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Abstract

Standard interpolatory subdivision schemes and their underlying interpolating refin-
able functions are of interest in CAGD, numerical PDEs, and approximation
theory. Generalizing these notions, we introduce and study ns-step interpolatory M-
subdivision schemes and their interpolating M-refinable functions with n; € NU {00}
and a dilation factor M € N\{1}. We completely characterize ™" -convergence and
smoothness of ng-step interpolatory subdivision schemes and their interpolating M-
refinable functions in terms of their masks. Inspired by n-step interpolatory stationary
subdivision schemes, we further introduce the notion of r-mask quasi-stationary sub-
division schemes, and then we characterize their ¢ -convergence and smoothness
properties using only their masks. Moreover, combining rng-step interpolatory sub-
division schemes with r-mask quasi-stationary subdivision schemes, we can obtain
rng-step interpolatory subdivision schemes. Examples and construction procedures of
convergent ng-step interpolatory M-subdivision schemes are provided to illustrate our
results with dilation factors M = 2, 3, 4. In addition, for the dyadic dilation M = 2
and r = 2, 3, using r masks with only two-ring stencils, we provide examples of 6" -
convergent r-step interpolatory »-mask quasi-stationary dyadic subdivision schemes.

Keywords n-step interpolatory subdivision schemes - s,-interpolating refinable
functions - r-mask quasi-stationary - Convergence - Smoothness - Sum rules
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1 Introduction and main results

In this paper we are interested in interpolatory subdivision schemes and their inter-
polating refinable functions, because such functions are the backbone for building
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wavelets for image processing and numerical PDEs, and in computer aided geometric
design (CAGD) for developing fast computational algorithms. Throughout this paper,
a positive integer M € N\ {1} is called a dilation factor. By lo(Z) we denote the space
of all finitely supported sequences a = {a(k)}xez : Z — C. For any finitely supported
sequence a € lo(Z), its symbol a(z) is a Laurent polynomial defined by

i) =Y al)*,  zeC\(0}.

keZ

For a € [y(Z) satisfying ZkeZ a(k) = 1(.e.,a(l) = 1), we can define a compactly
supported distribution ¢ through the Fourier transform ¢ (£) := ]_[iil a(e ™8 for
& € R, where the Fourier transform here is defined to be f(é ) = fR fx)e ™ dx & €
R for integrable functions f and can be naturally extended to tempered distributions
through duality. Note that a(O) = 1. It is well known and straightforward that ¢ is an
M-refinable function satisfying the following refinement equation:

d=M Za(k)d)(M . —k), orequivalently, @(ME)=a(e H)pE), (1.1

keZ

where the sequence a € [p(Z) in (1.1) is often called the mask for the M-refinable
function ¢.

An interpolating function ¢ is a continuous function on the real line R such that
¢ (k) = &(k) for all k € Z, where § is the Dirac sequence such that §(0) = 1 and
d(k) = Oforallk € Z\{0}. The simplest example of compactly supported interpolating
functions is probably the hat function

¢ (x) = max(l — |x],0), x€eR, (1.2)

which is used in numerical PDEs and approximation theory. Note that the hat function
¢ in (1.2) is M-refinable with a mask a € lo(Z) given by a(z) = M2z "M + z +
-+« 4+ zM=1)Z Therefore, the hat function ¢ in (1.2) is also used to build wavelets for
their applications to image processing and computational mathematics. For s, € R,
generalizing standard interpolating functions and motivated by [7, 21, 22], in this paper
we consider a more general class of interpolating functions ¢ satisfying

b(sa+k) =8k), VkeZ. (1.3)

For simplicity, we call ¢ an s,-interpolating function if it is continuous and satisfies
(1.3). For a given function f on R and a mesh size 2 > 0, the interpolation property
in (1.3) guarantees that g(x) := Y o, f(hk)¢ (h~'x + s, — k) interpolates f in the
sense that g(hk) = f(hk) forall k € Z.

In this paper, we are interested in s,-interpolating M-refinable functions and their
intrinsic connections to interpolatory subdivision schemes. Except spline refinable
functions such as the hat function in (1.2), an M-refinable function ¢ with a mask
a € ly(Z) generally cannot have any analytic expression (e.g., see [14, Section 6.1]).
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Consequently, a subdivision scheme is often employed to approximate a refinable
function ¢ using its mask a € lo(Z). By [(Z) we denote the space of all sequences
v = {v(k)}kez : Z — C. The M-subdivision operator Sy.m : [(Z) — I(Z) is defined
to be

[Samv](j) = MY v(k)a(j — Mk), j € Z,vel(Z). (1.4)
keZ

For many applications such as CAGD and numerical algorithms, the subdivision oper-
ator in (1.4) is often implemented using convolution and coset masks. For u, v € ly(Z),
their convolution is defined to be [u * v](j) = ZkeZ u(k)v(j — k) for j € Z. Note
that the symbol of u * v is just U(z)V(z). For amask a € [p(Z) and y € Z, its y-coset
mask a!7*M! is defined to be

a"Mky == a(y + Mk), k€ Z. (1.5)

Then the definition of the M-subdivision operator S, m in (1.4) can be equivalently
expressed as

[Samv]"M () = [Samvl(y +Mj) =MD " v()aly +M(j — k) =M xa"M](j),  jez
keZ

Hence, fory =0, ..., M—1,each Ma!?MIis called a stencil in CAGD and is an n-ring
stencil if alVM! is supported inside [—n, n + §(y) — 1]. Note that a mask a € lo(Z)
has at most n-ring stencils if and only if the mask a is supported inside [—Mn, Mn].
In CAGD and other applications, it is highly desired to have subdivision schemes
with small n-ring stencils for fast implementation and for reducing the number of
special subdivision rules near extraordinary vertices of subdivision surfaces. However,
this greatly restricts the choices of desired subdivision schemes and smooth refinable
functions. Consequently, new settings and ideas are needed to circumvent this obstacle.

Starting from an initial sequence v € [(Z), an M-subdivision scheme iteratively
computes a sequence {‘S’Z’,\Av};";1 of subdivision data. The backward difference oper-
ator V : [(Z) — [(Z) is defined to be

[Vvlk) :=v(k) — vk — 1), k € Z,v € [(Z) with the convention Vo= .

We now recall the definition of the 6" -convergence of a (stationary) M-subdivision
scheme below (e.g., see [18, Theorem 2.1]) and discuss the notion of co-step interpo-
latory subdivision schemes:

Definition 1 Let M € N\{1} be a dilation factor. Letm € Ny := NU{0}and a € [p(Z)
be a finitely supported mask satisfying » °, ., a(k) = 1. We say that the M-subdivision
scheme with mask a € ly(Z) is €™ -convergent if for every initial input sequence
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v € I(Z), there exists a continuous function n, € ¢ (R) such that for every constant
K >0,

lim_ R S M [V SE (k)= (M™"k)| =0, forall j =0,...,m,
(1.6)

where nf,j ) stands for the Jjth derivative of the function 7n,. In addition, we say that a
%O-c:onvergent M-subdivision scheme with mask a € [y(Z) is co-step interpolatory

with center s, € R if
Ny (sq + k) = v(k), VkelZ,vellZ). (L.7)

For a convergent subdivision scheme with mask a € lo(Z), the limit function 5, in
Definition 1 with the initial input sequence v = § is called its basis function, which
must be the M-refinable function ¢ with the mask a (e.g., see Section 3 for details).
For every v € [(Z), noting that v = ), ., v(k)8(- — k) and the M-subdivision scheme
is linear, we have 1, = ZkeZ v(k)¢ (- —k). Now it is evident that ¢ is s,-interpolating
(i.e., ¢(sq + k) = 8(k) for all k € Z) if and only if (1.7) holds, i.e., its convergent
subdivision scheme must be co-step interpolatory with the center s,. Therefore, to
study the convergence of a subdivision scheme, it is critical to investigate its M-
refinable function ¢ with a mask a € lp(Z). If ¢ is a standard interpolating function,
i.e., ¢ is O-interpolating, then n,(k) = v(k) for all k € Z and v € [(Z). Such a
subdivision scheme is called a standard interpolatory M-subdivision scheme, whose
mask a must be M-interpolatory satisfying the condition a(Mk) = M~!§(k) for all
k € Z. Standard interpolatory subdivision schemes have been extensively studied and
constructed in the literature, for example, see [1-6, 14, 17] and references therein.

Masks having the symmetry property are of particular interest in CAGD and wavelet
analysis (e.g., see [5, 8, 14, 19]). For a mask a € [y(Z), we say that a is symmetric
about the point ¢, /2 if

a(cg —k)=ak) VkeZ with ¢, € Z. (1.8)

A subdivision scheme with a symmetric mask « in (1.8) for an odd (or even) integer ¢,
is called a dual (or primal) subdivision scheme in CAGD. As pointed outin [7], an open
question was asked by M. Sabin: Does there exist an interpolatory dual subdivision
scheme which is similar to interpolatory primal subdivision schemes? This question
has been recently answered by L. Romani and her collaborators in the interesting
papers [7, 21, 22], showing that this is only possible for M > 2. Moreover, for dilation
factors M > 2, interesting results and several examples are presented in [7, 21-23],
which have greatly motivated this paper. In particular, for M = 2 (which is the most
common choice in CAGD and wavelet analysis), dropping the symmetry property in
(1.8), we are interested in whether there exists an s,-interpolating 2-refinable function
with s, ¢ Z. This further motivates us to characterize all s,-interpolating M-refinable
functions and their oco-step interpolatory M-subdivision schemes in terms of their
masks. Indeed, we show in Examples 5 and 6 that there are s,-interpolating 2-refinable
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functions with s, € {%, %} and their dyadic subdivision schemes are 2-step or 3-step
interpolatory.

To present our main results in this paper on s,-interpolating M-refinable functions
and their associated M-subdivision schemes, we recall some necessary definitions.
The convergence and smoothness of a subdivision scheme are linked with the sum
rules of a mask a € [p(Z). For J € Ny, we say that a mask a has order J sum rules
with respect to a dilation factor M if

> Py +Mba(y +Mk) =M~" Y “pkatk),  Ypell, i,y €Z (19)
keZ keZ

where IT;_ is the space of all polynomials of degree less than J. For convenience,
we define sr(a, M) := J with J in (1.9) being the largest such an integer. Note that
a polynomial sequence {p(k)}xecz on Z can be uniquely identified with its underlying
polynomial p on the real line R.

The convergence of a subdivision scheme can be characterized by a technical quan-
tity sm,(a, M), which is introduced in [10]. For a mask a € lp(Z) and 1 < p < o0,
we define (e.g., see [8, 10, 11, 14])

. . 1
smy(a, M) := % —logy ps(a, M), with p;(a, M), := limsup ||VJS;1.M6||1P/("Z), J :=sr(a, M).
n—o0

(1.10)

It is known that an M-subdivision scheme with mask a € [p(Z) is € -convergent
if and only if smy(a, M) > m (e.g., see [10, Theorem 4.3] or [18, Theorem 2.1]).
We shall discuss how to effectively compute and estimate the smoothness exponents
smp(a, M) and smq, (a, M) in Section 2.1.

As we shall see in Theorem 1, an M-refinable function ¢ with a mask a € [o(Z) is
sq-interpolating if and only if its M-subdivision scheme is %°-convergent and co-step
interpolatory. However, for special centers s,, its subdivision scheme can be n;-step
(instead of co-step) interpolatory for some finite integer ny € N in the following sense:

Definition 2 For n; € N, we say that an M-subdivision scheme with a mask a € ly(Z)
is ng-step interpolatory if

[SIyvl(s + M k) = v(k), Yk eZvel(Z) (1.11)

for some shift s € Z. We often take ng € N to be the smallest integer such that (1.11)
holds.

Using the definition of the subdivision operator in (1.4), we can directly deduce
from (1.11) that

[STMVIT +M™ - £ MUTD) s M3 k) = v(k),  VkeZ.qeNvel().

Hence, the subdivision scheme in Definition 2 interpolates the data after every ng-step
subdivision and the same subdivision scheme is obviously gn-step interpolatory with
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the shift (I + M + ... 4+ M@=D"s)g Note that a standard interpolatory subdivision
scheme is simply 1-step interpolatory with the shift s = 0 and ng; = 1 in Definition 2.
Moreover, if an ng-step interpolatory M-subdivision scheme with a mask a € [y(Z)
in Definition 2 is %O-convergent, then by (1.6) and (1.11), the M-subdivision scheme
must be also co-step interpolatory with the center s, := (M" — 1)~ !s and its M-
refinable function ¢ must be s,-interpolating.

For special choices of s, € R, the following result, whose proofis given in Section 3,
characterizes all s,-interpolating M-refinable functions and their ™ -convergent co-
step interpolatory M-subdivision schemes in terms of their masks.

Theorem 1 Let M € N\{1} be a dilation factor. Let m € Ny and a € ly(Z) be a finitely
supported mask with ) " ., a(k) = 1. Define a compactly supported distribution ¢ by

a(é) = ]_[C;ozl 5(e_iM_jé)for§ € R. For a real number s, € R satisfying
M™s (M — 1)s, € Z for some mg € Ny and ng € N, (1.12)

the following statements are equivalent to each other:

(1) The M-refinable function ¢ with mask a belongs to €™ (R) and is s,-interpolating
as in (1.3).
(2) smeo(a, M) > m and there is a finitely supported sequence w € lo(Z) such that

[Ap, * w](M™k) =M""8(k) VkelZ, (1.13)
[An, * w](M™s (M" — 1)s, + Mk) = M w(k), VkeLZ, (1.14)
where the finitely supported masks A, € lo(Z) are defined to be
1

)aEM' ) - aEMae).
(1.15)

A, = M”’SJMS, or equivalently, Kn(z) = aE"”

For the particular case mg = 0, the conditions in (1.13) and (1.14) together are
equivalent to

A (M = 1)sy + M 5k) = M58k)  VkeZ, (1.16)

because w = § is the unique solution to (1.13) with mg = 0 due to Ag = § and
dxw=w.

(3) The M-subdivision scheme with mask a is €™ -convergent and oo-step interpo-
latory with the center s, as in the sense of Definition 1. For the particular case
mg = 0, the M-subdivision scheme with mask a is further ng-step interpolatory
with the integer shift (M™s — 1)s, as in the sense of Definition 2.

Moreover, any of the above items (1)—(3) implies that the M-subdivision scheme with
mask a has the following polynomial-interpolation property:

SumP=pPM™"(sg +-) —sa),  VneN,pegam-1- (1.17)
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The setofall s, € Rsatisfying (1.12) s U;’n‘i:o Uile [M~"s (M —1)~1Z], whichis
dense in R. Moreover, s, € R satisfies (1.12) if and only if [0, 1)N (Uj?';o[Mj Sq+7])1s
afinite set. We shall explain in Section 2.2 the condition (1.12) on s, in details, which is
rooted in the fundamental problem of how to determine the exact (not approximated)
value ¢ (s,) of a continuous M-refinable function ¢ (not necessarily interpolating)
within finitely many steps using only its mask a € lp(Z).

For many applications such as curve/surface generation in CAGD and wavelet
methods for numerical PDEs and image processing, d-dimensional refinable functions
¢ with the dilation matrix 21, are highly desired to possess high smoothness (e.g., ¢ €
¢%(R?) in CAGD for continuity of the curvature of subdivision curves or surfaces),
interpolation property (e.g., interpolating curves/functions in CAGD and numerical
PDEs), and masks of small supports (for fast implementation and boundary treatment
in applications, e.g., see [14, 19]). However, these highly desired properties of ¢ are
mutually conflicting to each other. For example, [9, Theorem 3.5 and Corollary 4.3]
shows that there are no standard interpolating 2/;-refinable functions ¢ € €>(R9)
whose masks can be supported inside [—3, 3]¢. Consequently, it is impossible to have
€*-convergent (dyadic) 2/;-subdivision schemes with two-ring stencils. Motivated by
the ng-step interpolatory stationary subdivision schemes in Theorem 1 and [9], we shall
show that this can be remedied by introducing the notion of r-mask quasi-stationary
subdivision schemes.

