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Abstract

We present three novel algorithms based on the forward-backward splitting technique
for the solution of monotone inclusion problems in real Hilbert spaces. The proposed
algorithms work adaptively in the absence of the Lipschitz constant of the single-
valued operator involved thanks to the fact that there is a non-monotonic step size
criterion used. The weak and strong convergence and the R-linear convergence of the
developed algorithms are investigated under some appropriate assumptions. Finally,
our algorithms are put into practice to address the restoration problem in the signal
and image fields, and they are compared to some pertinent algorithms in the literature.
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1 Introduction

In this paper, we aim to present some accelerated algorithms based on the forward-
backward technique [1, 2] to solve an inclusion problem in the framework of real
Hilbert spaces. The inclusion problem refers to the problem of determining whether
one mathematical object, such as a set or a solution to an equation, is entirely contained
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within another object. Recall that the inclusion problem of the sum of two operators
is described as follows:

find x* € H such that 0 € (A + B)x™, (1.1)

where H denotes a real Hilbert space with inner product (-, -) and induced norm || - ||,

A :'H — 'H is a single-valued operator, and B : H — 2H is a multi-valued operator.
The solution set of problem (1.1) is denoted by £2 throughout this paper.

The inclusion problem is a fundamental problem in mathematics, with applications
in various areas including set theory, topology, geometry, and numerical analysis.
Inclusion problems are closely connected to optimization problems, such as split fea-
sibility problems, variational inequalities, and convex minimization problems (see,
e.g., [3, Section 1]). In conclusion, the inclusion problem is a fundamental concept in
mathematics with numerous applications in a variety of fields and continues to be an
active area of research and development. Many numerical methods have been devel-
oped to find solutions of problem (1.1) over the last decade. Our interest in this paper
is in the forward-backward splitting algorithm, which was proposed
by Lions and Mercier [1] and Passty [2]. The method is updated by the following
iterative process:

Spr1 = + XnB)_l (I — xnA) sp, so € H,Vn >0, (1.2)

where (-)~! stands for the inverse of (-), and I : H — H represents the identity
operator, x,, > 0 for all n > 0. It can be seen that each step of iteration (1.2) involves
only A as a forward step and B as a backward step. Forward-backward splitting algo-
rithms offer a range of solutions to large-scale optimization projects where structures
that favor decomposition can be exploited. Recently, the forward-backward algorithm
and its variants have been introduced and further developed for applications in sparse
signal recovery [4], image processing [5], and machine learning [6].

In order to weaken the restriction on the weak convergence of iterative scheme (1.2)
(i.e., requiring the inverse of A to be strongly monotone), Tseng [7] proposed a new
iterative procedure known as the forward-backward-forward splitting
algorithm (also known as the Tseng splitting algorithm) for solving
problem (1.1). This solution introduces a new forward step based on iterative (1.2),
described as follows:

{tn =+ B = xuA) sn, (13)
Sut1 = th — Xu(Aty — Auy), so € H,Vn > 0. '

Both (1.2) and (1.3) have received a great deal of attention from the optimization
community since they were proposed. Many variants have been introduced by scholars
for solving optimization tasks such as inclusion problems and variational inequalities
(see, e.g., [3, 5, 8—14] and the references therein). We next present some of these
results, which inspire us to develop new efficient algorithms. In 2018, Gibali and
Thong [3] introduced a Mann-type Tseng algorithm to solve problem (1.1), where A

@ Springer



On relaxed inertial projection and contraction algorithms... Page30f35 59

is Lipschitz continuous and monotone and B is maximally monotone. Their iterative
scheme is demonstrated as Algorithm 1.

Algorithm 1.1
Initialization: Give x; > Oand x € (0, 1). Let {a,} C (0, 1) and {B,} C (a,b) C (0, 1 — «y,) for some
a>0,b>0.Letlimysooa, =0and Y00 | @ = 00. Let 5o € H and setn := 0.
Iterative Steps: Given the iterates s;, s,_1, perform the following steps.
Step 1. Compute t, = (I + xn B)*1 (I — xnA)sy. If t, = s, then stop and t, € §2. Otherwise, go to
Step 2.
Step 2. Compute 5,41 = (1 —an — Bp)sn + Bn (th — xn(Atn — Auyp)). Update x,,41 by

min{M X } if Au, — Aty #0;
Xn4l = lAup — Aty ™" oo
Xn

otherwise.

Setn :=n + 1 and go to Step 1.

The advantage of Algorithm 1 is that it can work adaptively without the prior
information on the Lipschitz constant of the operator A, and strong convergence is
established in real Hilbert spaces by means of the Mann-type method. Subsequently,
Gibali et al. [10] combined the inertial method, the projection and contraction method
[15], and the forward-backward algorithm and proposed a new iterative procedure (see
Algorithm 2 below) to solve monotone inclusion problem (1.1). The weak convergence
of Algorithm 2 is confirmed in the case that A satisfies L-Lipschitz continuity and
monotonicity and B meets maximal monotonicity.

Algorithm 1.2

Initialization: Give 8 € (1,2), {¢p} € [0, 1), and {xa} C [a,b] C (0, %) Select starting points
50,51 € Hand setn := 1.

Iterative Steps: Given the iterates s;,, 5,1, perform the following steps.

Step 1. Compute u, = s, + ¢n (sn — xn,]).

Step 2. Compute t;, = (I + X,,B)*] (I — xnA) uy. If t, = uy, then stop and #, € £2. Otherwise, go to
Step 3.

Step 3. Compute 5,41 = up — 66,8n, where

(un —tn, gn)
gn =up —In — Xn (Aup — Aty), Op:= ninzn
llgnll

Setn :=n + 1 and go to Step 1.

It is worth noting that Algorithm 2 also adds an extra forward step making the
convergence condition weaker than that of (1.2). The technique incorporating this
extra forward step is known as the projection and contraction method,
introduced by He [15], and this method is now widely used by researchers, also in this
paper. On the other hand, Algorithm 1 uses an adaptive non-increasing step size scheme
while Algorithm 2 employs a fixed step size approach limited by the Lipschitz constant,
and the use of these step sizes will affect the convergence speed of the algorithms.
Recently, Thong et al. [11] proposed a modified Tseng algorithm incorporating inertial
extrapolation steps and relaxation effects for finding the solutions to problem (1.1).
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In their algorithm, a non-monotonic step size scheme is used in order to improve the
computational efficiency of Algorithms 1 and 2. More precisely, the iterative solution
method of Thong et al. [11] is presented in Algorithm 1.3.

Algorithm 1.3

Initialization: Give x1 > 0,¢ € (0,1), « € (0,1), and ¢ € [0, %). Let {t;} be a nonnegative real
numbers sequence such that Z,oloz | Tn < +o00. Select starting points s, s1 € H and set n := 1.
Iterative Steps: Given the iterates sy, s, —1, perform the following steps.

Step 1. Compute u, = s, + ¢ (sn - s,l,]).

Step 2. Compute t;, = (I + xn B)*' (I — xnA) uy. If t, = uy, then stop and t, € £2. Otherwise, go to
Step 3.
Step 3. Compute 5,41 = (1 — ¢)sp + @ (tn — xn(Atn — Auyp)). Update x4 by

lAun — Atnll’

K lup —t
min{M Xn +rn} if Au,, — Aty #0;
Xn+1 =
Xn + Tn otherwise.

Setn :=n + 1 and go to Step 1.

The weak convergence and R-linear convergence of Algorithm 3 are established
under the condition that the parameters and operators satisfy some suitable conditions.

Inspired and motivated by the results above, we introduce in this paper three new
iterative algorithms based on the projection and contraction technique to solve mono-
tone inclusion problem (1.1). Our contributions are listed below.

