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Abstract Let (M, g) be an N-dimensional compact Riemannian manifold without
boundary. When m is a positive integer strictly smaller than N, we prove that

N/(N—m)
sup /e“"’"”'“‘ dvg < 00,
”"th,N/mf1

where |[ull;n,n/m is the usual Sobolev norm of u € wm-N/mpry, and an,, is the best
constant in Adams’ original inequality (Ann Math 128:385-398, 1988). This is a modified
version of Adams’ inequality on compact Riemannian manifold which has been proved by
Fontana (Comment Math Helv 68:415-454, 1993). Using the above inequality in the case
when m = 1, we establish sufficient conditions under which the quasi-linear equation

—Anu+tlulNPu = fx,u)

has a nontrivial positive weak solution in WLN (M), where —Ayu= — div(|Vu|V~2Vu),
v > 0, and f(x, u) behaves like vl o |u| — oo for some y > 0.
Keywords Trudinger—-Moser inequality - Adams inequality - Critical growth - N-Laplacian

Mathematics Subject Classification (2000) 58J05 - 58E30 - 35J60 - 35B33

J.M.do O
Departamento de Matematica, Universidade Federal da Paraiba, Jodo Pessoa, PB 58051-900, Brazil
e-mail: jmbo@mat.ufpb.br

Y. Yang (X)

Department of Mathematics, Information School, Renmin University of China, Beijing 100872,
People’s Republic of China

e-mail: yunyanyang @ruc.edu.cn; yunyan_yang2002 @yahoo.com.cn

@ Springer



318 Ann Glob Anal Geom (2010) 38:317-334

1 Introduction and main results

Let (M, g) be a compact Riemannian manifold of dimension N (N > 2) without boundary.
Assume that m is a positive integer strictly smaller than N. Take W”>N/™ (M) the usual
Sobolev space, the completion of C°°(M) under the norm

m/N

el v/ = /(|vmu|N/’" L") dvg | (1.1
M
where V"*u = A?ﬂu if m is even, VAg,m_l)/zu if m is odd, V, A, are the gradient oper-
ator and the Laplace—Beltrami operator, respectively, dv, is the volume element of (M, g).
Precisely in local coordinates {xi}fvzl, g = gij (x)dxidx/, dvg = ﬂdx] coodxV,

Af B 19 (. _of
T B = % (i g%
Vi=¢ axJ 9xt’ Bef = V8 dax! (g ﬁ(’bﬁ)

for all f € C®(M), where (g"/) = (g;;)~", the inverse of the matrix (g;;), and /g =
/det(g;;). Here, we have used the repeated summation convention.
In a celebrated paper [10], Fontana obtained the following estimates:

sup /eO‘N-’"lulN/(N_m)dvg < 00, (1.2)

"udv,=0, || V™ <1
1‘\!1” Vg [I MHN/m_ M

where || - || y/m denotes the LN/™ (M) norm and

N
aN/2pmp m+1 N—m
N ((2> if mis odd

WN—1 F(N—ngrl)

N
N—m
N/22mr m
T . .
N_(7Z22T(5) if mis even.
WN—1 F(Ngm)

If an,m is replaced by any larger number, the integral in (1.2) is still finite, but cannot
be bounded uniformly by any constant. Inequality (1.2) is a manifold case of the well-
known Adams inequality [1], which is the generalization of the Trudinger—Moser inequality
[13,15,16]. Adams’ approach to the problem is to express u as the Riesz Potential of its gra-
dient of order m and then use the symmetrization to reduce the problem to one-dimensional
case. By estimating the asymptotic express of the Green function of A”', Fontana was able
to find the counterpart of Adams’ approach on (M, g).

Replacing the hypothesis fM udvy =0, [V"ully/m < 1by llullpm,n/m < 1, we will show

(1.2) is still valid. More generally, if (1.1) is replaced by an equivalent Sobolev norm

ON,m = (1.3)

m/N

lulls,, . = Q/(W'"uw/m + lulV/™) do (1.4)

for any 7 > 0, we have the following:
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Theorem 1.1 Let (M, g) be a compact Riemannian manifold of dimension N without bound-
ary and m is a positive strictly smaller than N. Then, for any t > 0

N/(N—m)
sup eaN, mlul d

"l,ﬂ
ueWnm (M), llulls,, . <1 p

Vg < 00, (1.5)

where oy p is defined by (1.3). Furthermore, this inequality is sharp: when ay  is replaced
by any larger number, the integral in (1.5) is still finite, but the supremum is infinity.

