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Abstract
γ-alumina is highly employed as support for hydrotreatment catalysts prepared by impregnation and as adsorbent in water 
treatment. These applications consist of contacting γ-alumina with aqueous solutions, leading to the transport of ions inside 
the alumina pores and their adsorption on the pore surface. These physicochemical phenomena are governed by the γ-alu-
mina pore surface and the solution characteristics. Predicting the physicochemical phenomena at the liquid/solid interface 
is crucial to optimize the design of catalysts and of water treatment adsorption processes. However, this is very challeng-
ing using conventional analytical techniques. In this work, the diffusion of protons and their counter-ions inside γ-alumina 
pores and the adsorption of protons on the pore surface are modeled at unsteady state during contact with acid solutions 
at different initial pH levels. Diffusion inside pores is represented using a combination of the zero current method and the 
Poisson-Boltzmann equation, while the proton adsorption is described by the Langmuir adsorption isotherm. Simulations 
agree well with the results of proton adsorption experiments in a batch system. The model accurately predicts the distribu-
tion of species inside the electrostatic double layer at the liquid/solid interface. It also computes the surface charge and the 
maximal adsorption capacities of different types of hydroxyl sites present on the alumina pore surface; both are very difficult 
to determine experimentally. This model can serve as a guide for the comprehension of the liquid/solid interface inside γ
-alumina structures and their interaction with aqueous solutions during the initial stages of impregnation.
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List of symbols
A  Debye-Hückel constant, 0.5085M−1∕2

ap  Pore surface area per unit of pore volume or 
interfacial pore area,m2m−3

bi,j  Langmuir constant or the equilibrium adsorption 
constant of i on site j for H+ , m3mol−1

CEDL
i

  Concentration of i inside the electrostatic dou-
ble layer, mol m−3

C
EDL

i
  Mean value of CEDL

i
 with respect to the z direc-

tion, mol m−3

C
f

i
  Concentration of i in the extra-granular liquid 

phase, mol m−3

C
film

i
  Concentration of i at the interface between 

the intra-granular liquid phase and the pore 
surface,mol m−3

C
p

i
  Concentration of i in the intra-granular liquid 

phase, mol m−3

D
p

eff ,i
  Effective diffusion coefficient of i , m2s−1

D
p

m,i
  Molecular diffusion coefficient of i in water, 

m2s−1

EC  Electrical conductivity in the extra-granular 
liquid phase, �S cm−1

F  Faraday’s constant, 96,500 C mol−1

Ij  Ionic strength in phase j , mol L−1

KEDL  Mass transfer coefficient in the intra-gran-
ular liquid phase or internal mass transfer 
coefficient,m s−1

Kf   Mass transfer coefficient in the extra-granular 
liquid phase or external mass transfer coeffi-
cient, m s−1

Kw  Water dissociation constant at 25◦C , 
10−8mol2m−6

L  Average length of alumina extrudates, m
n  Total number of ionic species in solution
N  Number of types of active hydroxyl sites
NEDL
i

  Mass transfer flux of i from the intra-granular 
liquid phase to the pore surface or internal mass 
transfer flux, mol m−2s−1

N
f

i
  Mass transfer flux of i from the extra-granular 

liquid phase to the intra-granular liquid phase or 
external mass transfer flux, mol m−2s−1

N
p

i
  Molecular diffusion flux of i in the liquid intra-

granular phase, mol m−2s−1

pKa  Protonation constant
qi  Total concentration of i adsorbed on all the 

adsorption sites, mol m−2

qi,j  Concentration of i adsorbed on the site j or the 
concentration of occupied hydroxyl sites of the 
type j on the alumina surface, mol m−2

qmax,j  Maximal adsorption capacity of the site j or the 
maximal number of vacant adsorption sites of 
type j per unit of surface area, mol m−2

r  Radial position inside extrudate or space direc-
tion parallel to the pore surface, m

R  Ideal gas constant, 8.314 J mol−1K−1

Re  Radius of alumina extrudates, m
Rp  Pore radius of alumina extrudates, m
SBET  Specific surface area of alumina extrudates, 

m2g−1

t  Time, s
T   Temperature of the solution, K
U∥  Electrostatic potential in the liquid intra-gran-

ular phase defined in the direction r parallel to 
the pore surface, V

U⟂  Electrostatic potential in the electrostatic double 
layer defined in the direction z perpendicular to 
the pore surface, V

VBJH  Pore volume of alumina extrudates, m3g−1

Vf   Liquid volume, m3

Vs  Volume of cylindrical alumina extrudates, m3

z  Space direction perpendicular to the pore sur-
face, m

zj  Charge of the occupied adsorption site j
zsj  Charge of the vacant adsorption site j

Greek letters
α  Intermediate variable in the expression of U⟂ , 

m−1

�
j

i
  Activity coefficient of i in the phase j

Λm,i  Molar conductivity of i , m2 S mol−1

�  Dielectric constant or permittivity of 
the water solvent at 25◦C and 1 atm , 
6.94 × 10−10 C V−1m−1

�f   Fraction of the intra-granular liquid phase vol-
ume dedicated to the electrostatic double layer

�p  Porosity of alumina extrudates
�  Thickness of the electrostatic double layer, m
μ1  Singly coordinated or terminal OH sites or 

μ1 − OH−0.5

μ2  Doubly coordinated or bridged OH sites or 
μ2 − O−0.75

μ3  Triply coordinated or tri-bridged OH sites or 
μ3 − O−0.5

�i  Valence of species i
�  Charge density of the liquid part of the electro-

static double layer, C m−3

�alumina  Apparent density of alumina extrudates, g m−3

�  Charge on the alumina pore surface, C m−2

Superscripts
EDL  Electrostatic liquid double layer in contact with 

the pore surface
f   Extra-granular liquid
p  Intra-granular liquid
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1 Introduction

γ-Alumina solids are highly used in industry as supports for 
hydrotreatment catalysts and as adsorbents in water treat-
ment applications, due to their low cost, high specific surface 
area, and porous structure [8, 31]. Hydrotreatment catalysts 
are commonly prepared using the impregnation technique 
[30]. Both the impregnation of alumina solids with active 
species and their use as adsorbents in water treatment con-
sist of contacting γ−alumina structures with aqueous solu-
tions containing metallic ions. During this contact, the mass 
transfer of the ionic species in solution and their adsorption 
on the alumina pore surface occur. The interactions of the 
γ-alumina surface with aqueous solutions depend on the 
properties of: (i) the alumina pore surface (i.e., the charge 
and initial state) and (ii) the solution (i.e., the pH and metal 
concentration) [12, 29]. These interactions greatly influence 
the physicochemical phenomena at the liquid/solid inter-
face. Understanding these phenomena and predicting the 
retention of species at the interface is paramount to improve 
the design of hydrotreatment catalysts via the impregnation 
technique and the efficiency of adsorption processes used in 
water treatment [10, 30].