(1) The inertial method and the relaxation method are utilized in our algorithms
to accelerate the convergence speed of the algorithms. In addition, a different
relaxation technique is used than in Algorithm 3. Indeed, we compute s,,41 in
Algorithm 4 using the information of u,, instead of s,,. This modification can also
improve the computational speed of the algorithms (see the numerical experi-
ments in Sect.5).

(i) To weaken the convergence conditions of our algorithms, we use the projection
and contraction technique instead of the Tseng algorithm. Numerical experiments
in this paper demonstrate that our algorithms converge faster than Tseng-type
algorithms [3, 11].

(iii)) A more general non-monotonic step size criterion (cf. (3.3)) is adopted and
designed to overcome the difficulty when the Lipschitz constant of the operator
is unknown, i.e., our algorithms can work adaptively.

(iv) The weak and strong convergence of the proposed algorithms in the framework of
real Hilbert spaces is proved under some mild conditions. Moreover, we establish
the R-linear convergence of Algorithms 4 and 5 in the case that operator B
satisfies strong monotonicity.

(v) The proposed algorithms are applied to signal processing problems and image
denoising problems and demonstrate good computational performance.

The remainder of the paper is organized as follows. In the next section, some
basic definitions and lemmas are provided for the purpose of the subsequent con-
vergence analysis. In Sect.3, we present three forward-backward algorithms with
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non-monotonic adaptive step sizes and inertial effects to solve the monotone inclusion
problem (1.1) and analyze their convergence. In Sect. 4, the R-linear convergence of
the suggested Algorithms 4 and 5 is established under the condition that the multi-
valued operator B satisfies strong monotonicity. In Sect.5, we apply the proposed
algorithms to the signal recovery problem and image processing problem and com-
pare them with some related ones. Finally, we conclude the paper with a brief summary
in Sect. 6.

2 Preliminaries

In this section, we state some basic concepts and lemmas for subsequent use. Let C be
a nonempty, closed, and convex subset of real Hilbert space H. The strong and weak
convergence of {sn};’loz1 converges to x (as n — 00) is denoted by s,, — x and s,—x,
respectively. The following two relations will be used several times in the proofs in
Sect. 3.

M IEx+A=y1? = ¢lx P+ A= lIyIP—=¢cA=O)llx—yl%, Vx,y e H,¢ €
[0, 1].
(i) lx + ylI> < x> +2(y,x + ), Vx,yeH.

Definition 2.1 Let A : H — H denote a single-valued operator and B : H — 2H 4
multi-valued operator.

(i) The operator A is said to be L-Lipschitz continuous with L > 0if

[Ax — Ayl = Lllx — yll, Vx,y€eH.

(i) The operator A is said to be monotone if

(Ax — Ay, x —y) >0, Vx,yeH.

(iii)) The operator B is said to be monotone if

(u—v,x—y)>0, Vx,yeH,uec Bx,v € By.

(iv) The operator B is said to be v-strongly monotone if there exists a number
v > 0 such that

(u—v,x—y)2v||x—y||2, Vx,y € H,u € Bx,v € By.

(v) The operator B is said to be B : H — 2% is called maximal monotone, if
it is monotone and if for any (x,u) € H x H, (u — v,x — y) > 0 for every
(y, v) € Graph(B) (the graph of operator B ) implies that u € Bx.

Definition 2.2 For all x € H, there exists a unique nearest point in C, denoted by
Pc(x), such that
lx = Pl < llx = yll, VyeC,

where Pc is the metric projection of H onto C.
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Remark 2.1 Let C be a nonempty, convex, and closed subset of H. The projection
Pc(x) of a point x € H onto C is characterized by (see, e.g., [16, p. 535, Eq. (29.1)])

(x — Pc(x),y — Pc(x)) <0, VxeH,yeC. 2.1

Let Jf : 'H — 'H denote the resolvent operator of the multi-valued operator
B:H— ZH, defined as

Je@) =+ B~ (). VxeH x>0,

where I stands for the identity operator on H.

Let B : H — 2H be maximal monotone and let x > 0. Then, Dom (J f ) =H

and Jf :'H — "H is firmly nonexpansive (see [16, Corollary 23.11]).

Lemma 2.1 ([13]) Let A : H — H be an operator on H and B : H — 2H pe
a maximal monotone operator. Define Ty, := (I + xB)"Y I — xA), x > 0. Then,
Fix (Tx) = (A + B)~1(0), where Fix (Tx) represents the fixed point set of T

Lemma 2.2 ([17]) Let A : H — H be Lipschitz continuous and monotone and B :
H — 2H be maximal monotone. Then, A + B is maximal monotone.

The following Lemmas 2.3-2.5 are used to prove the weak convergence of our
Algorithms 4 and 5.

Lemma 2.3 ([18]) Let {¢,}, {vn}, and {xn} be nonnegative sequences such that

Ont1 < On + Xn (@0 — @u—1) + v, Yo =1
Ifthere exists a real number { withQ < x, < ¢ < 1foralln € Nand) ;> | vy < 400,
then the following hold:

(i) Yoy [@n — @n1], < +o0, where [1];. := max{z, 0};
(ii) there exists p* € [0, +00) such that lim,_, 1 o0 @, = @™*.

Lemma 2.4 ([19]) Let {s,} be a sequence in H and C be a nonempty set of H. If the
following two conditions hold: (i) for every x € C, limy,— ||, — x|| exists; (ii) every
sequential weak cluster point of {s,} is in C. Then, {s,} converges weakly to a point
in C.

Lemma 2.5 Let {s,} be a nonnegative sequence and p be a fixed point. Let « € (0, 1),
B € [0, +00), and y € (0, +00). Denote by

Lyi=lsa = pI* = lsa—1 — I + B lisn — su—1l*.
If the following inequality holds
gy —TI, < —y II's _Sl’l—l||21 Vn > 1,

then Y% | llsn — sn—1> < +o0.
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Proof Based on the assumptions, it is easy to see that I, — I, <0, Vn > 1. Hence,
the sequence {I},} is non-increasing. From the definition of I;, (noting that 8 > 0),
one has

Ly = llse = plIP —ellsu—1 — plI*.

This yields that

sy — plI* < @ llsp—1 — plI> + Iy
<allsp—1 — P||2 + I

< czd o= plP+ (@ e ) @D
I’
<o o —pl* + 5
By the definition of I, 1, we find that
Lt = lsntt — plI> = lsw = plI* + B llsns1 — sull® 23

2
—a s, — plI©.

v

Combining (2.2) and (2.3), we observe that

2 1 ) ol
L S ellsn = plIP <@ llso = pIP + T
According to assumption [, +1 — I, < —y |8, — sp—1 |? and noting that @ € (0, 1),
one has

k
I
¥ s = sa1l® < 1= ey < o lso — pl* +
1 —
n=1
I
< llso = plI* + ——.
l -«
This implies that
o0
Z 50 — Sn—1 ||2 < +o00.
n=1
This completes the proof of the lemma. O

The Lemma 2.6 listed below is essential for the strong convergence analysis of the
proposed Algorithm 6.

Lemma 2.6 ([20]) Let {s,} be a nonnegative sequence, {o,} be a sequence of real
numbers, and {¢,} C (0, 1) be a sequence such that ZT:] ¢p = 00. Assume that

Sp+1 = (1 - Cn)sn + é-no—n, Vn > 1.
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If lim sup oy, < O for every subsequence {snk} of {s,} satisfying lim inf (s,,k+1 — snk)
k— 00 k— 00
> 0, then lim,_ 00 5, = 0.

