & is dual to &, and ¢¥ is dual to &;. With this notation and Eq. (2.2), we
can write

qa P r q
Ei = (e,-, DD wAle + D (Ve ene + (Y, u)(w)v’)
k=1 1=1 =1 =1
P P q
=i+ D AR+ D (Ve ed + D (Ve ) )V (2.6)
=1

=1 =1

p q
=i+ > (A + (Ve (D) & + D (Vo) (o)
=1

=1

where we have defined v = ZZ:I Iy Vk.-
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In this basis, the canonical symplectic form w on T*R" is given by

a):zp:ék/\ék—f-if)l/\ﬁl. 2.7
k=1 =1

Hence, to check when this immersion is Lagrangian, we use (2.7) and compute

w(Fi, F)=o@,v/)=0 Vi,j=1,...,q,
and (dropping the summation sign over k for clarity) we also have
O(Fi, Ep) = o, & + (A + (Ve)(e0) & + (Vo )i =0 Vi=1,....q,

Vi=1,...,p.
Finally (again with the summations over k and / implied), we find that
w(Ei, Ej) =0 (@ + (A + (Ve ) (e) & + (Ve 1) (o),
& + (A% + (Vg () & + (Vey ) (00)5)
=AY+ (Ve ) (e)) — A% — (Ve 1)(er) = 2dp) (ei. e)

using the symmetry of A¥ and the fact that the exterior derivative is the skew-symmetrization
of the covariant derivative. Thus, we see that X, is Lagrangian if and only if u is closed.

We now ask when X, is special Lagrangian. The result of Theorem 1 below is quite
complicated, but we make several observations about the theorem immediately following its
proof.

Theorem 1 Suppose du = 0, so that X, is Lagrangian. Let B be the symmetric matrix

1
Bij = (Vem)(ej) = 3 (Ve (e) 4 (Ve; )(ei)) -

Thus, B is the matrix of the symmetrized covariant derivative of j1. Let ¢ = %q — 6. Then,
X, is special Lagrangian with phase e'? if and only if

Im (¢ det(/ +iB)) =0,
and (2.8)
0 (AT +iB)™) = (=1)/o;(A"U —iB)™") Vj=1,...,p,
for every normal vector field v, with corresponding second fundamental form A = A".

Proof Since a basis for the (1, 0) forms is given by &/ + i¢jforj=1,..., pand vk v
fork =1, ..., g, the holomorphic (n, 0) form € on T*R" is

Q=@ Fie) A A@PHIEHAG FIV) A AT FiT,). (2.9)
From (2.5) and (2.6), we have
@+ ie;))(Ej) =8 +iriAji +i(Ve,p)(e)), @ + ié;)(Fy) =0,
(0 + i) (E) = i(Ve ) (0)), (0 +i0))(F) = i85
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Thus, by (2.9), we have
QEL, ..., Ep, Fi, ..., Fq)=iq det((sj‘,' + iAj,'-l-iVeiM(ej)):iq det(I +i(A + B)).
(2.10)

As in [2], changing the point (¢, ..., ;) to (sty, .. sty) results in changing A to sA.
Now for X, to be special Lagrangian in C" with phase ¢'?, we need Im(e 70 Q)| x, =0, and
hence at each point x in L, and for each normal direction v, we must have that

f(s) =1Im (e—”iq det(I +i(sA + B))) —0 Vs. @.11)

Remark 3 Before concluding the proof, we should comment on the possible phase ¢'?. In the
case considered by Harvey—Lawson [2] and reviewed in [3], we had u = 0, and thus B = 0.
Since the real part of det(/ + isA) is always nonzero for any s, in this situation, we must
take ¢!’ = 9. (The minus sign just corresponds to a change of orientation.) However, in
the general case B # 0, the constant term (corresponding to s = 0) in det(/ +i(sA + B))
isdet(/ +iB) = Z,f:() ik (B), and it is no longer true in general (if p > 2) that the real
part of this is always nonzero. In fact, for any choice of phase ¢'?, we can get a differential
equation for p alone by setting f(0) = 0 which must be satisfied.

