
Vol.:(0123456789)1 3

Adsorption (2023) 29:45–64 
https://doi.org/10.1007/s10450-023-00379-x

Estimation of isosteric heat of adsorption from generalized Langmuir 
isotherm

Usman Hamid1   · Pradeep Vyawahare1   · Chau‑Chyun Chen1 

Received: 10 July 2022 / Revised: 17 January 2023 / Accepted: 19 January 2023 / Published online: 30 January 2023 
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract
Simulation and design of adsorptive separation units demand accurate estimation of thermodynamic properties. Isosteric 
heat of adsorption as calculated from generalized Langmuir (gL) isotherm coupled with Clausius–Clapeyron expression for 
pure component and mixed-gas adsorption equilibria is presented in this work. The estimated isosteric heat of adsorption 
as functions of surface loading and composition is validated against the experimental data for various adsorption systems. 
Furthermore, the gL results are compared against classical Langmuir (cL) and Toth isotherm for pure components and with 
Ideal Adsorbed Solution Theory (IAST) for mixed-gas adsorption equilibria. The comparison highlights that gL outper-
forms cL and Toth for pure component adsorption and IAST for mixed-gas adsorption, and gL reliably captures the loading 
dependence and the composition dependence for isosteric heat of adsorption.

Keywords  aNRTL activity coefficient model · Classical Langmuir isotherm · Generalized Langmuir isotherm · Ideal 
adsorbed solution theory · Isosteric heat of adsorption · Toth isotherm

1  Introduction

Accurate process simulation of adsorption systems is instru-
mental for development and implementation of adsorptive 
separations such as pressure and temperature swing adsorp-
tion units [1, 2]. However, accurate simulation of adsorption 
systems requires reliable data and rigorous thermodynamic 
models to describe pure component adsorption isotherms, 
to estimate mixed-gas adsorption equilibria, and to calculate 
isosteric heat of adsorption [3].

In general, isosteric heat of adsorption remains constant 
for homogenous adsorbents and decreases with an increase 
in surface loading for heterogeneous adsorbents [4]. It can 
be obtained either from direct measurements using calo-
rimeter or upon regression of adsorption isotherms over a 
range of temperature [5]. Although calorimeter measure-
ments are considered more reliable, very few such measure-
ments have been reported in the literature [5–8]. Moreover, 
there is no experimental heat of adsorption data available for 
ternary and higher-order gas adsorption systems because of 

convoluted measurement procedures and diminished accu-
racy [5, 9–12]. Therefore, it is crucially important to apply 
rigorous and thermodynamically consistent models to pro-
vide reliable estimations for isosteric heat of adsorption for 
pure and mixed-gas adsorption systems [2, 10].

Isosteric heat of adsorption of single component is often 
calculated from pure component adsorption isotherm mod-
els combined with Clausius–Clapeyron equation [5, 12–14] 
For instance, Tun and Chen [13] presented a comprehensive 
study to estimate pure component isosteric heat of adsorp-
tion using classical Langmuir (cL) [15], Dual-site Langmuir 
(DSL) [16], Toth [17], and thermodynamic Langmuir (tL) 
[18] for various adsorbate–adsorbent systems. Independ-
ent of adsorbate loading, cL isotherm is applicable only for 
energetically homogeneous adsorbents [13, 14]. Requiring 
excessively large number of adjustable parameters, DSL 
isotherm suggests two types of energetic sites and shows 
abnormal loading dependence [13]. Toth isotherm intro-
duces an empirical parameter to address adsorbent surface 
heterogeneity [14] but it yields an unrealistic trend that the 
isosteric heat of adsorption should approach negative infinity 
as the amount adsorbed reaches saturation loading [13]. In 
contrast, tL outperforms cL, DSL, and Toth while addressing 
adsorbent surface heterogeneity [13] with adsorption Non-
random Two-liquid (aNRTL) activity coefficient model [19].

 *	 Chau‑Chyun Chen 
	 Chauchyun.Chen@ttu.edu

1	 Department of Chemical Engineering, Texas Tech 
University, Lubbock, TX 79409‑3121, USA

http://orcid.org/0000-0001-8218-6299
http://orcid.org/0000-0001-5765-7343
http://orcid.org/0000-0003-0026-9176
http://crossmark.crossref.org/dialog/?doi=10.1007/s10450-023-00379-x&domain=pdf


46	 Adsorption (2023) 29:45–64

1 3

Isosteric heat of adsorption for multicomponent adsorp-
tion equilibria remains relatively undeveloped [12]. In the 
last half-century, a few models and theories have been 
proposed to calculate isosteric heat of adsorption for mul-
ticomponent gas adsorption systems. For instance, Sircar 
[20] presented a cumbersome procedure based on a Jacobian 
evaluation of “surface excess” of each adsorbate component 
in the mixture with respect to temperature, pressure, and 
composition. However, the evaluation of Jacobian matrix 
heavily relies on the experimental data which according 
to the author “could be an experimental nightmare” [21]. 
Bulow and Lorenz [22] avoided the evaluation of Jacobian 
matrix and proposed the direct use of Clausius–Clapeyron 
equation for pure component and mixed-gas adsorption. 
The experimentally measured variation in pressure for pure 
component and variation of partial pressure for mixed-gas 
with respect to temperature can be introduced into Clau-
sius–Clapeyron equation to estimate isosteric heat of adsorp-
tion. Although the method appears to be simple but it is only 
applicable to the homogeneous adsorbents and subject to 
large inaccuracies at high surface coverage [23]. Siperstein 
et al. [9] proposed a Margules-based spreading pressure-
dependent activity coefficient model to capture the adsorbed 
phase nonideality in Ideal Adsorbed Solution Theory (IAST) 
[24] framework to estimate isosteric heat of adsorption, but 
the underlying Margules parameters lack physical meaning. 
Later Siperstein and Myers [25] presented another attempt 
to correlate pure component isotherm using four virial coef-
ficients and the Margules-based spreading pressure-depend-
ent model for mixed-gas adsorption, but empiricism of the 
model persists. Sundaram and Yang [2] implemented modi-
fied Dubinin isotherm [26] with Clausius–Clapeyron equa-
tion to estimate pure and mixed-gas isosteric heat of adsorp-
tion. However, it requires pore volume, adsorbed phase 
density, Antoine constants, and a few additional empirical 
parameters making the overall computation burdensome. In 
short, models available to-date to estimate isosteric heat of 
adsorption in multicomponent adsorption equilibria either 
are computationally cumbersome or involve excessive num-
ber of empirical parameters.

