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Abstract

This paper presents a new approach for calculating the absolute adsorption values of a binary mixture of liquids, relying only on
the experimental adsorption excess isotherm. This approach was tested on precisely measured isotherms of excess adsorption
in benzene (1)-cyclohexane (2)-zeolite NaX system at three temperatures: 303.15, 338.15, and 363.15 K. In addition, we had
absolute adsorption isotherms measured for the same system and at the same temperatures on a specially designed apparatus.
Thus, it was possible to compare the results of theoretically predicted isotherms of absolute adsorption with independent
experimental data. The essence of the new approach is that it offers a possibility to find the dependence of the concentration
of the adsorption phase on the concentration of the bulk phase in an explicit form, while remaining within the framework
of the data on the excess adsorption isotherm. The accuracy of the predicted functions for absolute adsorption is within the
accuracy of the original experimental data for excess adsorption isotherms.
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Nomenclature

C; Bulk phase mass fraction

G Adsorbed phase mass fraction

Ci. Abscissa of peculiar point

C,... Abscissa of peculiar point

K7 Slope of the tangent to the isotherm of excess

adsorption at point (C, =0, w] = 0)

K7, Slope of the tangent to the isotherm of excess
- adsorption at point (C; =1, w{ = 0)

Ky Slope of the tangent to the function C} = f(C))
- at point (C; =0,C} =0)

K. Slope of the tangent to the function C} = f(C))

at point (C; = 1,C} = 1)
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1 Introduction

Excess adsorption values, absolute adsorption (or total
content), and adsorption volume should undoubtedly be
assigned to the most important, deeply rooted concepts in
adsorption science. These characteristics of adsorption sys-
tems are so pronounced in both theory and practice that their
exact interpretation attracts common attention in adsorption
science.

It is known that the Gibbs adsorption theory [1] has not been
fully developed as applied to fluid—solid interfaces in compari-
son with fluid—fluid interfaces. The main difference (and the
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basic difficulty) is the fact that the reversible work consumed
for the formation of unit surface area of a fluid—solid interface
is not governed by surface tension only; i.e., the work of surface
stretching and the work of surface formation are not equal like
they are in fluid—fluid interfaces. Gibbs considered an approxi-
mation at which the state of a solid remains unchanged, whereas
a fluid, having a constant density of the volume energy, ranges
not to the Gibbs interface, but rather up to the solid surface
posed by its external atoms. This approximation did not take
into account the curvature of the interface. Excess adsorption
value, which is commonly measured by physical experiments
(with allowances for the measurement and calibration meth-
ods), is most suited to the Gibbs’ approximation.

On the other hand, in fact, any equation that is based on
molecular-kinetic concepts as well as any statistical molecu-
lar models of adsorption theory are formulated using the
notion of absolute adsorption. Moreover, in any spectro-
scopic or calorimetric study the measured values are related
to all molecules in the region of inhomogeneity.

All three quantities: adsorption volume, absolute and
excess adsorption are strictly related to each other, with only
the latter being known from experiment. If we find a way to
determine (estimate) one of the unknown quantities through
the known adsorption excess, we thereby find (estimate) the
other unknown. Many attempts to solve the problem by
approximating the adsorption volume have been described
in the literature [2-7].

This paper proposes a more rigorous and reliable
approach for finding the absolute adsorption directly.

2 Materials and methods

The system benzene—cyclohexane—rzeolite NaX, experi-
mentally studied at three temperatures 303.15, 338.15 and
365.15 K [8] was chosen for testing a new approach predict-
ing absolute adsorption isotherms from the known isotherms
of excess adsorption, Fig. 1. This system was chosen due to
the fact that for the same system, absolute adsorption iso-
therms were measured experimentally at the same tempera-
tures [9] using a specially developed technique. The weight
method for direct measurement of the total absolute adsorp-
tion of a liquid mixture, developed by one of the authors in
the mid-80 s [10] and subsequently refined, was an appara-
tus, the main component of which were coupled McBain bal-
ances that allowed the Archimedean upward buoyant force
to be taken into account. The average relative error over the
concentration range did not exceed 3%. In the concentration
range of 0.1-0.8, the accuracy of 0.5—1% was achieved.
This allowed the predicted isotherms to be compared with
those measured experimentally. It is important to emphasise
that all experiments were carried out in the same laboratory
and therefore the same batch of substances were used. Zeolite
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Fig.1 Family of excess adsorption isotherms for the system ben-
zene (1)—cyclohexane (2)—zeolite NaX (@—at 303.15 K, H—at
338.15 K, —at 363.15 K)

NaX was without binder with ratio Si/Al=1.33. Benzene was
spectrally pure, cyclohexane had brand “Pure for analysis”.