Many researchers attempted the physical characteriza-
tion of the alumina surface and the water/solid interface 
using spectroscopic techniques [13, 14]. Years of research 
showed that the γ-alumina surface consists of several types 
of hydroxyl (or OH ) sites due to imperfections in the crystal 
structure [15, 29]. At least three groups of OH sites with dif-
ferent adsorption properties have been identified: (1) singly 
coordinated or terminal OH sites referred to as μ1 (where the 
oxygen atom is bound to one aluminum atom), (2) doubly 
coordinated or bridged OH sites referred to as μ2 (where 
the oxygen atom is bound to two aluminum atoms), and (3) 
triply coordinated or tri-bridged OH sites referred to as μ3 
(where the oxygen atom is bound to three aluminum atoms) 
[6, 13, 14]. When γ-alumina structures are contacted with 
water, the surface OH sites can act as Brønsted acids or bases 
[12] or as Lewis acids [19] and undergo transfer reactions 
with the protons in solution [6, 15, 29]. At low (high) pH, 
the OH sites are protonated (deprotonated) and become posi-
tively (negatively) charged [29]. The charging behavior of 
OH sites is highly dependent on the pH and ionic strength of 
the solution [38]. However, γ-alumina is a poorly crystalline 
and metastable oxide rendering the speciation of its surface 
rather challenging using conventional techniques [10]. As a 
result, there is still a lack of atomic scale understanding of 
the liquid/solid interface inside the γ-alumina pores during 
interactions with aqueous solutions [30] (e.g., impregnation 
with metallic salts or adsorption in water treatment).

Atomistic models at the liquid/solid interface could 
allow for a better comprehension of the γ-alumina pore 

surface. [33, 42, 43] introduced the classical one site—two 
pK and one site—one pK site binding models to describe 
the charging behavior of OH groups on the surface of 
amorphous and poorly crystalline mineral oxides at equi-
librium. Yet, these models do not offer a detailed descrip-
tion of the phenomena at the solid surface since they do 
not differentiate between the surface sites [10].

Later on, [15] developed the MUltiSIte Complexation (or 
MUSIC) model to account for the heterogeneity of the sur-
face OH sites. It allows for a prediction of the protonation 
constants (or pKa ) of surface OH sites on mineral oxides 
based on their effective charges and using the Poisson-
Boltzmann equation. The latter has been used in literature 
to predict the surface charges of complex oxides in water, 
as has been done by [1, 29, 32, 38, 40, 44]. The Poisson-
Boltzmann equation describes the electrostatic interactions 
between charged species in a solution and a charged sur-
face and predicts the equilibrium distribution of ionic spe-
cies inside electrostatic double layers (or EDL) formed at 
the liquid/solid interface to neutralize the surface charges 
(inside which all the species are assumed to adsorb in one 
plane) [16, 18]. It is based on the combination of Gauss’ law 
and the Boltzmann distribution of ions at equilibrium with 
respect to the electrical potential obtained by assuming the 
chemical potentials of ions within the double layer to be 
equal to those outside of the EDL. Even though solving this 
equation might be complex, it can delineate the distribution 
of species near the charged surface [18].

More recently, complex density functional theory (or 
DFT) calculations have been successfully performed to 
obtain a detailed atomic description of the structure of the 
γ-alumina surface and the liquid/solid interface using ther-
modynamics [10, 13, 14, 30, 36, 37]. Reference [14] pro-
posed a model for the monolayer chemisorption of water 
molecules in the vapor phase on well-identified OH sites 
located on the three most relevant plane orientations of the 
γ-alumina surface, as a function of temperature and pressure. 
They were able to determine the nature of the surface OH 
sites in the (100) and (110) planes and quantify them. Refer-
ence [30] analyzed the interaction of OH sites on the pre-
dominantly exposed (100) and (110) planes of the γ-alumina 
surface with liquid water molecules at 300 K . They found 
that the nature of any OH site and its network of hydrogen 
bonds to be the key factors governing the interactions with 
water. [10] combined DFT calculations with the basic Stern 
model to compute the surface charges of different OH sites 
at the liquid/solid interface as a function of the solution pH. 
However, DFT calculations could only provide theoretical 
insights about the properties of the γ-alumina surface in con-
tact with water at short time scales before the transformation 
of the surface by the adsorption of species.

On the other hand, other researchers modeled the inter-
actions of metal ions in a liquid solution with γ-alumina 
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solids at unsteady state [3, 8, 9, 23–26, 38, 39]. Most of 
these studies assumed the adsorption to reach an instanta-
neous equilibrium on only one type of OH sites and mod-
eled it using the Langmuir adsorption isotherm. They also 
described the diffusion using Fick’s model, which might 
not have been the most accurate choice. It is believed that 
the difference in the self-diffusion coefficients of the cati-
ons and anions in solution causes strongly attractive Cou-
lombic forces to act among the ions to maintain the electri-
cal neutrality (i.e., the total charge in the solution should 
be zero), generating an electrostatic potential along the dif-
fusion path. The gradient of electrostatic potential tends to 
speed up or slow down the diffusion of ions depending on 
the sign of their charges and, thus, becomes a force driving 
the diffusion in addition to the concentration or chemical 
potential gradient [18]. The zero current method can be 
used to derive an expression for the electrostatic poten-
tial gradient in a solution away from a charged surface. 
It is an application of the Maxwell–Stefan equation with 
the condition of electrical neutrality and the no current 
constraint. For dilute solutions, the zero current method 
yields the Nernst-Planck equation [16], which has been 
used by few authors studying γ-alumina [24, 38]. The zero 
current method has been found to be of sufficient accuracy 
to capture the essential features of multi-ionic diffusion in 
solutions inside porous materials [18, 20]. Nevertheless, it 
does not produce accurate and numerically stable results 
in cases where charge separation occurs at the surface of 
non-electrode materials (e.g., the γ-alumina pore surface) 
[18, 32].

In a very recent study, [16] modeled the diffusion and dis-
tribution of species inside concrete structures with positively 
charged surfaces surrounded by negatively charged hydroxyl 
ions and contacted with sodium chloride solutions. To do so, 
they combined two 1 D expressions of: (i) the electrostatic 
potential U∥ in the direction parallel to the pore surface (i.e., 
the diffusion path) using the zero current method and the 
extended Fick model, and (ii) another electrostatic poten-
tial U⟂ formed in the EDL in the direction perpendicular 
to the pore surface using the Poisson-Boltzmann equation. 
He proposed to use the simple assumption that the activity 
coefficients are unity (i.e., ideal solutions), which allowed 
determining the diffusion rates of species inside the pores 
along with their distribution profiles. He demonstrated 
that the surface charge, the thickness of the EDL, and the 
concentrations outside pores all impact the concentration 
profiles and the diffusion rates inside pores. He found the 
concentration of cations inside the pores to be less than that 
outside pores in the case of a positively charged surface, due 
to the short-range repulsive Coulombic forces exerted by 
the surface. Nevertheless, this approach does not take into 
consideration the adsorption of the ions inside the EDL and 
near the solid surface.

Hence, it is clear that there is a lack of studies devoted 
to the simultaneous adsorption of protons and metallic cati-
ons on several types of active OH sites on the γ-alumina 
pore surface, while accounting for the effect of the multi-
ionic diffusion and of the surface charges on the penetra-
tion rates of the species inside pores and their distribution 
at the liquid/solid interface at unsteady state. The majority 
of the aforementioned studies also fail in elucidating the 
effect of the pH and the ionic strength of the liquid solution 
on the adsorption efficiency and the species distributions 
inside pores. In this paper, the diffusion and adsorption of 
protons is modeled inside γ-alumina structures contacted 
with water at different pH levels in the absence of adsorb-
ing metallic cations. A similar approach to the one used by 
[16] is used here to model the diffusion of species inside 
the pores and their distribution inside the EDL. To account 
for the proton adsorption on the pore surface, the Langmuir 
adsorption isotherm is applied to three different types of 
active OH groups that are initially negatively charged and 
with no competition between them. To validate the model 
and analyze the effect of the solution pH on the charging 
behavior of the OH sites on the pore surface, proton adsorp-
tion experiments from acid solutions with different initial 
pH values on previously wetted γ-alumina extrudates are 
performed in a batch system.