Returning to the proof, let e 797 = ¢'¢, where ¢ = Zq — 6.By Eq. (2.11) we need
' det(I +i(B +sA) —e ?det(l —i(B+sA) =0 Vs,
which by (2.4) becomes
) 14 ) 14
&' Z(i)kcrk(B +5A) — e i® Z(—i)k(rk(B +5A) =0 Vs.
k=0 k=0

Because this is a p™-order polynomial in s, it vanishes identically if and only if the first p
derivatives in s, at s = 0, all vanish. Since B is symmetric, the eigenvalues are real, and thus
I £ iB is always invertible. Hence, we can apply Lemma 1 to the above expression with
t = =i, and obtain

e jliJ det(I +iB)o;(A(I +iB)™") = e7'¢j1 (—i)/ det(I —iB)oj(A(I —iB)™")
Vi=0,...,p,
which simplifies to
¢?® det(I +iB)o;(A(I +iB) ") =(—1)/ det(I =i B) o;(A(I—iB)™") Vj=0,...,p.
(2.12)
Now let j = 01in (2.12). Since 0¢(C) = 1 for any C, we get
e*® det(I +iB) = det(I — i B), (2.13)
which, substituted back into (2.12), gives
o (Al +iB)™) = (=1 ojAU —iB)™") Vj=1,....p,
the second part of (2.8). Finally, Eq. (2.13), corresponding to j = 0, can also be rewritten as
2i Im (e“?’ det(I + iB)) — ¢ det(I +iB) — e~ det(I —iB) =0,

and is the first part of (2.8).
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Let us make some observations about Theorem 1. '
(The case . = 0.)If w = 0, then B = 0, and (2.8) reduces to ¢/ = +1 and

oj(A) = (=) 0;(A) Vj=1,...,p.

That is, we recover the result of Harvey—Lawson [2] that the conormal bundle N*L is
special Lagrangian in 7*R" with phase /7 if and only if all the odd degree symmetric polyno-
mials in the eigenvalues of A” vanish for all normal vector fields v on L. Such a submanifold
L of R" is called austere.

Now consider the second part of (2.8). When j = p, using o, = det and the first part
of (2.8), we get

%9 det(AY) = (=1)? det(AY) (2.14)

for every normal vector field v. In fact, this can also be seen from (2.12) using the multi-
plicativity of the determinant. Since the right-hand side of (2.14) is real, we see that, unless
every AV is singular, we must have ¢/® € {£1, +i}, and depending on the parity of p and
whether ¢2? is +1 or —1, this either gives no information or tells us that indeed, each A" is
singular. Meanwhile, the first part of (2.8) can be rewritten as

sing (1 —02(B) +04(B) —06(B) +--+) =cos¢ (01(B) —03(B) +05(B) —--).
(2.15)

This equation is formally identical to the equation satisfied by a special Lagrangian graph
in C", derived by Harvey—Lawson [2]. Note that

p
o1(B) = D (Vo) (er) = —d*pu,
k=1

so 01(B) = 0 is precisely the condition that the closed 1-form p be coclosed, and hence
harmonic.

We can also simplify the second part of (2.8) when j = 1 as follows. Without loss of
generality, we can assume that our oriented orthonormal local frame {ey, ..., e,} for L has
been chosen so that the symmetric matrix B is diagonal: By; = A;8k;, with real eigenvalues
k. Then (2.8) for j = 1 becomes:

Tr(A( +iB)™") = —Tr(A( —iB)™")

p P
AU+ is)™ = =D > Au( —indp) ™,
1 k=1 I=1

Mw

>

k=11

which can be easily rearranged to obtain

p
A
> =0 2.16)
o 1+ 2
Similar expressions can be obtained for the second part of (2.8) when j =2,...,p — 1

using the fact thato; (C) = Tr(AJ C), but these expressions are not particularly enlightening.
(The case p = 1.) When p = 1 (L is a curve), and in any codimension ¢, Egs. (2.8)
reduce to only (2.14) and (2.15) with p = 1. These become

2PA" = —AY, sing = —cospd* L.
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The case ¢/ = +i gives the contradiction 1 = 0, so we must have AY = —A", and
d*u = —tan¢. So L' is a minimal 1-dimensional submanifold of R” (hence a straight line)
and pis aclosed 1-formon L = R satisfying Apu = dd*u+d*du = —d(tan ¢) +d*(0) =
0, since ¢ is constant. In fact, since H 1 (R) = 0, we know that u = df for some function f
on L satisfying A f = tan ¢. If we choose coordinates on R” so that L! is just the x = x!
axis, then i = (ax + b)dx for some constants a and b, and thus X, = ‘N*L 4 u’ is just an
affine translation of N*L in C" = R” @ R”, and is thus an n-plane.