Letr € Nand ay,...,a, € lp(Z) be finitely supported masks. For n € N, we
define
S ... S ln/rl if N,
S = | M) e (L)

Sa{,,),MSa[,,)_l,M te Sal,M[Sa,,M T Sal,M]Ln/” , ifn¢rN,

where | x| is the largest integer not greater than x and {n} :=n—r|n/r] € {0, ..., r—
1}. For any initial input sequence v € I(Z), we obtain a sequence {S{’;l”rwath};‘li 1

of M-subdivision data. In other words, we apply the M-subdivision operators on the

initial data v € [(Z) using the masks {ay, ..., a;} in the r-periodic ordering fash-
ion ay,...,ar,ai,...,ar,.... Therefore, such a subdivision scheme using masks
{ay, ..., a,} will be called an r-mask quasi-stationary subdivision scheme.

Similar to Definition 1, we have

Definition3 Let M € N\{1} be a dilation factor and r € N. Let m € Ny and
ai,...,ar € lgp(Z) be finitely supported masks satisfying Zkez ap(k) = 1 for
£ =1,...,r. We say that the r-mask quasi-stationary M-subdivision scheme with
masks {ay, ..., a;} is €"-convergent if for every initial input sequence v € [(Z),
there exists a function n, € "™ (R) such that for every constant K > 0,

lim ma N2

DM = P
Jim o max ) =P M =0, forall j =0,....m.

(1.19)
Obviously, Definition 3 with » = 1 becomes Definition 1. We now characterize the

%™ -convergent quasi-stationary subdivision schemes in the following result, whose
proof is presented in Section 4.
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Theorem2 Let M € N\{1} be a dilation factor and r € N. Let m € Ny and
ai, ..., ar € lo(Z) be finitely supported masks with ) ", ., ag(k) = 1fort =1,...,r.
Define a mask a € lo(Z) by

1

a=M"Sy M Suymd, thatis, a(z):=a" ") 3 1(EMa ). (1.20)

Define the compactly supported M"-refinable function/distribution ¢ via the Fourier
transform q?(g) = Hj’il S(e_iM_rJE)forS € R. Note that a(O) = 1. Then the r-mask

quasi-stationary M-subdivision scheme with masks {ay, . .., a,} is €™ -convergent if
and only if
SMeo(a, M) > m and sr(ag, M) > m, Ve=1,...,r. (1.21)

Moreover, for every v € I(Z), the limit function n, in (1.19) of Definition 3 must be
given by ny =Y ;o vk (- — k).

The contributions and potential usefulness of the results in Theorems 1 and 2 are
outlined below:

(1) We introduce the notion of r-mask quasi-stationary subdivision schemes and fully
characterize them in Theorem 2. This notion and examples in Section 2 offer new
ng-step interpolatory 2-subdivision schemes for CAGD and new interpolating
refinable functions for numerical PDEs. In particular, for r = 2, 3, we obtain
6" -convergent r-step interpolatory r-mask quasi-stationary dyadic subdivision
schemes using only two-ring stencils in Examples 2 and 3. Their tensor products
obviously offer d-dimensional ¢ -convergent r-step interpolatory »-mask quasi-
stationary dyadic 2/;-subdivision schemes using only two-ring stencils.

(2) We introduce the notion of s,-interpolating refinable functions and characterize
them in Theorem 1, leading to ng-step interpolatory subdivision schemes with
ns € N U {oo}. Example 5 shows the existence of %-interpolating 2-refinable
functions ¢ € ¢! (R) and their €' -convergent 2-step interpolatory dyadic subdi-
vision schemes. For M = 3, 4, Examples 4 and 7 obtain several interpolatory dual
M-subdivision schemes with symmetric masks such that their ng-interpolatory
M-subdivision schemes are ‘52—convergent with ng € {2, 0o}.

(3) For masks symmetric about ¢, /2, interpolatory dual M-subdivision schemes with
M > 2 have been studied in the interesting papers [7, 21-23]. Because the basis
functions there must be s,-interpolating with s, = m (see details after
Proposition 3), the necessary and sufficient Theorem 1 can be applied to this
special case and only uses masks a without requiring symmetry. While [21, The-
orems 3.4 and 3.5] involves both masks a and values of ¢ on % + Zin [21, (11)],
which is further addressed in [7, Assumptions 1 and 2]. Interestingly, we con-
struct in Example 8 a ¢%-convergent oo-interpolatory 2-mask quasi-stationary
dyadic 2-subdivision scheme with masks {a;, a»}, which leads to a symmetric
%-interpolating M-refinable function and a %-convergent interpolatory dual M-
subdivision scheme with M = 4.
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(4) Theorems 1 and 2, which can be combined as in Corollary 8, offer new interpo-
lating refinable functions (e.g., see Examples 3 and 8) and wavelets which are of
interest in their applications to numerical PDEs and image processing. Interest-
ingly, the notion of r-mask quasi-stationary subdivision schemes in Theorem 2
offers a flexible framework for constructing non-traditional wavelets with added
features, for which we shall leave it as a future research problem.

The structure of the paper is as follows. In Section 2, we provide several examples
and construction procedures of quasi-stationary 2-subdivision schemes and n-step
interpolatory M-subdivision schemes. We also discuss how to estimate the smoothness
exponent smy,(a, M) and explain in details the condition (1.12) and roles on s,. In
Section 3, we first develop some auxiliary results and then we prove Theorem 1. In
Section 4, we shall prove Theorem 2 and then we shall present a result in Corollary 8 by
combining both Theorems 1 and 2 for rn-step interpolatory »-mask quasi-stationary
M-subdivision schemes with masks {aq, ..., a,}.

2 Examples of ns-step interpolatory (quasi)-stationary subdivision
schemes

Applying Theorems 1 and 2, we discuss how to construct desired masks a for s,-
interpolating refinable functions and their ng-step interpolatory subdivision schemes.
We first discuss how to estimate the smoothness exponent smy (@, M) and then explain
the condition (1.12) on s,. Then we present some examples of convergent r-step inter-
polatory r-mask quasi-stationary subdivision schemes using Theorems 1 and 2 with the
commonly used dilation factor M = 2. Next, we provide construction procedures and
several examples of masks for s, -interpolating M-refinable functions using Theorem 1.
Finally, we apply our constructed n-step interpolatory subdivision schemes to CAGD
for generating smooth subdivision curves and we explain the roles of s, in CAGD.
To present our examples and discuss their construction, for a mask a € lp(Z), we
define the filter support fsupp(a) to be the smallest interval [I,, h,] with l,, h, € Z
such that a(l;)a(h,) # 0 and a(k) = O for all k € Z\[l,, h,]. Then its M-refinable

function ¢ must be supported inside [%, %].

2.1 Estimate and optimize the smoothness quantity sm,(a, M)

To construct desired masks in Theorems 1 and 2 for smooth interpolating refinable
functions, we first discuss how to calculate and estimate the smoothness exponent
SMe (a, M) in (1.10). Because masks a constructed in Theorems 1 and 2 often have
some free parameters, we shall discuss how to search among these free parameters in
the masks a such that the smoothness exponent smy (a, M) is as large as possible.
The smoothness exponent sm,(a, M) defined in (1.10) for 1 < p < oo plays a
critical role in studying subdivision schemes and wavelets. In CAGD, an M-subdivision
scheme with mask a € [p(Z) is €"-convergent if and only if smy(a, M) > m
(e.g., see [18, Theorem 2.1] or [14, Theorem 7.3.1]). Even for arbitrary matrix masks
a € (lop(Z))"*", the vector M-subdivision scheme with mask a is ¢ -convergent if
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and only if smy(a, M) > m (e.g., see [15, Theorem 1]). Moreover, the convergence
rate of the vector subdivision scheme is also determined by sm,(a, M), e.g., see [15,
Theorem 2]. To study refinable functions in wavelet analysis, recall that the cascade
operator Ry m : L,(R) — L,(R)isdefinedtobe Rymf := M} oy alk) f(M-—k).
Let ¢ be the M-refinable function with a mask a. Then ¢ is a fixed point of R, m, i.e.,
Ra.m¢ = ¢. From the refinement equation (1.1), one can easily see that RZ wf =
ZkeZ[Sg’Mé'](k)f(M” -—k), i.e., a cascade algorithm is closely linked to a subdivision
scheme for studying the convergence of the cascade algorithm {RZ! wmf1o2, in the
Sobolev space WI’,” (R) (e.g., see [10, 14, 16]). Then a cascade algorithm with mask
a converges in W[’,” (R) if and only if sm,(a, M) > m (e.g., see [10, Theorem 4.3]
or [14, Theorem 5.6.16]). The L ,-smoothness exponent sm(¢) is defined later in
(3.12). Then smy(¢) > smp(a, M). Moreover, sm,(¢) = sm,(a, M) holds if the
integer shifts of ¢ are stable, i.e., span{$($ +27k) : k € Z} = Cforevery &€ € R.

Generally, computing smy,(a, M) is not an easy task, but we can often estimate
S (a, M). Let a € [p(Z) be a finitely supported mask. Define J := sr(a, M), the
highest order sum rules of the mask a with respect to a dilation factor M. Then we can
write

i) =04z+---+z2"YH/bz) for some sequence b € lo(Z). (2.1

It is well known that a mask a € [y(Z) has order J sum rules as defined in (1.9) if and
only if (2.1) holds (e.g., see [13, Theorem 3.5] or [14, Theorem 1.2.5]). Recall that
the quantity p;(a, M), is defined in (1.10). Then we must have

. 1
pi(a, My, = po(b, M), := lim sup |57 3, '(;, 2.2)
n— o0

(e.g., see [8, Theorem 2.1] and Lemma 6) and by [14, Corollary 5.8.5] and [8, Corol-
lary 2.2],

SMeo (@, M) = —logy po(b, M)oo and  po(b, M)so = inf
nENy:O,...,M”fl keZ

(2.3)

In particular, for every n € N, we obviously have the following lower bounds of
Sy (a, M):

1
S (a, M) = —logy po (b, M)so = —logy ( Osu]i/| 1 [Z ISy w81y + M"k)l]n>'
V=0 =1 " ez

2.4)
If there exists yy € Z such that
b(yo +Mk)=0 V k € Z\{0} and Z Ib(y +Mk)| < [b(yo)l, Vy=0,...,M—1,

keZ
(2.5)
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then po(b, M)oo = M|b(y0)| by [8, Corollary 2.2], and hence, smy(a, M) = —1 —
logy 16(y0)|. Otherwise, we often have to take large integers n in (2.4) to obtain
accurate low bounds of smyo(a, M).

Fortunately, for the special case p = 2, the quantities smy(a, M) and po (b, M), can
be effectively computed by finding the spectral radius of some special finite matrix
B. Because b is finitely supported, we define [Ip, hp] := fsupp(b) to be the filter
support of b. Define a sequence ¢ € ly(Z) by c(j) := Zz":lh b(j + k)b(k) for j € Z.

That is, &(e~6) = |b(e~%)|? for & € R. Then fsupp(c) = [l — hp, hy — I;]. By [8,
Theorem 2.1] or [14, Corollary 5.8.5], we have po(b, M), = M/p(B) and

smp(a, M) = —% — $logy p(B)  with B := (c(Mk — j))

hy=ly oy =l
-l =ikl

(2.6)

where p(B) is the spectral radius of the finite matrix B and LMJ is the largest inte-

M—1
ger < hf\l/,l:llb . Note that the sequence ¢ must be symmetric about the origin. Therefore,

taking advantages of symmetry of the sequence ¢, we can further speed up the cal-
culation of sm»(a, M) by computing the spectral radius of a smaller matrix (roughly
speaking, half size of the matrix B in (2.6)), see [11, Algorithm 2.1]. Moreover, the
quantity smeo (@, M) can be estimated from smj(a, M) by

smp(a, M) — % < smeo(a, M) < smj(a, M). 2.7)

We also refer to [14, Corollary 5.8.5] for other ways of estimating the smoothness
exponent sme (a, M).

In all our examples constructed through Theorems 1 and 2, the masks a € lo(Z)
often have several free parameters. Because we often have to solve nonlinear equa-
tions in Theorems 1 and 2, in fact we often obtain several families of masks with free
parameters and complicated expressions. Consequently, to find special values of the
parameters such that the smoothness exponent smy, (a, M) is as large as possible, we
simply use a brute force method by locally searching for the highest possible smooth-
ness smp(a, M) among the parameters until sm»(a, M) achieves a local maximum
value among such parameters. Due to (2.7), such smoothness exponent smq (a, M) at
the special parameter values is nearly the highest among all values of the parameters.
Directly minimizing the spectral radius p(B) among the parameters of masks a is
difficult, because the masks a obtained by Theorems 1 and 2 often have complicated
structure and many parameters. For relatively simple masks with free parameters, this
issue has been addressed in [20, Section 4] for constructing smooth bivariate Hermite
subdivision schemes aided by spectral radius optimization.

2.2 The condition (1.12) on s, in Theorem 1 for s4-interpolating refinable
functions

At first glance, the condition (1.12) in Theorem 1 may appear to be artificial and
complicated to the readers. But (1.12) is in fact rooted in the fundamental problem of
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how to determine the exact (not approximated) value ¢ (s,) of a general continuous
M-refinable function ¢ (not necessarily interpolating) within finitely many steps using
only its mask a € lp(Z). As we mentioned before, except spline refinable functions,
an M-refinable function ¢ with a mask a € lp(Z) cannot have any analytic expression
(e.g., see [14, Chapter 6.1]) and is only theoretically defined through the Fourier

transform by ¢A>(§ ) = ]_[?OZ1 a(e~™M7E) for £ € R, or equivalently, ¢ is the unique
latent solution to the refinement equation (1.1) under the normalization condition
(?)\(O) = 1. Consequently, to satisfy the condition ¢ (s, + k) = §(k) for all k € Z in
(1.3), the exact values ¢ (s, + k) for k € Z must be able to be determined in finitely
many steps from its mask a € lp(Z) through the refinement equation (1.1).

Iterating the refinement equation (1.1), one can easily deduce that

P(x) =) [SEmSIK)pM'x —k) = M" > " A, (k)p(M'x —k),  neNxeR,
keZ keZ
(2.8)

where A, is defined in (1.15), ie., A, = M’”S;"MS. Therefore, an M-refinable
function ¢ with mask a is also an M"-refinable function with the mask A, for every
n e N.

For any given s, € R, without assuming that the continuous M-refinable function
¢ is interpolating, now we discuss how to determine the exact value ¢ (s,) in finitely
many steps by using the mask a. Let my € Ny. If the exact values ¢ (M™s s, + k) for
all k € Z are known, then (2.8) with n = m; and x = s, uniquely determines ¢ (s,)
in finitely many steps through the mask a (more precisely, A,,,). For simplicity, we
define s := M"ss, with m; € Ny and rewrite the refinement equation (1.1) as

pM'x) =M alk)p(x —k). xeR 2.9)

keZ

If the exact values of ¢ on s 4Z are known, then the refinement equation (2.9) uniquely
determines the values of ¢ on M~ ! s +M~!Z. Repeating the same argument, we deduce
that the exact values of ¢ on M™"s + M~"Z are uniquely determined by (2.9) for all
n € Z. Hence, we have two cases:

Case 1: s € M™"s + M™"Z with s := M™ss, for some n = ng; € N and some
my € Np. Then we must have (M"s — 1)s € Z. Consequently, we obtain the condition
(1.12):

M”s (M — 1)s, = (M™ — 1)s € Z.