2  Experimental

2.1  Materials

Mineral Mont Roucous water is used to prepare the adsorp-
tion solutions and hydrate the alumina extrudates. This water 
is selected for its limited reaction with carbon dioxide from 
the surrounding air (due to its minimal mineral content), as 
opposed to distilled water, which prevents significant pH 
fluctuations over time [27]. Nitric acid (or HNO3 ) puriss. 
p.a.,≥ 65 % (T) from Sigma-Aldrich is used for the adjust-
ment of the pH (or the proton concentration) of the adsorp-
tion solutions. Cylindrical γ-alumina extrudates prepared 
by the calcination of boehmite at 600 °C are provided by 
IFPEN. The physical characteristics of the alumina extru-
dates are provided in Table 1.

2.2  Protocol of proton adsorption experiments

Adsorption solutions with the chosen initial pH are prepared 
by adding an adequate volume of nitric acid to 260 mL of 
bottled water. The adsorption experiments are all conducted 
at room temperature in a batch system consisting of a glass 
beaker with a magnetic stirring system that does not dam-
age the extrudates (stirring rate of 650 rpm ). Mettler Toledo 
Seven Direct SD23 pH/conductivity-meter with an InLab 
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Expert Pro-ISM pH probe and an InLab 731-ISM conductiv-
ity probe (both with external diameters of 12 mm ) are used 
for the online measurement of the pH and the conductivity. 
1 g of alumina extrudates are weighed (which corresponds to 
a dry weight of alumina of 6.20 × 10−1 ± 1.00 × 10−2 g ) and 
pre-hydrated in bottled water for around 2 min. Then, they 
are removed, and their external surface is carefully dried with 
a cloth before placing them in the acid solution and starting 
the pH and conductivity measurements. A schematic rep-
resentation of the experimental setup is provided in Online 
Resource 1. The data retrieved from these measurements 
is used to optimize and validate the model described in the 
following section. In total, three experiments are conducted 
at initial proton concentrations in the extra-granular liquid 
phase of 1.10 × 10−2 , 5.70 × 10−1 , and 4.57 mol m−3 (corre-
sponding to pH values of 4.96 , 3.24 , and 2.34 , respectively).

3  Modeling

The system under consideration consists of a volume Vs of 
cylindrical alumina extrudates all having the same radius Re , 
length L , porosity �p and tortuosity � , and confined in a fixed 
liquid volume Vf  containing the following ionic species: pro-
tons or H+ , nitrate or NO3

− counter-ions, and hydroxide or 
OH− counter-ions. The model is based on material balance 
equations expressed within the four following domains: (1) 
the liquid phase outside of the extrudates called the extra-
granular liquid phase, referred to as f  ; (2) the liquid phase 
inside the extrudate pores called the intra-granular liquid 
phase, referred to as p ; (3) the electrostatic liquid double 
layer in contact with the pore surface, referred to as EDL ; 
and (4) the adsorbed species on the pore surface.

3.1  Extra‑granular liquid phase

The extra-granular liquid is assumed to be a perfectly 
mixed and closed system, the only outlet being the mass 

transfer from the extra-granular liquid to the intra-granular 
liquid. Thus, the material balance of any species i in the 
extra-granular liquid is expressed as follows:

where t  is the time; Cf

i
 is the molar concentration of the 

species i in the extra-granular liquid; and Nf

i
 is the external 

molar flux of i between the extra- and intra-granular liquid 
phases. The latter is assumed to follow the linear film model, 
so it can be expressed as in Eq. 2:

where Kf  is the external mass transfer coefficient and 
C
p

i

(

r = Re, t
)

 is the molar concentration of i in the intra-
granular liquid at the radial position r = Re (i.e., extrudate 
surface).

At the extra-granular/intra-granular liquids interface 
presented in Fig. 1, the mass transfer is assumed to be 
non-limiting so Kf  has the same value for all the species.

Equation 1 is written for H+ and NO3
− . To calculate 

C
f

OH
 , OH− ions are assumed to originate from the continu-

ous dissociation reaction of water according to the follow-
ing equilibrium:

C
f

OH
 is determined using the equilibrium constant for this 

reaction or the water dissociation constant Kw , which is fixed 
at 10−14mol2L−2 at 25 °C [11] and is expressed as follows:

(1)
dC

f

i
(t)

dt
= −

2

Re

.�p.
Vs

Vf

.N
f

i
(t)

(2)N
f

i
(t) = Kf .

(

C
f

i
(t) − C

p

i

(

r = Re, t
)

)

H+
+ HO−

↔ H2O

Table 1  Physical characteristics of the alumina extrudates (as deter-
mined by nitrogen adsorption, mercury porosimetry, and 1H PFG-
NMR analysis)

Radius, Re ( mm) 7.20 × 10−1

Average length, L ( mm) 6.70

Specific surface area, SBET ( m2g−1) 2.34 × 102 ± 23.40

Pore volume, VBJH ( mL g−1) 6.10 × 10−1 ± 6.00 × 10−2

Mean pore radius, Rp ( nm) 4.60 ± 1.80 × 10−1

Porosity, �p ( %) 66 ± 3.30

Tortuosity, � ( −) 1.97 ± 3.00 × 10−2

Apparent density, �alumina ( g mL−1) 1.18 ± 6.00 × 10−2

Extra-granular
liquid Intra-granular

liquid

External
film

Pore surface

Ci
f (t)

Ni
f

Ci
p (Re,t)

r

Fig. 1  Schematic representation of the interface between the extra- 
and intra-granular liquid phases and the distribution of the concentra-
tion of a species i at this interface
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3.2  Intra‑granular liquid phase

When the species leave the extra-granular liquid phase, 
they are transported by molecular diffusion inside the liquid 
phase contained inside the porous volume of the extrudates 
(referred to as the intra-granular liquid phase) according to a 
molar flux Np

i
 . This porous volume is assumed to be a set of 

cylinders oriented according to the extrudate radial position 
r , with 0 < r < Re ( Re being the extrudate external radius). 
Since the pores are assumed to be very long with respect to 
their diameter, the diffusion is assumed to occur only in the 
radial direction r [39].

In order to account for the fact that the cylindrical pores 
are not straight, a tortuosity factor is introduced in the 
expression of the molar flux Np

i
 in the r direction as it is 

classically done for mass transfer modeling in porous media. 
In this study, a single alumina support is modeled, so no 
influence of pore size may be drawn. The possible effect 
of the pore size is hidden in the tortuosity factor that has 
been determined by 1H PFG-NMR of toluene in liquid phase 
(Table 1). Similarly to toluene, water, H+ , OH− , and NO3

− 
are small molecules compared to the mean pore diameter of 
alumina ( 9.4 nm as measured by mercury porosimetry) so 
that no pore size effect is expected.