(The case p = 2.) When p = 2 (L is a surface), and in any codimension g, Egs. (2.8)
reduce to (2.14), (2.15), and (2.16) with p = 2. These become

; AY Al
2i¢ vo_ v ; 11 22
e“Pdet A =det A, sin¢ (1 —op(B)) = cos¢ Tr(B), =0.
& ( 2(B)) ¢ Tr(B) TRy
If some det AY # 0, then ¢/® = =£1, and thus d* = —Tr(B) = 0. Hence, A; = —As,

and then the third equation above gives Tr A¥ = 0, for any v, and hence L is a minimal
surface in R”, and p is a harmonic 1-form on L. These are the only conditions. On the other
hand, if every det A” = 0, then the phase ¢’? can be arbitrary, and the second equation above
becomes 1 — 02(B) = cot ¢ Tr(B), which is much more complicated. Given a solution of
this equation, we can then substitute back into the third equation above to find conditions on
the second fundamental form of L in R".

We can summarize part of the above discussion as follows.

Corollary 1 When p = 2, then X, is special Lagrangian with phase i1 if and only if L is
minimal in R" and ju is a harmonic 1-form on L.

Remark 4 The results in this section are extensions of the study of Borisenko [1]. He con-

sidered only the special case when u = dp is exact, and n = 3, p = 2, with fixed phase
i1=i.

Remark 5 From the above discussion, it appears likely that there exist solutions to (2.8) in
which L is not austere in R”. This would give a negative answer to ‘Question 5.3’ in [6], for
the special Lagrangian case. See also the brief discussion in Sect. 5 for more about this.

3 Analogous constructions for the exceptional calibrations

In this section, we present similar constructions of calibrated submanifolds of R7 and R®
which are deformations of total spaces of vector bundles, obtained by ‘twisting’ the con-
structions of [3].

3.1 Associative and coassociative submanifolds of R’

We begin by reviewing (see [3]), that A2 (R*) = R7 has a canonical torsion-free G,-structure

@. Let {e!, €2, &3, e*} be any local oriented coframe for R*. Then each fibre of A2 (R%) is

spanned by

o' = e ne? - Al
W= e ned — et AP,
@ = e Aet —e? Al
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An oriented orthonormal frame for the total space A2 (R*) is given by
(,,0) i=1,....,4and (0,0') i=1,...,3.

To simplify the notation, we will denote (e;, 0) by &; and (0, w') by &'. The canonical
Gs-structure ¢ on A2 (R?) is then given by

2 3

P=D1 A A+ A@E A - A

X 3.1)

+n AC@ NS - AN i@ AEt - NG
where @ is dual to oF and &* is dual to &.

Now we restrict the bundle A% (]R“) to an oriented surface L2 in R*, with {e1 , 62} an ori-
ented local coframe for L, and {e3, ¢*} = {v!, v2} an oriented local frame for the conormal
bundle. We also assume that at a fixed point x € L, the frames have been chosen to satisfy
the Egs. (2.1).

Proposition 2 In such an adapted local frame, at the point x, we have

Vo' = (A} — AL’ + (—A]; — AL)e’,
Ve[wz = (Ailz - Aizl)wl’
Ve’ = (A2, + AlDo'.

Proof See [3, Proposition 4.1.2].

Notice that, when restricted to L2, we have w! = vol; — *paVOlL is a globally defined
nowhere vanishing section of A2 (RY)] .- Hence, A2 (RY)| ., can be decomposed as E @ F,
where E is the real line bundle over L spanned by w!, and F = E= is a rank 2 real vector
bundle over L locally spanned by w? and 3. In [3], it is proved that the total space of F is
associative in R7, and the total space of F' is coassociative in R7, if and only if L is minimal
or negative superminimal in R*, respectively.

Following the strategy of Sect. 2, it is natural to consider the following. Let o be a section
of the bundle F over L. Define X, by

Xo ={(x,n40x) € AZ®RY|, : x € L, n € E,}. (3.2)

Asin Sect. 2, this is a ‘twisting’ of the bundle E over L obtained by affinely translating each
fibre E, by a vector oy, in the orthogonal complement F), which varies with x € L. We will
mnemonically write X, as ‘E +o~. We want to find conditions on the immersion of L in R*
and on the section o of F, so that X,; is an associative submanifold of R”.