In this case, we have [s +7Z] € [M™"ss+M~"sZ]. Consequently, the exact values of ¢
on s + Z are determined by the values of ¢ on M™"ss + M™"sZ, which are determined
in turn by the values of ¢ on s + Z through (2.8) withn = ngand x € M5 s +M7"SZ,
Therefore, if the finitely supported mask a is known, then the exact values of ¢ on
s + Z can be uniquely determined by finitely many equations plus the normalization
condition ) rez @ (s +k) = 1. Consequently, because s = M™s5s,,, the values ¢ (s, +k)
for all k € Z are uniquely determined by (2.8) withn = mg and x € s, + Z. To have a
necessary condition for ¢ to be s,-interpolating, the above argument and the condition
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(1.12) eventually lead to the key nonlinear equations (1.13) and (1.14) in Theorem 1.
Note that s, € R satisfies (1.12) if and only if s, € U;’fszo U;’szl [M—™s (M"s —1)~17Z)],
which is dense in R.

Next we claim that s, € R satisfies (1.12) if and only if [0, 1) N (U;?OZO[M«/ Sq+7]) is
a finite set. If s, satisfies (1.12), then s, € M~ (M"s — 1)~'Z for some m; € Ny and
ng € N. Obviously, [MJs, +7Z] C M~ (M — 1)_1Zf0r all j € Ny.Because [0, 1)N
M~ (M —1) "1 Z is obviously afinite set, we conclude that [0, 1)D(U?‘;O [M/s,+7Z])
must be a finite set. Conversely, suppose that 7 := [0, 1) N (U‘]?‘;O[Mjsa + Z))is a
finite set. Then for each j € N, there must exist unique k; € Z and ¢t; € T such that
Mis, + kj =t; € T. Because T is a finite set, there must exist 0 < j < £ < o0
such that ¢; = #,. Hence M/s, + ki=t =t = Mts, + k¢, from which we have
M/ (M~ — 1)s, = Mbs, — MJs, = k; — k¢ € Z. Therefore, (1.12) is satisfied with
mg = j € Npand ng = £— j € N. Thanks to the fact that [0, 1) ﬂ(U‘;‘;l [M/s, +7Z]) is
a finite set, our argument for Case 1 shows that the exact value ¢ (s,) can be obtained
in finitely many steps by only using the mask a.

Case 2: s ¢ M™"s + M™"Z with s := M™ss, for all n € N and m; € Np. Then
(1.12) on s, fails and the set [0, 1) N (Uj?o:O[Mjsa + 7Z]) must be infinite. For this
case, we are not aware of any known method for computing the exact value ¢ (s,) of
a continuous M-refinable function ¢ within finitely many steps from its mask or the
existence of any s,-interpolating refinable function when (1.12) fails.

Let ¢ be a continuous M-refinable function with a mask a such that smg (a, M) > 0.
Without assuming that ¢ is interpolating, we shall further discuss how to effectively
compute ¢ (s,) in finitely many steps by only using its mask a at the end of Section 3
for any s, € R satisfying (1.12). We shall also explain the rule of s, € R from the
perspective of subdivision curves in CAGD in Section 2.8.

2.3 Examples of r-step interpolatory r-mask quasi-stationary dyadic subdivision
schemes with symmetry

The dilation factor M = 2 is the most widely studied case in the literature. Though
it is highly desired to have %2-convergent dyadic subdivision schemes with masks
having two-ring stencils, as discussed in Section 1, there are no standard inter-
polating 21;-refinable functions ¢ € €2(RY) and no &>-convergent interpolatory
21,4-subdivision schemes with masks having two-ring stencils ([9, Corollary 4.3]).
Applying Theorems 1 and 2, we now present examples to show that this shortcoming
can be remedied by using r-step interpolatory r-mask quasi-stationary 2-subdivision
schemes with r € {2, 3} and all symmetric masks {a1, ..., a,} having at most two-ring
stencils.

Example1 Let M = 2 and r = 2. Let ay, az € lp(Z) be symmetric masks supported
inside [—2, 2] with ¢, = 0 in (1.8) and sr(a;, M) = sr(ap, M) = 2 as follows:

a1 =327 ' A+ + 1 =2 +112),
&) =170+ 0 + 126 +n2),
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with #1, o € R. Note that both masks @ and a, have only one-ring stencils: the even
stencil {2a,(—2), 2a¢(0), 2a¢(2)}, and the odd stencil {2a,(—1), 2a,(1)} for£ = 1, 2.
Define a new mask a € [p(Z) by a(z) := a1(z>)a(z). Solving the interpolation
condition a(4k) = 0 for all k € Z\{0} (i.e., a(—4) = a(4) = 0), we obtain #; =

61 z W1th tp € R\{1}. Optimizing the smoothness quantity smz (a, 4) asdescribed in

Sectlon 2.1 among choices of the parameter f, we have 1, = 32 (and hencet; = — —)
with smj(a, 4) &~ 1.709055. Explicitly,

11

11 1 21
a1 = {~1e3- 7

1
i Tesl-221 @ =g g 4o psli-22 (2.10)

OOlUl
N (U8}

Note that the mask a is supported inside [—6, 6] and its 4-refinable function ¢ is
supported inside [—2, 2]. Because smy,(a, 4) > 1.512277 using (2.3) with n = 3,
by Theorems 1 and 2 (also see Corollary 8), the 4-refinable function ¢ € €1 (R) is
O-interpolating with ¢ (k) = &(k) for all k € Z. Moreover, the 2-step interpolatory
2-mask quasi-stationary 2-subdivision scheme with masks {ay, a} is €' -convergent.
See Fig. 1 for the graph of the O-interpolating 4-refinable function ¢ € %! (R) for
the masks {a, a2} in (2.10). Moreover, smja(ai, 2) &~ 0.860944 and sm»(ap, 2) ~
1.989281.

Example2 Let M = 2 and r = 2. Let ay, a» € lp(Z) be symmetric masks supported
inside [—4, 4] with ¢, = 0 in (1.8) and sr(a;, M) = sr(az, M) = 4 as follows:

81 =1z 20+ oz 2+ 1z + 1 =20 =26 + h1z + 02?), 2.11)
a~2(Z) Lﬁ _2(1 + Z)4(Z4Z_2 + I3Z_l +1 =213 —2t4 + 132 + 142 ) )
with 71,...,#24 € R. Note that both masks a; and a, have two-ring stencils:

the even stencil {2a,(—4), 2a;(—=2), 2a¢(0), 2a,(2), 2a,(4)}, and the odd stencil
{2ae(—=3), 2a¢(—1), 2a¢(1), 2a¢(3)} for £ = 1, 2. Define a new mask a € [o(Z) by
a(z) := a1(z%)a2(z). Solving the interpolation condition a(4k) = 0 for all k € Z\{0}
(i.e.,a(4) = a(8) = a(12) = 0 by using symmetry), we obtain four solution families
of masks a below:

—3—sts=—3—4n+4n.u=0, {H=—1-3n+sn.6=—3—4n—45.14 =0},

‘ 3 1 7
— S dsn=0n=-3-Ju—-4u), (h=—F—%—sun=01=—3—Ttu+4s)

{1 =—

{t=-

ENTN N

where 5, = }—U/ 16t22 + 24t + 1 and 54 := %,/tf + 12t4 + 4. Note that t, is a free
parameter in the first two solutions while 74 is a free parameter in the third and fourth
solutions. Optimizing the smoothness quantity smy(a, 4) as described in Section 2.1
in the third and fourth solution families with the parameter t4, we find #4 = —3% in
the fourth solution leading to

1= —Y2LE55 4

= V21233 = 2 with smy(a, 4) ~ 2.62522.

=" 2
2.12)

(5]
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Note that the mask a is supported inside [—10, 10] and its 4-refinable function ¢ is
supported inside [— 3 , 3 ] Because smeg(a, 4) > smp(a,4) — 0.5 =~ 2.12522 > 2,
by Theorems 1 and 2 (also see Corollary 8), the 4-refinable function ¢ € €>(R) is
O-interpolating with ¢ (k) = §(k) forall k € Z. The 2-step interpolatory 2-mask quasi-
stationary 2-subdivision scheme with masks {aj, ay} is %2-convergent. Moreover,
smo(ay, 2) ~ 2.747783 and smj(ay, 2) ~ 2.623172.

Optimizing the smoothness quantity smy(a, 4) as described in Section 2.1 in the
first and second solution families with the free parameter 7,, we find , = 15—6 in the

first solution leading to

no= MOy 5 Iy 0 with  smo(a, 4) & 3.073353.
(2.13)

Note that the mask a is supported inside [—11, 11] and its 4-refinable function ¢ is
supported inside [— ] Because smqo(a, 4) > smp(a,4) — 0.5 ~ 2.573353 (or
SMee(a, 4) > 2.806997 usmg (2.3) with n = 3), by Theorems 1 and 2, the 4-refinable
function ¢ € €2(R) is O-interpolating with ¢ (k) = 8(k) for all k € Z. The 2-step
interpolatory 2-mask quasi-stationary 2-subdivision scheme with masks {aj, as} is
%z-convergent. Moreover, smy(ai, 2) ~ 1.3074664 and sm»(ar) ~ 3.991650. See
Fig. 1 for the graph of the interpolating 4-refinable function ¢ € €>(R) with the
parameters 71, . .., t4 in (2.13). For both cases with the dyadic dilation factor M = 2,
the 2-step interpolatory 2-mask quasi-stationary 2-subdivision schemes with masks
{a1, ap} have the 2-step interpolation property:

[(Sar MSay )" VIM>'K) = [S37 \wl(M>'k) = [S” o v](MP'K) = v(k), VkeZneNvel®).

Example3 Let M = 2 and r = 3. Let ay, a2, az € lp(Z) be symmetric masks sup-
ported inside [—4, 4] with ¢, = 0in (1.8) and sr(a;, M) = sr(az, M) = sr(az, M) =4

A A

) ¢ e 2R (c) 6 € €3(R)

(d) ¢/ (e) 9" () ¢

Fig. 1 (a) is the graph of the interpolating 4-refinable function ¢ € %' (R) in Example 1 and (d) is its
first-order derivative ¢'. (b) is the graph of the interpolating 4-refinable function ¢ € %2(R) in Example 2
with parameters in (2.13) and (e) is its second-order derivative ¢”. (c) is the graph of the interpolating

8-refinable function ¢ € €3 (R) in Example 3 and (f) is its third-order derivative ¢’
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such that masks ay, ap are given in (2.11) and the mask a3 is parameterized as follows:
83(2) = w2 21+ 2% sz + 1 =215 + 152)

with 71, ..., 5 € R. Define a mask a € lo(Z) by a(z) := a1(z*)a3(z%)a3(z). Solving
the interpolation condition a(8k) = O forall k € Z\{0} (i.e.,a(8) = a(16) = a(24) =
0 by using symmetry), we obtain nine solution families of masks a. Optimizing the
smoothness quantity smo(a, 8) for each solution family of masks among their free
parameters, we have

1 = —Y713441 11 _ 1794713 _ 140873
= 32

_ _ 40137 51713 19
» =733, 3= "% 10712 > U Is

4 = 30024~ 1232 = o

(5]

with smy(a, 8) & 3.4519942. That is, we set 1, = 1} and 15 = L2 in the particular
solution family

=—1-3n-1n n= %(13%2@%3—&?2), 1y = _%(13%2@”@—8@)}
with 5o 1= ,/ 16t22 + 24t + 1. Note that the mask a is supported inside [—27, 27]

and its 8-refinable function ¢ is supported inside —27—7, 27—7]. Because smqo(a, 8) >

3.216038 using (2.3) with n = 4, by Theorems 1 and 2, the 8-refinable func-
tion ¢ € €3(R) is O-interpolating with ¢ (k) = &(k) for all k € Z. The 3-step
interpolatory 3-mask quasi-stationary 2-subdivision scheme with masks {aj, a>, a3}
is %3-convergent. Moreover, smp(aj, 2) ~ 1.239518, smy(ap) ~ 3.955358, and
sma(az, 2) ~ 3.995045. See Fig. 1 for the graph of the interpolating 8-refinable
function ¢ € %> (R). Finally, we point out that solution families of masks a with
simple expressions may not lead to large smj(a, M), for example, the solution
family {#y = —%,tz = %,t3 = —dy,ts = %} can achieve the almost highest
smy(a, M) ~ 2.405870 at t4 = —% and smy,(a, M) > 2.160594 using (2.3) with
n=2.

2.4 Construction procedure of all desired masks in Theorem 1

In order to provide some examples using Theorem 1, we now discuss how to con-
struct s,-interpolating refinable functions and their ng-step interpolatory subdivision
schemes.

Except the special case my = 0 and ny = 1 for standard interpolatory subdivision
schemes, the conditions in (1.13), (1.14) and (1.16) of Theorem 1 involve nonlinear
equations, which are computationally challenging. Therefore, it is helpful to obtain
further necessary conditions to facilitate the construction through Theorem 1. We shall
take advantages of linear-phase moments in [10, 12, 13] to facilitate the construction
of s,-interpolating M-refinable functions. For convenience, throughout the paper we
shall adopt the following big & notion: For J € Ny and smooth functions f and g,

f&) =g@E)+0(€)7), € > 0 standsfor Y 0)=g"(0), Vj=0,...,J—1.
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Now we have the following result about necessary conditions on s,-interpolating M-
refinable functions.

Proposition 3 Let M € N\ {1} be a dilation factor. Let ¢ be a compactly supported s,-
interpolating M-refinable function normalized by 5(0) = 1 with a finitely supported
mask a € lo(Z). Define J := sr(a, M) (i.e., the mask a has order J sum rules with
respect to M as in (1.9) or (2.1)). Then

ijq)(x-l—k):(sa—x)j, Vj=0,....,J —land x € R, (2.14)
keZ
Zkfa(k)zmg, Vji=0,...,J —1 with mg:=(M— 1)s,, (2.15)
keZ

and both the function ¢ and mask a must have order J linear-phase moments as
follows:

BE) = e L 0(E))) and E(e™®) =e 7™ 4 O(E)), £ 0. (2.16)

Consequently, if st(a, M) > 2, then the real numbers s, and m, must be given by

< TN/ _ _ ”la . . _ _
sqa = i(¢) (0) = /Rmp(x)dx =V_1 with mg := (M — 1)s, = kEGZ ka(k).
(2.17)

Proof To prove the claims, the key ingredient of the proof is to show that sr(a, M) = J
implies

J—1

Y
Y et~k =Y Tlp0wdV0),  Vpel, . (18)

i
keZ j=0 7
lior conveniengg of discussion, we define a(§) := a(e” %) = ZkeZ a(k)e~*¢  Then
¢(M§) =a(&)¢(&). Note that sr(a, M) > J if and only if (e.g., see [13, Theorem 3.5]
or [14, Theorem 1.2.5])
aE +27M7ly) = 0(€))), &£ — 0 forally € Z\[MZ]. (2.19)
For k € Z\{0}, we can uniquely write k = M"y with n € Ny and y € Z\[MZ].