Recently, Hamid et al. [27] presented generalized Lang-
muir (gL) isotherm, a rigorous and thermodynamically 
consistent generalization of tL isotherm, [18] to represent 
pure component and multicomponent gas adsorption equi-
libria. Unlike IAST [24], gL considers adsorbent vacant 
sites in the thermodynamic modeling of gas adsorption 
equilibria [27] and addresses both surface heterogeneity 
and adsorbed phase nonideality with the aNRTL activity 
coefficient model [19]. The resulting gL isotherm reliably 
tracks and accounts for both adsorbent surface loading 
dependence and adsorbed phase composition dependence 
in multicomponent gas adsorption equilibria. This work 
presents gL estimations of isosteric heat of adsorption for 

pure component and multicomponent gas adsorption equi-
libria. In addition, the gL results are compared against cL 
and Toth isotherms for single component adsorption and 
with IAST for mixed-gas adsorption equilibria.

2 � Pure component isosteric heat 
of adsorption

Isosteric heat of adsorption for pure component 1, Qst,1, 
can be determined from adsorption isotherm and Clau-
sius–Clapeyron equation presented as follows [1, 28].

where R , T  , and P are the gas constant, the system tempera-
ture, and the system pressure, respectively. n1 is the adsorbed 
amount of component 1. Equation (1) is then combined with 
pure component isotherm models including classical Lang-
muir [15], Toth [17], and gL [27] to compute isosteric heat 
of adsorption in this work.

2.1 � Classical Langmuir isotherm

Classical Langmuir isotherm expression for the pure com-
ponent adsorption amount of adsorbate component 1, n1, 
as a function of the system pressure P is shown in Eq. (2).

where n0
1
 and K1 are the saturation loading and the apparent 

adsorption equilibrium constant of adsorbate component 1, 
respectively. The van’t Hoff equation [14] expresses the tem-
perature dependence of the apparent adsorption equilibrium 
constant, given in Eq. (3).

where Kref

1
 is the apparent adsorption equilibrium constant at 

reference temperature, Tref  , i.e., 298.15 K; E1 is the heat of 
adsorption. After combining Eqs. (1) to (3), Qst,1 , is obtained 
as Eq. (4).

Equation (4) shows that the heat of adsorption from 
cL is a constant and independent of surface loading and 
temperature.

(1)Qst,1 = RT2
(
� lnP

�T

)
n1

(2)n1 = n0
1

K1P

1 + K1P

(3)K1 = K
ref

1
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[
−E1

R

(
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T
−

1

Tref

)]

(4)Qst,1

(
n1
)
= E1
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2.2 � Toth isotherm

Toth isotherm, shown in Eq. (5), introduces an empirical 
adsorbent surface heterogeneity factor “f” with a temperature 
dependence shown in Eq. (6).

here f 0 and � are empirical parameters. Note that the tem-
perature dependence of the apparent adsorption equilibrium 
constant, K1 , is same as Eq. (3). Combining Toth isotherm 
with Clausius–Clapeyron equation results in Eq. (7) for isos-
teric heat of adsorption.

Equation (7) shows that Qst,1 is a function of surface loading 
and temperature. Toth isotherm would falsely predict nega-
tive infinity for Qst,1 as the adsorption of adsorbate compo-
nent 1 approaches the saturation loading, i.e., n1 → n0

1
 [13].

2.3 � Generalized Langmuir isotherm

Considering both adsorbent occupied sites and vacant sites, 
the pure component gL isotherm expressions for the occupied 
sites and the vacant sites are given below.

where �1 is adsorbed phase area fraction of adsorbate com-
ponent 1, n1 is the amount adsorbed, n0

1
 is the saturation 

loading, A1 is the effective molar surface area, �1 denotes the 
activity coefficient, and Ko

1
 represents the intrinsic adsorp-

tion equilibrium constant. �� is the adsorbed phase area 

(5)
n1 = n0

1

K1P[
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K1P

)f ]1∕f
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1
P
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=
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1 +
��q1

�1
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1
P

(10)Ko
1
=

x1�1

x���P

(11)q1 =
A1

A�

fraction of “phantom” molecule � representing the vacant 
sites, n� is the amount adsorbed, n0

�
 is the saturation loading, 

A� is the effective molar surface area, and �� denotes the 
activity coefficient. Note that nitrogen molecule is consid-
ered as the model “phantom” molecule since it is used to 
determine the adsorbent surface area, A0 . The activity coef-
ficients can be computed using area-based aNRTL model 
[27] given as follow:

where x1 and x� are the adsorbed phase mole fractions of 
adsorbate component 1 and phantom molecule � , respec-
tively. nT is the total amount adsorbed. g10 and g�0 are the 
interaction energies of adsorbate component 1 and phantom 
molecule � with adsorbent site “0”, respectively. �1� repre-
sents the binary interaction parameter of adsorbate compo-
nent 1 with phantom molecule �, and � is a non-randomness 
factor set to 0.3 per the NRTL convention [27, 29]. The 
temperature dependence of Ko

1
 and �1� are as follow:

where Koref

1
 denotes the intrinsic adsorption equilibrium con-

stant at the reference temperature, Tref  , and E1 is the heat of 
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adsorption. Note that �1� requires only the parameter B1� 
to capture the temperature dependence since A1� does not 
improve pure component adsorption isotherm representa-
tion. B1� has the unit of temperature K . Combining Eq. (1) 
and gL results in Eq. (22) for the isosteric heat of adsorption.

here �ln�1
�T

 and �ln��
�T

 account for the contributions from the 
adsorbed phase heterogeneity, i.e., the nonideality due to 
surface loading. A complete derivation of Eq. (22) is given 
in Section I of Supplementary Information.

3 � Isosteric heat of adsorption in mixed‑gas 
adsorption

Isosteric heat of adsorption of component i in mixed-gas 
adsorption equilibria, Qmix

st,i
 , can be estimated with Clau-

sius–Clapeyron equation as presented in Eq. (23). [1, 23]

here yi is the gas phase mole fraction of adsorbate com-
ponent i at the system pressure P . The following sections 
present the thermodynamic formulations with IAST [24] and 
gL [27] to estimate isosteric heat of adsorption in mixed-gas 
adsorption equilibria.