Before stating our theorem, we make the following observations. First, we note that L?is
an oriented Riemannian 2-manifold, and hence is a complex 1-dimensional Kihler manifold,
with complex structure J defined locally by Je! = e? and Je? = —e!. Also, since F is a
rank 2 real vector bundle over L, with an orientation given by {w?, w3}, it is actually a rank
1 complex vector bundle over L, with complex structure given locally by Jw?> = @’ and
Jw? = —w?. Since L is complex one-dimensional, this F is actually a holomorphic line
bundle (as there are no (0, 2)-forms.)

Theorem 2 The submanifold X 5 is an associative submanifold of R7 = AZ(RY if and only
if L is minimal in R* and o is a holomorphic section of F.
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Proof We need to check when every tangent space to X,, is an associative subspace of the
corresponding tangent space to A% (R*). In local coordinates, the immersion / is

heha?,n) = el e?) el e?), ne' o u?)
= (xl(ul, uz), xz(ul, uz), ho' + a(ul, 142)a)2 + ﬂ(ul, uz)w3).
Here o and g are locally defined smooth functions which are the coordinates of o with
respect to the local trivialization {w?, w3} of F. We omit the explicit dependence of each o'

on (u', u?) for notational simplicity. Thus, the tangent space to X, at (x(ug), fo' + o) is
spanned by the vectors

Ei = h.(75) = (ei. 0V @) + Ve (@o? + pod) . i =12,
Fi=h () = 0.0 =a
Using Proposition 2, we find that
Ei = & 4+ aiod' + b + ¢,
where
ai = (Al — A7) + B(AL + A}, bi=n (A}, — Ab)+ai, ¢=h(=Al|—A}) + Bi,

with o; = % and §; = %. To check when the tangent space at (x (up), fiw' + o) is asso-
ciative, we need to see when the octonion associator [E1, E>, F1] = (E1E2)F1 — E1(Ey F))
vanishes, where without loss of generality, and at this point, we can make the following
explicit identification of the tangent space of A% (R*) with Im(Q):

1 %2

ol & &3

x|
<l
<!

IRZRUIRY)
ORI R
i j k e ie jeke
Therefore, we have
E|y = e+aji+bij+ck
E> = ie + axi+ byj + 2k
Fi =i

Now a tedious computation (see the octonion multiplication table in Appendix B) gives
[E1, B2, F1] = (E1E2)F1 — E1(E2F))
=2(c2 — by)je — 2(b2 + c1)ke
= =2 ((AT; + A3t + (B2 — @) e + 2 ((Af; + Ayt — (@2 + B1)) Ke.
This will vanish for all x € L and all 1; € R if and only if Tr A" = Tr A = 0 (that
is, L is minimal) and o1 = B> and oy = — ;. All that remains is to verify that these two
equations on « and 8 are equivalent to the holomorphicity of the section o. Let V¥ denote

the connection on F induced from V on R?. Since F is a holomorphic line bundle, we see
that

dro =0 & (VHYOg —0 & (e +ier) (vFa) —0.
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Let r denote the orthogonal projection from E & F onto F. We have
(e1 +ie2) (vFa) = Vo + J(VEo)

”F(Vel o)+ J(ﬂF(Veza))

= 7F(@10° + @V 0 + B0’ + BV, )

+ I (p (@0 + aVe,o® + fr0° + fVeo’)) o
= a1’ + B10° + J(0* + fro)
= (@1 = B’ + (b1 + @),
where we have used Proposition 2 once again. Thus, the pair of equations @1 = S, and

oy = —p are equivalent to dro = 0. This completes the proof.

Similarly, we can look for coassociative submanifolds by twisting the vector bundle F
by a section of E. Specifically, let  be a section of the trivial real line bundle E over L.
Define X, by

X, ={(x,my+0)e AZRY)|, : x e L, o € F}. (3.4)

Again, this is a ‘twisting’ of the bundle F over L obtained by affinely translating each fibre
Fy by a vector 7y, in the orthogonal complement E,, which varies with x € L. We will
mnemonically write X, as ‘n + F’. We need to find conditions on the immersion of L in R*
and on the section n of E so that X, is a coassociative submanifold of R’.

Theorem 3 The submanifold X, is a coassociative submanifold of R7 = AZ(RY) if and
only if L is negative superminimal in R* and © is a parallel section of E, with respect to the
connection VE on E induced from V on R*.