Recursively applying (75 (&) =aMm g )a(M_IS ) and noting that @ is 27 -periodic, we
derive from (2.19) that

PE+2mk) = PE+2TM"y) = {]‘[am@} aM e+ 2aM Ty )pM T e 42 M y) = 01,
j=1
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as & — 0. Hence, we proved
) =1 and ¢(& +27k) = ("), & — 0 forall k € Z\{0}. (2.20)

For the 1-periodic function f(x) 1= ), ,(x — k) ¢ (x — k), we observe that its
Fourier coefficient fol f)e 2 R dx = [ xig(x)e 7R dx = il ¢ (2rk) for
k € Z. Hence, using the Fourier series of the 1-periodic function f, we easily deduce
from (2.20) that

Y-kl -k =i, j=0,....J-1 (2.21)

keZ

Using the Taylor expansion of p(k) = p(x — (x —k)) = Ziio (%?jp(j)(x)(x — k)
at the base point x, we conclude from (2.21) (also see [14, Theorem 5.5.1]) that (2.18)
holds by noting

J—1

X (—1) . ) —i . .
Y ppGx—k) =y %p“’(x) D G—kp—k) =" %p“)(x)(p(”(ox pell i
keZ j=0 keZ j=0

Because ¢ (s, + n) = &8(n) for all n € Z, plugging x = s, + n into (2.18) and using

the Taylor expansion of p at the base point s, + n, we observe

iy , N ,

Y PV 6a+mE 0 = pm) =Y —pV (sa +m)(=sa)).  VpeTlyinel
J J

=0 7 j=0 7
Form =0, ..., J —1, we deduce from the above identity using p(x) = (x —s, —n)"
that ™ (0) = (—is,)™. This proves ¢ (£) = e~ %5 + G (|&|7) as & — 0, i.e., the first
identity in (2.16) holds. Using the refinement equation g’b\ (Mg) =a(& ):ﬁ\ (&), we have
e"tMsaE — G(£)e™%¢ 4 0 (|E]7) as & — 0, from which we have the second identity
in (2.16) and consequently, (2.15) holds. Using (2.16) and (2.18) with p(x) = x/, we
have (2.14).If sr(a, M) > 2 (i.e., J > 2), then we obtain from (2.16) that $’(0) = —is,
and @'(0) = —imyg, i.e., so = i¢'(0) and my = i@’ (0) = Y kez ka(k). This proves
2.17). O

Under the condition sr(a, M) > 2, from (2.17) of Proposition 3, we must have
Sqg = hT_"  withm, = ZkeZ ka(k), that is, the real number s, is uniquely determined
by the mask a of an s,-interpolating M-refinable function ¢. Note that if a mask
a € lp(Z) has symmetry in (1.8) and ZkeZ a(k) = 1, then (2.17) of Proposition 3

tells us

my = Zka(k) = Zka(ca —k) = Z(Ca —k)a(k) = cq —myg,

keZ keZ keZ

from which we must have m, = ¢, /2, the symmetry center of the symmetric mask a.
Hence, for symmetric masks a satisfying the symmetry property in (1.8), it follows
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from Proposition 3 that

Ca

= M=) (2.22)

Sa

Moreover, we deduce from the refinement equation that its M-refinable function ¢
must be supported inside ﬁ fsupp(a) and have the symmetry ¢ (2s, — -) = ¢.
Consequently, the interpolating refinable functions in convergent interpolatory dual
subdivision schemes considered in [7, 21-23] are s,-interpolating M-refinable func-
tions with the particular choice s, = 2(,\;—{1) for an odd integer c,,.

Lets, € Rsatisfy (1.12) withmg € Npandny € N,i.e.,s, = M~ (M —1)~ Lk for
some integer k. Note that sr(a, M) > smqo(a, M) by (3.9). We now discuss and outline
how to construct all desired masks a € [p(Z) in Theorem 1 aided by Proposition 3 for
sq-interpolating M-refinable functions.

Construction Procedure Let m € Ny and a positive integer J > m. Take s, € R
satisfying (1.12) and select l,, hy € Z with hy > 1, + (M — 1)J. Then all possible
desired masks a € ly(Z) in Theorem 1 satisfying fsupp(a) C [l,, hq]landsr(a, M) > J
are given by the following procedure:

(S1) Parameterize masks a by a(z) = (1 +z+ ---+ szl)jB(z) with unknown
b=1{bUp),...,b0hp)} 1, 0y wherelp =1, and hp :=hy — (M —1)J.
If the mask a is required to have symmetry in (1.8) (i.e., a(c, — k) = a(k) for
all k € Z and this is only possible for s, in (2.22) with c, = 1, + h,), then we
further require b(k) = b(hy + 1, — k) forallk =1, ..., hp.

(82) Solve the linear equation (2.15), i.e., more precisely,

ha
Zk-/a(k) = (ma)!, forall j=0,...,J—1
k=l,

withmg := (M — 1)s, for the unknowns b(lp), . .., b(hp).

(S3) Case 1: mg = 0. Then we solve the nonlinear equation (1.16), i.e., more explic-
itly, Ap, (M — 1)s, +M" k) = 8(k) forall k = r(lfM*"S)’\(/fﬂ:l(Mfl)Xa)}, ceey
L(I—M_"S),E/f‘lu

_I_(M_l)s“)J, for the remaining free parameters among b(lp), .. .,
b(hp) after (S2).

(83’) Case 2: mg > 0. Then we parameterize a sequence w € ly(Z) with filter
support [ly, hy] := Z N (4 — M s,,, thl — M"ss,). First, we solve the
linear equations

hu!
Zkfw(k)z(sa—lvv"ssa)f, j=0,....,J—1 (2.23)
k=l

for the unknowns w(ly), ..., w(hy). Then we solve the nonlinear equations

(1.13) and (1.14) of Theorem 1 for the remaining unknowns after (S2).
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(84) Compute and optimize smy(a, M) as described in Section 2.1 for selecting
special parameter values among all remaining free parameters such that
smy(a, M) is as large as possible.

Ifsma(a, M) > m+ %forthe selected values of parameters in (S4), then smyo(a, M) >
m and item (2) of Theorem 1 is satisfied. Hence, all the claims in items (1)—(3) and
(1.17) of Theorem 1 hold.

As we shall see in the proof of Theorem 1 in Section 3, the sequence w in (2.23)
must be given in (3.14), that is, w(k) = ¢ (M™ss, + k) for all k € Z. Hence, the linear
equations in (2.23) is equivalent to those in (2.14). Note that the function ¢ (M™s s, +-)
is supported inside [Mlﬁl — M"ss,, Nf'jl — M™ss,]. Because we are constructing an
sq-interpolating M-refinable function ¢ through Theorem 1, the function ¢ is required
to be continuous and hence, it is necessary that ¢ ( % — M™s5,) =0 and ¢( Nf'j I
M™ss,) = 0. Consequently, the sequence w must be supported inside [ly,, hy ] 1=
Z N (Ml"_1 — M™s s, % — M™sgs,). Therefore, all the desired masks in Theorem 1
for s,-interpolating M-refinable functions can indeed be constructed by the above
Construction Procedure.

Let ¢ be the M-refinable function with mask a € [ly(Z). For any y € Z, the
function ¢ (- + ﬁ) is the M-refinable function with mask a(- + y), while ¢ (—-) is
the M-refinable function with mask a(—-). Therefore, it is sufficient for us to consider

sq € 10, m] for s,-interpolating M-refinable functions.

2.5 Special case ms; = 0 for s,-interpolating refinable functions and ns-step
interpolatory subdivision schemes

We are interested in the special cases of s, satisfying (1.12) with mgy = 0, (i.e.,
Sq = # for some k € Z and ny € N), due to their special properties and structures.

Formg = 0, itis crucial to observe that the equations in (1.13) simply become w = §
dueto A,,, = Ap = 8 and hence (1.14) is reduced to (1.16). Because (M"s —1)s, € Z
by (1.12) with my = 0, we can define a shifted mask A(k) := A, ((M" — 1)s, + k)
for k € Z and define a function ® := ¢ (s, + -). Then & is obviously a O-interpolating
(i.e., standard interpolating) M"s -refinable function with an interpolatory mask A with
respect to the dilation factor M"s satisfying

@ = M ZA(k)d)(M"S -—k) and ®k) =8Kk), AM™k)=MT"§k), VkeZ.
keZ

Hence, @ is just a standard interpolating M"s-refinable function and its mask A
is a standard interpolatory mask with respect to M"s. Thus, the M-refinable function
¢ is just a shifted version (precisely, ¢ = D (- — s,)) of the standard interpolating
M’ -refinable function ®. In particular, we have A = a and s, € (M — 1)~1Z for
standard interpolatory M-subdivision schemes if mg; = 0, ny = 1.

For symmetric masks a in (1.8), we must have (2.22),1.e., s, = %, where ¢, /2
is the symmetry center of the mask a. Because s, = m, we have the following
two cases for mg = 0in (1.12):
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Case 1: ¢, is an even integer. Then s, = 2(M = N‘l’/ 2 satisfies the condition

(1.12) with mg = 0 and ny; = 1, due to ¢, /2 € Z Hence, ¢ (s, + -) is a standard
interpolating M-refinable function with the standard interpolatory mask a(% + -).
That is, the s,-interpolating M-refinable function ¢ is just an integer-shifted version
of a standard interpolating M-refinable function and its subdivision scheme is 1-step
interpolatory.

Case 2: ¢, is an odd integer and M is an odd dilation factor. Then s, = % =

aMID/2 atisfies the condition (1.12) with mg = 0 and ng = 2, due to (M + 1)/2 €
Z. Therefore, according to item (3) of Theorem 1, its subdivision scheme is 2-step
interpolatory with the integer shift (M2 = 1)s, (i.e., ca(M 4 1)/2). As we discussed
above, ¢ (s, +-) is a standard interpolating M2-refinable function with the interpolatory
mask A, ((M? — 1)s, + -), where the mask A5 is defined in (1.15).

For s, satisfying (1.12) with mg = 0 and ngy = 2, or equivalently, s, = ﬁ
for some k € 7Z, we now show that Construction Procedure described in Section 2.4
becomes much simpler. Because my; = 0 and ny = 2, the equations in (1.16) of
Theorem 1 can be equivalently expressed as

> a(Ha((M* = Dsg + Mk = Mj) =M28(k), ke Z. (2.24)
JEZ

We can easily observe that (2.15) in (S2) and sr(a, M) > J together are equivalent to

ija(y +Mk) =M (m, —y),  forall j=0,....,J—1  (2.25)
keZ

and forall y =0, ..., M — 1. Recall that the y-coset mask a!”"M (k) := a(y + Mk)
for all k € Z as defined in (1.5). If

#S,, =J with S, :=fsupp(a?M) C 7z, y, =M~ 1)s,, (2.26)

where #S,, is the cardinality of the set S,,, then using the invertibility of a square
Vandermonde matrix, one can easily conclude (e.g., see [9, Theorem 2.1]) that the
linear equations in (2.25) for the particular y = y, must have a unique solution of
{a(y, + Mk)}kesya, i.e., the linear equations

> Kala+Mk)y=M""V(my —y,),  forallj=0,....J—1 (227)
keSy,

must have a unique solution for {a(y, + Mk)}kes,, . Thus, because al7«Ml on the set
Sy, (with the convention that aveMl(ky = 0 forallk Z\S,,) is uniquely determined
and available now, the nonlinear equations in (2.24) simply become a system of linear
equations, which can be easily solved.

Consequently, Construction Procedure in Section 2.4 can be significantly reduced
to
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Special construction procedure Suppose that s, satisfies (1.12) withmg = 0, ng = 2
(i.e., sq = ﬁ with k € 7). All the desired masks a € lo(Z) in Theorem 1 with
sr(a, M) > J can be obtained by the following procedure:

(S1) Parameterize masks a by a(z) .= (1 +z+--- + zM_l)JB(z) with unknown
b = {b(p), ..., b(hp)}u,.n,)- Note that fsupp(a) = [lp, hy + (M — 1)J]. To
have symmetric masks a, we additionally require b(k) = b(hp + l, — k) for
k=1Ip,..., hp.

(S2) Lety, := (M? = 1)s, and obtain the coset mask a'v«M from the parameterized
mask a. Then solve the system of linear equations (2.27) for {a[V“:M] (k)}keSya
with S,, := fsupp(alva:M).

(S3) Set alveM(k) = 0 for all k € Z\Sy,. Use the remaining freedoms in the mask
a to solve the nonlinear equations (2.24), which become a system of linear
equations if the solution {a[V":M] (k)}kesm in (S2) is one of the following cases:

(1) The solution {aYaM (K)}kes,, in (S2) is unique, which is true if #S,, = J
or if one could increase the integer J in (2.27) until it has a unique solution
{a¥M () ies,, -

(2) The free parameters in solution {aY«*M (k)}kes,, of (S2) are not treated as

unknowns in (S3) or simply preassigned parameter values in advance before
solving (2.24) in (S3).

As we shall see in the following example, quite often the solution in (S2) is unique
even if #§,, > J. Consequently, we only need to solve linear equations in (S3).
Note that the subdivision schemes are 2-step interpolatory. For an odd dilation factor
M and s, = m, our computation indicates that there often exist desired unique
symmetric masks a satisfying (2.24) with the highest possible order J of sum rules
with respect to a prescribed filter support fsupp(a). Here we provide an example of 2-
step interpolatory M-subdivision schemes with M = 3 by using Special Construction
Procedure.

Example4 LetM =3 ands, = ﬁ with ¢, = 1. Note that y,, := (M2 —1s, =2.
We consider symmetric masks a such that fsupp(a) = [—3, 4] and sr(a, M) = J
with J = 2. We parameterize masks a in (S1) by a(z) = (1 +z + 22)15(1) with
b = {t1, 2, 12, t1}{-3,0]- Note that S, := fsupp(al’aM) = {—1,0}. and #S,, = J.
Hence, the condition (2.26) guarantees the unique solution {a[Va:M] (k)}kesya to (2.27)
in (S2), which is given through the solution #t, = % — t; with #; € R. Explicitly,

a7eM =L Ly oy and b= {1, & — 1. 15—t fd-3.00

Now solving the linear equations (2.24) in (S3) with fsupp(a) = [—3, 4], we obtain

a unique solution #; = —31—6 and hence we obtain a symmetric mask a € [p(Z) with
sr(a, M) = 2:
I 1 1111 1 /1 1 1 1
a_{_%v 36° 6’3’36 %9_%}[—3,4]1 b_{ 36° 12° 12° 36}[—30]

By calculation, we have smo(a, M) = 1.393267. Moreover, we conclude from
(2.4) and (2.5) with yp = —1 that pg(b,M)sc = M|b(—1)| = }1 and hence
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SMeo (a, M) = —logpy po(b, M)so = logz 4 ~ 1.261860. By Theorem 1, its symmetric
M-refinable function ¢ € €' (R) must be s,-interpolating and its 2-step interpolatory
M-subdivision scheme must be ¢! -convergent.

Next we consider symmetric masks a such that fsupp(a) = [—6, 7] and sr(a, M) =
J with J = 3. We parameterize masks a in (S1) by (z) = (1 + z + z2)’b(z) with
b ={t1,tr,13,14,14,13, 12, t1}[_6,1]. Then SVa = {-2,—1,0, 1} and hence, #S)/a =
4 > J = 3. Obtaining the coset mask a!”<*M and solving the linear system (2.27)
in (S2), we find that a!7<*Ml is actually uniquely determined by (2.27) with a solution

3 = —% — 611 —3n and 14 = 41772 + 5t1 4 21, for free parameters t1, t>. Explicitly,
wM] _ 1 3 3 1
aVeMh = (- L 33 Ly o

Consequently, solving the linear equations (2.24) in (S3), we obtain a solution t, =
432 — 41 and the symmetric mask a € lo(Z) with the symmetry center 1/2 and
sr(a, M) = 3 is given by

_ 1 1 3 13713703
a={t, —z; tl’ s =201, 355 + 210, 75, 333+ 133+ 16

% + 21, — 35 — 21, ——, —ﬁ — 11, 11}[—6,7]> (2.28)

where #; € R. For #{ = 0, we have smy(a, M) ~ 2.173176 and fsupp(a) = [-5, 6].
For 1 = ﬁ, we have smj(a, M) & 2.458912 and smy,(a, M) > 2.136745 > 2 by
using (2.3) with n = 4. According to Theorem 1, its symmetric M-refinable function
¢ € €*(R) must be s,-interpolating and its 2-step interpolatory M-subdivision scheme
must be €2-convergent.