Theorem 1.1 is a modification of Fontana’s result. But nevertheless, the inequality (1.5)
will be more natural when we consider related partial differential equations. We remark
that Theorem 1.1 is a generalization of our recent result [18]. The proof of Theorem 1.1 is
based on (1.2) and the Young inequality in a nontrivial way. Similar idea has been used by
Adimurthi and the second named author [3]. A special case of Theorem 1.1 is m = 1, which
is also known by Li [11], namely

Theorem 1.2 Let (M, g) be a compact Riemannian manifold of dimension N without bound-
ary. Then for any t > 0

sup /eaNlulN/(Nfl)dvg < 00, (1.6)
ueW N (), fulls, <13
. 1/(N=1) :
where ||lulls, , is defined by (1.4), ay = an,1 = Noy_; ', on-1 is the volume of the

unit sphere SN~V Furthermore this inequality is sharp: when ay is replaced by any larger
number; the integral in (1.6) is still finite, but the supremum is infinity.

Next, we study the existence of solutions to the following quasi-linear equation:

—Ayu+tlul¥2u=f(x,u) in M (7
u>0 in M, ’
where —Ayu = —divg(|Vu|NVu), the nonlinearity f(x, u) has the maximal growth on u

which allows us to treat problem (1.7) variationally in the Sobolev space WLN(M). Moti-
vated by pioneer works of Adimurthi [2], de Figueiredo et al. [8,7], and do 0 [9], we say that
afunction f : M x R — R has subcritical growth on M if for any o > 0

fx.s)

|s|—o00 g<¥|S|N/(N71)

=0 uniformly forx € M; (1.8)
and f has critical growth on M if there exists «p > 0 such that

lfGe, o) [Ouniformly forx e M, Yo > o (1.9)

|s|]—o0 ea|S|N/(N7]) - oo, Vo < ay.

In order to study the existence of solutions to Eq. 1.7, we assume f satisfies the following:

(Hy) f:M xR — R is continuous.
(H>) There exist R > 0and A > O such that foralls > Randallx € M,
s
0< F(x,s) =/f(x,t)dt < Af(x,s).
0

(H3) f(x,s)>0forall (x,s) € M x [0,00) and f(x,0) =0forallx € M.
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The existence results of Eq. 1.7 in the subcritical case and critical case can be stated,
respectively, as below.

Theorem 1.3 (The subcritical case) Assume (Hy), (Hz), (H3), and that f has subcritical
growth. Furthermore suppose that

(Hy)

: NF(x,s)
lim sup —
s

s—0F

< v uniformly for x € M.

Then, Eq. 1.7 has a nontrivial solution.

Theorem 1.4 (The critical case) Assume (Hy), (Hz), (H3) and that f has critical growth.
Furthermore, suppose (Hs) and

(Hs)

—agsN/ (V=D

sf(x,s)e

Then, Eq. 1.7 has a nontrivial solution.

— 400 as s — +oo uniformly for x € M.

Let us explain the relation between Theorem 1.2 and Theorems 1.3 and 1.4. Solutions to
Eq. 1.7 are critical points of the functional

J() = %/(|VMIN+I|M|N) dvg—/F(x,u)dvg, (1.10)

M M

where F(x,s) = fos f(x,t)dt forall x € M and s € R. In view of the structure of J, par-
ticularly its first term f v (Vu IV 4+ t|u|V )duvy, it is reasonable to use Theorem 1.2 instead of
Fontana’s original inequality (1.2) to study the compactness of the Palais—Smale sequence of
J. This is exactly our motivation of establishing Theorem 1.2, more generally Theorem 1.1.

The proofs of Theorems 1.3 and 1.4 are based on the Mountain Pass theory. Similar idea
has been used by de Figueiredo et al. [7] to establish the same results in the case when (M, g)
is replaced by any smooth bounded domain in R2.

The remaining part of this article is organized as following: in Sect. 2, we prove Theo-
rem 1.1, particularly Theorem 1.2. As an application of Theorem 1.2, Theorems 1.3 and 1.4
will be proved in Sect. 3.

2 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. The method we used here is combining Fontana’s
inequality (1.2) and the Young inequality. The proof is straightforward and divided into two
steps:

Stepl : Forany 0 <m < N,an, n is the largest possible constant such that the integrals
in (1.5) are uniformly bounded.