The corresponding material balance of a component i is 
[4]:

where �f  is the fraction of the porosity occupied by the EDL; 
NEDL
i

 is the internal molar flux of species i between the intra-
granular liquid and the EDL surface; and ap is the pore sur-
face area per unit of pore volume or the interfacial pore area.

The EDL is composed of the pore surface as well as a 
thin liquid film (see Sect. 3.3 below). This EDL is assumed 
to be at an internal equilibrium state but is not necessarily 
at equilibrium with the intra-granular liquid phase. Conse-
quently, a molar flux NEDL

i
 is introduced for any component i 

between the intra-granular liquid phase and the EDL surface 
and is expressed according to the linear film model in Eq. 5.

where KEDL is the internal mass transfer coefficient assumed 
to have the same value for all species and Cfilm

i
 is the concen-

tration of species i at the interface between the intra-granular 
liquid and the EDL surface. ap is given by the following 
equation:

(3)Kw = C
f

H
(t).C

f

OH
(t)

(4)
�C

p

i
(r, t)

�t
+

1

r
.
�
[

r.N
p

i
(r, t)

]

�r
= −

1

1 − �f
.NEDL

i
(r, t).ap

(5)NEDL
i

(r, t) = KEDL
⋅

(

C
p

i
(r, t) − C

film

i
(r, t)

)

The intra-granular liquid phase is an electrolytic solution 
of charged ionic species diffusing in the water solvent. The 
diffusion is driven by the chemical potential and electrostatic 
potential gradients, as indicated in the introduction [18]. The 
molecular diffusion flux Np

i
 is, thus, expressed away from the 

solid surface in Eq. 7 based on the extended Fick model and 
the zero-current method described by [20]. It includes two 
separate terms for each of the two driving forces.

where Dp

eff ,i
 is the effective diffusion coefficient of i , which 

is the ratio of the molecular diffusion coefficient in water (or 
D

p

m,i
 ) to the tortuosity � of the porous solid; �p

i
 is the activity 

coefficient of i in the intra-granular liquid; vi is the valence 
of the species i ; F is Faraday’s constant; R is the ideal gas 
constant; T  is the temperature of the solution; and U∥ is the 
electrostatic potential defined in the direction r parallel to 
the pore surface and �U

∥

�r
 is its gradient [16].

The activity coefficient is determined using the Davies 
thermodynamic model valid for solutions with ionic 
strengths less than [34]. The solutions used in the experi-
ments with initial H+ concentrations of 1.10 × 10−2 , 
5.70 × 10−1 , and 4.57 molm−3 have ionic strengths of 
11.48 × 10−6 , 5.62 × 10−4 , and 4.57 × 10−3 M , respectively; 
which are in the range of validity of the Davies model.

where A is the Debye-Hückel constant and Ip is the ionic 
strength calculated in the intra-granular liquid as follows:

where n is the total number of ionic species present in 
solution.

The expression of �U
∥

�r
 is developed based upon the fact 

that there is no external electrical field applied to the system 
(i.e., the zero-current method), which infers the following 
constraint on the molecular diffusion flux:

(6)ap =
1

�p
.SBET .�alumina

(7)

N
p

i
(r, t) = −D

p

eff ,i
⋅

(

�C
p

i
(r, t)

�r

+C
p

i
(r, t).

�ln�
p

i
(r, t)

�r
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F

R.T
.C

p

i
(r, t).
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(r, t)
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)

(8)log�
p
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(r, t) =

Av2
i

√

Ip(r, t)

1 +
√

Ip(r, t)
− 0.3

√
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(9)Ip(r, t) =
1
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⋅

n
∑

i=1

v2
i
.C

p

i
(r, t).10−3



Adsorption 

Combining Eqs. 7 and 10, yields the following expression 
for the electrostatic potential gradient:

Two boundary conditions are needed to solve Eq. 4:

– at the center of the extrudate, there is no diffusion flux:

– sat the surface of the extrudate, the molar flux in the 
extra-granular liquid phase equals the molecular diffu-
sion flux in the intra-granular liquid phase:

3.3  Concentrations in the EDL 
and the Poisson‑Boltzmann equation

3.3.1  Concentrations in the liquid part of the EDL

At the liquid/solid interface, an EDL is created to neutral-
ize the charges on the pore surface. Inside the EDL, the 
ionic species are distributed based on their charges and 
an electrostatic potential U⟂ is created; both vary in the 
direction z perpendicular to the pore surface. A schematic 
representation of the distribution of a species i in the intra-
granular liquid phase and the EDL at any radial position r 
is presented in Fig. 2.

Assuming the EDL is at an equilibrium state and that 
the solution is ideal, CEDL

i
 is related to Cfilm

i
 by the Boltz-

mann distribution in Eq. 14 [16, 17]:

For small values of F.vi.U
⟂
(z,r,t)

R.T
 , Eq. 14 can be approxi-

mated by Eq. 15 at any position z:

Gauss’ law expressed in Eq. 16 is used to determine the 
expression of the electrostatic potential [17]:
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R.T

)

where � is the charge density of the liquid part of the EDL 
expressed in Eq. 17; � is the permittivity of the water solvent 
at 25 °C and [17].

Two boundary conditions are needed to solve Eq. 16:

– at the interface between the intra-granular liquid phase 
and the EDL surface, the electrostatic potential U⟂ can-
cels out [16]:

– at the interface between the EDL and the pore surface, 
the application of Gauss’ law to a small solid volume 
containing the pore surface leads to the following equa-
tion [17]:

where � is the thickness of the EDL and � is the surface 
charge density.

(16)
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Fig. 2  Schematic representation of the concentration distribution of a 
species i inside the alumina pores at a radial position r . In the figure, 
qi,j is the concentration of i adsorbed on the surface site j and CEDL

i
 is 

the concentration of i in the EDL
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3.3.2  Concentrations of species adsorbed on the pore 
surface and the surface charge

H+ Is the only species that can adsorb on the pore surface, 
which is known for its heterogeneous nature. For this reason, 
three types of negatively charged OH sites that are active 
for H+ adsorption are assumed to exist on the alumina pore 
surface according to the adsorption mechanisms described 
in Table 2 [10]. Note that [10] identify more than three types 
of OH sites distributed between the predominant (100) and 
(110) alumina surface planes. However, in this work, only 
three OH sites are chosen to facilitate the numerical resolu-
tion of the model, while still accounting for the heterogene-
ity of the alumina surface. The OH sites chosen are selected 
based on the fact that: (i) each one belongs to one of the 
three main OH groups ( μ1 , μ2 , and μ3 ) and (ii) they are com-
mon between the (100) and (110) alumina surface planes.

In Table 2, μ1 − OH−0.5 , μ2 − O−0.75 , and μ3 − O−0.5 are 
the vacant adsorption sites, and μ1 − OH2

+0.5 , μ2 − OH+0.25 , 
and μ3 − OH+0.5 are adsorption sites that have adsorbed one 
H+ ion each. The H+ adsorption is assumed to have reached 
an equilibrium state (i.e., instantaneous adsorption kinet-
ics), so it can be described using the Langmuir adsorption 
isotherm for any site j:

where qH,j is the concentration of H+ adsorbed on the site j 
or the concentration of occupied OH sites of the type j on the 
alumina surface; qmax,j is the maximal adsorption capacity of 
the site j or the maximal number of vacant adsorption sites 
of type j per unit of surface area; and bH,j is the Langmuir 
constant or the equilibrium adsorption constant of site j for 
H+.