3 Weak and strong convergence

In this section, we provide three modified forward-backward algorithms for solving

monotone inclusion problem (1.1). These iterative schemes are inspired by the pro-

jection and contraction algorithm, the inertial method, the relaxation method, and the

forward-backward algorithm. The first two algorithms yield weak convergence results

in real Hilbert spaces, while the third achieves strong convergence results. Now, we

assume that Algorithm 4 satisfies the following Conditions (C1)—(C3).

(C1) The solution set of inclusion problem (1.1) is nonempty, i.e., 2 = (A+
B)~1(0) # 0.

(C2) A : 'H — 'H is L-Lipschitz continuous and monotone, and B : H — 2H s
maximally monotone.

(C3) Let x1 > 0,k € (0,1),¢ € (0,1), ¢ € (0, 1), and § € (0, 2). Choose {&§,} C
[1, 00) such that > o2 | (&, — 1) < 00, and {1,} C [0, 00) such that Y 07, 7, <
oo. Let the parameters ¢ and ¢ satisfy the following condition:

1
1w >0 3.1

Remark 3.1 By solving equation (3.1), we can obtain an upper bound for the parameter

@ as
JI+4c(1+¢)—1
2001+
That is, the range of ¢ is ¢ € (0, ®) when the parameter ¢ € (0, 1) is fixed. The
variation between ¢ and ¢ is demonstrated in Fig. 1.

Q=

Now, we are in a position to introduce the suggested Algorithm 4.
The following lemmas are crucial for the convergence analysis of Algorithm 4.

Lemma 3.1 ([22]) Suppose that Condition (C3) holds. Then, the sequence {x,} gen-
erated by (3.3) is well defined and limy,—, o X5 €xists.

Lemma3.2 Ift, = u, or g, = 0in Algorithm 4, then t, € §2.
Proof From the definition of g, and (3.3), one has

lgnll = llun — tyll — xullAuy — Aty ||

KX (3.4)
Z(l_ n)”un_tn”-
Xn+1
It can be easily proved that || g, || < (1 + )’((n’fr”l )lun — ]l Hence,
KX KX
(1= 22 hn = tall < gl = (14 =25 ) hatw = . (3.5)
An+1 Xn+1
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Fig. 1 The relationship between parameters ¢ and @

From (3.5), one can check that u,, = t, if and only if g, = 0. Therefore, if u, = t,
or g, =0, then #, € £2 according to Step 2 and Lemma 2.1. O

Algorithm 3.1

Initialization: Give x; > 0,x € (0,1),¢ € (0,1), ¢ € (0,1),and § € (0, 2). Choose ¢ and ¢ satisfy
(3.1). Let {&,} and {7} meet Condition (C3). Select initial points sq, s; € H and setn := 1.

Iterative Steps: Given the iterates sy, s, —1, perform the following steps.

Step 1. Compute u, = s, + ¢ (sn - s,l,]) .

Step 2. Compute

=+ XnB)71 (I = xnA) up.

If t;, = uy, then stop and 1, € §2. Otherwise, go to Step 3.
Step 3. Compute g, = u, — 86,8, Where

(un —tn, gn)
8n =up —In — Xn (Aup — Aty), 6Op:= W (32)
n

Step 4. Compute
sn+1 = (1 — @)sn + @qn.

Update
K lun — tnl .
——— &n + T if Au, — Aty #0;
Xngl = { | Aup — Aty """ 0" moa (3.3)
EnXn + Tn otherwise.

Setn :=n + 1 and go to Step 1.
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Lemma 3.3 ([13]) Let {u,} and {t,} be two sequences generated by Algorithm 4. If the
subsequence {unk} of {u,} converges weakly to some p € H andlimy, o0 ||ty — 15| =
0, then p € £2.

Lemma 3.4 Let {u,}, {t,}, and {q,} be three sequences formed by Algorithm 4. Then,

2—94
lign — pI* < llun — plI* — —— llan - unll*, Vpe 2, (3.6)
and
(14 L)
lin = tall? <~y — gull*. (3.7)
[(1 = 28]

Proof It follows from the definition of g, that

Ign — pII* = llun — 86ngn — plI?

(3.8)
= llun — plI* — 286, (un — p. gn) + 8267 llgnll* .
By the definition of g,, one obtains
(un — )2 gn> = Uy — 1y, gn> + (t, — D gn) 3.9)

= (up —tn, gn) + {th — P,y — ty — xn (Au, — Aty)) .
According to the definition of #,,, one has (I — x,A) u, € (I + x,B) t,. Since B is
maximal monotone, there exists v, € Bt, satisfying (I — x,A) u, = t, + x,v,. This

implies that
Un = Xy | (i — ty — XnAlty) . (3.10)

We have that (A 4+ B) is maximal monotone by means of Lemma 2.2. From At, +
v, € (A+ B)t, and 0 € (A 4+ B)p, we obtain

(Aty, + vy, t, — p) = 0. (3.11)
Combining (3.10) and (3.11), we deduce that
(un — tn = xn (Aup — Aty) . 1, — p) = 0. (3.12)
By using (3.8), (3.9), (3.12), and the definitions of 6, and ¢g,, we have

Iign — PI* < llun — plI* — 286, (un — tu, gn) + 6267 llgnl?
= llup — plI* — 2862 llgall* + 5262 llgnll?

)
= llup, — plI* — —~ 1186, gn1I*

2—94
= llun — plI* — —— llan - T
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It follows from (3.3) that

|Au, — Aty || <

Xn+1

which combining with the definition of 6, yields that

2 2
Onllgnll” = (gn> un — 1) = lup — tyll” — xn 1Auy — Ayl lluy — 25|

KX
= (1= 25 ) = ).
Xn+1

Combining (3.5) and (3.13), one sees that

(1 )

Kxn \* llun — 1 n
02l = (1 — 2 ) R = L, g, |
Xn+1 llgnll (1 4+ Lo
Xn+1
This together with the definition of ¢, yields that
(1 f)?
lgn — unll* = 8262 11gn 1> = 8% ——25 Jluy — 1|
1 K Xn
Xn+1
Thus, we obtain
(14 52)
ln — ta)* < ——LH— uy — gl
[0 5200]
Xn+1

The proof is completed.

(3.13)

]

Theorem 3.1 Let {s,} be any sequence generated by Algorithm 4 and Conditions

(C1)—~(C3) hold. Then, {s,} converges weakly to an p € §2.

Proof 1t follows from Lemma 3.4 that

Ign — pI* < llun — plI*, Vn=>1. (3.14)
Using (3.14) and the definition of s,+1, we have
a1 — pI* = 111 = @) (sn — p) + @ (gn — P)I?
== sy — plI*+¢llgn — pI* — (1 — @) llgn — sulI*  (3.15)
<A =9) sy — plI* + @ llun — plI* — o1 — @) lign — sall*.
By the definition of 5,11, one sees that ||g, — s, || = %H (Sp+1 — Sn) ||. This together
with (3.15) implies that
2 2 2 1 2
Isns1 — pI* < (1=@) sy — plI*+¢ lluy — pl —5(1—@ Isns1 — sall*. (3.16)
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Using the definition of u,,, one has

Iy — plI* = llsn + ¢ (5n — $u—1) — plI*
= (1 4¢) (5n — p) =  (sue1 — PI?

=(14+0) lIsn — pII* = ¢ lIsu—1 — pI* + A+ ) lIsn — su1 1%
(3.17)
Substituting (3.17) into (3.16), we deduce that

Isns1 — plI* < (1= @) sy — plI* + @ + &) sy — plI* — @¢ lsu—1 — plI?
1
+WU+§WM—M4W—;U—¢W%H—%W
= (14 ¢0) lIsn — pII* = @C lsn—1 — pII* + 9 (1 + ) lIsn — sp—11>
1
—;U—¢WMH—MW~
(3.18)
This follows that
2 2 1 2
”%H—P”—¢“W—P”+aﬂ—¢WMH—%”
2 2 1 2
<lsw — Pl = @& llsp—1 — plI” + 5(1 — @) sy — Sn—1l (3.19)
1 2
- aa—@—waruvn%—hqn.
Denote by

2 2 1 2
Iy=lsn = plI* = @C llsn—1 — pII” + ;(1 — @) lIsn — sn—1ll”.