Based on Fontana’s result, the integral in (1.5) in our case is still finite if oy, is replaced
by any larger number. However we are left to prove ay_,, is the largest possible constant
such that the integrals in (1.5) are uniformly bounded under the hypothesis |[u||s,, . < 1.
Following Adams [1] and Fontana [10], we distinguish two cases:
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1
Case I:m = 1.Inthiscase,ay, | = Nwﬁ:'l.Forsomepointp € M,letr =r(x) =dg(p, x)
be the geodesic distance between x and p. Without loss of generality, we assume the injective
radius of (M, g) is strictly larger than 1. Set

1, when r <§
¢s(x) = | (log %)_llog%, when 8§ <r <1
0, when r > 1.

Then ¢5 € WV (M) and for any 7 > 0

NN 1
/ (19@s1" + clgsl" ) dvg = (log g) N1 (1 +0o (logS)) '
M

Denote q~55 = ¢5/ll¢slls, .. Then we have on the geodesic ball B, (8) C M,

3177 = (1log L) 0 (140 (—
1T =985 ) - logs )]

It follows immediately that for any y > N w}V/SY*”, asé — 0,

~ N ~ N
/em)swfl dvg = / BTy S oo,
M B, (5)

Case?2: m > 1.Let ® € C*°J[0, 1] be such that

PO0)=d'0)=---=0"D0)=0, d1)=d'(1)=1
and if m > 2,
' (1)=---=d" D) =0.

For any fixed small € > 0, we set

€d (L) when 0<ft<e

t when e <t <1—¢
Ht) = l—ed>(%) when 1—e<t<1

1 when ¢ > 1.

For0 <68 < 1,0 <t < 1, we define

N
V(t)=H (logg) 10g; .

For any fixed point p € M, denote the distance between p and x by r = r(x) = d,(p, x),
then the function

¢s(x) = W(r) € C"(B,(1)).
By a delicate calculation of Fontana ([10], pp. 441-443),

" N 1 1\~ N-m/m
/Iquﬁglﬁdvgfc(m,N)WwN,l 1+Ce+0 | — log — ,
logé 8
M
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where

m

2" T (%) (N —m)(N —m+2)--- (N —2) for m even
2"T T (ZH) (N —m+ (N —m+3)---(N=2) for m odd.

cim,N) = [

We are left to estimate

1 N
/|¢s|%dvg :/(H (logs))m wy_ 15V 11 + 0(s))ds.
log s
0

M

Since H(t) < Ct, we obtain

N 1\
M

Define 5(3 = ¢5/l1Pslls,,.. - Then we have on the geodesic ball B (3),

1
. 1\ - Ce+0 (k) |
|ps|¥=m > | log — m 1+0\—=]))-
8 N—m = log§
wy_jc(m, N)N=m

m
N—m

N
Itis easy to see that for any y > Nwyjc(m, N)V-n" = ay n,

/e”l‘;‘”%dvg > / eyl‘;“%dvg — +00
M B, (3)
as § — 0, provided that € is chosen sufficiently small. This completes the proof of Step 1.
Step 2 : The modified Adams inequality (1.5) holds.
In view of Fontana’s inequality, to conclude (1.5), one only needs to prove

NN/ N

sup dv, < oo.

N
ueW™ m (M), lull sy, <1jy—7|>a>0

bounded. Using an elementary inequality (a + b)? < b” + (27 — )b~ lafor0 <a < b
and p > 1, one has by employing the Young inequality

Assume ||ul||s, . < 1. Denote u = W fM udvg and write u = (u — u) + u. Clearly u is

ap
(a+b)P <1+ y)b"+c(p)

ypfl’ Yy >0,

where c(p) is a constant depending only on p. Takinga = u, b = [u—u|, p = N/(N—m), y
satisfies
l=p

1+y = /|v’"u|%dvg

and w = (1 4+ )P (u — ). Then one can see

/|vmw|%dug =1, /wdvg =0.
M

M
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Since
I-p
N N
y = 1—1/|u|ﬁdvg —lzr(p—l)/|u|ﬁdvg
M M

andontheset {x € M : |u(x) —u| >u > 0},

u
ul? < fwl? + e(p)—r.
)/F

one ends step 2 by using Fontana’s inequality and completes the proof of Theorem 1.1. O

3 Applications of Theorem 1.1

In this section, we will use the Mountain Pass theory to establish Theorems 1.3 and 1.4. To
this end, we begin with constructing a functional closely related to Eq. 1.7.