3.1 � Ideal adsorbed solution Theory

IAST calculates the adsorbed phase mole fraction of compo-
nent i, x′

i
 , exclusive of adsorbent vacant sites, from a Raoult’s 

law-type equation as shown below.

here Po
i
 denotes the equilibrium pressure of the adsorbate 

component i in adsorbed phase calculated at the constant 
“spreading pressure” constraint, i.e., �i = �j = �mix where i 
and j are the adsorbate species in the mixture. � is the hypo-
thetical spreading pressure calculated from the pure compo-
nent adsorption isotherm, ni(P) , as presented in Eq. (25).

here ni(P) is the amount adsorbed as a function of pressure, 
P , represented with the gL isotherm for pure component 

(22)Qst,1

(
n1, T

)
= E1 + RT2

(
� ln �1

�T
−

� ln ��

�T

)

n1

(23)Qmix
st,i
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(
� lnPyi

�T

)

ni

(24)Pyi = x�
i
Po
i
(T ,�)

(25)�i =
Po
i

∫
0

ni(P)d lnP

adsorption in this study. Upon combining Eqs. (23)–(25), the 
isosteric heat of adsorption of adsorbate component i can be 
calculated from Eqs. (26) to (28).

here no
i
 is the adsorption amount and Δho

i
 is the isosteric heat 

of adsorption for pure adsorbate component i at equilibrium. 
Δho

i
 is the integral enthalpy defined by Eq. (27). N represents 

the total number of adsorbate components. The complete 
derivation of Eq. (26) can be found elsewhere [25, 30].

3.2 � Generalized Langmuir isotherm

The gL isotherm to estimate multicomponent gas adsorption 
equilibria is given as follow:

where yi is the gas phase mole fraction of adsorbate compo-
nent i , �i is the adsorbed phase area fraction, ni is the adsorp-
tion amount, n0

i
 is the adsorption saturation loading, and �i 

is the activity coefficient. �� is the adsorbed phase area 
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fraction of “phantom” molecule � , n� is the adsorption 
amount, n0

�
 is the adsorption saturation loading, and �� is the 

activity coefficient. A0 is the constant adsorbent surface area. 
It is worth noting again that gL treats the adsorbent vacant 
sites as an integral part of the adsorptive system. Therefore, 
single component gas adsorption is treated as a binary sys-
tem involving one adsorbate component for the occupied 
sites and one phantom molecule � component for the vacant 
sites. Similarly, binary gas adsorption is treated as a ternary 
system having two adsorbate components for the occupied 
sites and one phantom molecule � component for the vacant 
sites. Activity coefficients for the multicomponent adsorbed 
phase can be computed from the area-based aNRTL activity 
coefficient model, given as follow.

here �ij is the binary interaction parameter for the adsorb-
ate i—adsorbate j interaction. xi and x� are the adsorbed 
phase mole fractions of adsorbate component i and phantom 
molecule � , respectively. M is the total number of adsorb-
ates, N , plus one for phantom molecule � . The temperature 
dependence of the intrinsic adsorption equilibrium constant, 
Ko
i
 , and that of the binary interaction parameter, �ij , are same 

as Eqs. (20) and (21) for the pure component gL isotherm.

(34)
gE

RT
=

M�
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xiqi
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xjqj�ij
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xkqkGki
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j
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j
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�∑M

k=1
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(36)�ij = −�ji =
gi0 − gj0

RT

(37)Gij = exp
(
−��ij

)

(38)xi =
ni

nT

(39)x� =
n�

nT

(40)nT =

N∑
i=1

ni + n�

A general expression to estimate the isosteric heat of 
adsorption of adsorbate component i in the adsorption 
mixture is given in Eq. (41):

where �ln�i
�T

 and �ln��
�T

 account for the contributions from the 
nonidealities due to adsorbed phase loading and composi-
tion. A complete derivation of the isosteric heat of adsorp-
tion for binary mixed-gas adsorption is given in Section II 
of Supplementary Information.

4 � Results and discussion

This section first presents the generalized Langmuir isotherm 
estimations for pure component isosteric heat of adsorption 
along with the results from the classical Langmuir and Toth 
isotherms. The “predictive” approach estimates the isosteric 
heat of adsorption based on pure component isotherm data 
over a range of temperatures. The “correlative” approach esti-
mates the isosteric heat of adsorption based on simultaneous 
regression of pure component adsorption isotherm and isos-
teric heat of adsorption data at a specific temperature.

This section then presents the generalized Langmuir iso-
therm estimations for isosteric heat of adsorption of each 
component in binary adsorption mixtures. The gL results for 
isosteric heat of adsorption are further compared against the 
Ideal Adsorbed Solution Theory predictions to highlight the 
effects of surface loading and adsorbed phase composition.

4.1 � “Predictive” pure component isosteric heat 
of adsorption

Accurate representation of pure component adsorption iso-
therms over a wide temperature range forms a solid foundation 
to estimate isosteric heat of adsorption. Classical Langmuir, 
Toth, and generalized Langmuir isotherms are used in this 
work to correlate experimental pure component adsorption 
isotherms and predict isosteric heat of adsorption. cL requires 
three parameters, i.e., n0

i
,K

ref

i
 , and Ei while Toth requires five 

model parameters, i.e., n0
i
,K

ref

i
,Ei, f

0 , and � . In contrast, with 
literature reported values for A0 and Ai to calculate n0

i
 , gL 

requires only three adjustable parameters, i.e., Koref

i
,Ei , and 

Bi�.
The objective function minimized to identify the adsorp-

tion isotherm parameters is based on the Maximum Likelihood 
Principle [31], given as follows:

(41)Qst,i

(
ni
)
= Ei + RT2

[
� ln �i

�T
−

� ln ��

�T

]

ni
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where l is the data point index, N is the total number of data 
points, and ncalc

l
 and nexpt

l
 indicate the calculated and the 

experimental amounts adsorbed. �nexpt
l

 is the standard devia-
tion of the experimental data with a default value set to 
0.05 mol/kg. Root Mean Square Error (RMSE) and Average 
Relative Deviation (ARD%) have been calculated to com-
pare the goodness of fit for pure component adsorption iso-
therm and isosteric heat of adsorption, expressed below:

Qcalc
st,l

 and Qexpt

st,l
 are the calculated and the measured isosteric 

heat of adsorption, respectively.
Three pure component adsorption isotherm data sets 

are selected to illustrate the predictions of isosteric heat of 
adsorption from pure component adsorption isotherms: (1) 
CO2 adsorption on Zeolite 13X at 273.15–473.15 K, [14, 
32], (2) CH4, and (3) C2H4 adsorption on Nuxit-AL char-
coal at 293.1–363.1 K [2, 33]. The regression parameters, 
RMSE’s, and ARD%’s of cL, Toth, and gL are presented in 
Tables 1, 2, and 3, respectively.