It follows from (3.19) that
1 2
I 5(1—<p)—<ﬁ§(1+§) llsn — sn—1ll”. (3.20)

By using (3.1), one sees that ¢ € (0, 1), %(1 —¢) > 0,and %(1 —0)—l(14¢) >
0. Combining (3.20) and Lemma 2.5, we have

o0
> lisn = su1lI* < +oo. (3.21)

n=1

From (3.18), we have

Isnsr = pI? < lsu =PI+ (s = pI? = llsn—1 = pI?)
+ e+ 0) llsn = sua I

(3.22)
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Combining (3.21), (3.22), and Lemma 2.3, we arrive at
lim ||s, — pl* =1L (3.23)
n—oQ

This implies that the sequence {s,} is bounded and thus the sequences {u,,} and {f,}
are also bounded. Moreover, by (3.21), one can see that

lim (5,41 — spll = 0.
n—oo
Hence, we have lim,,_, o [|g, — sn |l = lim,,— é Isn+1 — snll = 0, and
lim (s, — up|l = lim ¢ |lsy — sp—1ll = 0. (3.24)
n—0o0 n—0o0

So limy,— 00 llgn — un |l = 0. This together with (3.7) yields that

lim fJun — 1] = O. (3.25)
n—oo

Since {s,} is bounded, there exists a subsequence {snk} of {s,} and z € H such
that s,, —z. It follows from (3.24) that u,,, —z. Combining (3.25) and Lemma 3.3, we
obtain z € £2. This together with (3.23) and Lemma 2.4 infers that the sequence {s}
converges weakly to p € £2. O

Notice that step 4 in the suggested Algorithm 4 does not use the information of u,
when computing s, +1. Next, we present an improved version of Algorithm 4 in which
we use u, instead of s, in the relaxation step of the new algorithm. Indeed, our second
iterative scheme is shown in Algorithm 5 below.

Algorithm 3.2

Initialization: Given x; > 0,x € (0,1),¢ € (0, 1), ¢ € (0, 1), and § € (0, 2). Choose ¢, 8, and ¢ such
that (3.26) holds. Let {£,} and {7} meet Condition (C3). Select initial points sg, s1 € H and setn := 1.
Iterative Steps: Given the iterates s;, s,_1, perform the following steps.

Step 1. Compute

up =sp +¢ (Sn *Snfl) .

Step 2. Compute
tn= (I + xnB) ™" (I = XnA) ttn.
If t, = uy, then stop and #,, € £2. Otherwise, go to Step 3.
Step 3. Compute
qn = un — 86ngn,

where g, and 6, are defined in (3.2).
Step 4. Compute

Spt1 = (1 = @)un + oqn.
Update x4 by (3.3).
Setn :=n+ 1 and go to Step 1.

Before starting the convergence analysis of Algorithm 5, we need the following
condition to hold.
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(C4) Let x1 >0,k € (0,1),¢ € (0,1), ¢ € (0,1),and § € (0,2). Choose {&,} C
[1, 00) such that 302 | (&, — 1) < 00, and {z,} C [0, 00) such that ;2| 7, <
00. Choose the parameters ¢, §, and ¢ such that

2-94 )
wT(l—Z) —(1+H¢=>0. (3.26)
Remark 3.2 By solving (3.26), we can easily derive the lower bound of ¢ as

8(149)

= 2-na-or

That is, when § € (0, 2) and ¢ € (0, 1) are fixed, we can choose ¢ € (g, 1]. To better
describe the relationship between ¥, 8, and ¢, we draw the variation of 4 when § and
¢ are fixed in Fig. 2.

We are now in a position to prove the weak convergence of Algorithm 5.

Theorem 3.2 Assume that {s,} is generated by Algorithm 5 and that Conditions (C1),
(C2), and (C4) hold. Then, {s,} converges weakly to an element p in the S2.

Proof From the definition of 5,4, one has

Isns1 — pII> = 11 — @) (un — p) + @ (g — P)I?

5 5 (3.27)
= =) llup —pl=+e¢llg. — pl~.
Combining (3.6) and (3.27), we have
2 2 2-46 2
Isnt1 — PI° < llup — plI* — e lgn —unll”, Vp e $2. (3.28)
1 1
——6=0.5 0.8 [—o—¢=0.8 ,
0.6 e
3105 0.5 ya Sy ’
2 0.2 p
0 0 0¢
0 0.2 0.4 0 0.1 02 03
¢ ¢
08 A os ] o8
06 06 i 0.6
9—|0.4 i S-|0.4 S 7 o4 P
02 7 021 s 0.2
obe=T 0= 02
0 01 02 03 0 005 01 015 0 0.02 0.04
¢ ¢ ¢

Fig.2 The relationship between parameters ¢, §, and ¢
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By sp+1 = (1 — @) u, + ¢g, (noting that ¢ € (0, 1]), one sees that

1
llgn — unll = P iS4t — wnll = llspg1 — unll - (3.29)

Substituting (3.29) into (3.28), we obtain

)

Isns1 — pI? < lun — pl> — ¢ 41 — wnll® . (3.30)

It follows from the definition of u,, that

2 2
lsp1 — unll® = ||Sn+1 —8p — ¢ (Sp — Sp—=1) |l
2 2 2
= lIspe1 — Sull” + ¢ sy — Su—1ll” — 28 (Spt1 — S, Sp — Su—1)

2 2 2
= lsnt1 = snll” + 7 lsn — sp—1 1" = 2 llsn1 — snll llsn — Sn—1]l

> (1= ) llsnsr = sall® + (62 = ) s = su1 2.
(3.3D)
Substituting (3.17) and (3.31) into (3.30), we obtain

Isnt1 — plII> < (L+2) lIsw — pII* =& llsu—1 — pI* + (142 llsn — su—1lI?

246
— o= (A= O w1 = sall?+ (62 = ¢) llsy = 5u-11) .
(3.32)
This implies that

2-94
Iswi1 = pI? = ¢ llsw — pI* + [(1 +00 -9 (- c)} lsn1 = sall?
2-94
< llsn = PI2 = S llsa1 — pIP + [(1 +0¢—p—— (- 4)} o = 511
) )
- [‘”T A== A+0s+9—= (- c)} Isu1 = sul

(3.33)
Let

2-46
A= lisw = pI* = L llsn—1 = pII” + [(1 +05—g— (- ;)} lsn = sn—1ll?

and 25 25

—o 1 — i (P

€ =9 I-0-0+0¢+9 5 (C 4).
From (3.33), we reduce to

Api1 — Ay < —€ ISt — sull* (3.34)
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Since ¢ € (0, 1), ¢ € (0, 1], and § € (0, 1), we find that
2—6/,
405 —p=—=(=¢) =0,
Note that € > 0 by means of equation (3.26). Combining (3.34) and Lemma 2.5, we

arrive at ZZ; I$n41 — s,,||2 < 400. Thus, we have lim,, .  ||Sp+1 — Sz || = 0. From
the definition of u,,, one has

2 2 2 2
Isn+1 — unll” = lsne1 — Sull” + &7 sy — Su—1 17 — 2 {Sn1 — Sn» Sp — Sn—1) -

Therefore, we obtain
lim ||sy4+1 — unll =0. (3.35)
n—oo

From (3.32), one can check that

a1 = P12 < s = pI2 4+ (llsn = pI? = lsumr = pI?)