3 Results and discussion

The isotherms of excess adsorption of completely miscible
binary liquid mixtures by solid adsorbents show different
shapes depending on the particular system. According to the
classification proposed by Schay [11], there are five basic types
of isotherms shown in Fig. 2. The approach developed in this
paper applies to types 1, 2, and 3. As for types 4 and 5, this is
the subject of our further research.

Consider the dependence of the composition of the
adsorption phase C} on the composition of the bulk phase
C,, where component 1 is the predominantly adsorbed com-
ponent. A typical dependence of the function C} = f(C) has
the form shown in Fig. 3. On this curve there is inevitably a
point A, where the derivative dC}/dC, is equal to one and
the slope of tangent is parallel to the diagonal. This means
that at point A the rate of change of composition is equal to
the mean value, while before point A it is higher and after
point A it is lower than the mean value.

At first sight it may seem that this point corresponds to the
maximum on the isotherm of excess adsorption (see Fig. 1 and
Appendix 1), but it can be strictly shown that this is not so and
that the point is to the left of the maximum. Let us show that.
For this purpose, we will proceed from the rigorous Williams
equation [12].

€

wi =w|C, —w;C, (1)
Taking into account the obvious relations
C,+ G, =1, w) +w) =wand w!/w’ = C}, Eq. 1 can be
reduced to the form
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Fig. 2 Basic types of excess adsorption isotherms according to Schay’s classification [11]
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Fig.3 Typical dependence of adsorbed phase mass fraction on bulk
phase mass fraction
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By differentiating relation (2) we obtain

. . dinw®
Derivative
dc,

> 0 in all range of C;, therefore maxi-
. . . dinwt .
mum point of excess isotherm at which % =0 is not
1

valid for equality (6). Suitable value of C, must be less
than C,,, because only at C, < C,, % > 0. Let us denote

this value as C;«
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3.1 Finding a value for C,.

Since the rate of concentration growth of component 1 reaches
its mean value at point (C,+, W°,+), it is reasonable a fortiori
to assume that the equation of tangent to the isotherm at point
(C;« W ;s) at concentration C, =1 takes on a value equal to
the adsorption limit of pure component 1, that is, my),. It should
be noted that the point on the adsorption excess isotherm, the
tangent in which passes through point my,;, exists without
regard to the assumptions we have made.

Correspondingly the equation of the tangent to the
excess adsorption isotherm when abscissa is equal to
C..=1-C,,=0C,, at C;=0 (C,=1) takes on a value
which is nearly identical to the limit value of the absolute
adsorption of pure component 2 my,.

To find point (C,«, W° ;+), we propose the following method
of calculation. Searching point on the isotherm of excess
adsorption undoubtedly is a turning-point in the process of
selective adsorption. To find it we assumed that a straight line
passing through the centre of gravity (or centroid for non-sym-
metrical figures) of the uniform figure bounded by the iso-
therm curve and the abscissa axis and dividing the area of the
figure in half crosses the isotherm curve at the required point.

Consider the limiting case of adsorption of a liquid binary
solution when the selectivity of adsorption is equal to unity.
In this case in the whole concentration range C} = C, and this
dependence is represented by the diagonal in Fig. 3. In this
case the adsorption excess isotherm represents the segment
[0,1] on the abscissa axis. Obviously, the centre of gravity of
this segment (i.e. degenerate isotherm) is at the point C; = 0.5.

Both assumptions made have been confirmed with high
accuracy in independent direct experimental data.

The technique for finding the centre of gravity (or centroid)
is described in Appendix 2.

From Eq. (3) two useful relations can be derived which
relate the initial and final slopes of the adsorption excess iso-
therm and function C| = f(C)). At C; =0, from Eq. (3) follows,

e

K
c HO
KH6 =1+ ? @)

and at C, =1, respectively

s K¢

C H1
K'!'l=1+— (8)

Hl Mo,

3.2 Procedure for finding the analytic form
of a function C; = (C, )

Thus, we have the values of the initial and final slope of the
curve shown in Fig. 1, as well as the value of derivative at the
point C«, which equals 1 in the middle part of the desired
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curve. To describe the C‘i = f(C)) curve, we used a three-con-
stant empirical equation of the following form

s (+a+bC,
' 1+ac +b(cy)" ©)

and the associated derivative is

dcy  (1+a+ B)[1+ 1 -mb(C,)"

- - (10)

dc, [1+aC, +b(C))")
From Eq. (10) follows

<£> —KC7—1+a+b 11
dCl €,=0 HO ( )
dcs o _1+0-mb
_1 = KHll = (— (12)
dc, ) ¢, l+a+b

(dc;) (I+a+b)[l+1-nb(C,,)"] |
—— = n =1 (13)
€/ ¢, [1+ac,, +b(C,)"]

the last three relations form a system of equations with
respect to the variables a, b and n, by solving which we find
the required coefficients.