Form e N,0 <m < N, we assume f : M x R — R is a continuous function and there
exist constants 8 > 0, C > 0 such that

_N_
|f(x,s)| < CePBIY ™ V(x,s) e M x R. (3.1)

Let F(x,s) = fg f(x,t)dt. For0 < m < N and T > 0, we define functionals

Jne () = %/(W’"m”/m +r|u|N/m) dv, —/F(x,u)dvg, Vu € W (M).
M M

In view of Theorem 1.1, J,,, ; is well defined on W"”% (M). Whenm =1, Jy ; is exactly J
defined by (1.10). Clearly, J € CY(W'N (M), R) and (3.1) becomes

N
N-1

|f(x,s5)| < CePl! V(x,s) € M x R. (3.2)

3.1 The geometry of the functional J

Define two functions

~ | f(x,s) when (x,5)e M x (0,00)
flx.s) = [O when (x,s) € M x (—00, 0]

and ﬁ(x, s) = fos f(x, t)dt. If f satisfies (H;) — (Hs), then so does f Moreover if u €
WLN (M) is a solution of

—Anu+tluN"2u = f(x,u) in M
u>0 in M,

then it is also a solution of (1.7). Without loss of generality, we can assume henceforth that
f(x,s)=0forall (x,s) € M x (—o0, 0].

Lemma 3.1 Assume (Hy), (H), (H3), and (3.2). Then J(tu) — —oo ast — +09, for all
u € WHN (M) \ {0} with u > 0.
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Proof Assume u € wWLN (M) \ {0} withu > 0. By (H»), for p > N, there exist two positive
constants ¢y and ¢; such that

F(x,u) > ciu? — cs.

Hence

N
1t
J(tu) < W/(W”'N + lulV)dvg —clt”/ lul?dvg + 3.

Since p > N, J(tu) - —oo ast — +o00. ]
Lemma 3.2 Assume (H)), (Hy), and (3.2). Then there exist §, 0 > 0 such that
Jw) =38 if lluls, =o
Proof By (H}), (Hy), and (3.2), there exists some A < t such that forg > N
N

N-1

1
F(x,u) < Num’v + Clu) P forall (x,u) € M x R. (3.3)

By Theorem 1.1 and the Holder inequality,

1
N N v
N=1 ’ N—=1
|u|qeﬁIuIN Ydv, < P Bl N1 4y u| 7P dv
g — 8 8
M M

M

IA

P
/ lu|Pdvg | (3.4)

provided that |lu||s, , < o, where p'Bo T < <ay and —|— — = 1. Obviously,

1
/|u|Ndvg < Lpald . vue w o o).
T T
M
This together with (3.3) and (3.4) implies that

1 A N
T z (1= )l = Clulf,
Thus, we can further choose 0 < ¢ and § > 0 such that J (1) > §if [lulls,, = 0. O

3.2 Minimax level

To get a more precise information of the minimax level obtained by the mountain pass
theorem, we employ the Moser function sequence

(log n)N=D/N when r < R/n,
M,(x,r) = N (logn) I/N log(R/r) when R/n <r <R,
DNy when r > R,

where 0 < R < inj(M), inj(M) is the injective radius of (M, g), and r = r(x) denotes the
geodesic distance between x and a fixed point O € M.
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Lemma 3.3 Assume (Hy), (H>), (H3), and (Hs) hold. Then there exists n € N such that

1 N-1
aN

max J(tM,,)) < — (—) .

>0 N \ ag

Proof Suppose not. Then, we have for all n
Jamy = L (@) (3.5)
m o= 3 (5) -
By Lemma 3.1, there exists #, > 0 for any fixed n such that
1
JGM) = i I, = [ P uMdu = max @M. G
A >

Since F(x,s) > 0 for all (x,s) € M x R, we get by combining (3.5) and (3.6) that

v N ay N—-1
(Ml = w0 . (3.7)

By (3.6), we arrive at %J(tMn) = 0 atr = t,, or equivalently

IV, = [ MMy, (338)
M

By (Hs),Vp > 0,3R, > 0 such that for all s > R, there holds

N

sf(x,s) > pe”‘osﬁ. (3.9)

Choosing a normal coordinate system near the point O, we calculate

R
1 _
/ VM, |V dv, = / XL+ 0¢2)dr
wn—1logn r
M R
O(R?
o)
logn

and similarly

1
/I|Mn|Ndvg = —— (oa(1) + O(RY),
logn
M

where 0, (1) — 0 as n — oo and |O(R?)| < CR?. Hence we get

1
||M,,||]SV1 =1+ (on(l) + O(Rz)) . (3.10)
: logn
Thus (3.7) becomes
N-1 2
I;V > (al) (1 + M) . (3.11)
oo logn
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This together with (3.8) and (3.9) implies