)
+ (c(l +0 - (- ;)> 5o = sn1%.

(3.36)

Using Z;’,O:I s — $n_1 ||2 < +00, (3.36), and Lemma 2.3, we have lim,_,
IIsn — pll2 =/. Combining (3.7), (3.29), and (3.35), we infer that lim,,_, » ||t;, —u, || =
0. By the definition of u,, one sees that lim,,_ ||ty — S, || =limy— 00 ¢ IS —Sn—1ll=
0. The sequence {s, } converges weakly to an element of §2 by using a similar statement
of Theorem 3.1. O

To conclude this section, we introduce a strongly convergent relaxed forward-
backward algorithm for solving monotone inclusion problems in real Hilbert spaces.
More precisely, the iterative scheme is shown in Algorithm 6.

Theorem 3.3 Assume that Conditions (C1), (C2), and (C5) hold and {s,} is generated
by Algorithm 6. Then, {s, } converges strongly to an element p € 2, where p = Pg(0).

(CS5) Let {e,} and {B,} C (0, 1) be two positive sequences satisfy the following

condition:
> €
lim B, =0, Y B, =00, and lim —* =0. (3.38)
n—o00 o n—00 ,Bn
Proof Combining (3.6) and (3.27), we have
2 2 2-94 2
lsn1 — pII” < llup — plI” — e lgn —unll, Vpe . (3.39)
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Algorithm 3.3
Initialization: Given x; > 0,¢ > 0,«x € (0,1), ¢ € (0, 1),and § € (0, 2). Let {¢,,} and {B,} C (0, 1)
satisfy (3.38). Let {§,} and {t;;} meet Condition (C3). Select initial points s, s1 € H and setn := 1.
Iterative Steps: Given the iterates s, 5,1, perform the following steps.
Step 1. Compute

up = (1 = Bn)(sn + ¢n (Sn - Snfl))7

where

. €n . .
=" {f’ nn] o e (3.37)
¢ otherwise.

Step 2. Compute
tn =+ xaB)"" (I = xnA) up.
If t;, = uy, then stop and 1, € §2. Otherwise, go to Step 3.
Step 3. Compute
qn = un — 80ngn,
where g, and 6, are defined in (3.2).
Step 4. Compute
Sn+1 =1 = @un + oqn.
Update x4+ by (3.3).
Setn :=n+ 1 and go to Step 1.

By the definition of u,, one has

lup — pll = (1 = By) (Sn + &n (5p — s0=1)) — Pl
=[[(1 = Bp) (sp — p) + (1 = Bp) &u (S0 — Sn—1) — Bupll
< =B llsn = pll+ A= Bu) &nlisn — sn—1ll + Bu I Pl (3.40)

== B lIsn = pll + B [(1 — Bn) ;—n l$n — sn—1ll + IIPII} .

n

Using (3.37) and (3.38), one sees that

. . €
lim ‘;—"nsn —Sp_ill < lim =~ =0.

n— 00 ,Bn n—00 ,Bn

This follows that lim,_, o ((1 —B) S llsw — sl + 1 p||> — |Ipll. Hence, there
exists a positive constant M such that

(=B f;—" lsn = sa—1ll +llpll =M, Vn=1. (3.41)
n

It implies form (3.40) and (3.41) that

lun = pll < (1= o) llsn — pll + M. (3.42)
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Thanks to ¢ € (0, 1] and § € (0, 2), by using (3.39), one obtains
sn+1 — pll < llup — pll, Vn =1 (3.43)
Combining (3.42) and (3.43), we deduce that

”sn+1 - P” =< (1 _,Bn) ”Sn - P|| +ﬂnM
<max {lls, — pll, M} <--- <max{|ls; — pll, M}.

This yields that the sequence {s, } is bounded. So {u, }, {g,}, and {#,} are also bounded.
From (3.42) (noting that {8,} C (0, 1)), one infers that

lun — plI> < (1 = B) sy — pI* + 2B, (1 = Bu) M |Is, — pll + B2M>

, (3.44)
< lisn — pII” + B Mj,

where My := max {2(1 — B,) M |ls, — pll + BaM? : n € N}. Substituting (3.44)
into (3.39), we conclude that

2-39 2 2 2
95— llan —unll” = llsu = PI" = llsns1 = pII” + Bu M. (3.45)

Using (3.43) and the definition of u,,, we have

Isns1 — Pl < llun — pII?
=11(1 = Bu) (s — )+ (1 = Bu) &u (50 — $u—1) — Bupll
<N =Ba) (5n = P) + (= Bu) &n (50 — Sn=DII* + 280 (—p. un — p)
< (=B llse — pI* + 20 = Ba) &u llsn — Pl lsn — su—tll + &7 llsw — su—111
+ 280 =Py tn — Sn+1) + 280 (=P Sut1 — P) -

This yields that

lIsn1 — pII?
2 tn
<@ =B llsn = pI"+ Bu |2(1 = Bn) llsn — Pl B, lsn — sn—1ll
n
Cn
+&n lIsn — Sp—1l ,3_ lsn — su—1ll + 2 Ipll Nty — Sps1ll +2(p, P — Sns1) | -
n

(3.46)
Next, we show that {||sn - p||2} converges to zero. To prove this, we need to rely
on Lemma 2.6. We now assume that { ||snk —p || } is a subsequence of {||s, — p||} such
that
timinf (Jsueer = o] = sue = p1) = 0.
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Then,
timinf (s, = I = s, — p°)
= timinf [([su1 = p[| = 5w = P[) (Jsmr1 = P + s = p[)] = 0.
This together with (3.38) and (3.45) yields
lim supfpz(s;(S g = e |* < lim sup [Hsnk —p|? = [swesr — | + ﬂnle]
k—o00 k—o00
< lim sup I:Hsnk - pH2 - Hsmd-l - pH2] + lim sup B, M)
k—o00 k—o00

= = timint [ = 1" = o = pI]

=0,

which means that

klggo |gn = un || = 0.

This combining with (3.7) implies that

lim |ty — un | = 0. (3.47)

k— 00
By the definition of s,1, one sees that

Am fsnerr = wn [ = tim @ qu —un | =0. (3.48)
Using the definition of u,,, one has
Hsnk — Uny H = ” (1 - ﬂnk) Sny (Snk - Snkfl) — BugSny ”
< B [ (1= ) 5 s =5t +
By

Thus, we have
lim |[s,, — un | = 0. (3.49)
k— o0

Combining (3.48) and (3.49), we deduce that

im sy 41— Sne | =0. (3.50)
k— 00

Since {sy, } is bounded, there exists a subsequence {sng, } of {sn } such that sy, }

converges weakly to z* as j — o0o. By means of (3.49), one obtains u,, —z*. This
combining with (3.47) and Lemma 3.3 implies that z* € £2. By using (2.1) and the
definition of p = P (0), we find that

lim sup(p, p— snk> = lim (p, p _Snkj> = (p, p— z*) <0. (3.51)

= I
k— 00 J—>
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It follows from (3.50) and (3.51) that

limsup (p, p — sp41) < 0.

k—o00

This together with (3.46), (3.48), lim,,_, /.% Isn — sp—1]l = 0, and Lemma 2.6 yields
that lim,— o0 |5, — pll = 0. Thatis s, — p asn — oo. O

4 R-linear convergence

In this section, our goal is to establish the R-linear convergence of Algorithm 4 and

Algorithm 5 under the condition that the multi-valued operator B : H — 2H satisfies
strong monotonicity. First, we recall the definition of R-linear convergence.