Next we consider symmetric masks a such that fsupp(a) = [—11, 12] and
sr(a, M) = J with J = 5. We parameterize masks a in(S1)bya(z) = (1+z+12)16(z)
with

b={n,0,t3,14,15 16,17, 17, I, I5, 14, 13, 2, 11 }[—11,2]-

Then we have §,, = fsupp(al’=Ml)y = [—4, 3] N Z and hence, #S, =8> J =5
Obtaining the coset alvaMl and solving the linear equations (2.27) in (S2), we have a
solution

15 = 55 —T00 =350~ 15351, 16 = — 7ol +18911 +900 43563491, 17 = 9o —1201 —5612—514

with free parameters 11, 12, 13,4 € R. Then we obtain a!7<*M with only one free
parameter below:

[Va:M] _ 1
a = {1, 345 — 51, =755 + 91, 155 — 51, 55 — 51, —7e5 + 91, 745 — 51, 1}-43)

with t := 5t] + 1». If we preset t = 0 (i.e., set t, = —5¢1), then we only need to solve
linear equations in (S3) with three unknowns {1, #3, 74} in the symmetric mask b. The

solution is given by 13 = —40¢1, t4 = % + 2911 and hence

46565 2299 5305
45511, — 7579288 + 9581, 86144 — 75011, 9144576 + 291¢y, —40t1, =511, 1 }[,42]

bli-a.2 {9144576
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with#; € R. Optimizing the smoothness quantity smj(a, M) and choosing 1| = 50 28
we obtain a symmetric mask a € lp(Z) with symmetry center 1/2 and sr(a, M) =
such that

al _{11558345 25 921259 59711 25 110615 178057 1 _
[1.12] = 136578304° 128" 18289152° ~ 2032128° ~ 768> ~ 12192768° 36578304 ° 256°
1619 25 o 1 )
18280152 ~ 75264° V» 150528 J[1,12]

with smj(a, M) ~ 3.329871 and smy,(a, M) > 3.136794 by using (2.3) with n = 2.
By Theorem 1, its M-refinable function ¢ € %> (IR) must be s,-interpolating and its
2-step interpolatory subdivision scheme must be 4-convergent. See Fig. 2 for graph
of the s,-interpolating M-refinable function ¢. We mention that an example of %>-
convergence 2-step interpolatory 3-subdivision schemes is reported in [7, (28)] whose
mask has support [—14, 15], which is longer than the support [—11, 12] of our &3
example here.

2.6 Examples of ns-step interpolatory dyadic subdivision schemes with M = 2

In this subsection, we only consider M = 2. For s,-interpolating 2-refinable functions
with symmetric masks, we know from (2.22) that s, = % = cq/2 € [% + 7]
must hold for any odd integer c,. Before presenting some examples, generalizing a
result in [7] for symmetric masks, we prove that even without symmetry, there are no
sq-interpolating 2-refinable functions for s, € [% + Z].

Lemma4 For M =2 and s, € [% + Z), there does not exist a compactly supported
continuous s,-interpolating M-refinable function with a finitely supported mask a €
lo(Z).

Proof We use proof by contradiction. Suppose not. Then we have an s,-interpolating
M-refinable function ¢ with a finitely supported mask a € ly(Z). As we discussed
before, it suffices to consider s, = % Define [l,, h,] := fsupp(a), the filter support
of the mask a. Then a(l,)a(h,) # 0. Define a sequence w by w(k) := ¢ (1 + k) for
all k € Z and define [[,,, hy,] := fsupp(w). Note that w(l,)w(h,) # 0. From the

L A

(a) ¢ € TR b) ¢ ) ¢ € C3(R) (d) o™
Fig.2 (a) is the graph of the Z—interpolating 3-refinable function ¢ € ¥2(R) in Example 4 with the mask
ain (2.28) witht; = ﬁ, sr(a, 3) = 3, fsupp(a) = [—6, 7] and supp(¢) = [-3, %]. (b) is the graph of the
second-order derivative ¢ in (a) (c) is the graph of the Z—interpolating 3-refinable function ¢ € € 3 (R)

with the mask a with 1; = 150528 st(a, 3) =5, fsupp(a) = [—11, 12] and supp(¢) = [—— 6]. (d) is the
graph of the third-order derivative ¢’ in (c)
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refinement equation ¢ (x) = ZZ“ZZ“ ak)p(2x — k) withx =1+ jand x = % +j
with j € Z, noting ¢ (1 + j) = w(j) and ¢(% + j) = 4(j) for all j € Z, we have

ha
Y atowd+2j —k)=2""w(j), VjeZ (2.29)
k=l,
ha
> atowj—k)=27"8(j). VjeL. (2.30)
k=l,

Note that ¢ must be supported inside [l,, h,] and ¢ (l;) = ¢ (h,) = 0 because ¢ is
continuous. Therefore, we must have

la <ly < hy <ha —2. (2.31)

If I, + [, is an odd integer, then (2.29) with j = % becomes a(l,)w(ly,) =
2~ w(lete=ly Since a(l,)w(ly) # 0, we must have ‘o=l > 1, e 1, <1, 1,
contradicting (2.31). Hence, [, +[,, must be an even integer. Now (2.30) with j = %
becomes a(ly)w(ly,) = 27 §(“Fe), which forces [, = —I, because a(ly)w(ly) # 0.

If h,+hy, is an odd integer, then (2.29) with j = h”g—“_l becomes a(hy)w(hy) =
2’%(%), which forces % < hy, thatis, hy, > h, — 1, contradicting
(2.31). Therefore, h, + hy,, must be an even integer. Then (2.30) with j = %
becomes a(hq)w(hy) = 27 §(2t) which forces hy +hy = 0, thatis, by = —ha,
due to a(hy)w(hy) # 0.

Hence, we proved l,, = —I, and h,, = —h,, from which we must have [, = h,
by l, < hy and [, < h,. Butl, = h, contradicts [, < h, — 2 in (2.31). This proves
the nonexistence of continuous s,-interpolating 2-refinable functions with finitely
supported masks a € lo(Z). O

We now present a few examples of s,-interpolating 2-refinable functions and their
dyadic subdivision schemes using Theorem 1 and Special Construction Procedure in
Section 2.5.

Example5 Let M = 2 and 5, = % which satisfies (1.12) with my = 0 and ng; = 2.
Note that y, := (M2 — 1)s, = 1. We consider masks a with fsupp(a) = [—2, 4] and
sr(a, M) = J with J = 2. We parameterize masks a in (S1) by a(z) = (1 + z)JB(z)
withb = {t1, 1o, 13, ta, t5}[—2,2). Then S,, := fsupp(al’eM) = {—1,0, 1} and #S,, =
3 > J = 2. Obtaining the coset a!”="M! and solving the linear equations (2.27) in (S2),
we have a solution t4 = % — 41 — 3t — 213,15 = —15—2 + 3t + 2t> + t3 with the free
parameters 71, f2, 3 € R. Now the coset mask a["<*M! is given by

glraMl — {é s % — 2t t}-1.11,

wheret := 2t1+1— é Notregarding t as an unknown (i.e., sett, = L _2f4rand only
solving for {1, t3} but not ¢), we see that the nonlinear equation (2.24) of (S3) actually
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. . . . . 2 _
becomes linear equations, which have a unique solution | = 361’2 (Jg }Etf)rl , 13 = tz((llzi GZ)) s

which leads to

2
a = {(l+6t) 1

1 362 -65+7 1 _ 5, 65>=3t 312
T2t—12° 6 3

T8 T 2= b G }[72 g’

(2.32)

where t € R\{é}. Fort = 0, we have fsupp(a) = [—2, 1] and smz(a, M) =~ 1.04123;
Moreover, by b = {— 12 3} , we conclude from (2.4) and (2.5) with yp = —1
(also see [8, Theorem 2.1 and Corollary 2.2]) that po(b, M)oo = M|b(y0)| = § and
hence smyo(a, 2) = —log, % ~ 0.584962 By Theorem 1, its M-refinable function ¢
must be s,-interpolating. For t = 18’ we have smj(a, M) ~ 1.821703 and hence,
SMoo(a, M) > smp(a, M) — 0.5 > 1.243484. In fact, smso(a, M) > 1.305626 by
(2.3) withn = 5. Hence, according to Theorem 1, its M-refinable function ¢ € €1 (R)
must be s,-interpolating and its 2-step interpolatory dyadic subdivision scheme is ¢! -
convergent. See Fig. 3 for the graph of the s,-interpolating 2-refinable function ¢ with
the mask @ in (2.32) and t = 18

For M = 2 and 5, = é, we consider masks a with fsupp(a) = [—6,4] and
sr(a, M) = J with J = 4. We parameterize masks a in (S1) by a(z) = (1 + z)JB(z)
with b = {11, 12, 13, ta, 15, 6, t7}[—6,0]- Note that y, = 1 and S, := fsupp(al7eM) =
[-3, 11N Z. Hence, #S,, = 5 > J = 4. Obtaining the coset mask al7aMl and solving
the linear equations (2.27) in (S2), we obtain a solution

[1 = 2592 + ts + 4t6 + 10t7, t2 = % - 4t5 - 15t6 - 36t77

t3 = 45t + 20te + 615 — 325, 14 = 30 — 4t5 — 10t — 2017

with free parameters 5, t5, 7 € R. Hence, we find that alvaMl hag only one free
parameter given by

alveMl — {1%2 +, —% —4s, 4 7 9+ 6s, 2 5T — 48 st

where s := t5 + 4t7. Now solving the nonlinear equations (2.24) in (S3), we obtain
four solution families with complicated expressions. One of the solutions is given by

IS

37 991 323 4 .3 13 .2 121 323

— 3,3 _ 5 _ _ 4
ts =g + 311 — 5188l T Toge80 6 = 51 171 = —a050 — Tas! — 28807 — 51890

o]

where 7 is a root of 512t* + 55041° + 6370t + 2501¢ + 323 = 0. For the root
t ~ —0.319621, we have sm(a, M) & 2.25960. Hence, sm,(a, M) > 1.75960. By
Theorem 1, for the mask a with r ~ —0.319621, the 2-refinable function ¢ € €' (R)
is s,-interpolating and its subdivision scheme is %' -convergent 2-step interpolatory
subdivision scheme. See Fig. 3 for the graph of the s, -interpolating 2-refinable function
¢ with the above mask a and r &~ —0.319621, which is approximately given by

a ~ {0.00010829639, 0.0018661071, 0.010752801, —0.032155785, —0.06531331, 0.19638181,

0.51228456, 0.36290592, 0.044484714, —0.028998091, —0.0023170997}—6,4]-
(2.33)
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AN\ N AN

4
(a) ¢ € O(R (b) ¢ € TR (c) ¢ € €' (R) (d) ¢ € €°(R)

Fig.3 (a) is the graph of the 1 3 interpolating 2-refinable function ¢ € %O(R) in Example 5 with the mask
ain(2.32)andt = 0. (b) is the graph of the ——mterpolating 2-refinable function ¢ € %! (R) with the mask
ain(232)andt = — 5. (¢) is the graph of the 1 3 -interpolating 2-refinable function ¢ € %! (R) with the

mask a in (2.33). (d) is the graph of the 1 7 -interpolating 2-refinable function ¢ € #O(R) in Example 6 with
the mask a in (2.34)

See Fig. 3 for the graph of the s,-interpolating 2-refinable function ¢.

We now consider another example using s, = % which satisfies (1.12) with my =
0 and ny = 3. Therefore, we have to use the general Construction Procedure in
Section 2.4.

Example6 Let M = 2 and 5, = % which satisfies (1.12) with my = 0 and ny =
3. Note that (1.13) becomes w = § due to my = 0. We consider masks a with
fsupp(a) = [—2, 1] and sr(a, M) = J with J = 2. We parameterize masks a in (S1)
by a(z) = (1 + z)JB(z) with b = {t1, fp}[—2,—1) for unknowns #; and #,. Solving the
linear equations (2.15) in (S2) of Construction Procedure, we have a unique solution
= —%, th = % Because my = 0, for (S3), we can directly check that the nonlinear
equation (1.16) with ny; = 3 are automatically satisfied. Hence, we obtain a unique

solution:

a = {—% % 2—5 %}[72’]]’ b = {_2]_8’ %}[,2’,]] Wlth sz(a, M) =~ 129617
(2.34)

By (2.4) and (2.5) with y9 = —1, we have po(b, 2)co = M|b(yp)| = ‘7—‘ and hence
SMeo(a, 2) = —log, % ~ 0.80735. Hence, according to Theorem 1, the 2-refinable
function ¢ must be s,-interpolating and the dyadic subdivision scheme is 3-step inter-
polatory. See Fig. 3 for the graph of the s,-interpolating 2-refinable function ¢.

2.7 The case mg > 0 for sq-interpolating M-refinable functions and co-step
interpolatory subdivision schemes

For mgy > 0, we have to employ the general Construction Procedure in Section 2.4
to construct s,-interpolating refinable functions. Their constructions are often much
more complicated and we have to deal with nonlinear equations in (1.13) and (1.14).

For symmetric masks a satisfying (1.8), we must have s, = 2(,\2—“_1) in (2.22). If ¢,

is an odd integer and M is even, then s, = % = % satisfies the condition

(1.12) with mg = 1 and ny = 1. Therefore, according to item (3) of Theorem 1, its
subdivision scheme is only co-step (i.e., limit) interpolatory. We now particularly look
at the special case mg; = ng = 1. Then the nonlinear equations (1.13) and (1.14) in
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Construction Procedure with mg; = n; = 1 become

[a * w](Mk) = M~'8(k) and [a* w](M(M — D)s; + Mk) = M~ 'w(k), keZ.
(2.35)

The above nonlinear equations in (2.35) become linear equations if the solution w to
(2.23) is unique (which can be always achieved by increasing J in (2.23) until it has
a unique solution) or the remaining free parameters in the solution w of (2.23) are
not regarded as unknowns or take preassigned values in advance. For simplicity of
presentation, here we only consider M = 4 and symmetric masks.

Example7 Let M = 4 and s, = 55 with ¢ = 1. Note that s, = 5505 = ¢

satisfies (1.12) with my = ng = 1. We consider symmetric masks a with fsupp(a) =
[—4, 5] and sr(a, M) = J with J = 2. We parameterize ain(Sh)bya(z) =1 +z+
2+ Z3)J6(Z) such that b = {11, 12, 12, 11 }{—4,—13. Solving the linear equations (2.15)
in (S2) of Construction Procedure, we have t1 = 312 tp with the free parameter
tr. Because my; = 1 > 0, we have to use (S3’) in Construction Procedure. Noting
that /,, = —1 and h,, = 0 due to supp(¢) = [—%, %], we solve the linear equations
(2.23) of (S3’) and we obtain a unique solution w = {%, %}[_1,0]. Now the nonlinear
equations (1.13) and (1.14) in (S3’) (i.e., (2.35)) become linear equations. The linear
equations (2.35) have a unique solution #, = 63—4 and we obtain a symmetric mask
a € ly(Z) with fsupp(a) = [—4, 5] and sr(a, M) = 2:

1 3 5115 3 (1 3 3 1
a={—gp 81 303 1 4 320 0 ob —all-45h  b={—a1 & & —egll-4—11-

By calculation, we have smy(a, M) ~ 1.419518. Using (2.4) and (2.5) with yy =
—2, we have po(b, M)oo = M|b(y0)| = % and hence, we have smqyo(a, M) =

—logp po(b, M)oo = 1og4 ~ 1.207519. By Theorem 1, its symmetric M-refinable
function ¢ € %'(R) must be —-1nterp01ating and its co-step interpolatory M-
subdivision scheme must be %' -convergent.

Next we consider symmetric masks a with fsupp(a) = [—7, 8] and sr(a, M) = J
with J = 3. We parameterize a in (S1) by a(z) = (1 +z + 2+ z3)]6(z) such
that b = {t1, 1, 13, t4, 13, 12, t1}[—7,—1]. Solving the hnear equations (2.15) in (S2) of
Construction Procedure, we have 13 = —9f; — 41, — 512 and t4 = 16t] + 6t + 256
with the free parameters #1, >, € R. Because my; = 1 > 0, we have to use (S3’) in
Construction Procedure. Noting that /,, = —2 and h,, = 1 due to supp(¢) = [—%, %],
we solve the linear equations (2.23) of (S3’) and we obtain

w={—§—5 34353 35 sh-21 (2.36)
where s € R. Then we use it to further solve the nonlinear equations (2.35) in (S3’)
and obtain a solution t», = 6¢; and s = _11_6 with the free parameter #1; € R. That is,

we now obtain

b =1{t,6t, — 33[1, 256 + 5211, — 512 — 331, 611, t1}
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In fact, if we would use J = 4 instead of J = 3 in (2.23), then (2.23) has a unique
solution in (2.36) with s = — % and then the nonlinear equations (2.35) become linear
equations, yielding the same solution ¢, = 6¢1. Moreover, up to an integer shift and
a multiplicative factor 4, the above mask a agrees with the mask A reported in [22,
Proposition 3.5].