N
N N t, M, | N1
NI = p / 0l M T gy

Br/n(0)

N N1 2
_ Nl R\ eon oy T iogn (4 +0 R (3.12)
N \n n’

for sufficiently large n. The power of this inequality is evident. Since [|[M, ||15V1 . is bounded

and p > 0, itis easy to see from (3.12) that 7, is a bounded sequence. Notice that t,llv /IN=D)
an Jag implies agty /N Vo YN S N, then it follows from (3.11) and (3.12) that
N-1
lim ¥ = (‘LN) . (3.13)
n—o00 o)

It follows from (3.11) and (3.12) that

N
WN -1 R
N IML IS = p (;) N8 (14 0,(1) + O(RY))

N
WN -]
N
By (3.10) and (3.13), letting n — oo in the above inequality, we obtain

N—-1
anN WN-1 N 2
— >p——R" (1 4+ O(R?)).
(Olo) =N (1+0@®5)

= p——RY (1 +0,(1) + O(R?)) .

This is impossible when p is chosen sufficiently large and completes the proof of the
Lemma. O

3.3 Palais—Smale sequences

We state a manifold version of Lemma 2.1 in [7] as below. Since the proof is almost the same,
we omit the details.

Lemma 3.4 Letu, — uin L' (M). Assume that f(x, u,(x))and f(x, u(x)) are also LY (M)
Sfunctions. IffM [f G, un(X)uy(x)|dvgy < C, then f(x,u,) — f(x,u)in LY(M).

The following result can be found in [5,6].

Lemma 3.5 (Cherrier) Let W be any compact N-dimensional Riemannian manifold with
smooth boundary 9W. Then for any o < ay 2"/ N1,

N

N-1
sup /e“'”' dvg < o0.
IVl <1 [ vdve=03),

Moreover when a > oy /2YN=D the above integral is still finite, but the supremum is
infinite.

We remark that the significance of Lemma 3.5 is that the best constant ay /21/(V =D
depends only on the dimension of W. When N = 2, this result has been strengthened by the
second author in [17].
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Lemma 3.6 Assume f satisfies (Hy), (3.2), and there exist Ry > 0, u > N such that
0<uF(x,s) <sf(x,s), V|s|> Ry, Vx e M. (3.14)

Let (up) € WHN (M) be a Palais—Smale sequence of any level, i.e., J (uy) — ¢, J ' (uy) — 0

in W_l’% (M) as n — oo. Then there exists a subsequence of (u,), still denoted by (u),
and u € WHN (M) such that

S, un) = f(x,u) in L'(M)
Vu,(x) = Vu(x) for almost all x € M
Vi N 2Vu, — |[Vu|N2Vu weakly in (LN/N=D )N,

Proof Assume (u,) C WLN (M) be a Palais—Smale sequence of any level, i.e.,

1

N/ (|wn|N 4 r|un|N) dvg — / F(x, un)dvg — c, (3.15)
M M

[ ), )| < Tull@lls ., Vo e WhN (), (3.16)

where 7, — 0 as n — oo. Multiplying (3.15) by u and subtracting (3.16) with ¢ = u,,, we
obtain

n
(5 = 1)l - /(MF(x, ) = tn f (X wn))dvg < C + Tllunlls,,
M

for some constant C. By (3.14) and (H1), the second term in the above inequality has lower
bound, and thus u,, is bounded in W1-¥ (M). It then follows that

/)|Vun|N—2wn
M

Moreover, up to a subsequence, we may assume

N
T, <, /F(x, up)dvg < C, and /f(x, un)uydug < C.
M M

u, -~ u weakly in WI’N(M), u, —>u a.ein M

u, — u strongly in L7(M), Vg > 1.