Proof We need to determine when every tangent space to 1 + F is a coassociative subspace
of the corresponding tangent space to A2 (R*). In local coordinates, the immersion / is given
by

h: (ul, uz, 1, 13) — (xl(ul, uz),xz(ul, uz), y(ul, 142)a)l -|—tza)2 +t3a)3),

where 7 = yw! for some smooth globally defined function y on L, since E is trivialized by
the global section w'!. As before, we omit the explicit dependence of each o' on (1!, u?).
Thus, the tangent space to X, at the point (x(ug), 7 + ho? + 130°) is spanned by the vectors

Ei = (3) = (er, Ve (yo)) + 2V (@) + 1V, @) i =1,2,
Fi=h () =00)=a j=23.
Using Proposition 2, we find that
Ei = & +ajd' 4+ bid* + ¢cid’,
where
. 1 2 2 1 o 2 1 L 1 2
ai =yi +n(Ap — Aj) +3(AL + AjpD. bi = y(Aj] — Ap), ¢ =y(=A; — AR,

with y; = 37’/, As in [3], we define the vectors v(t2, 13) = v + 32 and vl(tz, 13) =
—13V] + tpvp, which are orthogonal normal vectors. Then the expressions for a; simplifies to

1
ai =vi + (A, — A}}).
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Now since we have

2 1

p=01 A A+ DI A @ A =D AT

1

+inA@E AP =P AP +a3 A @ AT = ADY

we can check when the immersion is coassociative by determining when ¢ restricts to zero
on each of these tangent spaces. A computation gives

@(E1, Ep, F2) = azc; —ajey, @(Ey, Ez, F3) = a1by — ayby,
o(F, F3, E1) = ay, o(F, F3, E3) = ap.

Hence, these all vanish if and only if a; = a» = 0. Replacing (#2, 3) by (At2, At3) changes
A to LAY and AV to AA"L, and thus a;y = ap = Oforall x € L and all 1, 13 € R if and
only if

1 1
L—Al =0, Ay»—A, =0, =0, =0

As explained in [3], the first two equations above say that L is negative superminimal in R*,
while the last two equations say that y is a constant function on L. Hence, we find that

VEM =me(Ven) = nE(io' +yVgw') =0
using Proposition 2. Thus, 7 is a parallel section of E with respect to V.

Remark 6 In [3], it is shown that when L is negative superminimal in R4, the section w! of
A2 (RY)] , isaparallel section, and the coassociative submanifolds constructed there are actu-
ally complex surfaces lying inside a C® in R7. Theorem 3 says that these can only be twisted
by a constant multiple of ', and are thus just affine translates of the examples from [3].

3.2 Cayley submanifolds of R®

In this section, we consider the Spin(7)-manifold RS = & (R4), the bundle of negative chi-
rality spinors over R*, and its Cayley submanifolds. We begin by briefly reviewing some of
the facts discussed in [3]. Writing the octonions as O = H & He, the fibre of spinors &, over
x € R*is isomorphic to @, with (1), = He and ($_), = H. In addition, the cotangent
space TX*]R4 is also identified with He. With these identifications, the Clifford product of a
cotangent vector in 7;*R* with a spinor in § is given by octonionic multiplication. Explicitly,
the representation is given by

y . T*R* - End($y & &)
y(@)(s) = as

where o is a 1-form, s € &, ® $_ and the product as is octonionic multiplication. Since O is
not associative, we need to be careful when composing two elements of this representation:

(Y (o) y(a2)) (s) = y(a1) (y(a2)(s)) = y (a1)(azs) = a(aas)

which in general is not the same as (ajo2)s.

Now, if L2 is an oriented submanifold of R?, then the restriction &_ (R4) |, splits naturally
into the direct sum of two rank 2 real vector bundles V; @ V_ over L. This can be seen as
follows. Define r = y (e!)y (e?) for any oriented orthonormal basis of L. It is easy to see
that r is well defined, and in [3] it is shown that r is a linear endomorphism of $_ such that
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r? = —1, 50 r is a complex structure on $_ (R*)] .»and V4 and V_ are defined to be the %i

eigenspaces of r. In fact, the map r is given, using ($_), = H, by right multiplication by the
unit imaginary quaternion j, = e'e® where e!, ¢* € TX*]R4 = He. Thus, at each pointx € L,
we have (V) = span {1, j.} and (V_), = (span {1, j,})* in H.