(42)Obj =

N∑
l

(
ncalc
l

− n
expt

l

�nexpt
l

)2

(43)RMSE =

�∑N

l=1

�
ncalc
l

− n
expt

l

�2
N

(44)ARD% =
100

N

N∑
l=1

||||||
Qcalc

st,l
− Q

expt

st,l

Q
expt

st,l

||||||

Figure 1 shows the Log–Log graphical illustration of 
the CO2 adsorption isotherm data on Zeolite 13X [14, 
32]. Figure 1a shows cL model fitting fails to represent the 
CO2 adsorption isotherm data on Zeolite 13X with three 
adjustable parameters for the entire temperature range of 
273.15–473.15 K. Although Toth fits the low tempera-
tures isotherm data reasonably well with five adjustable 
parameters, Fig. 1b shows the fit deviates significantly at 
temperatures above 398.15 K. On the other hand, with the 
exception of pressures less than 10 Pa, gL reliably captures 
the experimental data with three adjustable parameters for 
the whole range of temperatures and pressures as shown 
in Fig. 1c. Note that, with the default value of 0.05 mol/kg 
for the standard deviation of the adsorption amount data, 
the adsorption isotherm data of CO2 on Zeolite 13X at low 
pressures are assumed to be subject to higher uncertainties.

Son et al. [14] reported comprehensive heat of adsorption 
data as a function of CO2 loading on Zeolite 13X at different 
temperatures using a differential scanning calorimeter. To 
evaluate the performance of each model, we predict the isos-
teric heat of adsorption based on the parameters regressed 
from pure component adsorption isotherm data as shown in 
Tables 1, 2, and 3. Figure 2a shows that cL predicts a con-
stant isosteric heat of adsorption that is inconsistent with the 
experimental data. Figure 2b shows the Toth predictions are 
significantly too high although the decreasing trend w.r.t. the 
loading is consistent with the data. In contrast, the gL pre-
dictions fall in the range of the experimental heat of adsorp-
tion data as shown in Fig. 2c. Figure 2c further shows that 
gL predicts, at low loadings, the heat of adsorption should 

Table 1   Model parameters for classical Langmuir isotherm

a Parameter regression using adsorption isotherms at multiple temperatures
b Parameter regression using adsorption isotherm and isosteric heat of adsorption data

Adsorbent Adsorbate T (K) n0
i
 (mol/kg) K

ref

i
(bar–1) Ei (kJ/mol) ni RMSE 

(mol/kg)
Qst,i ARD%

Zeolite 13Xa [14, 32] CO2 273.15–473.15 5.10 ± 0.01 40.754 ± 0.094 36.52 ± 0.07 0.358 6.25
Nuxit-AL charcoala [2, 33] CH4 293.1–363.1 3.06 ± 0.03 0.316 ± 0.011 18.64 ± 2.74 0.017 –

C2H4 293.1–363.1 4.48 ± 0.01 1.751 ± 0.029 25.45 ± 0.04 0.128 –
Silicaliteb [6] O2 305.45 1.83 ± 8.00 0.103 ± 0.483 16.33 ± 0.28 0.000 3.29

N2 296.1 1.46 ± 3.15 0.154 ± 0.370 17.70 ± 0.29 0.000 2.82
Ar 305.75 2.31 ± 9.40 0.088 ± 0.378 15.82 ± 0.24 0.000 2.88
CO2 303.75 2.62 ± 0.14 1.773 ± 0.159 27.72 ± 0.35 0.010 0.92
CH4 296.22 2.28 ± 0.49 0.398 ± 0.111 21.14 ± 0.25 0.001 1.33
C2H6 296.18 2.14 ± 0.02 10.578 ± 0.339 31.77 ± 0.28 0.010 1.36

Zeolite MFIb [10] CH4 296.2 2.44 ± 0.56 0.365 ± 0.109 21.72 ± 0.37 0.001 2.10
SF6 297 1.93 ± 0.01 20.125 ± 0.681 37.22 ± 0.40 0.008 2.93

BPL activated carbonb [21] CH4 297 2.04 ± 0.36 0.600 ± 0.148 21.28 ± 0.32 0.004 3.67
C2H6 297 3.28 ± 0.03 4.962 ± 0.104 28.80 ± 0.19 0.096 6.38

NaXb [8] CO2 305.95 4.62 ± 0.02 70.884 ± 1.699 39.29 ± 0.42 0.253 6.95
C2H6 305.55 4.79 ± 0.18 3.782 ± 0.302 30.01 ± 0.33 0.068 6.87
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Table 2   Model parameters for Toth isotherm

a Parameter regression using adsorption isotherms at multiple temperatures
b Parameter regression using adsorption isotherm and isosteric heat of adsorption data

Adsorbent Adsorb-
ate

T (K) n0
i
 (mol/kg) K

ref

i

(bar–1)
Ei (kJ/mol) f 0 β(K) ni RMSE 

(mol/kg)
Qst,i 
ARD%

Zeolite 13Xa 
[14, 32]

CO2 273.15–
473.15

7.55 ± 0 694.736 ± 0.083 47.54 ± 0.12 0.48 ± 0  − 49.65 ± 0.16 0.067 4.79

Nuxit-AL 
charcoala 
[2, 33]

CH4 293.1–
363.1

7.48 ± 0.01 0.179 ± 0 20.83 ± 0.01 0.88 ± 0  − 99.77 ± 0.12 0.012 –

C2H4 293.1–
363.1

10.56 ± 0.23 3.424 ± 0.016 31.61 ± 0.72 0.60 ± 0.02  − 69.01 ± 5.83 0.027 –

Silicaliteb 
[6]