The assumption (3.14) implies that sf (x, s) = |sf(x, s)| for all s > Ry, and thus

/lf(x9 un)un|dvg S C
M

It then follows from Lemma 3.4 that f(x, u,) — f(x, u) in L' (M).
Next, we will prove Vu, (x) — Vu(x) almost everywhere. Up to a subsequence, we can
define an energy concentration set for some § > 0 to be determined later,

Ss={xeM:lim lim (IVun N + tluy|V)dvg > 8
r—Qn—00
By (x)
Since (i) is bounded in WN (M), ©s must be a finite set. For any x* € M \ Xs, there
exists r : 0 < r < dist(x*, Xs) such that
lim / (IVun |V + tluy|V)dvg < 8.
n—oo

B (x*)
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It follows that for large n,

/ (IVun |V + luy|V)dvg < 8. (3.17)

By (x*)

Letit, = [ uudvg. Itis easy to see from (3.17) that |z, | < 8N (Vol(M))!=1/V, and
By (x*)
thus
N N N NN
/ Al VT gy < / AT Bl T 42T P N g

By (x*) By (x*)

NNl 7NNI
< C / 62 1 Bluy—uy| N— dUg.
By (x*)

Now, we choose § such that 2%,88ﬁ <ozN/2ﬁ. Then &fl"!™ T is bounded in

L7(B,(x*)) for some ¢ > 1, thanks to Lemma 3.5. By (3.2), f(x,u,) is also bounded
in L9 (B, (x*)). For any n > 0, denote

Ay ={x € B, (x™) : lu(x)| = n}.

We estimate

A

1/q 1/q'
/lf(xvun)_f(x,u)”mdvg = /|f(-xaun)_f(x7u)|qdvg /|M|q’
Aﬂ AW A’/

1/q'
’
C e ,
AU

where 1/g + 1/q’ = 1, since f(x, uy) is bounded in L9 (B, (x*)). Hence for any v > 0,

IA

/If(x, uy) — f(x,u)||uldvg < v, (3.18)

A’?
provided that 7 is chosen sufficiently large. Since f(x, u,) — f(x, u) in LY(M),

n—00
By (X*)\An

Combining (3.18) and (3.19), we have

lim / | f (s 1) — fCx, w)|Juldvg = 0. (3.19)

n—o00
By (x*)

lim /|f(x,un)—f(x,u)||u|dvgSv.

Since v > 0 is arbitrary, we obtain

Jim [ 1) = f 6w uldvg = o (3.20)

B (x*)
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On the other hand, we have by using the Holder inequality,
Lf Qs un)llun — uldvg < |1 f (s un)llpa, ooy Nn — ull g ay = 0, (3.2D)
By (x*)
where 1/q + 1/q’ = 1. Combining (3.20) and (3.21), we immediately get
tim [ LG~ £ wuldvg =0,
n—oo
By (x*)

A covering argument implies that for any compact set K CC M \ s,

lim / | fCe, up)u, — f(x, M)M|dvg =0.
n—00
K

Now we are proving for any compact set K CC M \ Xs,

lim [ |Vu, — Vu|Vdv, = 0. (3.22)

n— 00
K

It suffices to prove for any x* € M\ X5, andr : 0 < r < dist(x*, X;) givenin (3.17), there
holds

n—00
B2 (x*)

lim / Vi, — Vu|Ndx = 0. (3.23)

For this purpose, we take ¢ € C3°(B,(x*)) with 0 < ¢ < 1and ¢ = 1 on B,pp(x™).
Obviously, ¢u, is a bounded sequence in E. Inserting ¢ = ¢u, and ¢ = ¢u into (3.16)
respectively, we have

/ ¢ (Vun N2 Vu, — [VulN72Vu) (Vu, — Vu)dvg
By (x*)
< / |Vun|N_2VunV¢(u —uy)dvg + / ¢|Vu|N_2Vu(Vu — Vu,)dvg
By (x*) By (x*)
+ / @ (un —u) f(x, up)dvg + tullpunlls, , + wlioulls, .- (3.24)
Br(x*)
The integrals on the right side of this inequality can be estimated as below. Since u,, — u in

LP(M)(¥p > 1), we have by the Holder inequality

lim / IVitn N "2Vu, Vo (u — up)dx = 0. (3.25)

n—00
By (x*)

Since Vu, — Vu weakly in (LN (M), there holds

lim / o|IVulN "2Vu(Vu — Vu,)dx = 0. (3.26)
n—oo
By (x*)
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From (3.21), we see fB,(x*) ¢y —u) f(x,u,)dvy, — 0as n — oo, which together with
(3.25), (3.26), and 7, — 0 implies that the first integral sequence of (3.24) tends to zero as
n — o0o. Therefore we derive (3.23) from (3.24) and an elementary inequality

22N —al¥ < (1b)N"%b — |a|¥%a,b —a), Va, beRV.