Definition 4.1 ([21]) A sequence {s,,}in H is said to converge R-linearlytop
withrate p € [0, 1) if there exists aconstant ¢ > Osuchthat ||s, — p|| < cp", Vn € N.

We now replace Condition (C2) in Sect. 3 with the following Condition (C2)'.

(C2) Theoperator A : H — H is L-Lipschitz continuous and monotone and operator
B:H—2His v-strongly monotone.
The following Theorem 4.1 demonstrates that Algorithm 4 can obtain R-linear
convergence provided that the parameters satisfy certain conditions.

Theorem 4.1 Let {s,} be any sequence generated by Algorithm 4 and Conditions (C1),
(C2), and (C3) hold. Let ¢ € (0, %]. Choose ¢, §, and « such that

(28 =82 (1 —k)? l—k « c
€ = mi1 , V - (> . 4.1)
2 (14+0? (A4x)?L 1+¢
Then, {s,} converges to an element p € §2 with an R-linear rate.
Proof 1t follows from ¢, = (I + )(,1B)’1 (I — x,A)u, that (I — x,A)u, €
(I + xnB)t,. This implies that
Xy — ty — xnAuy) € Bty. (4.2)

Since 0 € (A + B)p, one has —Ap € Bp. This combining with (4.2) and the fact
that B is strongly monotone with constant v produces

(Un — th — XnAuy + XnAp, tn — p) =V lltn — P||2-

From the monotonicity of A, we have

\

(Up —th — xn (Auy — Aty) .ty — p) = v ltn — P||2 + xn (Aty — Ap, t, — p)
v ltn = pI7.

v

(4.3)
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Using the definition of 6,,, (3.4), and (3.13), one obtains

(Un — tu, gn) lun — tall 1
lgall> = llgall T 1- ;I—ﬁ]
and
=t (1= 52 b=l (1= 72) »
lgnl>  — llgnll? - (1 +m)2' '
Xn+1

Combining (3.7), (3.8), (3.9), (4.3), and (4.4), we find that

2—-5
Ign — pI* < llun — plI* — —— llan - wnll? — 286, xn Itn — plI?

KXn
25 [(1-54)9]
oo i — 1]

< llun = plI* = = 5
K Xn
(1 + Xn-H)

(1-32)
Xn+1

— 208 — Ity — plI*.
K Xn
+ Xn+1

C[26—8%(1—k)? l—k « 1
Let € :=min Y — ¢. Note that € < —. From Lemma 3.1,
2 (I+x0)? (A+x)?L 2
we have
K Xn
25 [(1-52)3] L= kP
lim Kol — (26 — 52)% > 2¢
n—oo § (1 4 KK (1+«)
Xn+1
and
. (1_;:«(:1) 1—« . K 1—«k «
lim véyx, 3 > 8 mln{)(],—}szS——Ze.
n— K Xn ) (1+«)? L (1+x)?2L
Xn+1
Therefore, there exists N € N such that
SEL R
; Kokl 5 > 2e, véxn%z%, Vn > N.
KXn KXn
(1 + Xn+l) (1 + Xn+1
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Thus,
Iign — plI* < lun — plI* = 2€ lluy — toll* — 2¢ I, — pl?

2
=< up — pll

2
up — pl° —€

= (1 —¢) lluy — plI*, Vn=N.

This together with the definition of s,,1 yields that

Isns1 = pII* = 111 = @) (50 — ) + ¢ (g — PI?
=1 =) lsa — plI* +¢llgn — pI* = (1 = @)@ llsy — gull?

—¢ 2
Isn+1 — snll

1
=1 =) lsa — plI*+¢llgn — pI* —

-9
Isnt1 —sal>, ¥n > N.

A=) llsi — pI* + o1 =€) lus — pl* —
By the definition of u,, we also have

g — pI> = 1A+ &) (5p = p) — & (su—1 — P)I?
=1+ llsn — plI* = ¢ st — pIIF + (1 +) sy — su—1ll* .

Therefore, we obtain

-9
Isnt1 — pI? < (1 — @) sy — plI* — — st — sall?

+o(l =) [+ lIsp — pI* = ¢ llsu—1 — pI* + A+ ) lIsy — sn—111%]
=(—o(l=0=A 4+ lIsy — plII* — &1 =€) lIsn—1 — plI*

=01

I-v 2

+ ot =1 +) lIsw — su—1ll* — l$n+1 — Sn
—

=07

—¢ 2
lsp+1 —snll®, Vn > N.

2 2 1
<ot sy — pl*+ o2 llsn —sp—1lI" —

Thanks to ¢ € (0, %], it implies ]77“’ > 1. Thus, we have

-9

2 2 2 2
Isnr1 — plI=+ sns1 — snll” < lsng1 — plI© + lsn1 — snll

2 2
<otllsp — pll* +o2lIsp —sp—1ll°, VYn>N.

This follows that

2 2 2, 92 2
Isne1 — PI7 + lIsns1 — sull” < 0y |:||Sn - pl©+ . lsn — sn—1ll } , Yn>N.
1
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By (4.1), one sees that (1 —€)(1 4+ ¢) € (0, 1), which further yields that o7 € (0, 1)
and g—f € (0, 1). Hence, we have

2 2 2 2
Isus1 = P12+ lswir = sl < o1 (s = pI2+ llsn = su-112) . V= N.

Leta, == |ls, — plI> + llsn — su—1]1%. It follows that

2 —N+1 1-N
lsnt1 — PlI* < ang1 < o1ay < o] MHlay = o/ Nayof.
This implies that the sequence {s,} converges R-linearly to p. O

Before starting to prove the R-linear convergence of Algorithm 5, we need the
following lemma.

Lemma 4.1 Let {s,} be formed by Algorithm 5 and let p € S2. Assume that § € [1,2)
and ¢ € [% — 1, 1]. Then, for all & € (0, 1), there exists N € N and w = w(§),
€ = €(&) such that w, € € (0, 1) and

Isns1 = pI* < @ lluy — pI* = € llsns1 —ual®, Vn =N, (4.5)
Proof Using (3.27) and the similar proof to that in Theorem 4.1, one has

2 2 2-46 2 2
sn+1 — Pl < llun — pli e lgn — unll”=2¢vé0, xn lltn — pll”, Vp € £2.

4.6)
From the definition of 6,, s,+1, and g,, one sees that

Isnt1 = tnll = @llgn — unll = @0nllgnll = @Sllun — tall. 4.7)

Combining (3.7), (4.6), and (4.7), one finds that

lIsns1 — plI*
1 KXn 5 2
2—s|\I— %
8 KX)l 2
(1 1 x_+|)
-
= [luy — plI* = onk llta — unll® — 00 (1 — &) |ty — un|?

— 20086, xu llta — pII?

2
[

iy — tall* = 20086, xn Itn — plI*

<lup—pl*—¢

on(l =€)
< llun = pI* = 0u& lltn — unl* — ”Wznsﬁl — up)?

— 20080, xu It — plI>,  where & € (0, 1).
4.8)

@ Springer



59 Page 24 of 35 B.Tan and X. Qin

By using (4.4) and (4.8), one obtains
on(l —§)

snet =PI = i = pI” = 0 N = sl = = 5= lsnet = sl
(1 — L ) 4.9)
n+1
— 20v8 ) —"L lta — pII*.
KX)I
+Xn+l
Let S LA h I d
e ‘= min{—, pvox ——= ¢, Where = lim and o0 =
14 B % X(1+IC)2 X n—o0 Xn

lim,,—, ~ 0;,. Note that ¢ € (0, 1) and y € (0, 1). Then, we observe that

lim 0,& =0d& > 2y,
n—oo

. op(1—=§) o(l1-§)
m =

nll>oo §0252 (ﬂ252 ?
(0-)
. Xn+1 l — K
1 Spp————5 = QVéy————= > y.
LM QYO Xn (1 o )2 Qv X(1+K)2 ZY
+ —An
Xn+1
Thus, there exists N € N such that
(0-4)
Xn+1
on 22y, @uiyp——"75 2y, Yn=N.
KXIl
1 + Xn+1
, _e(1-8) . )
Letw:=1—yande := i Since § € (0,1),8 € [1,2),and ¢ € [§ — 1, 1],

one has w € (0, 1) and € € (0, 1). In view of (4.9), one concludes that

2 2 2 2 2
Iswtr = pI% < Nt = pIP =29 1 = al® = € w1 = > = 2 1 = pl
2 2 2 2

= Nt = pI* = € llsnsr = al® =27 Ity = al® + s = pI?)