The surface charge on the alumina surface or � is then 
given by:

where qmax,j − qH,j(z = �, r, t) is the concentration of vacant 
OH sites and N is the number of types of active OH sites ( N 

(20)qH,j(z = �, r, t) =
qmax,j.bH,j.C

EDL
H

(z = �, r, t)

1 + bH,j.C
EDL
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[

zsj.
(

qmax,j − qH,j(z = �, r, t)
)

+ zj.qH,j(z = �, r, t)
]

is 3 in this case); zsj and zj are the charges of the vacant and 
occupied adsorption sites of type j , respectively.

3.3.3  Expression of the electrostatic potential 
inside the EDL

The Poisson-Boltzmann equation can be solved analytically, 
and the final expression is obtained for the electrostatic 
potential U⟂ at any position z inside the EDL:

where � is a function of Cfilm

i
 as follows:

3.3.4  Global material balance in the EDL

To calculate the time evolution of the species concentrations 
in the EDL, the material balance in Eq. 24 can be written 
for H+:

where qH is the total concentration of H+ adsorbed, which is 
calculated as the sum of qH,j for the different adsorption sites 

j ( qH,j given by Eq. 20); C
EDL

H
 is the mean value of CEDL

H
 with 

respect to the z direction expressed in Eq. 25; and NEDL
H

 is 
the molar flux of H+ between the intra-granular liquid phase 
and the EDL surface as given by Eq. 5.

For the non-adsorbing species ( NO3
− and OH− ), Eq. 24 

is written without the adsorption term (first term to the left-
hand side).

3.4  Initial conditions

Three simulations, referred to as Sim 1, Sim 2, and Sim 3, 
are performed at the same initial H+ concentrations in the 

(22)

U⊥
(z, r, t) =

𝜎(z = 𝜆, r, t)

𝜀
⋅

1

𝛼(z = 0, r, t)
.
e𝛼(z=0,r,t).z − e𝛼(z=0,r,t).z

e𝛼(z=0,r,t).𝜆 + e𝛼(z=0,r,t).𝜆

(23)�(z = 0, r, t) =

√

√

√

√

F2

�.R.T
.

n
∑

i=1

(

v2
i
.C

film

i
(z = 0, r, t)

)

(24)

SBET .�alumina ⋅
�qH(z = �, r, t)

�t
+ �p.�f .

�C
EDL

H
(r, t)

�t

= SBET .�alumina.N
EDL
H

(z = 0, r, t)

(25)C
EDL

H
(r, t) =

1

�
.
�

∫
0

CEDL
H

(z, r, t)dz

Table 2  Protonation/deprotonation mechanisms of the three surface 
OH sites accounted for in the model [retrieved from [10]]

Site Protonation/Deprotonation Mechanism

Site 1 μ1 − OH−0.5
+ H+

⇄ μ1 − OH2
+0.5

Site 2 μ2 − O−0.75
+ H+

⇄ μ2 − OH+0.25

Site 3 μ3 − O−0.5
+ H+

⇄ μ3 − OH+0.5
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extra-granular liquid phase as the experimental ones. Due 
to the total dissociation of nitric acid in the extra-granular 
liquid phase, the concentration of NO−

3
 in this same phase is 

almost equal to the corresponding concentration of H+ . The 
initial concentrations of OH− in the extra-granular liquid 
phase, intra-granular liquid phase and internal liquid film 
are calculated from the water dissociation reaction and the 
equilibrium constant Kw expressed in Eq. 3.

Only H+ and OH− are initially present inside the pores 
due to contacting the alumina extrudates with pure water for 
a few minutes prior to the adsorption experiments (as indi-
cated in the experimental section). H+ in the intra-granular 
liquid phase and internal liquid film are assumed to be at 
an equilibrium state at t = 0 min , so the H+ concentration 
in these two phases are equal. They are given a fixed value 
of 10−6 molm−3 corresponding to an initial pH value inside 
pores of 9 , which is in the range of the point of zero charge 
(or PZC) of γ-alumina [28].

The initial concentrations of H+ and OH− in the EDL can 
be calculated using Eq. 14. Finally, the initial surface charge 
�0 is calculated using Eq. 21 and the initial EDL concentra-
tions of H+ and OH− (calculated at z = � ). The initial H+ 
concentrations used in the simulations are summarized in 
Table 3. Note that the conditions inside the pores are not 
well known experimentally, so the values chosen are based 
on simple assumptions.

A full list of the initial concentrations of the species used 
in the model for the different phases is presented in Online 
Resource 2.

3.5  Numerical resolution and estimation 
of unknown parameters

For each simulation, Eqs. 1, 3, 4, 14, and 24 are applied 
for each of the species in the system and solved using the 
implicit ode15i method on MATLAB. To solve Eq. 4, which 
is a partial differential equation, it is spatially discretized 
using the central finite differences discretization method 
[22].

The value of the internal mass transfer coefficient or 
KEDL is fixed at 5.00 × 10−3 m s−1 (so that there is no mass 
transfer limitation between the intra-granular liquid phase 
and the EDL), while the fraction occupied by the EDL or 
�f  is fixed at 10% of the porosity of the alumina extrudates 

(to have a physical meaning relatively to the pore volume). 
The thickness of the EDL or � is calculated from �f  using 
Eq. 26. To avoid defining this thickness, true 2D Poisson-
Boltzmann equations should be used, but they are difficult 
to solve numerically.

The molecular diffusion coefficients of the different spe-
cies Dp

eff ,i
 , the external mass transfer coefficient Kf  , and the 

maximal adsorption capacities qmax,j and adsorption con-
stants bH,j of the three surface OH sites, are all estimated by 
minimizing the squared error between the H+ concentration 
and the electrical conductivity measured experimentally in 
the extra-granular liquid phase and the corresponding simu-
lated values, using the non-linear least squares method. The 
non-linear least squares method used and the calculation of 
the confidence intervals of the estimated parameters (with a 
95% confidence limit) are described in [35]. The results from 
the experiment with the greatest initial H+ concentration 
( 4.57 mol m−3 ) are used to estimate the unknown parame-
ters. Whereas the results of the other two experiments are 
employed for the validation of the model after the parameter 
estimation, though the value of Kf  is re-fitted for each of 
these two simulations.