Since x* € M \ s is arbitrary, a covering argument and (3.23) implies (3.22), which yields
that Vu,,, up to a subsequence, converges to Vu almost everywhere in M.
Let (u;) be a sequence such that Vu, (x) — Vu(x) for almost every x € M. Recall that

|Vitn [N =2V, is bounded in (L ¥-1 (M))N, we can assume |Vitn|V "2V, — V weakly in
N

(LT (M))N . Then V must be |Vu|Y ~2Vu, thanks to the almost everywhere convergence

of Vu,,. This completes the proof of the Lemma. O

3.4 Proof of Theorems 1.3 and 1.4

From Lemma 3.1 and Lemma 3.2, we can see that J satisfies the following properties:

(i) Jec'W'Nwm),R), J(©0) =0;
(ii) There exist , 0 > 0 such that J(u) > § if |lulls,, = 0.

(ili) There exists ¢ € W (M) such that J(¢) < 8.

Now we can apply the Mountain Pass Lemma [4] to obtain a positive level ¢ and a
Palais—Smale sequence (u,,) satisfying (3.15) and (3.16), where

c=inf maxJ(u) =4, T = {y ec ([o, 11, WI'N(M)) y(0) =0, p(1) = (p} .

]/EF uey

Thanks to Lemma 3.6, (u,) is bounded a sequence in WLN (M), and

/F(x, uy)dvg, < C, /f(x, up)uydvg < C.
M M
Up to a subsequence, we can assume that
u, — ug weakly in WI’N(M), U, —> up ae. in M
u, — ug strongly in LY(M), Vq > 1.
From (H>) and Lemma 3.6, we have
F(x,u,) — F(x,up) in L' (M), (3.27)

thanks to the generalized Lebesgue dominated convergence theorem, namely assume (g,),
(hy) are two measurable function sequences on (M, g). Moreover |g,| < h,, a.e. (n =
1,2,--4); g4 = g a.e; hy — h,ae.; fM hp(x)dvg — fM h(x)dvy < oo. Then there holds

nlirr;o/gn(x)dvg :/g(x)dvg.

M M
Thus we obtain by (3.15) and (3.27)

n—o0

lim /|Vu,,|Ndvg =N c+/F(x,uo)dvg : (3.28)
M M
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Notice that (3.16) and Lemma 3.6 lead to
/|vM0|N—2wodevg — / Fx, up)vdvg =0, Yo € C®(M).
M M

Since C®°(M) is dense in W1V (M), the above identity holds for all v € WULN(M). Hence
ug is a weak solution of problem (1.7). Finally, we will prove that u( is nontrivial. Suppose
ug = 0. Then (3.28) gives

lim /|Vun|Ndvg = Ne. (3.29)
n—o0

To proceed, we distinguish two cases:
Case 1: f is subcritical.

By definition of subcritical function (1.8), Vo : 0 < & < %, there exists a constant C
such that

N
|f(x, un)| < C + ™" for all n.

Take ¢ > 1 such that g Nc¢ < ay. Then

N
/|f(X, uy (x))|9dvg, < C + C/eqalun|N—l dv,

M
qoljun ”51 .
e
M

thanks to Theorem 1.1. Let v = u, in (3.16), we have by using the above estimate and
u, — 0in LP(M) forall p > 1,

N
un N-I
Tinlls, .

dv,

§C7

N
”Mn”s < tlluy, ”Sl,r + [ f(x, un)un|dvg
It

q/

IA

q
Ty lluy ”Sl,r + /'f(xv un(x))|qdvg /|un|q,dvg

IA

Tallunlls, . + Cllunlly — 0 as n — oo,

where é + % = 1. This contradicts (3.29). Hence ug # 0.
Case 2: f is critical.

By definition of critical function (1.9), Ve > 0, 3C¢ such that

N
|f(x,8)] < Ce+e@FOBI™ for all (x,5) € M x R.

By Lemma 33, c < - (‘;—g) Clearly [|uy|ls,, — Nec thanks to (3.29) and u, — 0 in

LP(M) forall p > 1. We choose € > 0 sufficiently small and g > 1 sufficiently close to 1

||Nl

such that g (ao + €)||u, < ay for sufficiently large n. Then
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A
/|f(x un(x))|qdvg < 21C9 21 @Oy N1 4 vg

Re—

_up

Tanlls,

N
N-1
qanunusl .

52"C2+2q/e
M

<C.

As in Case 1, we obtain [lu,||s, ., — 0 which contradicts (3.29). Hence ug # 0. This com-
pletes the proof of Theorems 1.3 and 1.4.