In [3], it is proved that the total space of V, is Cayley in R® if and only if L is minimal.
(This is true for V_ as well.) As in the two previous sections, we want to consider the natural
twisted version of this construction. Let ¥ be a section of the bundle V_ over L. Define Xy,
by

Xy = {0, x +¥0) € S-RY, s x € L, n € (V4)y}. (3.5)

This is a ‘twisting’ of the bundle V. over L obtained by affinely translating each fibre (V)
by a vector v, in the orthogonal complement (V_),, which varies with x € L. We will
mnemonically write Xy as ‘V; + ¢’. We want to find conditions on the immersion of L in
R* and on the section ¥ of V_ so that X w is a Cayley submanifold of RS,

Before stating our theorem, we make the following observations. As in Sect. 3.1, the sub-
manifold L is a Kéhler manifold of complex dimension one. Also, V. @ V_ is a quaternionic
line bundle on L, which is identified with a C2-bundle over L by the complex structure 7.
However, we can also think of each Vi as a complex line bundle over L, with respect to
a different complex structure. Specifically, the identification (V;), = span {1, j,} makes
V4 into an SO(2) = U(1) bundle, with complex structure J4 on V4 given by J4+ (1) = j,
and J4(j,) = —1. Then V_, being the orthogonal complement of V in the SO(4) bundle
&_(R*)|,, is also a complex line bundle. Since L is complex one-dimensional, both V., and
V_ are actually holomorphic line bundles over L.

Theorem 4 The submanifold X, is a Cayley submanifold of RS = $_(R*) if and only if L
is minimal in R* and  is a holomorphic section of V_.

Proof We need to determine when every tangent space to Xy, is a Cayley subspace of the
corresponding tangent space to $_ (R*). In local coordinates the immersion / is

he @' u? n,n) e et u?), Pt u?), ng et e + ng !, u?) F e, u?)gs
+B’, u)qq)

where ¢ and ¢ are a local oriented orthonormal frame for V. and g3 and g4 are a local
oriented orthonormal frame for V_. Here ¥ = aq3 + Bg4. We omit the explicit dependence
of each ¢; on (1!, u?) for notational simplicity.

The tangent space to Xy, at (x(uo), t1q1 + t2g2 + V) is spanned by the vectors

Ee = ho (5) = ek + Vo (101 + 1202) + Vg (g + Bga), k=12,

) (3.6)
Fi = hs (w) —qr, k=12

In [3], an expression is derived for V,, g; for j = 1, 2. The exact same argument, with an
extra minus sign, gives V,, q; for j = 3, 4. The results are:
J
Vadqj = 5 (Auy 0Dy @) + A4y 07y @) + Ay @y o) + ALy €y ) g,
j=12,
. 3.7
Jo 37

Veudj = =% (A y OHy @)+ A3y 0Dy @)+ ALy )y OH+ALy ey D) g5,

j=3,4.
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where we have used the notation Afj = (e;, A% (e})). Note that the operators y(e)y (v)) all

anti-commute with » = y(e')y (¢%) and hence interchange V. and V_. Thus, in particular,
we note that Vegq; is in V, for j = 3, 4. This will greatly simplify the computation below.

To check when the tangent space at (x(wo), t1q1 + t2g2 + V) is Cayley, we need to deter-
mine when the purely imaginary 4-fold octonion product Im(E; x E; x F1 X F3) vanishes.
This 4-fold product is given by

Im(a x b x ¢ x d) =Im (a(b(cd)))

whenever a, b, ¢, d are orthogonal octonions. Here a is the conjugate of a. For non-orthogo-
nal arguments, we can write them in terms of an orthogonal basis and expand by multilinearity.
(See [2, Section IV.1.C] for details.) Without loss of generality, we can assume that, at the
point x (ug), we have chosen our coordinates so that e! = e and e? = ie with respect to the
identification Ty ($_ (R*)) = O, where T, (R*) = He and ($_), = H. Similarly, we can also
take v! = je and v2 = ke. From this choice it follows that j, = e(ie) = i. Thus, at this point
x, the oriented orthonormal basis for V. is just g = 1, ¢ = i, and the orthonormal basis
for V_ is g3 = j and ¢4 = k. Now we can compute (using the octonion multiplication table)
and find:

y(eHywha =j. y(ehy(hg =k,

y(eHy g =k, y(eHy g = —j,
yHy(eHg =k, yhy (g = —ij.
y )y (eHq = —j. y )y (e)q = —k.