The electrical conductivity in the extra-granular liquid 
phase, which is representative of the total concentration of 
ionic species present in a solution, is calculated by the model 
and compared with the experimental data. At dilute condi-
tions, the electrical conductivity EC can be calculated from 
the concentrations of the species in the extra-granular liquid 
phase using Eq. 27 [5]:

where Λm,i is the molar conductivity of the species i [11].
More details about the choice of Eq. 27 for the conductiv-

ity calculations are described in Online Resource 3.
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(27)

EC(t) = 104 ⋅

[

n
∑

i=1

(
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Table 3  Initial H+ concentrations used in the simulations

Simulation C
f

H
(t = 0) ( mol m−3) C

p

H
(t = 0) = C

film

H
(t = 0) ( mol m−3)

Sim 1 1.10 × 10−2 1.00 × 10−6

Sim 2 5.70 × 10−1

Sim 3 4.57

Table 4  Estimated values for the mass transfer parameters of the dif-
ferent species in solution

Parameter Value

Dm,H(m2s−1) 6.57 × 10−9 ± 4.22 × 10−9

Dm,NO3(m2s−1) 1.08 × 10−9 ± 4.32 × 10−10

Dm,OH(m2s−1) 1.40 × 10−9 ± 1.62 × 10−9

Kf (m s−1) Sim 1 5.50 × 10−5 ± 9.72 × 10−7

Sim 2 8.00 × 10−6 ± 4.94 × 10−8

Sim 3 5.00 × 10−6 ± 1.99 × 10−7
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4  Results and discussion

4.1  Estimated parameters

The estimated values of the mass transfer and adsorption 
parameters, along with their confidence intervals are sum-
marized in Tables 4 and 5. It should be noted that the 
values of the estimated parameters are kept the same for 
the three simulations except for the external mass trans-
fer coefficient Kf  , which value is decreased as the initial 
H+ concentration increases, so values of 5.50 × 10−5 , 
8.00 × 10−6 , and 5.00 × 10−6 m.s−1 are employed for Sim 
1, Sim 2, and Sim 3, respectively.

Table 4 shows that H+ has the greatest molecular dif-
fusion coefficient, followed by the OH− then the NO3

− 
ions, even though all three coefficients are in the same 
order of magnitude. The estimated values for H+ and 
OH− seem to agree well with the values reported by [9] 
( 9.30 × 10−9 m2s−1 for H+ and 5.30×10−9 m2

s−1 for OH− , 
in water at 25 °C) and [2] ( 7.00 × 10−9 m2s−1 for H+ at 
ambient temperature). The estimated diffusion coefficient 
of NO3

− is close to the value predicted by [38].
In Table 5, the maximal adsorption capacities qmax,j for 

the three different OH sites are in the same order of mag-
nitude. They can be converted into surface densities of 
OH sites and compared with value calculated in literature. 
These values are reported in Table 6. The surface densi-
ties estimated in this work show some discrepancies with 

the other experimental results. This can be explained by 
different factors, including the strong heterogeneity of the 
γ−alumina surface and the initial hydration state of the 
surface. Remarkably, the surface densities estimated in this 
work are in close resemblance to the ones determined by 
[10], except for the surface density of the μ3 site, which is 
twice as much in this work.

Finally, the values estimated in this work for the 
adsorption constants bH,j cannot be compared with values 
found in literature since significantly different values are 
reported. Nonetheless, [29, 30] and [10] all found greater 
protonation constants for the μ2 sites, followed by the μ1 
and then the μ3 sites; which is similar to the trend observed 
in this work. They were able determine the protonation 
constants of OH sites on the (100) and (110) alumina planes 
using different approaches: [29] combined the Poisson-
Boltzmann equation with the basic Stern model, while [30] 
and [10] used DFT calculations.

In general, the parameters estimated do not seem to be 
highly sensitive (especially the adsorption parameters) since 
they have high uncertainties. In fact, several potential values 
of these parameters could lead to a good fit between the 
simulation and the experimental data, but the most reason-
able combination is chosen here.

4.2  Simulation data after parameter estimation

The simulation data obtained for Sim 1, Sim 2 and Sim 3 
after the parameter estimation are compared with the experi-
mental results for the H+ concentration and the electrical 
conductivity in the extra-granular liquid phase presented in 
Fig. 3.

In general, the simulation data agrees well with the exper-
imental data, as they both follow the same trends and similar 
values are obtained. The H+ concentration in the extra-gran-
ular liquid phase decreases with time and only stabilizes for 
Sim 1 after 500 min (Fig. 3-1.a); unlike Sim 2 and Sim 3 
where the H+ concentration never stabilizes (Fig. 3-2.a and 
-3.a). As the acid solution is contacted with the alumina 
extrudates, H+ diffuses inside the solid pores, adsorbs on 
the pore surface, and is depleted from the extra-granular 

Table 5  Estimated values for the H+ adsorption parameters

Parameter Value

qmax,1(mol m−2) 7.48 × 10−6 ± 4.50 × 10−6

qmax,2(mol m−2) 3.61 × 10−6 ± 1.49 × 10−6

qmax,3(mol m−2) 6.59 × 10−6 ± 2.29 × 10−6

bH,1(m3mol−1) 40.80 ± 10.28

bH,2(m3mol−1) 43.12 ± 9.31

bH,3(m3mol−1) 15.66 ± 16.46

Table 6  Comparison of the surface densities of OH sites determined in this work with values reported in literature

OH site Surface density ( nm−2)

[9] [29] [14] [21] [10] This work

μ1 – 7.20 × 10−1 – – 4.31 4.51

μ2 – 7.20 × 10−1 – – 2.16 2.17

μ3 – 9.60 × 10−1 – – 2.16 3.97

Total 7.00 × 10−1 to 1.85 
at 25 °C

2.40 at 25 °C 11.80 in (110) plane and 8.80 in 
(100) plane at 300 °C

8.00 at 200 °C 8.63 at 25 °C 10.65 at 25 °C
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liquid. Interestingly, it appears as though the greater the ini-
tial H+ concentration, the slower is the penetration of H+ 
from the extra-granular liquid to the intra-granular liquid. 
Some papers have shown a decrease in the diffusion of H+ 
when the H+ concentration increases [7, 45].

The behavior of the electrical conductivity in the extra-
granular liquid phase is also noteworthy. When the initial H+ 
concentration is very low (Sim 1), the electrical conductiv-
ity keeps increasing linearly with time, even though the H+ 
concentration has long been stabilized (Fig. 3-1.b). However, 
as the initial H+ concentration is increased (Sim 2), the con-
ductivity decreases at the beginning almost at the same rate 
as the experimental data but starts to increase again after 
1500 min , slightly deviating from the experimental values. 
During this time, the H+ concentration keeps decreasing 
(Fig. 3-2.b). For the highest initial H+ concentration (Sim 
3), the conductivity decreases slowly as the H+ concentration 
also decreases (Fig. 3-3.b).

To understand the trends observed in Fig. 3, the evolu-
tion of the simulated concentrations of the different species 
in the extra-granular liquid phase are compared in Fig. 4. 
The model shows that the concentration of NO−

3
 in the 

extra-granular liquid phase decreases at almost the same 
rate as the H+ concentration, for the three initial H+ concen-
trations tested. This proves that both H+ and NO−

3
 penetrate 

inside the solid pores so that the electrical neutrality is main-
tained, regardless of the initial H+ concentration. Conversely, 
the concentration of OH− increases while maintaining small 
values in comparison with H+ and NO−

3
 . Small amounts of 

OH− , which are initially present in very small quantities, are 
generated in the extra-granular liquid phase by the continu-
ous water dissociation reaction accounted for using Eq. 3. 
The higher the H+ concentration in the extra-granular liquid 
phase, the lower is the concentration of OH− in the same 
phase. Hence, it is understandable that the conductivity 
decreases with time as the H+ and NO−

3
 are being depleted 

from the extra-granular liquid, as is the case for Sim 3 and 
the first 1500 min of Sim 2.