2 2 2
< llun = pII” = € llsnt1 — unll™ — v lun — pli

2 2
= o |lup — plI” — € llsp41 —unll”, Vn=N.

This completes the proof. O

Using the technique in [23], we obtain the following result.

Theorem 4.2 Let {s,} be any sequence generated by Algorithm 5 and Conditions (C1),
(C2), and (C4) hold. Let k € (0,1), & € (0,1),8 € [1,2), and ¢ € [% — 1, 1] such

that
0<c<—2 (4.10)
=7 T we+2w+¢€’ '
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where w and € are defined in Lemma 4.1. Then, {s,} converges to an element p € §2
with an R-linear rate.

Proof By using the definition of u,,, we have
Iy — pI> = 1A +2) (5 — p) — £ (su1 — P)I?
= (14+) lIsw — plI* = ¢ lIsu—1 — pI* + £ (1 +2) lisn — sp—1lI?
and

2 2
Isn+1 — wnll” = ISn41 — Sn — & (5n — Sp—1)l
2 2 2
> lIsns1 = $ull” + 27 sn — su—1117 = 28 Isnr1 — sull s — su—1ll
2 2 2 2 2
> lsnt1 = sull” + &7 lsn — sn—1 1" = & Isn1 = sull” = & llsn — sp—1l

=1 =) Isns1 —sul> = (1 =) llsw — su—1ll?.
Combining these inequalities with (4.5), we obtain
a1 — plI* < @ (1 +8) sy — plI* — @ lIsn—1 — plI* + @& (1 + &) sy — su—1l1?
—e(1=0) Isn1 — sull* + €€ (1 = &) lIsy — su—1ll*, Vn > N.

This is equivalent to

Isu+1 = Pl = @ llsw = plI* + € (1 = ¢) lIsus+1 — sull®

<o [lls = pIP = ¢ st = pIP + €1 =) sy — sn1 1]
—(we(1 =8 —w¢ (A +¢) —€ (1 =0)) lIsw —sa—1l*, Vn > N.

Set
o= llsy — plI* = ¢ llsu—1 — pI* + €1 =) sy — su—1ll*.

Since w € (0, 1), one finds that

Lot < Isnst — pI* — ¢ sy — plI* + € (1 = &) lIsns1 — sall*
<ol —(we(1—¢) —wt(14+¢) — € (1—0)) lIsy —su—1l*, Vn > N.

From ¢ € (0, 1) and (4.10), we have
we(l=¢0)—wl(1+8)—€et(1—-¢)=we(l —¢)—2wi —ef =0.

This implies that
Fn+1§a)Fn, VnzN
Now, we show that I';, > O for all n > N. From (4.10), we have

we €
< 9
we + 2w + € 2+4+€

{=
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which further yields that
c(l-0)

> ¢ >0.

Using the definition of I,, we have
Li=0—ed=o)llsy—pl*+e@=2) (Isw = pI* + lisn = su11%) = ¢ llsus — plI?
> (e =0) llsn — plI? + (# - ;) Isu-t — pI?
> (1 —ed=0) s, — pl*>0.

Hence,
L ol < <o Ny
That is r
2 N n
Sp — < .
R R e gy
This implies that {s,} converges R-linearly to p, as desired. O

Remark 4.1 We have the following comments regarding the R-linear convergence
analysis of the proposed algorithms.

(1) We do not include the R-linear convergence results of Algorithm 6 in this sec-
tion. The key reason behind this limitation lies in the specific characteristics and
adjustments made in Algorithm 6 to ensure strong convergence. While these
adjustments may enhance the algorithm’s ability to converge to the solution,
they may also introduce complexities or trade-offs that hinder the attainment of
R-linear convergence.

(i) Our R-linear convergence results were obtained under specific step size choices,
which may appear more restrictive. We acknowledge the importance of step size
selection in iterative optimization algorithms and assure that our choices were
made after thorough analysis to ensure convergence and effectiveness.

(iii) We made stricter assumptions on the parameters to obtain R-linear convergence
results for Algorithms 4 and 5. The stronger correlation between parameters
emerged from rigorous convergence analysis and imposed tighter constraints to
provide robust theoretical guarantees. This was done to strike a balance between
computational efficiency and convergence performance.

5 Numerical experiments

In this section, we provide the application of the proposed algorithms to signal and
image recovery problems to demonstrate their computational efficiency and advan-
tages. All programs were performed in MATLAB 2018a on a personal computer with
RAM 8.00 GB.

Example 5.1 (Signal Recovery Problem) The signal recovery problem involves
reconstructing an original signal from its degraded or partial form that occurs fre-
quently in image processing, audio processing, and communication systems. Let
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x € RY with k (k < N, i.e., x is sparse) non-zero elements be the original signal,
C : RM*N pe a bounded linear operator, and € be the noise data during transmission.
The noise signal y € RM is assumed to be obtained by the following variation:

y=Cx+e. (5.1

Figure 3 visually shows the matrix structure expression of the model (5.1). The
signal recovery process can be represented as a mapping from the degraded signal to
the recovered signal, aiming to reduce the discrepancy between the two signals. This
can be formulated mathematically as an optimization problem, where the objective is
to minimize the difference between the degraded and recovered signals and the opti-
mization variables are the parameters of the recovery algorithm. That is, we can solve
the model (5.1) by formulating the following unconstrained optimization problem:

1
min —|ly — Cx||2 subject to ||x]; <'t, 5.2)
xeRN 2

where ¢ is a positive constant. Note that the problem (5.2) described above can be
regarded as a special case of the monotone inclusion problem (1.1) (see [13, Section
4.3] for more details).

We use the proposed Algorithms 4, 5 and 6 as well as the ones in the literature [3,
10, 11] to solve the problem (5.2). The parameters of the proposed algorithms and the
compared ones are set as follows.

- Setx1=1,k=05,=15& =1+ @ +1)2’ and 7, = ~1H for the proposed
Algorithms 4, 5 and 6. Choose ¢ = 0.2 and ¢ = 0.7 for our Algorithm 6. Select
¢ =0.15and ¢ = 0.9 for our Algorithm 5. Take ¢ = 0.5,¢ = 0.9, 8, =

and €, =

ﬁ for our Algorithm 6.

— Pick x1=1,«=0.5, 0, = ﬁ, and B, =0.5(1 —«,) for GT Algorithm 1 [3]. Set
£, =0.2,6=1.5,and x, = 0L+3 (where L= C||?) for GTV Algorithm 1 [10]. Take
x1=1,6=0.5,0=0.2,¢9=04, and 7, = # for TCPDL Algorithm 1 [11].