O2 305.45 2.56 ± 10.77 0.074 ± 0.364 16.33 ± 0.45 0.90 ± 3.34 0 0.000 3.29
N2 296.1 1.76 ± 189.9 0.129 ± 13.425 17.70 ± 1.36 0.93 ± 37.81 0 0.000 2.82
Ar 305.75 3.44 ± 13.52 0.060 ± 0.285 15.82 ± 1.69 0.89 ± 1.85 0 0.000 2.88
CO2 303.75 4.82 ± 3.42 1.239 ± 0.699 27.72 ± 0.37 0.63 ± 0.35 0 0.001 0.92
CH4 296.22 2.43 ± 5.90 0.376 ± 0.821 21.14 ± 0.78 0.96 ± 1.12 0 0.001 1.33
C2H6 296.18 2.14 ± 0.07 10.578 ± 0.512 31.77 ± 0.53 1.00 ± 0.14 0 0.010 1.36

Zeolite 
MFIb [10]

CH4 296.2 2.91 ± 6.86 0.314 ± 0.654 21.72 ± 0.74 0.90 ± 1.35 0 0.001 2.10
SF6 297 1.95 ± 0.04 21.014 ± 2.839 37.22 ± 4.66 0.96 ± 0.41 0 0.007 2.93

BPL 
activated 
carbonb 
[21]

CH4 297 7.07 ± 19.38 0.220 ± 0.483 23.96 ± 1.87 1.00 ± 1.27  − 140.43 ± 217.2 0.001 1.39
C2H6 297 24.20 ± 7.22 6.566 ± 0.427 39.18 ± 1.39 0.43 ± 0.05  − 56.62 ± 8.92 0.009 1.61

NaXb [8] CO2 305.95 11.42 ± 1.03 670.275 ± 133.808 56.62 ± 2.56 0.54 ± 0.05  − 80.37 ± 12.01 0.027 1.55
C2H6 305.55 4.79 ± 0.90 3.782 ± 5.861 30.01 ± 56.09 1.00 ± 1.86 0 0.060 6.87

Table 3   Model parameters for generalized Langmuir isotherm

a Amount adsorbed calculated from A0

b Parameter regression using adsorption isotherms at multiple temperatures
c Parameter regression using adsorption isotherm and isosteric heat of adsorption data

Adsorbent Adsorbate T (K) n0
i
 (mol/kg) Koref

i
(bar–1) Ei (kJ/mol) Bi�(K) Ai (nm2) ni RMSE 

(mol/kg)
Qst,i ARD%

Zeolite 13Xb 
[14, 32]

CO2 273.15–
473.15

5.91 ± 0.02 28.766 ± 0.454 38.08 ± 0.11  − 767.13 ± 2.12 0.163 [40] 0.089 5.11

Nuxit-AL 
charcoalb 
[2, 33]

CH4 293.1–363.1 9.46a 0.029 ± 0.008 13.54 ± 0.78  − 543.94 ± 29.53 0.166 [41] 0.014 –
C2H4 293.1–363.1 6.98 ± 0.29 0.375 ± 0.045 23.69 ± 0.33  − 518.04 ± 14.25 0.225 [42] 0.029 –

Silicalitec [6] O2 305.45 3.18a 0.066 ± 0.022 16.33 ± 0.28 0 0.141 [40] 0.000 3.29
N2 296.1 2.77* 0.077 ± 0.029 17.70 ± 0.30 0 0.162 [40] 0.002 2.82
Ar 305.75 3.25a 0.073 ± 0.024 15.82 ± 0.29 0 0.138 [40] 0.001 2.88
CO2 303.75 2.75a 1.602 ± 1.077 27.62 ± 0.66  − 133.93 ± 324.72 0.163 [40] 0.009 1.10
CH4 296.22 2.70a 0.305 ± 0.160 20.95 ± 0.66  − 120.59 ± 232.02 0.166 [41] 0.002 1.40
C2H6 296.18 2.19a 7.822 ± 9.815 31.76 ± 0.31  − 88.26 ± 1754.9 0.205 [41] 0.015 1.49

Zeolite MFIc 
[10]

CH4 296.2 2.67a 0.316 ± 0.218 21.67 ± 1.25  − 61.12 ± 940.12 0.166 [41] 0.003 2.10
SF6 297 1.93a 14.131 ± 22.864 37.22 ± 0.98  − 0.18 ± 142.93 0.230 [41] 0.008 2.93

BPL 
activated 
carbonc 
[21]

CH4 297 10.61a 0.020 ± 0.007 12.67 ± 1.73  − 606.77 ± 48.96 0.166 [41] 0.002 1.35
C2H6 297 6.8 a 0.449 ± 0.152 23.38 ± 2.48  − 502.10 ± 8.50 0.259 [41] 0.028 2.95

NaXc [8] CO2 305.95 6.34 ± 0.22 28.961 ± 3.405 39.24 ± 0.47  − 689.53 ± 19.83 0.163 [40] 0.021 0.66
C2H6 305.55 5.04a 2.697 ± 1.164 30.00 ± 0.64  − 39.95 ± 1009.54 0.205 [41] 0.074 6.91
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be higher at lower temperatures and, at high loadings, the 
heat of adsorption would be lower at lower temperatures. 
This model behavior has been reported for thermodynamic 
Langmuir isotherm and explained based on Eq. (22) and 
the temperature dependence of the activity coefficients as 
suggested by the aNRTL activity coefficient model [13]. We 
followed Son et al. [14] and excluded the experimental data 
points at low loadings from Fig. 2 due to associated high 
data uncertainty.

Similar model behaviors are observed for CH4 and C2H4 
adsorption on Nuxit-AL charcoal at 293.1–363.1 K [2, 33]. 
Figure 3a show that cL, Toth, and gL all reliably capture the 
experimental CH4 adsorption isotherm data at all temperatures 
and pressures. In the case of C2H4 adsorption, Toth and gL 
accurately fit the experimental isotherm data while cL deviates 
significantly in the low-pressure region as shown in Fig. 3b. 
Since there are no experimental isosteric heat of adsorption 
data available for CH4 and C2H4 adsorption on Nuxit-AL char-
coal, Fig. 4 shows only the model predictions for isosteric heat 

Fig. 1   CO2 adsorption isotherm on Zeolite 13X at 273.15–473.15 K [14, 32]. a Classical Langmuir Log–Log plot, b Toth Log–Log plot, and c 
generalized Langmuir Log–Log plot; symbols show the experimental data at a specific temperature
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of adsorption from cL, Toth, and gL. Note that all the model 
predictions are consistent with the observation reported for 
typical microporous adsorbents [5, 34, 35] that the isosteric 
heat of adsorption should either remain constant or decrease 
with the loading.