Optimizing smj(a, M) among values of #; as described in Section 2.1, we take
= —83#2 and obtain a symmetric mask a € lo(Z) with the symmetry center 1/2 and
sr(a, M) = 3 given by

a={—gl -9 123 _ 8 141 645 607 807 807 607 645 4l
=17 832° 7832 T 6656°  6656° 6656° 6656° 3328 3328 3328’ 3328’ 6636’ 6636°
83 12 1

By calculation, we have smy(a, M) ~ 2.264759 and smy,(a, M) > 2.132628 using
(2.3) with n = 2. By Theorem 1, its symmetric M-refinable function ¢ € %% (R)
must be %-interpolating and its co-step interpolatory subdivision scheme must be
%”-convergent.

Finally, we consider symmetric masks a with fsupp(a) = [—12, 13] and sr(a, M) =
J with J = 5. We parameterize a in (S1) by a(z) = (1 +z + 2>+ z3)15(z) such that
b={t, 0,13, 14,15, te, 15, 14, 13, 2, 11 }|—12,—2]. Solving the linear equations (2.15) in
(S2) of Construction Procedure, we have
ts = T — 501 =200, — 613, 15 = — 35030 + 17511+ 64, + 1513, 16 = 2% — 25211 —90t, — 2013
with the free parameters 71, f2, t3. Because my = 1 > 0, we have to use (S3’) in

Construction Procedure. Noting that/,, = —4 and h,, = 3 due to supp(¢) = [—4, Q],
we solve the linear (2.23) of (S3’) and we obtain

w = {s1, 52, 53, % — 3551 — 155 — 5s3, % + 105s; + 4052 + 10s3, —g — 12651 — 4555 — 10s3,

312 + 70s1 + 2457 + 553, —1578 — 1551 — 582 — s3}[-4.3],

where 51, 52, s3 € R. Then we use it to further solve the nonlinear equations (1.13)
and (1.14) in (S3’) and obtain three solution families. The solution with the simplest
expresses is given by

_ 10 _ 2145 | 55 _ _ 3 _ 25
h=73h, 13=755007m 131 $1=0, $2=75, $3=—75%

with #; € R. Optimizing sm;(a, M) among values of 7] as described in Section 2.1, we
take 11 = % and obtain a symmetric mask a € [o(Z) with the symmetry center
1/2 and sr(a, M) = 5 such that a|[y,13) is given by

{745 343905 188627 284335 183955 101845 _ 65735 10793 5585

3072 1835008 ° 1835008 ° 11010048°> — 11010048° — 3670016° _ 3670016° ~ 2752512° 2752512°
12725 7295 2575 103,

3670016° 3670016° 11010048 3670016[1.13]

with smp(a, M) ~ 3.109024 and smeo(a, M) > 2.873247 using (2.3) with n = 6.
By Theorem 1, its M-refinable function ¢ € %2 (R) must be %—interpolating and its
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oo-step interpolatory M-subdivision scheme must be 4>-convergent. See Fig. 4 for
graphs of the s,-interpolating M-refinable functions ¢.

Finally, combining Theorems 1 and 2 (more precisely, see Corollary §), we present
an example of s,-interpolating 4-refinable function using 2-mask quasi-stationary
subdivision schemes.

Example 8 Let aj,a» € [9p(Z) be symmetric dyadic masks with sr(aj,2) =
sr(ap, 2) = J with J = 3 as follows:

812 =tz ' A+ mz +1-20 +112),
B =420+ Bz 2+ 0 +1-20 =263+ hz + 1327),
Let M := 4 and define anew mask a € lo(Z) by a(z) := a1(z>)as(z). Then sr(a, M) =

3, fsupp(a) = [—8, 9] and a is symmetric about the point 1/2. Applying Construction
Procedure and solving nonlinear equations, we obtain a solution given by

1 = (108812 4 5101 — 15), 13 = —1(641 + 621} + 27117 + 1281)),
where ¢ := (6413 4 32¢2 — 1611 + 8)~!, and

w= 1671321_1 26 + 217, —617 — 3¢} + 211 — 1,48 + 27 — 181 +9,
45 4267 — 180 + 9, =617 — 367 + 201 — 1,26 + 17} —3.2,

where #; € R is a free parameter. Optimizing smy(a, M) and selecting | = —%,
we have smj(a, M) ~ 2.380804 and smq,(a, M) > 2.205219 using (2.3) with n = 3.
Explicitly, for t; = —16758, we have

a) = 1 {65, 63,514, 514, 63, —65}(_2,3),
1y = sygriers (—4280965, 14764145, 90418427, 167467801, 167467801,
90418427, 14764145, —4280965)_4,3].

By Theorems 1 and 2 or Corollary 8, the M-refinable function ¢ € %2 (R) must be
%-interpolating and its oco-step interpolatory 2-mask quasi-stationary 2-subdivision
scheme using masks {a1, a;} must be %>-convergent. See Fig. 4 for the graph of the
é-interpolating M-refinable function ¢.

2.8 Application to subdivision curves

We first explain the rule of s, € R from the perspective of subdivision curves in
CAGD. Let M € N\{1} be a dilation factor and a € [y(Z) be a mask. Given an
initial control polygonal v = (vy, vy,v;) : Z — R? in the Euclidean space R°.

That is, the initial control polygonal is given by the points (v, (k), vy (k), v;(k)) in R3
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) 6 € €2(R (c) ¢ € C*(R)

(@ 9" (e) 6 (1) "
Fig.4 (a) is the graph of the g-interpolating 4-refinable function ¢ € €2 (R) in Example 7 with the mask

a satistying sr(a, 4) = 3. (d) is the graph of ¢” in (a). (b) is the graph of the —-mterpolating 4-refinable

function ¢ € 2 (R) in Example 7 with the mask a satisfying sr(a,4) = 5. (e) is the graph of ¢” in
(b). (c) is the graph of the %-interpolating 4-refinable function ¢ € %2 (R) with 2-mask quasi-stationary

2-subdivision scheme in Example 8 with 1; = — % (f) is the graph of ¢” in (c)

for k € Z which are connected in a natural way. The subdivision scheme is applied
componentwise to the vector sequence v to produce finer and finer subdivided curves
consisting of points {(S;”va, S"Z”ny, Sy mv)lae ;- As n goes to 0o, one obtains a
subdivision curve in R?. Obviously, no function expressions are explicitly given by
the subdivision procedure to describe the limit subdivision curve in R>. To analyze
the convergence and smoothness of the limit curve, it is necessary to find parametric
expressions for the limit curve. The most natural way is to consider the subdivision
scheme acting on a special initial control polygon in R?: (vg,v) : Z — R? with
vo(k) := k for k € Z and v being one of the component sequences vy, vy, v,. Then
we obtain the following sequence of subdivision point data:

(Shyvo. Shyv) €eRE neN. (2.37)

Suppose now that the mask a has at least order 2 sum rules with respect to the dilation
factor M, i.e., sr(a, M) > 2. Define a special linear polynomial p(x) := x for x € R.
Then vg(k) = p(k) and p’ = 1 for all k € Z. It is known in [10, (2.20)] (also see
(3.13) in this paper) that

[Samvol(K) = [Semplth) = pM~'E) Y " atk) =M~'p'M~1h) D " ka(k) =M~ k=M""my,
keZ keZ

where we used ZkeZ ak)y =1and m, := Zkez ka(k). Consequently, by induction
we conclude from the above identity that

I -M"

M—1
(2.38)

mg.

[SZ’MUO](k)zM*nk —M "m, — lenma L M—lma —M "k

Hence, the second component [S Mv](k) for k € Z in (2. 37) is assomated with the

first component [S Mvo](k) which is just the value M™"k — . Let n, be the
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limit function in Definition 1 with m = 0 for " -convergence. Take 1t := M™"0k
with ng € Ng and kg € Z. By t = M7 (M"*"0kg) and M"""0kg € Z for n > ng, we
observe from (1.6) with j = 0 in Definition 1 that

m(t) = lim 5, (M™"(M"""k)) = lim [Sy yvI(M* ko).
n—oo n—o0 ’

Because the first component of the point ([S)) Mvo](M" "ky), [S Mv](M" ko))

in the subdivision data is [S” Mvo](M” "0ky), Wthh is equal to M M= "0kg] —

l,\_AMlnma =1t - M T L mg by (2.38), we conclude that its first component of the

subdivided curve goes to

mg
M—-1"

nlirgo[Sg,Mvo](M"‘"Oko) = nli)ngo (t - IMMIHma) =t—s, with s,:=

In other words, we must associate the subdivision data [S”Mv](k) with the ref-
erence/parameter point [S”Mvo](k) in (2.38) on the real line R, i.e., the point

M~ — MMIH mg = M™"(k — s5,) — s,. Because U°° o0 YUkgez M™"0kq is dense in
R, this naturally creates a parametric equation x =t — s,, y = 10, (¢) in R2 for the
subdivision curve with the initial polygon {(vg(k), v(k))}xez. By achange of variables,
the limit two-dimensional subdivision curve is described by the parametric equation

in R2:

x=t, y=mny(sq+1), t eR.

Now for the subdivision curve in R? generated from the initial control curve
{(vx(k), vy(k), v;(k))}kez, a parametric equation for the limit subdivision curve is
just given by x = ny,(sa + 1),y = M, (Sq +1),2 = My, (sq + 1) fort € R.If
the subdivision scheme interpolates the initial sequence {(vo(k), v(k))}kez, then for
t = k € Z, we must have n(s, + k) = v(k) for all k € Z. In particular, for v = §, we
have ¢ (s, + k) = ng(k) = §(k). This explains s, = % with mg = ) ;o7 ka(k),
which also agrees with (2.17) in Proposition 3. Moreover, if a mask a has the symme-
try a(cy, — k) = a(k) forall k € Z with ¢, € Z, then we already explained after the
proof of Proposition 3 that s, = M 4 withm, = > rez ka(k), which also agrees with
our discussion of s, from the perspective in CAGD. Consequently, regardless whether
cq 1 an even integer for primal subdivision schemes or ¢, is an odd integer for dual
subdivision schemes, because we explained the role of s, above without requiring a
symmetric mask a, there are no essential differences between primal and dual subdivi-
sion schemes. In summary, the subdivided data [S)) MV 1(k) for k € Z must be naturally

assoc1ated with the parameter point [SZ mvol(k), i.e., the point M™" (k — s4) — 5, with
Sq = gty and my =) 7 ka(k).

Fmally, see Figs. 5 and 6 for some examples of subdivision curves by applying
our constructed interpolatory (quasi)-stationary subdivision schemes to produce some
simple subdivision curves.

@ Springer



Interpolating refinable functions... Page330f49 98

VY .,

y\/ﬂésmz/zy Vg\\ /7

< Qi\\ B
\ & L -
o B S~ o2 < = ) («\g
i ! \ \
R
(a) Initial Polygon (b) Example 5, L1 (c) Example 5, L2 (d) Example 5, L4

\/ \/) r \\/\/‘/ .
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e T~ T > i
> /\ *& 4////‘) \/,\;;g f7 (7 2’/777‘) (7 ‘*\‘<
§ | §
(e) Example 4, L1 (f) Example 4, L2 (g) Example 7, L1 (h) Example 7, L2

Fig.5 (a) is the initial control polygon in R2. The dots in (b)-(h) indicate the vertices of the initial control
polygon in (a) for illustrating the ng-step interpolation property. (b)—(d) are subdivision curves with levels

1,2, 4 using the ¢! -convergent 2-step interpolatory 2-subdivision scheme with mask a in (2.32) of Example

Switht = — 11—8 (e)—(f) are subdivision curves with levels 1, 2 using the ﬁﬂz—convergent 2-step interpolatory

3-subdivision scheme with mask a in Example 4 with sr(a,3) =3 and ] = 4%. (g)—(h) are subdivision

curves with levels 1, 2 using the %’2—c0nvergent oo-step interpolatory 4-subdivision scheme with mask a
in Example 7 with sr(a,4) =3 and 1] = 7&

3 Proof of Theorem 1

In this section we shall prove Theorem 1, whose proof is critically built on two ingre-
dients: the eigenvalues of shifted transition operators 7, m,, below and the structure
of the number s, satisfying the condition (1.12). We already addressed the roles of s,
satisfying the condition (1.12) in Section 2.2. To prove Theorem 1, we further need
some auxiliary results about the structure of shifted transition operators 7, m.y .

Fora € lp(Z) and y € Z, we define a shifted transition operator 7, m,, : lo(Z) —
10(Z) by

[Zamyv]l(n) ;=M Za(k)v(y + Mn — k), nezZ,velyZ). 3.1
keZ

We first study the eigenvalues of 7, m , acting on the linear space [o(Z). By
spec(7,,m,y) we denotes the multiset of all the eigenvalues of 7, m,, counting the
multiplicity of nonzero eigenvalues of 7, m,, . We now study some properties of 7, m,,
by generalizing the corresponding results in [14, 16] for M = 2.

Lemma5 Let M € N\{1} be a dilation factor. Let a € lo(Z) and y € Z.

(1) Zam,p€(Ka,y) € L(Kqy,y), where £(Ky ) is the space of all sequences v € ly(Z)
such that v is supported inside ZN K, with Ky, := (M —1)" ! fsupp(a) — y1.

(2) If Ta,m,yv = Av for some h € C\{0} and v € lo(Z), then v € £(Kq ).

3 TomysmjC +m) = [TomysmvlC + j) for all jom € 7. Hence,
spec(Tam.y+m—1)j) = spec(Tgm,y) forall j € Z.
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Fig. 6 (a)—(d) are subdivision curves with levels 1, ..., 4 using the <fz—convergent 2-step interpolatory
2-mask quasi-stationary 2-subdivision scheme in Example 2 with masks {a1, ap} (having two-ring stencils)
in (2.11) using parameters in (2.12). (e)—(h) are subdivision curves with levels 2, ..., 5 using the @3-
convergent 3-step interpolatory 3-mask quasi-stationary 2-subdivision scheme in Example 3 with masks
{ay, ap, a3} having two-ring stencils. (i)—(j) are subdivision curves with levels 2, 4 using the ¢! -convergent
2-step interpolatory 2-subdivision scheme in Example 1 with mask {a, a;} having one-ring stencils. (k)—(1)
are subdivision curves with levels 2, 4 using the ‘zr;’”z—convergent 2-step interpolatory 2-subdivision scheme
with mask @ in Example 2 using parameters in (2.13) and having two-ring stencils

Proof (1) Recall that fsupp(a) is the smallest interval such that a(k) = 0 for all k €
Z\ fsupp(a). Letv € €(Kg4 ,). Then [T, m,, v](n) # Oonlyifa(k)v(y +Mn—k) #0
for some k € Z, from which we have k € fsupp(a) and y + Mn — k € K, ,,, which
implies n € M~![fsupp(a) + K, — y]. By the definition of K, ,,, we observe

~fsupp(a) + K4,y — ¥1 = M~ [fsupp(a) + (M — 1)~ fsupp(a) — (M — 1)"'y — y]
= M- D" fsupp(a) = (M= 1)y = K.

This proves that v is supported inside K, ,,. Hence, we proved item (1).

(2) If v is identically zero, then the claim is obviously true. So, we assume that v is
not identically zero. If v(n) # O for some n € Z, then )»_I[Z,M’yv](n) =uv(n) #0.
By the above same argument, we must have n € M~! fsupp(a) =M~y +M~! fsupp(v)
from which we must have

fsupp(v) € M1 fsupp(v) + M~ [fsupp(a) — y].
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Recursively applying the above relation (e.g., see [16]), we conclude that

fsupp(v) € > M~/[fsupp(a) — y1 = (M — 1)~ '[fsupp(a) — ¥] = K,y -
j=1

This proves item (2).
(3) Note that

Tamy+mj (0 +m) =MD ak)v(y +Mj + M- —k +m)
keZ

=MY " a(t)o(y +m+ M+ j) = ) =[Tomytm0]¢ + ).
keZ

Hence, consideringm = j, we have spec(7;,m,y+mj) = spec(Zy m,y+;) forall j, y €
Z, from which we further have spec(7; m,y+M—1);) = spec(Za,m,y ). This proves item
3). m]

We now study the eigenvalues of shifted transition operators 7, m,,, and prove the
identity (2.2).