Nonetheless, the fact that the conductivity increases in 
Sim 1 and after 1500 min in Sim 2, might be due to the alu-
mina dissolution generating charged aluminum ions in the 
extra-granular liquid phase, which is not accounted for in the 
model except in the conductivity calculations (refer to Eq. 27 
and Online Resource 3). The contribution of these aluminum 
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Fig. 3  Comparison of the simulation and experimental results for 
the H+ concentration (upper plots denoted as a) and electrical con-
ductivity (lower plots denoted as b) in the extra-granular liquid phase, 

obtained after parameter estimation for initial H+ concentrations of 
1.10 × 10−2 mol m−3 (denoted as 1), 5.70 × 10−1 mol m−3 (denoted as 
2), and 4.57 mol m−3 (denoted as 3)
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ions to the conductivity might be unnoticeable when greater 
amounts of H+ and NO−

3
 are present in solution (the first 

1500 min of Sim 2 and throughout Sim 3). Two compet-
ing phenomena are affecting the evolution of the electrical 
conductivity in the extra-granular liquid phase: (i) the pro-
ton adsorption causing the decrease of the conductivity and 

(ii) the alumina dissolution that causes the conductivity to 
increase. In the case of Sim 2, the operating conditions are 
such that the competition between these two phenomena is 
clearly observed.

Moreover, depending on the solution pH, the aluminum 
ions generated in the extra-granular liquid phase can have 
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different hydration levels, each contributing to the overall 
conductivity differently [41]. Thus, the corrective term 
for the rate of alumina dissolution added to the calcula-
tion of the conductivity in Eq. 27, might be inaccurate 
especially for Sim 2; the rate of alumina dissolution could 
be overestimated, non-linear, and pH dependent.

4.3  Time variations of the surface charge

The charge on the alumina surface � is calculated at different 
radial positions inside extrudates using Eq. 21. The results 
obtained for the three initial H+ concentrations tested are 
presented in Fig. 5 as a function of time and the radial posi-
tions r inside the extrudates (from the extrudate center at 
r = 0 to its external surface at r = Re).

At t = 0 min , the surface charge �0 has a value of 
−0.77 Cm−2 for Sim 1, Sim 2, and Sim 3, as the same ini-
tial concentrations are used for the three simulations. They 
all show an increase in the surface charge with time, even 
though the increase observed in Sim 1 is minor compared 
to the other simulations. This is due to the H+ adsorption, 
which makes the charge of the OH sites more positive. The 
increase of � is slower at the radial positions closer to the 
extrudate center, as H+ takes longer to diffuse towards the 
center. In fact, so little H+ reaches the center of the extru-
dates that the surface charge is almost unchanged at these 
positions even after 4000 min , for all three initial H+ 
concentrations.

The surface charge stabilizes and approaches an equi-
librium state at the radial positions near the extrudate sur-
face. With the highest initial H+ concentration (Sim 3), the 
total surface charge becomes positive at the radial positions 
reached by the H+ adsorption after 4000 min . This shows 
that, in these cases, the concentration of H+ adsorbed on 
the alumina surface is big enough to make the total surface 
charge positive. Moreover, surface charges obtained in Sim 

3 at t = 4000 min reaches values of 0.2 − 0.3 Cm−2 for dif-
ferent radial positions inside the extrudates. These values are 
comparable with the findings of [10, 29]. Reference [29] pre-
dicted total surface charges of around −0.25 and 0.25 C.m−2 
at equilibrium H+ concentrations of 0.02 and 1 molm−3 , 
respectively, using the Poisson-Boltzmann equation and 
experimental data of alumina powders contacted with acidic 
sodium nitrate solutions for 24 h . On the other hand, [10] 
determined a surface charge in the order of 0.05 C.m−2 by 
potentiometric titration experiments of alumina powders at 
pH = 5 , room temperature, and an ionic strength of 1 mM . 
Note that the ionic strength at t = 4000 min is 0.64 mM 
for Sim 3.

4.4  Time variations and spatial profiles 
of concentrations in the intra‑granular liquid 
phase, the EDL, and the solid surface

The simulated concentrations of the different species inside 
the pores are presented for the three simulations in Figs. 6, 
7 and 8. The model can predict both the time variations and 
spatial profiles of the species in the various phases.

The H+ concentrations in the intra-granular liquid phase 
and the EDL increase with time for the three simulations 
(Fig. 6), as the H+ concentration decreases in the extra-gran-
ular liquid phase (Fig. 4). Once it reaches the EDL, the H+ 
adsorbs on the pore surface, also increasing the concentra-
tion of H+ adsorbed qH . The greater the initial concentra-
tion of H+ in the extra-granular liquid phase, the greater are 
the values of Cp

H
 , CEDL

H
 and qH and the faster is their evolu-

tion. For the cases with the lower initial H+ concentrations 
(Sim 1 and 2), more H+ are available in the EDL than in the 
intra-granular liquid phase to neutralize the negative surface 
charge. In contrast, when the initial H+ concentration is high 
(Sim 3), H+ is mostly concentrated in the intra-granular liq-
uid phase and not in the EDL since the positively charged 

r = Re

2) 3)1)

r = Re

r = Re

Fig. 5  Simulation results for the charge on the alumina surface, for initial H+ concentrations of 1.10 × 10−2mol m−3 (denoted as 1), 
5.70 × 10−1mol m−3 (denoted as 2), and 4.57mol m−3 (denoted as 3). The curves marked by r = Re corresponds to the extrudate surface
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H+ ions are repulsed by the positively charged surface. The 
spatial profiles also show that the penetration depth of H+ 
depends on the initial conditions, as H+ can penetrate deeper 
inside extrudates when greater initial H+ concentrations are 
provided. Nevertheless, H+ in the intra-granular liquid phase 
does not reach the extrudate center in any of the cases stud-
ied, while very small amounts in the EDL reach the center; 
in other terms, the H+ diffusion is very slow. It is also note-
worthy that, regardless of its initial concentration, as H+ 
penetrates deeper inside the extrudates, its concentrations 
in the intra-granular liquid phase, the EDL, and adsorbed 
on the pore surface increase and then slightly decrease near 
the extrudate edges between 0 and 4000 min . It should be 
noted that, since the model predicts the local concentration 
of H+ , it can give a local measure of the pH inside the alu-
mina pores.

Figure 7 shows that the NO−

3
 concentrations increase with 

time in the intra-granular liquid phase and the EDL. The 
greater the initial H+ concentration, the greater is the NO−

3
 

concentration and the faster is the increase, as observed for 
H+ . However, greater NO−

3
 concentrations are predicted in 

the intra-granular liquid phase than in the EDL for Sim 1 
and 2, in contrast with H+ . This can only be explained by the 
repulsion of the NO−

3
 ions by the negatively charged surface. 

The opposite trend is observed in Sim 3, where the surface 
becomes positively charged. The penetration depth of NO−

3
 

into the intra-granular liquid phase and the EDL increases 
with time, even though their concentration near the extrudate 
edges slightly decreases, and they never reach the extrudate 
center.