Substituting the above expressions into (3.7) and using (3.6), we find that the tangent vectors
at the point (x(wg), t1q1 + t2g2 + ) are given by

. . I, .
Ep=e+ ! ((Al; — ATDj + (A]; + AT)K) + 3! (A}, — AL+ (A}, — AT)K)
+oar1j+aVe, g3 + ik + BV, qa,
. I, . I, .
Ey=ie+ i ((Ay — ADj + (A + AD)K) + 5! (AL — AR + (A} — ADk)
+ O[Zj + Olvez% + ,32k + ﬁvezq47
Fr=1,
=1

where o; = z;);' and B; = gf, . As mentioned above, V., g3 and V,, g4 are both in V., which
is spanned by 1 and i. Since the 4-fold product Im(E; x Ep x F| x F») is alternating, and
since F1 = 1 and I, = i, we can drop the terms V,, g3 and V,, q4 from E; and E; for the
purposes of computing Im(E x E» x Fy x F>). After a tedious computation using the Table

B.1 in Appendix B, the result is

Im(E| x Ey X F1 x F5) = (C4C1 — C3Cr)i+ (C; — C3)je + (C2 — Cy)ke, (3.8)
where
I 15
Cr= (A — ATy — S(AL + A%) + bo,
15}

) (Aéz - A%z) —az,

I 2
C, = E(A12+A22)+
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1 %)
Cs = —5<A{1 + AL — 5(A{2 —A3) +a,
I 15
Cy= S (Al = A7) = Z (Al + AD) + Br.

For (3.8) to vanish, we must have C; = C3 and C, = Cy, so the coefficient of i will vanish
automatically. The last two terms can be simplified to

5] %) .
(E(Ah +Ayp) — E(A%l +A%) + (B2 — 011)) Je

+ (%(A% 2) + (A11 + Azz) — (a2 + ,31))

This clearly vanishes for all 71, #, if and only if Tr A¥' = Tr A¥ = 0 and o1 = B, and
ar = —py. The first two conditions say L is minimal in R*. By an argument entirely analo-
gous to that at the end of the proof of Theorem 2, the last two conditions are equivalent to ¥
being a holomorphic section of V_.

4 An explicit example

In this section, we will content ourselves with a family of explicit examples of a ‘twisted’
associative subbundle of R7. Recall that a complex one-dimensional submanifold of R* & C2
is a minimal surface. Consider the holomorphic surface (x, y, u(x, y), v(x, y)) in R* where
the Cauchy—Rlemann equations u 5= = vy and uy, = —vy are satisfied. Then one can construct
the vector @' = e! A e? —v! Av?in A2 and it turns out to be (using the Cauchy—Riemann

equations to simplify):

. 1

= —— (1= [Vul?, 2uy, 2uy) . 4.1
Similarly, one can compute that
2 : (<2014 2usuy )
w = —F Uy, M —zU s
L+ |val ' h 4.2)
W = ; (—ZMX, —2uyuy, 1 — ui + u2) .
1+ |Vul? )

Hence, Theorem 2 gives the following associative submanifold of R:

(to' + alx, y)w + B(x, Yo, x, y, u(x, y), v(x, y)), (4.3)

where aw? + Bw? is a holomorphic section of the holomorphic line bundle F over L. Since
we have not chosen an adapted basis satisfying (2.1), the equations for holomorphicity are
not oy = By and oy, = —pB,. Instead, we need to again follow the argument in Eq. (3.3), but
this time we cannot use Proposition 2. However, since the !’ have unit length, the covariant
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derivatives V,, @/ have no component in the v/ direction. Thus, we find

(e1 +iep) (VFU)= o—i—]( O')
= (Ve 0) + J(F(Ve,0))

np(a1w2 + (xVela)z + ,810)3 + ,BVBIa)3)
+ T (p (0207 + aVe,0® + oo’ + BVey))
= ajo’ + /3](03 +01(Ve1a)2 w3)a)3 + ﬂ(Vela)3, wz)a)

+ J (a2 —I—ﬁzw —i—a(VeZa) w )a) +ﬂ(V62w3 a)z)a)z)
= ( —.32+,3(Ve1w 0)2) —o ngw w ))

(,61 + an +a(Ve,a) W’ ) + B(Ve, ,a)z))

2

and thus 0 = aw? 4+ Bw’ is holomorphic if and only if

ay — By = —B(Ve, 0, 0*) + a(Vp, 0, @), s
ay + By = —a (Ve 0, @) — B(Ve, 0, 07).

Hence, if o and g satisfy Egs. (4.4) then (4.3) gives an associative submanifold of R’. For a
concrete choice, let us take u +iv = e%, and thus u(x, y) = ¢* cos y and v(x, y) = €* sin y.
Then one can check that Egs. (4.4) become

202
w =By
262)5
a}’ = —/3)6 + mﬁ.