Lemmaé Let M € N\{1} be a dilation factor. Let a € lo(Z) and J € Ny such that
az) = 4z+-+2M Y b(z) for some b € lo(Z). Define A, = M’”S{’;’Ma and
B, = M_”SZ’MS, ie.,

K@) =5 aEMaE),  Ba@) =bE" ) bEMb(k), neN.
(3.2)

Letu € ly(Z) and take N € N such that all the sequences a, b, u are supported inside
(=N, N). Then

2! WP=DON= By s ulli,zy < IV (An x w2y < 27 1By % ulli,@).  YneN1<p<oo
(3.3)

and
1
liminf || B, * ull}p/&) >Mr» A, Yu e ly(Z) such that Zu(k) £0,
keZ
(3.4)

where a(1) := ), ., a(k). Moreover,

spec(Tum.y) = (8(1), M1a(D), ..., M =a(1)} Uspec(Tom.,) (3.5)
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and it follows directly from (3.3) and (3.4) that

. 1 . 1 . 1 17~
lim sup ||V 82 81,/ = lim sup S} 81,0z, = Mlimsup || B,ll, 1, = M? 7 a(1)].
n—00 ’ P n—00 ’ 4 n—00 P

(3.6)
Proof By (1 —2)(14+z+---+ 2z 1) =1 — zM, the symbol of V/ (A, * u) is

J
lrd ~ _ M —~ ~ _ . i MY~ ~
(1-2)7A@uGE) = -z )JBn(z)u(z)—;)m(—l)]z By (2)(2).
3.7)

Therefore, we deduce from the above identity in (3.7) that

J

IV (A 5wz <>
j=0

: _ Al

mlan *ullr,zy = 271 Bn * ull1,z)-

This proves the upper bound in (3.3). Define a sequence w, € lo(Z) by W,(z) :=
A+ zM + M2 ..+ M")2ZV=1)7 On the other hand, to prove the lower bound
in (3.3), we have

W () (1 — 2! A, (2)i(2) = Wn(2)(1 — M) B, (2)ii(2)
J

n. gy~ ! . o~
=1 -8B, i) =) h(—wzwﬂ B, (2)i(2).
i !

Because all the sequences a, b, u are supported inside [1 — N, N — 1], we observe that
the sequence By, * u is supported inside [1 — NM", NM" — 1]. Hence, the sequences
having the symbols 7>/ M'B,,(z)ii(z) must have mutually disjoint supports for j =
0, ..., J. Then we deduce from the above identity that

21121 By # ulli, 2y = llwn * (V7 (An 5 ) 1,2 < 11V (An % )1, 2) | walli, 2)

= NIV (An * w1, @)

from which we proved the lower bound in (3.3).

We now prove (3.4). Let 1 < p’ < oo such that % + % = 1. Noting
_ o NM"—1
[b(D]"G(1) = Bp(DHu(l) =By *xu(l) = Z [ By * ul(k)
k=1—NM"

and using the Holder’s inequality, we have

) NM"—1 N1 Vp gy \ VY
MMaml < > (Byxull < | D 1By xulk)]” oo

k=1—-NM" k=1—NM" k=1—NM"

= By * ulli, 2y GNM" — DYP" < || B, 5 ully, 2y QNMMVP'.
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Because U(1) = ) ;5 u(k) # 0, we deduce from the above identity that
C L. 1/n . n % — MP T 1/n
B < (Timinf 1B, % ul, /() (nlggo @NM") ) = M7 timinf || B, /)

from which we have (3.4) dueto 1/p’ = 1_— 1/p and 6(1) =M-7a().

For j =0,...,J, wedefine ¥; := {V/v : v € lp(Z)} and define b; € ly(Z) by
bj(z) = (I4z+---+zM1)//b(z). Note thata(z) = (1+z+---+z"~1)7bj (2) for
all j =0,..., J.Inparticular, by = a and by = b. Note that the symbol of a x (V/v)
is

J
(1 - 2307 = (1 - MB;@u) = Y
k=0

| o
m(_l)kzw‘bj @V().

Therefore, by the definition of 7, m,, in (3.1), we have

J
Tamy (VIv)=Mla * (V/0)l(y +M) =)

L (1 MIb; v+ M= k)
k=0 ’

k!(j—k)
j ! . ‘
B kgo G =TV Tyl — b = V(T My ).

That is, we proved
Tamy (V/0) =V (Ty;my),  VYvel() and j=0,....J. (3.8)

We conclude from (3.8) that 7, m,,, #; € ¥ and spec(Zy M,y ly;) = spec(Zp; m,y) for
allj=0,...,J.

Forj=0,...,J—1,duetosr(a, M) > J, note that b; must have at lease one sum
rule,ie., ) ;o bj(y +Mk) = ﬁ D orezbilh) = M~1=73(1) forall y € Z. Therefore,

> [T, 810k) = MY [+ 8](y + Mk) = MY b (y + Mk) = M~7a(1),
keZ keZ keZ

from which we obtain 75, m,, & — M~/3(1)8 = Vw for some w € lo(Z). Hence, we
deduce from (3.8) that
Tamy (V/8) = MTTE()V/§ = VI (Ty; m, 8) —M/a(1)V/8
= V7 (Tyy .8 = MTT3(D8) = VIV = V/*Hw € V.
This proves 7o m,,, (V/8) — M™/a(1)V/§ € ¥, forall j = 0,...,J — 1. Note
that ¥ /711 is a one-dimensional space and is spanned by V/§. Consequently, we

conclude that spec(Z,,M,yW,./n//jH) = {M~/3(1)} for all j=0,...,J — 1. Since we
proved spec(Zy,m,y ly;,) = s'pec(’]Z,J,M,},) and by = b, we conclude that (3.5) holds. O

@ Springer



98 Page 380f49 B.Han

We now prove the major auxiliary result on the special eigenvalues of the shifted
transition operators 7, wm,,, which plays a key role in the proof of Theorem 1.

Theorem 7 Let M € N\{1} be a dilation factor and a € ly(Z) be a finitely supported
mask satisfying ) ", ., a(k) = 1. Then

sr(a, M) > smy(a,M) V1<p=<oo. 3.9)

If smp(a, M) > % + m with m € Ny for some 1 < p < oo, then |A| < M™™ for all
A € spec(gm,y) but A ¢ {1, M-t M~™}, and each M~/ for j =0,..., m must
be a simple eigenvalue of the transition operator I, n,, in (3.1) acting on lo(Z) for
ally € Z.

Proof Let J := sr(a, M). Write 3(z) = (1 + z + --- + zM"1)7b(2) for a unique
sequence b € lp(Z). By (3.6) in Lemma 6 and a(1) = 1, we deduce from the definition
of smy(a, M) in (1.10) that

M» ™ < lim sup ||S! wdll ) = limsup [V 82 81,70 = M7 @M 3 10
n—00 ’ P n—>00 ’ P
from which we must have sm,(a, M) < J = sr(a, M). This proves (3.9).
We now prove the claims under the assumption sm(a, M) > % + m. Using the
identity (3.5) which links the eigenvalues of 7, m,, with those of 7, m,,, the key
ingredient of the proof here is to show that the assumption sm(a, M) > % + m will

force other non-special eigenvalues of 7, \,,, to have modulus less than M~ . Define
B, as in (3.2). We shall use induction to prove that

Ty, v =M'[ByxvI(y + My + -+ My + M"),  neN,vely?).
(3.11)

By the definition of 7j, m,, in (3.1), it is easy to see that (3.11) holds with n = 1
due to By = b. Suppose that the claim holds for n — 1 with n > 2. By the induction
hypothesis, we have

Ty v = Tomy [T vl = M Ty [(But # 0)(y + My + -+ M2y M)

=M " b(k)(Byot % v)(y + My + - M2y £ M (y + M- —k))
keZ

=M YD bR Bu 1t (DY + My 4 My £ M (M k).
keZ jeZ

Therefore, using the above identity and the definition of Sp m in (1.4), we have
Ty, 0 =MD b(k)By1(j— Moy + My + -+ My £ M. — )
JEZ keZ

=M [Sg, , 1By + My + -+ My 4 M- —j)
JEL
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=M ZBn(])U(V + My 4+---+ M"*ly + M. -
JjEZ
=M'[B, xv](y + My +--- + M"_ly + M,

where we used the fact that Sp | yp-1b = M"~!B,,. This proves (3.11) by induction
onn € N.

Suppose T m,, v = Av for some A € C\{0} and v € lo(Z)\{0}. Then we deduce
from (3.11) that

M =Ty, v = M'[By % vl(y + My +--- + M1y + M").
Consequently, we have
A"l z) < M IBy * vlli,@) < M Bull, @ llvliy @)-

Using (3.10) and noting B, = M™"Sy 8, we conclude that

s 1/n . In . n Un  _ ppd—sm,a,M) —m
[A] = nlggc |)\|”U”1p(z) = Mhrll'isol;l)p | By ||lp(Z) = hr{isogp ”81;’{\/16”11)(2) =M <M,
where we used our assumption sm, (a, M) > % + m in the last inequality. This proves

that any nonzero eigenvalue in spec(7, m,, ) must be less than M~"". Now all the claims
follow directly from (3.5) of Lemma 6 and our assumption a(1) = 1. m]

Before proving Theorem 1, for a convergent subdivision scheme, we first show
that the special limit function ng for the particular initial data v = &§ must be the
M-refinable function ¢. Indeed, since a € [yp(Z), the mask a must support inside
[N, N] for some N € N and therefore, the function 1§ must be supported inside
[— . 7] S [=N, N1. Then for any x := M~k with ng € N and kg € Z,
noting that x = M™"(M"~"0kg) with M"~"0kqy € Z for all n > ng, we directly derive
from (1.6) and the definition of S, m in (1.4) that

N
ns(x) = lim [S;81(M" ko) =M D a(k) lim [S;3307 81(M" ko — M)
k=—N

=M a(kyns(Mx — k).

keZ

Since (M™ky : ng € N, kg € Z} is dense in R and ng is continuous, the function ng
must satisfy (1.1), i.e., 73(Mg) = a(e )73 (£). By Y kez a(k) =1, we observe that
ZkeZ[Sg, mél(k) = M" for all n € N. Now using a Riemann sum for the continuous
function ng, we deduce from (1.6) that

M’ N

[ st = fim MY s = fim M YIS B0 = 1.
k=—M"N keZ
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That is, 775 (0) = 1. Hence, the function s must agree with the M-refinable function ¢
with mask a. For 0 < 7 < 1 and a function f € L,(R), we say that f belongs to the
Lipschitz space Lip(z, L, (R)) if there exists a positive constant C such that || f — f (- —
DlL,® < Clit|* forallz € R.For convenience, we define Lip(0, L, (R)) := L, (R).
The L, smoothness of a function f € L, (R) is measured by its L, critical exponent
sm, (f) defined by

smy(f) :==supfm+7 : 0<7 <1 and f(m) € Lip(r, L ,(R)), m € No}. (3.12)

For a compactly supported distribution f, we say that the integer shifts of f are
stable if span{f(& 4+ 27xk) : k € Z} = C for every £ € R. For the M-refinable
function ¢ with mask a € ly(Z), by [9, Theorem 3.3] and [10, Theorem 4.3], we have
sm,(¢) > sm(a, M); In addition, sm,,(¢) = sm(a, M) if the integer shifts of ¢ are
stable.

Next, we discuss how the subdivision operator S, m reproduces polynomials. For
any mask a € lo(Z), it is known in [10, (2.20)] (also see [13, Theorem 3.4]) that for

= sr(a, M),

M~ pW (Mm-!
Sa,Mp=Zp(M*1(._k))a(k)_Z( )p ( )ij

kel j=0 kel

ak), pell;_;.
(3.13)

We prove it here for the convenience of the reader. Using the Taylor expansion of
p € I1;_1, we have

o0 _ O m=1Nin() (M1 )
Pk =p(M~x—M~! (x—Mk)) = Z D My =y EMPTMED (g,

|
j=0 j=0 J*

By the definition of S, m in (1.4), using (1.9) for sum rules and the above identity, for
p eIl;j_; and x € Z, we have

M—HJipWDMm-! .
[Sampl(6) =MD p(k)atx — Mk) = Z( ) PL 9 S — Mb ax — M)

keZ keZ
> MY pWMm-! . > (M1 D m!
-y e X)Zk/a(k)=z y M OPTM0 ) ),
i=0 J: keZ kez \j=0 I

which proves (3.13) by noting 372 7 LpP M) (=M~1k) = p(M~!(x — k).
We are now ready to prove Theorem 1.

Proof of Theorem 1 (1)==(2). For v € [(Z), we define f,(x) := ) ;o7 v(k)p (x —k).
Because ¢ (s, + k) = (k) for all k € Z, we have v(j) = fy(sq + j) forall j €
Z. Hence, if f, = 0, then we must have v(j) = O for all j € Z. Therefore, the
integer shifts of ¢ are linearly independent and hence stable. Because ¢ € € (R),
we conclude from [10, Theorem 4.3 or Corollary 5.1] that smy,(a, M) > m. Define a
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sequence w € lo(Z) by
wk) == pM™s, + k), keZ (3.14)

Note that ¢ is M"-refinable with the mask A,, for every n € N by (2.8). Then for all
keZ,

(A 5wl (M™ k) =" A, (DwM™ k=)= " A, () (M™ (s4Hh) = ) =M " (s +k) =M " (k),
JEL JEL

which proves (1.13), and

[ A, 5wl (M (M = Dsq + M k) = 3 7 A (wM™ (M™ = 1)sq + Mk = )
JjEZ
=Y A (NS (M™ 5, + k) — j)
JjEZ
=M"p(M™ s, + k) = M w(k),

which proves (1.14). This proves (1)=(2).
(2)==(1). Because smy,(a, M) > m, by [10, Theorem 4.3 or Corollary 5.1], we
have ¢ € " (R), which is also obtained from smu, (¢p) > sme(a, M). Define

v(k) == p(M™s, + k), kelZ.

Since ¢ is M"-refinable with the mask A, for every n € N, by the same argument as
in the proof of (1)=—=(2), we have

[Am, 0] M) = D A, (O™ k=) = 3 A, (N M™ (sa+K)= ) = M7 ¢ (sq+k)
JEZL Jj€Z

and

[An, 0] (M™ (M = 1)50 +M" k) = Ay, () (M (M™ 54 4+K) = ) =M~ $(M" 54 +K) =M "> v (k).
JEL

That is, we proved

[Ap, % V(M k) = M ¢(s, + k) and [A,, % v](M" (M™ — D)s, + M*k) = M~ v (k).
(3.15)

Using the definition of a shifted transition operator 7, m,, in (3.1), the second
identity in (3.15) can be equivalently expressed as 74, mns v = v with y =
M™s (M — 1)s, € Z. Thatis, v € lo(Z) is an eigenvector of T4, mns , corre-
sponding to the eigenvalue 1. Similarly, the identity in (1.14) can be equivalently
expressed as 74, mns,,w = w. Note that w cannot be the trivial zero sequence due
to (1.13). Also it is easy to deduce from the definition of smey,(a, M) in (1.10) that
SMeo (A, , M) = smeo(a, M) > m > 0. By smeo(Ap,, M) > 0 and Theorem 7
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with a and M being replaced by A, and M"s, respectively, we conclude that 1 must
be a simple eigenvalue of 74, wmns , and hence, we conclude that v = cw for some
constant c. Now by (1.14) and the first identity in (3.15), we have

M5 (sq + k) = [Am, * V](M™5k) = c[A,, * w](M"sk) = cM ™" §(k)

for all k € Z. Hence, ¢ (s, + k) = cé(k) for all k € Z. By Theorem 7, we have
sr(a, M) > smgo(a, M) > m > 0 and hence, (2.18) must hold with J = 1 by the
proof of Proposition 3. Hence, we conclude from (2.18) that 1 = ZkeZ d(sq + k) =
Y kez c8(k) = c. This proves (2)=>(1).