M x 1
measurements

N x1

sparse

signal

C € RMXN nonzero

k< M<KN ) entries
Compression

Random projection

Fig.3 Geometric interpretation of model (5.1)
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In our numerical experiments, the clean signal x € RV contains k (k < N) ran-
domly created &1 spikes. The matrix C : R®*¥ is produced using a standard normal
distribution with zero mean and unit variance, and the rows are then orthonormal-
ized. Let € be the white Gaussian noise with variance 10~%. Then, the observation
y is generated by (5.1). With the starting signals s9 = s; = 0, the recovery pro-
cedure begins and terminates after 100 iterations. We use the mean squared error
MSE = (1/N) ||x* — x||2 (x* is an estimated signal of x) to measure the restoration
accuracy of all algorithms. In our first test, we set M = 512, N = 1024, and k = 100.
The original signal and the noisy signal are shown in Fig. 4. The recovery results using
the proposed algorithms are presented in Fig. 5. The variation of MSE with the number
of iterations for all algorithms is illustrated in Fig. 6.

Finally, we did all algorithms for solving the signal recovery problem (5.1) in diff-
erent dimensions and with different sparsity. Their results are shown in Table 1 and
Fig.7. Notice that we do not present the test results for GT Algorithm 1 [3] in Table 1
because it performs poorly (see the variation of MSE for GT Algorithm 1 [3] in Fig. 7).

Remark 5.1 From Figs.4, 5, 6, and 7 and Table 1, it can be seen that the proposed
Algorithms 4, 5 and 6 can solve the signal processing problem as shown in model
(5.1) very well. In addition, the presented algorithms converge faster than the methods
in the literature [3, 10, 11] and their performance is robust (i.e., it is independent of
the size of the dimensionality and sparsity). In conclusion, the algorithms presented in

P v , Original signal (N = 1024, M=512, 10Q spikes) _ . . _ _
T T
—* Original signal
$ 051 .
=
=
g
—_ 0
<
(=]
80
- -
) -05 i
1% T i3 — kK *XE K K ke
0 100 200 300 400 500 600 700 800 900 1000
Index
1 Q T T T T

—=© Contaminated signal

Signal values
(e

_1 1 1 1 1 1 L) 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Index

Fig.4 Original signal and noise signal generated by model (5.1)

@ Springer



On relaxed inertial projection and contraction algorithms... Page 29 of 35 59

Zo Z o

s

06 06

08 08

Bl Kl

0 100 200 300 400 00 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 SN0 600 700 S0 900 1000
Index Index Index

(a) Recovered by our Alg. 3.1  (b) Recovered by our Alg. 3.2 (c) Recovered by our Alg. 3.3

Fig.5 The original signal and the signal recovered by our algorithms

this paper are efficient and useful. On the other hand, although the computational time
of the proposed algorithms is not always the minimum (as indicated in Table 1), the
difference in time between our proposed algorithms and the comparison algorithms
is negligible in most cases. This illustrates that our proposed algorithms can achieve
higher precision within the same number of iterations, despite the minimal differ-
ence in computational time compared to the comparison algorithms. Essentially, our
algorithms demonstrate comparable complexity to the comparison algorithms while
offering improved accuracy.

Example 5.2 (Image Restoration Problem) The image restoration problem can be
represented as the following model:

Cx=b+v, (5.3)

107

107

MSE

10°

F|——Our Alg. 3.1
[ |[—=—Our Alg. 3.2
r[—*—Our Alg. 3.3
|——GT Alg. 1
F|——GTV Alg. 1
—e—TCPDL Alg. 1

1
0 10 20 30 40 50 60 70 80 90 100
Number of iterations

104

Fig.6 The variation of MSE with the number of iterations for all algorithms at M = 512, N = 1024, k =
100
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MSE
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{[——Our Alg. 3.1
[|-=—0ur Alg. 3.2
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—e—TCPDL Alg. |
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(a) M =256, N =512,k = 40 (b) M =512, N = 1024,k = 80

Fig.7 The variation of MSE with the number of iterations for all algorithms in two cases

where C is a convolution matrix of size m X k, X is the original image data in RX, b is
the degraded image data in R™, and v is the noise vector in R™. The problem (5.3) can
be represented as a constrained optimization model, and the objective is to minimize
f(x) = ||Cx — b||? subject to x € C. This model can be transformed into the split
feasibility problem by defining C as a box in R and Q as either {b} if v = 0 (no noise
added), orasasetQ = {y € R™ | |ly — (b + v)|| < ¢} for small enough & > 0.

In this experiment, we selected three grayscale images with a size of 515 x 512 as
the test subjects. In this case, the range of C is from O to 1. The test images undergo
two stages of degradation: first, a 9 x 9 Gaussian blur with a standard deviation of 2
is applied, followed by addition of a zero-mean Gaussian white noise with a standard
deviation of 10™*. Next, we use the same algorithms and keep the same parameters
as in Example 5.1 to solve problem (5.3). The signal-to-noise ratio (SNR) in decibels
and the structural similarity index (SSIM) are used to measure the quality of the
reconstructed image compared to the original image. The SNR is defined as

B

SNR := 201log % x|

El

where x is an original image and X is a restored image. The calculation of SSIM
directly calls the function “ssimval=ssim(X,x)” in MATLAB. A higher SNR

Original image

Restored image

Degraded image

Fig.8 The original Cameraman image, the degraded image, and the image recovered by our Algorithm 4
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Restored image

Original image Degraded image
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Fig. 11 The variation of SNR for all algorithms with three images
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Fig. 12 The variation of SSIM for all algorithms with three images
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Table 2 Numerical results for all algorithms under different images

Algorithms Cameraman Lena Mandril
SNR SSIM SNR SSIM SNR SSIM

Our Alg. 3.1 28.9115 0.9518 27.2279 0.8989 21.9129 0.8364
Our Alg. 3.2 29.1107 0.9535 27.3386 0.9005 22.0787 0.8431
Our Alg. 3.3 28.9218 0.9519 27.2621 0.8994 21.8878 0.8353
GT Alg. 1 [3] 25.4751 0.9263 25.0525 0.8753 19.9984 0.7446
GTV Alg. 1 [10] 27.2681 0.9357 26.3045 0.8842 20.7651 0.7804
TCPDL Alg. [11] 27.6678 0.9399 26.5029 0.8875 21.0635 0.7966

value indicates better reconstruction quality, while a SSIM value closer to 1 means
that the restored image is more similar to the original image. The initial points for all
algorithms ares) = s; = b, and the iteration stops after 200 iterations. Figures 8,9, and
10 show the original three test images, the degraded images, and the images restored
by our algorithms, respectively. The variation of SNR and SSIM with the number of
iterations for all algorithms under the three test images is plotted in Figs. 11 and 12,
respectively. Finally, the SNR and SSIM values of all algorithms after executing 200
iterations for the three test images are presented in Table 2.

Remark 5.2 It can be intuitively seen from Figs. 8, 9, and 10 that the three algorithms
proposed in this paper can effectively solve the image denoising problem. On the other
hand, our three algorithms have higher SNR and SSIM values than the comparison
algorithms in references [3, 10, 11] (refer to Figs. 11 and 12 and Table 2), which means
that our algorithms have higher computational efficiency in processing such problems
when appropriate parameters are selected.

6 Conclusions

In this paper, we propose three new algorithms for solving the monotone inclusion
problems. These approaches are obtained based on the inertial method, the forward-
backward algorithm, the projection and contraction algorithm, and the relaxation
method. In the framework of real Hilbert spaces, the weak convergence of the pro-
posed Algorithms 4 and 5 and the strong convergence of the suggested Algorithm 6
are established under the condition that the parameters and operators satisfy some
suitable conditions. Furthermore, the R-linear convergence rates of the proposed
Algorithms 4 and 5 are also proved in the case where the multi-valued operator meets
strong monotonicity. Finally, we apply the proposed algorithms to signal process-
ing problems and image recovery problems. The results of this paper improved and
extended many relevant algorithms in this field.
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