3.5 An example of maximizer

In this subsection, we will give an example of maximizer. In view of Theorem 1.1, one has
forallo <oy,

N
Ay = sup / alul ¥ " dvg < 0.

lleell Sy, 2 slM
Furthermore we have the following:

Proposition 3.7 Assume 0 < m < N. Forany a : 0 < a < an, p, there exists a function
ug € WN/M (M) with |lulls,, . < 1 such that

N N
|| N—m _ olu| N—m
/e « dvg = sup /e dv,
H””Sm_TSlM

M

Moreover u, is a weak solution of the equation
k=1 (4 k=1, (N oo A k-1 X_o
—A (dlv IV ARy | =2V ARy, )+ Tl | 2t
N__, B
= L ug |V Cuge !V when m =2k -1, k=1,2,...,
“ N N
E (1R 172 A ) + Tl |7t (3.30)

N
N N
N N—
= —/\la it |77 2ugeual ¥ when m =2k, k=1,2,...,

N
_N_ N—m
Ao = [y lua| T e T Aoy, lug s, = 1.
In particular, when m = 1, uy can be further chosen nonnegative and thus satisfies
N
I N
1 1 N—T

—Anug +rul Tt = —u e in M.
o

Remark 3.8 Inthe case whenm = 1, itis easy to see that) < A, < oy forany 0 < o < ap.
Proposition 3.8 particularly gives a positive solution of the N-Laplacian equation

—Anu+tluN"2u = f(x,u(x)) in M,

N
where f(x,u) = i |u|ﬁ_lue"‘|“| N1 is critical, Aq is defined by (3.30). We calculate for

alls > 0,
) N1 v
F(x,s) = t)dt = as V=T 1)
(x,s) /f(x) AwN(e )
0
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It can be easily checked that f satisfies (H1), (H>), and (H3). But when N > 3,

NF(x,s)

— 400 as s — 0+,
N

thus (H4) does not hold. This possibly yields a new method of studying positive solutions of
N

|N71

the above N-Laplacian equation with f(x, u) behaves like etlu as |u| — oo.

Remark 3.9 For compactness analysis of the above equations, particularly for extremal func-
tions of the Trudinger—Moser inequality on manifolds, we refer the reader to [11,12].

Proof of Proposition 3.7: 1t is easy to see that

N N
sup /e‘)"”'N*m dvy = sup /e‘)"”'N*m dvg = Ag. (3.31)

Ilu\lsm,leM el §,c <1

Take a function sequence uy with |lug|ls, , = 1 such that

N
/e"“”’f‘mdvg — Ay as k — oo.
M
Up to a subsequence, we can assume
up — ug weakly in W’”’%(M)
up — uy strongly in LP(M), Vp >1

Uy —> Uy a.e.in M.

It follows that
m N : m N_2om m
/|V ua|mdvg=klin;o/|v ug|m V" uy V" urdug
M M

N
N

lim sup /|vmua|%dug /|vmuk|%dug

k—00

m

IA

N—m

N
(/W’"uaﬂdvg

Hence, we obtain ||luy|ls, . < 1, thanks to uy — uy strongly in L?(M) for all p > 1. On
the other hand, the mean value theorem implies that

IA

N N
N—m N—m N N
ek N=m - alug | N=m & (|uk|ﬂ — |ua|ﬂ)
for some & (x) lies between |uy (x)| and |uy (x)|, and that

N N N m
lug | V=m — Jug | N-m = ———CN=m (Jug| — |uql)
N —m

for some ¢ (x) lies between |uy (x)| and |uy (x)|. Notice that uy is bounded in LY (M), uy —

N
ug in L9(M) forall g > 1, and e*!™~" is bounded in L" (M) for some r > 1, applying the
Holder inequality to the above two equalities, one can derive that
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N N

N—. . N—-

e lual N dvg = lim el N dvg = Ag.
k— 00

M M

Hence, we obtain by (3.31)

N N
/eo‘l““‘Nﬂ" dve = sup /e“'”‘Nf'" dv, (3.32)
Nl s <1
M M
N
and |[ugl|s, . = 1. Clearly u, is a critical point of the functional J, (1) = [,, eelul¥=m dvg

under the constraint ||u|s,, , = 1. A straightforward calculation shows u, satisfies the Euler—
Lagrange Eq. 3.30.

When m = 1, notice that u € W"N (M) implies [u| € WIN (M) and |||u|lls,, < llulls, .-
If u, satisfies (3.32) and |luq |5, , = 1, then so does |uy|. Hence, u, can be chosen such that
Uy > 0. O
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