(3)==(1). Because the subdivision scheme is convergent, we already explained
that ng must be the M-refinable function ¢ with the mask a. By [18, Theorem 2.1]
or [10, Theorem 4.3], we must have smy(a, M) > m and hence ¢ must belong to
¢ (R). Taking v = § in (1.11), (1.3) follows directly from (1.11). Hence, ¢ must be
an s,-interpolating M-refinable function. This proves (3)=—=(1).

(1)=(3). We proved (1)==(2) and hence, we have smy(a, M) > m. By [18,
Theorem 2.1], the M-subdivision scheme with mask a is 4" -convergent and hence,
we already proved that ns = ¢ and n, = Y ;. v(k)d(- — k). The identity (1.11)
follows trivially from (1.3). This proves (1)=—=(3).

We now prove (1.17). Since J = sr(a, M), we conclude from (2.15) and (3.13)
that

X M HYiphmly &
Z(M)JPJ(M ) Zl - o

Saqu: j' mtll: _'p(])(M 1)(_M lma)]
j=0 ' j=0""

=pM (- —mya)) = pM ™ (54 + ) — s0),

where we used s, = 4 and hence M~y =ML

have

Sq — Sq.- Now by induction we

Siap = SamlPM ™ (- + 50) = 52)] = p(M™" (M7 (- + 50) — 50 + Sa) — 5a)
= p(M ™" (- + 54) — Sa)-

This proves (1.17). O

Let ¢ be the M-refinable function with a mask a € [lo(Z), ie., (75(5) =
H(;il é(e_iMﬂg). Under the condition smq(a, M) > 0, the function ¢ is continuous.
Note that s, € R satisfies (1.12) if and only if s, € Dy, where Dy := UZOS:O U;‘;Zl
[M~™s (M"s — 1)~17] is dense in R. It is easy to observe that U;’sz[M_mZ] C Dwm
and Ufl";l [(M* — 1)~'Z] € Dm. For every s, € Dy, we now discuss how to exactly
compute ¢ (s,) through (3.15) within finite steps. Because smqo(a, M) > 0, as we
already know in the proof of Theorem 1, ’TAW mrs p With y = M"s (M — 1)s, € Z
has a simple eigenvalue 1, and the second identity in (3.15) is equivalent to saying that
v € lp(Z) is an eigenvector of 7, An, Mns  corresponding to the eigenvalue 1. Now the

value ¢ (s,) can be exactly computed within finite steps as follows:

@ Springer



Interpolating refinable functions... Page430f49 98

(S1) Compute the unique eigenvector v € lo(Z) such that Ty, mns v = v and

Y okez vk) = 1.
(S2) Then ¢ (sq) = M [A, # v](0).

For any s, ¢ D, the set [0, 1) N (U;?O: 1 [M/5s, 4+ Z]) must be infinite and it is unlikely
that ¢ (s,) can be computed within finite steps through the refinement equation using
only the mask a € lo(Z).

4 Proof of Theorem 2 on quasi-stationary subdivision schemes

In this section we shall first prove Theorem 2. Then we shall discuss how to com-
bine Theorems 1 and 2 for rn -step interpolatory r-mask quasi-stationary subdivision
schemes.

Proof of Theorem 2 The key ingredient of the proof is to show that sr(a;, M) > m
for all £ = 1,...,r play the critical role for proving the convergence of r-mask
quasi-stationary subdivision schemes. Since all involved masks ay, . .., a, have finite
supports, we observe that (1.19) holds for every K > 0 and v € [(Z) if and only if
it holds for K = oo and v € [p(Z). Hence, for simplicity of presentation, we shall
assume v € [p(Z) and use K = oo in (1.19).

Sufficiency. Because smqyo(a, M) > m, we conclude from [18, Theorem 2.1]
that the M"-subdivision scheme with mask a is ¥ -convergent and its M"-refinable
function ¢ belongs to ™ (R). Hence, for every initial sequence v € ly(Z), we conclude
that

lim sup [M/C"TOIVIS, M- Suy m(Say M- - - Say )" 01(k) — (M~ k)| = 0

n—oo keZ,

4.1

holds for £ = 0 and £ = r, where we used the convention that Sy, m - - - Sz, m i the
identity mapping for £ = 0. To prove (4.1) forall £ = 1, ..., r, we have to prove (4.1)

forevery £ € {1,...,r —1}. Note that Sy, m - - - Suy .M = Sqa,mr - By the assumption in
(1.21),for j =0, ..., m, there exists a unique finitely supported sequence b; € lo(Z)
such that

~ —1 ™ 04 i~

aEM )@@ =042+ +" b 4.2)

andsr(bj, M) > m+1—j > 1.Noting that V/ Sy, m - - - Sa; M = S, e V7, to prove
(4.1), we have to prove the following equivalent form of (4.1): For ¢ € {1,...,r — 1}
and j =0,...,m,

lim sup |M/C" O[S, e VI S) yvlk) = M| =0, (43)

n—o0 keZ
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From the following identity

M FOS, e VI Sy e vl (R) — ) (M7~ k)
=M/t |:Sh._w (Mjm[vjsn mrvl) — TI(J)(M " ))} ®

+ My, e 0P M) | o) = 1 M,

we conclude that

sup [W O OLS, i VISE vl — M| <+ B (44)

keZ
with

I := sup [/t [3,, e (Mﬂ"[vfs" vl () = n M )](k)‘

keZ
and
Iy = sup [ ML, e (0 (M~ )1 ) = 7 M=~k
keZ

Using the fact that ”Sbj,Mzwnloo(Z) < M 15111, z)lwllis 2y, We conclude that

1= MO ol | WLV, o) = |

which goes to 0 as n — oo by the proved fact that (4.1) holds with ¢ = 0 and
Sa,,M e Sal,M = Sa,M"

Note that b; € ly(Z) is finitely supported and by sr(b;, MY >m+1— j=>1,
b; must have at least order one sum rules with respect to M¢, that is, Zy ez bjk +
Méy) =Mt ZyeZ bi(y) = M~U+DE forall k € Z, due to (4.2) and our assumption
ZyeZ aq(y) = 1forallg =1, ..., r. Consequently,

WISy, e 1P =) | ) = > k)

— MU+DE Z bk — M[)/) I:ngj)(Mfrny) _ ngj)(Mfranlk)] )
y €ZNM~¢k—M—¢ fsupp(b )]

Take N € N such that fsupp(b;) € [—N, N]. Then for all y € Z N M~k —
M—¢ fsupp(d;)], we have

|M_m)/ _ M—rnM—€k| < M—rn”/ _ M—Zk| < M—rn—ZN‘

Note that 771(,] Visa compactly supported uniformly continuous function on R because
v € lp(Z) and ¢ has compact support. Therefore, we conclude from the above inequal-
ities that
Ll = MU bl sup 00 = n ),
le—y| =M=t N

which goes to 0 as n — oo. This proves (4.3). Hence, (1.19) must hold.
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Necessity. Suppose that (1.19) holds. In particular, (1.19) holds with n being
replaced by rn. Hence, the M”-subdivision scheme with mask @ must be ¢"-
convergent. By [18, Theorem 2.1], we conclude that smy,(a, M") > m. This
proves the first part of (1.21). Moreover, by the discussion immediately above
the proof of Theorem 1, we conclude that the function 7, in (1.19) must satisfy
N = Y pez V()@ (- — k). In particular, we have ns = ¢ in (1.19). Now we use
the proof by contradiction to prove sr(ag, M) > m forall £ = 1, ..., r. Suppose not.
Then j := sr(ag, M) < m forsome £ =1, ..., r. Since j = sr(ay, M), we can write

G@=0+z+ -+ bz

for some be € lo(Z) such that sr(by, M) = 0. By (1.19) with v = §, using V/'S%M =
Sp,,mV7, we have

lim sup ‘Mj(’””) [Sbl,MVfSaH,M : --Sal,MSZ,M,-S] k) — ¢ Mtr)| = 0.
n—oo kEZ

4.5)

Now we can decompose the expression on the left-hand side of (4.5) into

M/ 0 [sb@,mvfsag,l,M : -SaI,MS;},MVS] (k) — P MT" k) = Ji(k) + Ja (k)
(4.6)

with
T = M [Spn ([WO VIS, Suy St 8] ) = gD M) ] o

and
Jr(k) = M/ [Sbg,M((P(j)(M_m_H_l'))](k) — DMy,

Because (1.19) holds, we particularly have

lim sup [M/"FHEDIVIS, v SaymSE e 810) — ¢ (M | = 0.

n— 00 keZ

Hence, using the above identity and the same argument for /;, we obtain lim,,_,
supy ez | J1(k)| = 0. Consequently, we conclude from (4.5) and (4.6) that

m sup |J2(k)| = 0. “4.7)

li
n—oo kel

Because sr(by, M) = 0, by (1.9), there must exist k € Z such that ¢ := ZyeZ b(lz +
My) # w1 2,z be(y) = M~/~1 Thatis, M/*!c 3 1. Then for every k € [k +MZ],
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we have

J(k) = <M./+1 Z be(k — My)¢('j)(M7rn7l+1y)) _ ¢(j)(M7rn7€k)
y€EL
=M Z be(k — My) [¢(j)(M—rn—Z+1y) — ¢(j)(M—rn—ek)]
yeZN[M~1k—M~! fsupp(be)]
+ (MWt — DD M k).

Take N € N such that fsupp(by) S [—N, N]. Then for all y € Z N M~k —
M1 fsupp(b¢)], as we discussed before, we have

|M7rn7€+17/ _ Mfrnffk| — Mfrn7£+1 |J/ _ M71k| < MfranN.
Hence, for every k € [12 + MZ], we have

sup > belk = My) [¢9) M1y — gD M~k |
kelk+MZ] "\ eznM~"k—M~1 fsupp(b¢)]

<lbelnzy  sup 1oV (x) — Pyl
le—y|=M~=tN

which goes to 0 by the uniform continuity of the compactly supported continuous
function ¢(J ). From the above inequality, we now conclude from (4.7) and M/ tle #1
that

lim  sup [pP (M k)| = 0. (4.8)
7 kelk+MzZ]

Take x := M™0ko with ng € No and kg € Z. Then x = M~ ~t/Mk; with k; :=
Mr”“'l_l_"oko € Zforalln > (14+no—2£)/r.Consequently, foralln > (1+no—¢)/r,
we have

19 ()= 16 (M7= M| < 161 (M7 M) = (MR + M) [+19 (M7 (k + My ) |

< sup [0V =P @I+ sup e M),
ly—z|<M=7n=C k| kelk+MZ)

which goes to zero as n — oo by using (4.8) and the uniform continuity of
the compactly supported continuous function ¢). Hence, ¢/)(x) = 0, that is,
¢ (M~0kg) = 0 for all ng € Np and kg € Z. Since {M"0kq : ng € No, ko € Z} is
dense in R, we conclude that ¢/ (x) = 0 for all x € R, which implies that ¢ must be
a polynomial of degree less than j. However, ¢ is compactly supported, which forces
¢ to be identically zero, a contradiction to $(O) = 1. Consequently, we must have
st(ag, M) > m forall ¢ =1, ..., r. This proves (1.21). O

We make some remarks here about Theorem 2. Generalizing refinable functions,
we can define compactly supported functions ¢y, ..., ¢, through a chain of nested
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refinement equations as follows:

Ge(ME) = ap(e ) pp41(8), €=1,...,r—1 and ¢, (M§) = & (e )1 (£)
under the normalization condition J)\] 0=-..-= @(O) = 1. Then we must have
HME) = a1 (™M HGHM e = a1 @™ ) 3T (e ™M)E (e E)G1E) = 3G ©).

Hence we must have ¢y = ¢, that is, the M -refinable function ¢ with the mask a
in (1.20) of Theorem 2 can be obtained from the functions ¢1, ..., ¢ satisfying the
chain of nested refinement equations. In fact, this alternative interpretation of ¢ allows
us to obtain non-traditional wavelets from the » masks ay, ..., a, in Theorem 2. We
shall address this direction elsewhere.

Finally, we discuss how to combine Theorems 1 and 2 for interpolatory quasi-
stationary subdivision schemes. It is very natural to obtain a mask a in (1.20) of
Theorems 2 using masks {aj,...,a,} and then require that the mask a defined
in (1.20) should satisfy the conditions in Theorem 1 for obtaining s,-interpolating
M’ -refinable function ¢. This leads to rn-interpolating r-mask quasi-stationary sub-
division schemes as follows:

Corollary8 Let M € N\{1} be a dilation factor and r € N. Let m € Ny and
ai, ..., ar € lo(Z) be finitely supported masks with ZkeZ agk) =1fort=1,...,r.
Define a mask a € lo(Z) as in (1.20) and the M"-refinable function ¢ via the Fourier
transform a(é) = ]_[jil é(e_"Mfrjg)foré;‘ € R. For a real number s, € R satisfying
the following condition

M (M™s — 1)s, € Z for some mg € Ng and ng € N,

the M7 -refinable function ¢ is s,-interpolating and the r-mask quasi-stationary M-

subdivision scheme with masks {ay, ..., a,} is €™ -convergent co-step interpolatory
if and only if
(i) smeo(a, M") > m and sr(ag, M) > m forall = 1,...,r;

(ii) there is a finitely supported sequence w € lo(Z) such that

[Apm, * w](M™ k) =M"""§(k) VkelZ, 4.9)
[An, * WM (M™ — 1)s, + M™k) = M w(k), VkeZ, (4.10)
where the finitely supported masks A, are defined to be A, = M™""S] \).8.
For the particular case mg = 0, the conditions in (4.9) and (4.10) together are

equivalent to

A (M5 — 1)sq + M75k) = M8(k)  VkeZ 4.11)
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For the particular case mg = 0, the co-step interpolatory r-mask quasi-stationary M-
subdivision scheme with masks {a1, . . ., a,} is rng-step interpolatory with the integer
shift (M™s — 1)s,, ie.,

(ST I M o METD (M — 15, + M5 k) = v(k),  VkeZ,qgeN,velZ).

ap,...,

Proof Sufficiency. By item (i), (1.21) is satisfied and hence by Theorem 2, the r-mask
quasi-stationary subdivision scheme is ¢ -convergent and ¢ € ¢ (R). By item (ii),
the conditions in item (2) of Theorem 1 are satisfied with M being replaced by M.
Consequently, ¢ must be s,-interpolating and the subdivision scheme must be co-
step interpolatory. If my = 0, then the r-mask quasi-stationary subdivision scheme is
rng-interpolatory.

Necessity. If the M"-refinable function ¢ is s,-interpolating and its subdivision
scheme is co-step interpolatory, we conclude from Theorem 1 that item (ii) must hold.
On the other hand, because the r-mask quasi-stationary M-subdivision scheme with
masks {ay, ..., a,}is €™ -convergent, we conclude from Theorem 2 that item (i) must
hold. O

5 Conclusions

In this paper, we introduced in Section 1 and characterized in Theorem 1 all n;-step
interpolatory M-subdivision schemes and their s,-interpolating M-refinable functions
with ny € N U {oo} and any dilation factor M € N\{1}. Furthermore, inspired
by Theorem 1 and n-step interpolatory stationary subdivision schemes, we further
introduced in Definition 3 the notion of n,-step interpolatory r-mask quasi-stationary
subdivision schemes with masks {ai, ..., a,}, and then we characterized their con-
vergence and smoothness properties in Theorem 2. The provided several examples
of such ng-step interpolatory M-subdivision schemes in Section 2 demonstrate their
potential usefulness and advantages in CAGD, numerical PDEs, and wavelet analysis.
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