4.2 � “Correlative” pure component isosteric heat 
of adsorption

Comprehensive adsorption isotherm data covering a wide 
temperature range is rarely available in the literature to sup-
port identification of the isotherm model parameters required 

to predict isosteric heat of adsorption over the temperature 
range of interest. An alternative approach is to identify the 
model parameters from simultaneous regression of available 
adsorption isotherm and heat of adsorption data. The objec-
tive function minimized in this case is given in Eq. (45).

where N and N′ denote the total number of data points in 
adsorption isotherm and isosteric heat of adsorption 

(45)Obj =

N∑
l=1

(
ncalc
l

− n
expt

l

�nexpt
l

)2

+

N�∑
l=1

(
Qcalc

st,l
− Q

expt

st,l

�Qexpt

st,l

)2

Fig. 2   Isosteric heat of adsorption of CO2 on Zeolite 13X at 283.15–473.15 K [14, 32]. a Classical Langmuir, b Toth, and c generalized Lang-
muir; symbols show experimental data with bars indicating the standard deviation
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datasets, respectively; �Qexpt

st,l
 is the standard deviation of the 

experimental heat of adsorption set to 2.0 kJ/mol.
The adsorption data of seven different adsorbates 

on four adsorbents have been examined. These adsorb-
ate–adsorbent systems are O2 at 305.45 K, N2 at 296.10 K, 
Ar at 305.75 K, CO2 at 303.75 K, CH4 at 296.22 K, and 
C2H6 at 296.18 K on Silicalite [6], CH4 at 296.2 K and 
SF6 at 297 K on Zeolite MFI [10], CH4 at 297 K and 
C2H6 at 297 K on BPL Activated Carbon [21], and CO2 at 
305.95 K and C2H6 at 305.55 K on NaX [8]. The experi-
mental amount adsorbed and isosteric heat of adsorption 
datasets were regressed simultaneously to identify the 
model parameters. The identified model parameters of 
cL, Toth, and gL along with the RMSE’s and ARD%’s are 
reported in Tables 1, 2, and 3, respectively.

Figure  5a shows the adsorption isotherms of O2 at 
305.45 K, N2 at 296.10 K, and Ar at 305.75 on Silicalite are 
well captured with the three isotherm models at all loadings. 
The heat of adsorption data and the model results presented 
in Fig. 6a suggest the energetically homogeneous adsorbent 
surface of Silicalite. Similarly, Figs. 5b and 6b show the data 
and the model results for the experimental adsorption iso-
therm and isosteric heat of adsorption of CO2 at 303.75 K, 
CH4 at 296.22 K, and C2H6 at 296.18 K on Silicalite. Note 
that, regardless of the small root mean square errors from the 
Toth isotherm fitting, the regressed pure component param-
eters for O2, N2, Ar, and CH4 have very higher uncertainties. 
With the saturation loading calculated from the adsorbent 

surface area and the effective area of the adsorbate compo-
nent, gL offers accurate results with reduced uncertainties 
in pure component isotherm parameters.

Likewise, cL, Toth, and gL capture the adsorption iso-
therms of CH4 at 296.2 K and SF6 at 297 K on Zeolite MFI 
at all loadings as shown in Fig. 5c. Figure 6c show that the 
experimental isosteric heat of adsorption of SF6 increases 
with the loading depicting an abnormal behavior. All three 
models predict that the isosteric heat of adsorption for both 
adsorbate components should be independent of the surface 
loading. Note that, other literature reported constant isosteric 
heat of adsorption of SF6 on Zeolite MFI [36, 37].

Figure 5d shows the adsorption isotherm data and the 
model results for CH4 at 297 K and C2H6 at 297 K on 
BPL activated carbon. While the three models accurately 
capture the experimental adsorption data of CH4, their 
representations for the C2H6 adsorption on BPL activated 
carbon at the low pressures are different. Both cL and gL 
correctly suggest the Henry’s law behavior for the C2H6 
adsorption at low pressures. However, the cL results are 
significantly lower than the experimental adsorption data. 
On the other hand, Toth provides slightly better fitting 
at the expense of questionable model parameter values. 
Specifically, the regressed Toth isotherm parameters, i.e., 
n0
i
,K

ref

i
, f 0 and � for CH4 are subject to very high uncer-

tainties and the regressed n0
i
 for C2H6 seems exceedingly 

high. Table 2 shows that the saturation loading of C2H6 
from Toth would be more than three times the saturation 

Fig. 3   Adsorption isotherm on Nuxit-AL charcoal at 293.1–363.1 K [2, 33]. a CH4 Log–Log plot and b C2H4 Log–Log plot
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Fig. 4   Isosteric heat of adsorption on Nuxit-AL charcoal at 293.1–363.1 K [2, 33] of a CH4 using classical Langmuir, b C2H4 using classical 
Langmuir, c CH4 using Toth, d C2H4 using Toth, e CH4 using generalized Langmuir, and f C2H4 using generalized Langmuir
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Fig. 5   Pure component adsorption isotherm of a O2 at 305.45 K, N2 
at 296.10  K, and Ar at 305.75  K on Silicalite [6] Log–Log plot, b 
CO2 at 303.75 K, CH4 at 296.22 K, and C2H6 at 296.18 K on Sili-
calite [6] Log–Log plot, c CH4 at 296.2 K and SF6 at 297.0 K on Zeo-

lite MFI [10] Log–Log plot d CH4 at 297.0 K and C2H6 at 297.0 K 
on BPL Activated Carbon [21] Log–Log plot e C2H6 at 305.55 K and 
CO2 at 305.95 K on NaX [8] Log–Log plot
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Fig. 6   Pure component isosteric heat of adsorption a O2 at 305.45 K, 
N2 at 296.10  K, and Ar at 305.75  K on Silicalite [6] b CO2 at 
303.75 K, CH4 at 296.22 K, and C2H6 at 296.18 K on Silicalite [6] 

c CH4 at 296.2 K and SF6 at 297.0 K on Zeolite MFI [10] d CH4 at 
297.0 K and C2H6 at 297.0 K on BPL Activated Carbon [21] e C2H6 
at 305.55 K and CO2 at 305.95 K on NaX [8]
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loading of CH4 regardless of the bigger size of C2H6 over 
CH4. Figure 6d shows that both Toth and gL reliably fit 
the experimental heat of adsorption data while the cL esti-
mations, indicating constant isosteric heat of adsorption, 
deviate substantially.