Substituting the found coefficients into Eq. (9), we obtain
the equation predicting the curve C| = f(C,). The results of the
calculations are summarized in Table 1.

‘While this is obvious, it makes sense to stress that since our
approach uses derivatives, the accuracy of the original experi-
ment is very important.

It also raises the question of how universal the 3-parametric
Eq. 9 is. There are two circumstances that allow Eq. 9 to be
considered sufficiently universal for the most common types
of isotherms. Firstly, the curve of dependence of C] = f(C)).
for isotherms of types 1, 2 and 3 is quite simple and easily
described by three known points. Secondly, these three points
are not clustered in one area of the curve, but are as far apart as
possible, which also contributes to a better description.

3.3 Step-by-step procedure for finding the absolute
adsorption isotherms

1. Description of the experimental excess adsorption iso-
therm by the empirical equation (A1). Determination of
the slope of the tangent at points C;=0and C,=1.

2. Find the coordinates of the centre of gravity of the plane
area bounded by curve w¢ = f(C, ) and the abscissa axis.
The line passing through the centre of gravity and point
C=0.5 on the abscissa axis intersects the isotherm curve
at point (C,+, w°,.). Figure 4.



Adsorption (2023) 29:217-223

221

Table 1 Summary table of

303.15K 338.15K 363.15K
calculated parameter values
Cim 0.0457(07) 0.0583(11) 0.0710(65)
W 0.2036(09) 0.1926(66) 0.1833(75)
C,. 0.0425(7) 0.0530(90) 0.0639(98)
W 0.2035(40) 0.1925(62) 0.1822(80)
Ci 0.957(43) 0.946(91) 0.936(00)
WE 0.00998 0.0105(46) 0.0118(8)
Ko 233.2(80) 120.2(78) 64.22(32)
Ky, —0.229(66) —-0.223(18) —0.213(99)
my, 0.2326(8) 0.2300(0) 0.2201(54)
my, (exper.) 0.2362(10) 0.2271(49) 0.2226(19)
my, 0.2208(60) 0.1929(16) 0.1906(31)
my, (exper.) 0.2154(48) 0.1959(23) 0.1856(56)
Ko 1057.(24) 624.4(73) 337.8(98)
Koy, 0.01297(35) 0.02966(52) 0.02799(7)
Cig 0.3393) 0.341(0) 0.344(8)
W 0.0715(1) 0.0685(1) 0.0640(5)
a 1007.60655 561.6712 295.69036
b 48.633451 61.801727 71.207640
n 0.7385013 0.821750 0.8811873
k, 1.27759927083 0.182181364141 0.17475000428
k, 2.2329625633x107* —1.1991669256x10~> 7.77478220646x107
ks 5.98310547795 0.905500221185 0.888738588713
k, 5.96254466977+107 1.694488923200107 2.92813675838+107

In Table 1 the last digits in brackets are not statistically significant. As is customary in metrology, we have

not rounded off the last two digits

3. The line of the tangent at point (C,+, W°,+) on the excess
isotherm curve takes the value my;, at C, =1. Figure 4.

4. The line of the tangent at point (Cj.s, W% «) on the
excess isotherm curve (notice that C,.. numerically
equal C,.) takes the value mg, at C,; =0. Figure 4.

5. Using the found values of K7, , K7, (step 1) and, my,;, my,

(steps 3 and 4) we calculate Ksb and Ksll by formulas (7)
and (8).

6. Solving the system of three Eqgs. (11), (12) and (13), we
find three unknown parameters a, b and n for Eq. (9).
The results are shown in Figs. 5, 6, 7.

7. Having the dependence C| = f(C)), using Eq. (2) we can
find the dependence of the total absolute adsorption on
the composition w* = f(C, ) as well as the absolute par-
tial adsorption of the components w} = w*C;. Figure 8.