The three simulations exhibit a decrease in the OH− 
concentration in the intra-granular liquid phase with time 
(though the change is not pronounced in Sim 1) and an 
increase in the concentration in the EDL (Fig. 8). The greater 
the initial H+ concentration, the greater is the decrease of the 
OH− concentration in the intra-granular liquid phase and its 
increase in the EDL. The decrease in the concentration in 
the intra-granular liquid phase is also evident in the spatial 
profiles that display lower OH− concentrations in this phase 

near the extrudate edges and the thickness of the band of 
low concentration increases with time. The OH− ions are, 
thus, expelled from the intra-granular liquid phase to the 
EDL and/or the extra-granular liquid phase (Fig. 8 shows 
a decrease in the OH− concentration in the intra-granular 
liquid phase for the three simulations). The same trend for 
the distribution of concentrations between the intra-granular 
liquid phase and the EDL as the NO−

3
 is observed in this 

case; the concentration of OH− in the intra-granular liquid is 
greater than in the EDL in Sim 1 and 2 and lower in Sim 3.

Comparing the concentrations of the different species 
in the intra-granular liquid phase shows that H+ and NO−

3
 

exhibit similar trends for the time variations, concentration 
values, and spatial profiles. Note that Fig. 4 also shows both 
ions evolving similarly in the extra-granular liquid phase. 
NO−

3
 seems to follow H+ in both the extra-granular and intra-

granular liquid phases. OH− undergoes the opposite behavior 
as H+ and NO−

3
 ; the concentration of OH− decreases in the 

regions where the H+ and NO−

3
 concentrations increase. The 

most probable explanation is that the electrical neutrality 
in the intra-granular liquid phase is satisfied when the total 
concentrations of the negatively charged ions (i.e., NO−

3
 and 

OH− ) equals the concentration of the positively charged ions 
(i.e., H+ ). Since the NO−

3
 concentration is very close to the 

H+ concentration, OH− is expelled from this phase. On the 
other hand, in the EDL, the evolutions of H+ , NO−

3
 and OH− 

occur at different rates. In Sim 1 and 2, greater concentra-
tions of H+ are recorded in EDL compared to NO−

3
 and OH− . 

In Sim 3, the concentration of H+ in the EDL is lower than 
that of NO−

3
 , yet greater than that of OH− . The spatial pro-

files of the three species seem to have the same tendencies. 
This behavior can be explained by the distribution of H+ , 
NO−

3
 and OH− in the EDL required to neutralize the surface 

charge � and maintain the electrical neutrality, as imposed 
by the Poisson-Boltzmann equation. As a result, in the case 
of Sim 1 and 2 where the initial H+ concentration is low and 
the surface charge � remains negative (Fig. 5), the positively 
charged H+ ions are attracted by the solid surface towards 
the EDL and the negatively charged NO−

3
 and OH− ions are 

repelled from it. In contrast, in Sim 3, H+ is repelled by the 
positively charged surface to the intra-granular liquid phase 
and NO−

3
 and OH− are concentrated in the EDL.

It should be noted that the calculation of the activity coef-
ficients of the ionic species using Eq. 8 yields values very 
close to unity throughout the time span of the simulations 
(i.e., 4000 min ). This shows that the liquid solution exhibits 
a nearly ideal behavior for all species in all the phases at the 
pH conditions studied in this work.

Fig. 6  Simulation results of the evolution of the H+ concentration in 
the intra-granular liquid phase Cp

H
 (denoted as a), its concentration in 

the EDL CEDL
H

 (denoted as b), and that adsorbed on the pore surface 
qH (denoted as c), for initial H+ concentrations of 1.10 × 10−2mol m−3 
(denoted as 1), 5.70 × 10−1mol m−3 (denoted as 2), and 4.57 mol m−3 
(denoted as 3). The curves marked by r = Re correspond to the extru-
date surface. The circular plots under each graph represent the spa-
tial profiles of the concentration in the same phase after t1 = 0min , 
t2 = 2000 min and t3 = 4000 min . The color bars are expressed in 
mol m−3

◂
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Fig. 7  Simulation results of the 
evolution of the NO−

3
 concen-

tration in the intra-granular 
liquid phase Cp

NO3

 (denoted as 
a) and its concentration in the 
EDL CEDL

NO3

 (denoted as b), for 
initial H+ concentrations of 
1.10 × 10−2 mol m

−3 (denoted 
as 1), 5.70 × 10−1 mol m

−3 
(denoted as 2), and 
4.57 mol m

−3 (denoted as 3). 
The curves marked by r = Re 
correspond to the concentra-
tions at the extrudate surface. 
The circular plots under each 
graph represent the spatial 
profiles of the concentra-
tion in the same phase after 
t1 = 0 min , t2 = 2000 min and 
t3 = 4000 min . The color bars 
are expressed in mol m

−3
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Fig. 8  Simulation results of the 
evolution of the OH− concen-
tration in the intra-granular 
liquid phase Cp

OH
 (denoted as 

a) and its concentration in the 
EDL CEDL

OH
 (denoted as b), for 

initial H+ concentrations of 
1.10 × 10−2mol m−3 (denoted 
as 1), 5.70 × 10−1mol m−3 
(denoted as 2), and 
4.57 mol m−3 (denoted as 3). 
The curves marked by r = Re 
correspond to the concentra-
tions at the extrudate surface. 
The circular plots under each 
graph represent the spatial 
profiles of the concentra-
tion in the same phase after 
t1 = 0min , t2 = 2000min and 
t3 = 4000min . The color bars 
are expressed in mol m−3
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5  Conclusion

In this article, a model is proposed for the simultaneous ionic 
diffusion of three different ions ( H+ , NO−

3
 and OH− ) inside 

the pores of charged alumina extrudates and the adsorption of 
H+ on this surface. The zero-current method and the Poisson-
Boltzmann equation are combined to represent the diffusion 
of the ionic species in the solution inside the pores and their 
distribution inside the EDL at unsteady state. The Langmuir 
adsorption isotherm is used to represent the H+ adsorption.

The model can accurately predict the concentrations of the 
different species and the electrical conductivity outside the 
extrudates, as has evidenced by the good agreement between 
the simulation data and the results of adsorption experiments 
conducted in a batch system. The estimated parameters also 
seem to be coherent with findings in literature regardless of 
the fact that only experimental data in the extra-granular liquid 
phase are used for the parameter estimation, which explains 
the lack of sensitivity for some of the parameters. The model 
can also compute: i) the density of the various OH sites on the 
pore surface, ii) the total surface charge, and iii) the concentra-
tion gradients of the species inside the pores (in the liquid and 
adsorbed states) and their dynamic variations (including the 
local pH), all of which are very difficult to determine experi-
mentally. It can also predict the distribution of the species 
between the intra-granular liquid phase and inside the EDL 
formed at the liquid/solid interface to neutralize the charges on 
the solid surface. NO−

3
 ions seem to follow H+ inside the solid 

pores, and they are concentrated in the intra-granular liquid 
when the surface is negatively charged (at low initial H+ con-
centrations) or inside the EDL when the surface is positively 
charged (at high initial H+ concentrations). Furthermore, the 
surface charge seems to play a critical role in driving the evolu-
tion of the H+ concentration (and pH) not only in the intra-gran-
ular liquid phase, but also in the extra-granular liquid phase.

Finally, this model provides a more rational understand-
ing of the reactivity of the γ− alumina surface with aqueous 
solutions during impregnation and water treatment processes. 
More generally, this model can also prove useful in the field 
of surface chemistry and the studies of liquid/solid interfaces 
inside mineral oxides.
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