NaX is another nonideal and energetically heterogene-
ous adsorbent. Figure 5e indicates that all three models 
reliably fit the C2H6 adsorption isotherm at 305.55 K on 
NaX. On the other hand, only Toth and gL accurately rep-
resent the experimental adsorption isotherm data of CO2 
adsorption at 305.95 K on NaX while cL significantly 
under-estimates the adsorption amounts at low pressures. 
As shown in Fig. 6e, all three models suggest constant heat 
of adsorption in the case of C2H6. As for CO2, Toth and 
gL satisfactorily capture the trend that the isosteric heat 
of adsorption decreases with the loading, highlighting the 
adsorbent surface heterogeneity. In contrast, cL suggests 
a constant heat of adsorption that is inconsistent with the 
experimental data.

4.3 � Isosteric heat of adsorption for binary 
mixed‑gas adsorption

The binary mixed-gas adsorption systems investigated 
include (1) C2H4(1)–CH4(2) on Nuxit-AL charcoal at 
293.10  K and 0.992  bar, [2, 38] (2) C2H6(1)–CH4(2) 
on Silicalite at 298.44  K and 0.361–0.764  bar [39], 
(3) SF6(1)–CH4(2) on Zeolite MFI at ~ 294.56  K and 
0.113–0.634 bar [10], (4) CH4(1)–C2H6(2) on BPL Acti-
vated Carbon at 297.0 K and 0.034–0.703 bar [21], and (5) 
CO2(1)–C2H6(2) on NaX at 302.09 K and 0.302–1.069 bar 
[39]. The model results of IAST and gL isotherm are com-
piled in Table 4. Note that the gL isotherm for pure compo-
nent adsorption is used to compute the adsorption isotherm, 
integral enthalpy, and isosteric heat of adsorption in both the 
IAST and gL frameworks. This approach ensures the same 
pure component adsorption basis for both IAST and gL in 
computing the mixed-gas adsorption equilibria and the isos-
teric heat of adsorption. The gL pure component isotherm 
parameters are taken from Table 3. The following minimiza-
tion objective function, Eq. (46), is used to identify the gL 

binary interaction parameter B12 from the experimentally 
measured adsorbed phase mole fractions.

where N denotes the total number of data points, x
′expt

l
 and 

x
′calc
l

 indicate the experimental and calculated adsorbed 
phase mole fractions of adsorbate components, with vacant 
sites excluded. Set to 0.05, �

x
′expt

l

 denotes the standard devia-
tion in experimental adsorbed phase mole fraction.

Figure  7a shows the parity plot for the experimen-
tal and calculated adsorbed phase C2H4 mole fraction of 
C2H4(1)–CH4(2) on Nuxit-AL charcoal at 0.992 bar. The 
estimated adsorbed phase mole fractions from both IAST 
and gL are consistent with the experimentally measured 
adsorbed phase mole fractions. With the gL binary interac-
tion parameter regressed from the experimental adsorbed 
phase mole fractions, i.e., B12 = −811.72 K , Fig. 8 shows 
the isosteric heat of adsorption predictions for both adsorb-
ate components as a function of gas phase mole fraction. 
The IAST and gL isosteric heat of adsorption predictions 
are further compared against the modified Dubinin isotherm 
results reported in the literature [2] due to the absence of 
experimental data. The gL isotherm results closely follow 
the trends of the modified Dubinin isotherm results.

Similarly, Fig. 7b and c show the parity plots for the 
experimental and calculated adsorbed phase mole frac-
tion of C2H6(1)–CH4(2) on Silicalite at 298.44  K and 
SF6(1)–CH4(2) on Zeolite MFI at ~ 294.56  K, respec-
tively. They show that for C2H6(1)–CH4(2) on Silicalite, 
both IAST and gL accurately estimate the adsorbed phase 
mole fractions with the gL binary interaction parameter 
B12 = −155.17 K . In contrast, gL outperforms IAST for 
SF6(1)–CH4(2) binary on Zeolite MFI with B12 = −751.0 K . 
Figure 9a and b show the corresponding parity plots for 
isosteric heat of adsorption. Both the IAST and gL predic-
tions for isosteric heat of adsorption based on the binary 
mixed-gas adsorption equilibria data are consistent with the 
experimental data.

(46)Obj =

N∑
l=1

(
x
�calc
l

− x
�expt

l

�
x
�expt

l

)2

Table 4   Model results for binary mixed-gas adsorption equilibria

* Standard deviations of B12 parameter are nearly zero

Adsorbent Adsorbates T (K) P (bar) IAST ARD% gL ARD%

x′
1

Qst1
Qst2

B12(K)
* x′

1
Qst,1 Qst,2

Nuxit-AL charcoal [2, 38] C2H4(1)–CH4(2) 293.10 0.992 1.04 – –  − 811.72 1.45 – –
Silicalite [39] C2H6(1)–CH4(2) 298.44 0.361–0.764 1.96 2.05 1.31  − 155.17 3.23 2.03 1.09
Zeolite MFI [10] SF6(1)–CH4(2)  ~ 294.56 0.113–0.634 3.61 4.12 3.89  − 751.00 1.37 4.21 3.06
BPL activated carbon [21] CH4(1)–C2H6(2) 297.00 0.034–0.703 5.51 8.22 13.43  − 1858.33 3.22 5.18 10.80
NaX [39] CO2(1)–C2H6(2) 302.09 0.302–1.069 25.87 16.26 4.00  − 1107.56 12.93 3.91 3.67
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Fig. 7   Parity plots for adsorbed phase mole fraction of a C2H4(1)–
CH4(2) on Nuxit-AL charcoal at 293.10  K and 0.992  bar [2, 38] b 
C2H6(1)–CH4(2) on Silicalite at 298.44 K and 0.361–0.764 bar [39] 
c SF6(1)–CH4(2) on Zeolite MFI at ~ 294.56 K and 0.113–0.634 bar 