3.4 Evaluation of the adsorption volume of zeolite
NaX

First of all, it should be emphasized that the adsorption vol-
ume is not identical to the crystallographic void volume of a
solid adsorbent. Adsorption volume is a characteristic of the
adsorbent-adsorbate system. It is the volume of pore space
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Fig.4 Excess adsorption isotherm for the system benzene (1)—
cyclohexane (2)—zeolite NaX at T=303.15 K. Co-ordinates of cen-
tre of gravity (CG) (C,=0.3335, w®,=0.072); co-ordinates of point
A (C+=0.04257, w°.=0.20354); predicted m, =0.23268 g/g.
Co-ordinates  of point A, (Cpu=1—C.=C,.=0.95743,
W’ =0.00998); predicted mg, =0.22086 g/g

available to the molecules of a given adsorbate at a given
temperature and pressure. This is why the adsorption volume
of a given adsorbent, estimated from different adsorbates,
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Fig.5 The dependence of adsorbed phase mass fraction on bulk
phase mass fraction for 303.15 K. (Curve—predicted by Eq. (9),
points—experimental values)
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Fig.6 The dependence of adsorbed phase mass fraction on bulk
phase mass fraction for 338.15 K. (Curve—predicted by Eq. (9),
points—experimental values)

turns out to be different [13]. Having the values of m,; and
my,, it is easy to estimate the adsorption volume by dividing
these values by the corresponding densities of the adsorbate.
As a first approximation it can be assumed that the density
of the adsorbate is equal to the density of the bulk liquid,
then the adsorption volume W, calculated for benzene takes
the following values: 0.2720 cm3/g (T=303.15 K), 0.2736
cm?/g (338.15 K), 0.2774 cm®/g (363.15 K).

As shown by direct high pressure pycnometric experi-
ments over a wide temperature range [14], the density of
adsorbed benzene in zeolite NaX is equal to the density of

@ Springer

Fig.7 The dependence of adsorbed phase mass fraction on bulk
phase mass fraction for 363.15 K. (Curve—predicted by Eq. (9),
points—experimental values)
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Fig.8 Experimental (curve 1) and predicted (curve 2) total absolute
adsorption (maximum deviation is 3%); predicted partial absolute
adsorption for benzene (curve 3) and cyclohexane (curve 4)

bulk benzene only at the reduced temperature t,=T/T,=0.85
(T=4717.74 K). At lower 7, the density of adsorbed benzene
is less, and at higher 7, the density of adsorbed benzene is
greater than the bulk liquid. If we take the true densities of
the adsorbed benzene, which are equal to 0.81353 g/cm3
(at T=303.15 K), 0.78108 g/cm® (at T=338.15 K), and
0.75893 g/cm® (at T=363.15 K), then the corresponding
adsorption volumes W, will be 0.2904 cm?/g, 0.2906 cm®/g,
and 0.2910 cm?/g, which is on average 6% higher than the vol-
umes found through the densities of the bulk phase. Unfortu-
nately, cyclohexane is not among the systems studied in [14].
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4 Conclusions

Analysis of excess adsorption isotherms made it possible
to reveal a number of new regularities, not described in the
literature, operating in the binary liquid solution — solid
adsorbent adsorption system. As a consequence, it has
become possible to predict the isotherms of absolute adsorp-
tion solely from the known isotherms of excess adsorption.
Following the submission of this paper we generalised our
approach on a rigorous theoretical basis, which will allow
universal application to all types of isotherms. In addition,
we are going to propose an alternative classification of iso-
therm types based on the new information. We are working
on this paper at present.

Appendix 1

To approximate the experimental excess adsorption iso-
therms and perform the calculations.analytically, we used
the following empirical equation

e kiC, ki C,
wt = -

L O kC k1t k kgt

and the corresponding derivative is
dw] 3 kik, — klkZCf — 2k, C? k,

A€ (B 41, + k0 + k) THh Tkt

Appendix 2

The coordinates of the centroid of figure D, the area of
which equals S are given by.

__ [ xdxdy _ [| xdxdy

T [dxdy — s
where the double integrals are taken over the whole surface
D.

Here x=C,and y = w/°.

In practice, we can avoid the integration procedure
because the line passing through the centre of gravity and
point C, =0.5 divides the area in half, we can find the line
passing through point C; =0.5 and dividing the area in half
by method of successive approximation, without knowing
the coordinates of the centre of gravity.

_ | ydxdy _ I ydxdy
r70 | dxdy s 7
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