We can find one simple family of solutions by assuming that « and g are independent of y.
These can then be integrated to obtain

=T PeKA+e,

for some constants C and K. Substituting these into (4.3), using (4.1) and (4.2), and simpli-
fying, we obtain

| t—te™ +2Ce siny —2Ke* cosy (1 + e*)?
- 14 22" 4 e
2 _ —2te* siny — 2te3* siny + C(1 + 2¢* cos2y) + K (1 + €2*)%¢* sin 2y
14 2e2% 4 et
3 2te’cosy+ 2te3* cos y + Ce** sin2y + K (1 + ¢*)2(1 — e** cos2y)

’

X )
1 4 2e2% 4 et

x*=x,

X =y,
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x® = ¢* cos y,

x! = e*sin v,

as an explicit example of a non-ruled associative submanifold of R7. When C = K = 0,
this reduces to the (ruled) example of Section 5.2 of [3]. Similarly lengthy computations can
also be done in the coassociative and Cayley cases.

5 Conclusion

The results in the present article demonstrate that noncompact calibrated ‘subbundles’ of
Euclidean space, which in particular are ruled calibrated submanifolds, have a rich deforma-
tion theory, that includes deformations through non-ruled calibrated submanifolds. It is an
interesting question to study whether or not there exist any other deformations which are not
of this type. A general theorem on the deformation theory of ruled calibrated submanifolds is
still lacking, although a few studies have been done by Joyce [4,5] and Lotay [9, 10], among
others.

In addition, given the likelihood that the ‘twisted special Lagrangian subbundle’ Egs. (2.8)
admit solutions in which L? is not austere in R", especially for p > 3, this would give a
negative answer to the ‘Question 5.3” posed at the end of [6]. It is interesting to note, how-
ever, that in the case of the exceptional calibrations, Theorems 2, 3, and 4 in the present
article show that the ‘base’ of the twisted calibrated subbundles remains of the same type
as in the untwisted case: minimal or negative superminimal. Hence, these constructions do
not contradict ‘Question 5.3’ of [6] in the case of exceptional calibrations. While there is
admittedly little evidence for ‘Question 5.3’, it certainly remains to be of great interest to
study possible local models for the intersections of calibrated submanifolds inside compact
manifolds of special holonomy.

It would also be interesting to determine to what extent these ‘twisted’ constructions extend
to the cohomogeneity one special holonomy metrics considered in [6]. It seems likely that
they do. In fact, it is conceivable that these results may hold in general manifolds of special
holonomy, although if so, proofs would probably need somewhat different techniques.
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Appendix A: An identity involving the symmetric polynomials of a matrix

In this appendix, we derive an identity that is used in Theorem 1.

Lemma 1 Let A and B be p x p real matrices. Then the following identity holds:

» .
d .

z t* (W o1 (B +sA)) = j!t/) det(I +tB)o;(A(I +1B)™ ")
ST s=0

k=0

forallt € C such that I 4 tB is invertible, and all 0 < j < p.
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Proof We begin by applying (2.4) to B 4 s A, and expanding:

p
> t*or(B +5A) = det(I + (B + s A))
k=0
= det((I + stA(I +tB)"")(I +B))

= det(I + tB)det(I + (st) A +1B)™")

14
= det(I +1B) Y s* t*ox (AU +1B)™").
k=0

Now we differentiate the above equation j times with respect to s, and note that on the
right-hand side, only the terms with k > j survive:

P i P
d’ k! .
> i S=on(B+s4)) =detI +1B) Y ———s*Titor (AU +1B)").
ds) * (k=)
k=0 k=j
Setting s = 0 above, only the term with k = j survives on the right-hand side. We obtain
» .
> (5
ds/
0

k= s=0

ok (B +sA)) = j!t) det(I +tB)o;(A(I +1B)™ ).

Appendix B: Octonion multiplication table

Here is a multiplication table for the octonions Q. The table corresponds to multiplying the

element in the corresponding row on the left of the element in the corresponding column.
For example, i - j = k.

Table B.1 Octonion multiplication table

1 i j k e ie je ke
1 1 i j k e ie je ke
i i -1 k —J ie —e —ke je
j j -k -1 i je ke —e —ie
k k j —i -1 ke —je ie —e
e e —ie —je —ke -1 i j k
ie ie e —ke je —i -1 —k j
je je ke e —ie —j k -1 —i
ke ke —je ie e -k —j i -1
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