[10] d CH4(1)–C2H6(2) on BPL Activated Carbon at 297.0  K and 
0.034–0.703  bar [21] e CO2(1)–C2H6(2) on NaX at 302.09  K and 
0.302–1.069 bar [39]
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Figure  7d shows the parity plot for the experimen-
tal and calculated adsorbed phase CH4 mole fraction of 
CH4(1)–C2H6(2) on BPL activated carbon at 297 K. With 
B12 = −1858.33 K , gL outperforms IAST with the estimated 
adsorbed phase mole fractions. Figure 9c shows the gL pre-
dictions for isosteric heat of adsorption are slightly better 
than the IAST predictions. The deviations from the experi-
mental isosteric heat of adsorption data for C2H6 are likely 
related to the slightly inaccurate pure C2H6 isotherm data 
representation at the low pressure region shown in Fig. 5d. 
Interestingly, Tun [30] also investigated the same binary 
adsorption system of CH4(1)–C2H6(2) on BPL activated 
carbon at 297 K. He reported that Toth isotherm reliably fits 
the pure component adsorption isotherm in low pressures. 
However, the IAST results with Toth isotherm for pure com-
ponent adsorption failed to estimate the mixed-gas adsorp-
tion equilibria and the isosteric heat of adsorption [30].

Figure  7e shows the parity plot for the experimen-
tal and calculated adsorbed phase CO2 mole fraction of 
CO2(1)–C2H6(2) on NaX at 302.09 K. The parity plot indi-
cates that the IAST predictions depart from the experimental 
data while gL reliably correlates the experimental adsorbed 
phase mole fraction with B12 = −1107.56 K . Figure  9d 
shows the isosteric heat of adsorption predictions from both 
IAST and gL. While the predictions for C2H6 from both 
models match the experimental data, the gL predictions for 
CO2 are consistent with the data while the IAST predictions 
are considerably under-estimated.

We further examine the pressure dependence of isos-
teric heat of adsorption as predicted by IAST and gL. 
Three binary systems considered are C2H6(1)–CH4(2) on 
Silicalite at 298.44 K [39], SF6(1)–CH4(2) on Zeolite MFI 
at ~ 294.56 K [10], and CO2(1)–C2H6(2) on NaX at 302.09 K 
[39], all at two different pressures, i.e., 0.1 bar and 5.0 bar. 
The mixed-gas adsorption equilibrium diagrams of above-
mentioned systems are presented in Fig. S.1 of Supple-
mentary Information while the isosteric heat of adsorption 
predictions are shown in Fig. 10. For the binary mixed-gas 
adsorption of C2H6(1)–CH4(2) on Silicalite, both the IAST 
and gL predictions at 0.1 bar and 5.0 bar show a constant 
isosteric heat of adsorption as shown in Fig. 10a. This 
homogenous adsorbent behavior can be explained with the 
weak adsorbate-adsorbent interaction i.e., �i� =

Bi�

T
→ 0 , 

as shown in Table 3, and the weak adsorbate–adsorbate 
interaction, i.e., �12 =

B12

T
→ 0 , as shown in Table 4. Simi-

lar behavior can be observed in the case of SF6(1)–CH4(2) 
binary adsorption on Zeolite MFI at 0.1 bar highlighting 
the ideal adsorption behavior. However, Fig. 10b shows as 
the pressure is increased to 5.0 bar, the gL predictions for 
isosteric heat of adsorption suggest strong dependence of 
adsorbed phase composition. Although the pure component 
interaction parameters Bi� are small as shown in Table 3, 
the binary interaction parameter, i.e., B12 = −751.0 K per 
Table 4, highlights strong nonideality in the adsorbed phase. 
In the case of CO2(1)–C2H6(2) binary system on NaX as 
shown in Fig. 10c, the gL predictions for CO2 at both 0.1 bar 
and 5.0 bar show the isosteric heat of adsorption decreases 
as the adsorbed phase mole fraction of component CO2(1), 
x′
1
 , increases. In contrast, the IAST predictions for CO2 at 

0.1 bar show that the isosteric heat of adsorption remains 
nearly constant and then decreases slightly as x′

1
 approaches 

unity. Then, at 5.0 bar, the IAST predictions suggest the 
isosteric heat of adsorption should increase with the increase 
in x′

1
 . These IAST predictions are not consistent with the 

expectation that stronger adsorption sites are preferred and 
therefore the heat of adsorption should decline with the 
increase in x′

1
 . Note that both gL and IAST give very similar 

predictions at 0.1 bar and 5.0 bar for the isosteric heat of 
adsorption of C2H6, indicative of ideal adsorption behavior 
for C2H6.

5 � Conclusions

This work shows generalized Langmuir isotherm reliably 
represents the isosteric heat of adsorption for pure compo-
nent adsorption with three model parameters: the intrinsic 
adsorption equilibrium constant, the heat of adsorption, 

Fig. 8   Predicted isosteric heat of adsorption of C2H4(1)–CH4(2) on 
Nuxit-AL charcoal at 293.10 K and 0.992 bar [2, 38]
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and a binary adsorbate-adsorbent interaction parameter. 
Furthermore, generalized Langmuir reliably estimates the 
isosteric heat of adsorption as functions of surface load-
ing and adsorbed phase composition with an additional 
binary adsorbate–adsorbate interaction parameter. Reliably 
representing both adsorption equilibria and isosteric heat 

of adsorption for multicomponent gas adsorption systems, 
the rigorous and robust generalized Langmuir isotherm is a 
powerful thermodynamic modeling tool to support simula-
tion and design of industrial gas adsorption units.

Supplementary Information  The online version contains supplemen-
tary material available at https://​doi.​org/​10.​1007/​s10450-​023-​00379-x.

Fig. 9   Parity plots for isosteric heat of adsorption of a C2H6(1)–
CH4(2) on Silicalite at 298.44 K and 0.361–0.764 bar [39] b SF6(1)–
CH4(2) on Zeolite MFI at ~ 294.56  K and 0.113–0.634  bar [10] c 

CH4(1)–C2H6(2) on BPL Activated Carbon at 297.0  K and 0.034–
0.703  bar [21] d CO2(1)–C2H6(2) on NaX at 302.09  K and 0.302–
1.069 bar [39]
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