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Abstract

In this article, we propose an efficient hybrid method to calculate the highly oscilla-
tory Bessel integral fol %Jm (wx?)dx with the Cauchy type singular point, where
0 <t <1,m>0,2y € NT. The hybrid method is established by combining the
complex integration method with the Clenshaw— Curtis— Filon— type method. Based
on the special transformation of the integrand and the additivity of the integration
interval, we convert the integral into three integrals. The explicit formula of the first
one is expressed in terms of the Meijer G function. The second is computed by using
the complex integration method and the Gauss— Laguerre quadrature rule. For the
third, we adopt the Clenshaw— Curtis— Filon— type method to obtain the quadrature
formula. In particular, the important recursive relationship of the required modified
moments is derived by utilizing the Bessel equation and the properties of Chebyshev
polynomials. Importantly, the strict error analysis is performed by a large amount of
theoretical analysis. Our proposed methods only require a few nodes and interpolation
multiplicities to achieve very high accuracy. Finally, numerical examples are provided
to verify the validity of our theoretical analysis and the accuracy of the proposed
methods.
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1 Introduction

In many application fields, such as quantum mechanics, celestial mechanics, electro-
dynamics, signal processing, medical imaging and fluid mechanics, highly oscillatory
problems are involved [3, 4, 6, 7, 18]. The highly oscillatory Bessel integrals with a
Cauchy type singular point and exotic oscillators are defined by

I[f] = f( )Jm(a)xy)dx (1.1)
0

where 0 < v < 1, w > 1, 2y is a positive integer, f (x) denotes a smooth function on
[0, 1] and J,;, (x) denotes the first kind of Bessel function of order m. We can deduce
from [11] that the integral (1.1) exists if the function f (x) satisfies Holder’s condition
on the interval [0, 1]. Furthermore, the integral (1.1) is understood in the sense of
principal value and is defined as follows

I[f]= lim / / &Jm(a)xy)dx.
+e

e—0F

The integral (1.1) has three significant characteristics. It is clear that the integral
has a Cauchy type singularity at x = 7. Moreover, if frequency w is high enough,
the integrand becomes very oscillatory. In addition, The oscillator x” has zero and
stationary points at x = 0. It is highly time consuming for very large values of w to
use the traditional quadrature method such as Gaussian quadrature rules. Therefore,
the calculation of the integral (1.1) becomes very difficult. We must investigate an
effective quadrature rule to approximate the integral.

Inrecent years, a few researchers devoted to studying the calculation of highly oscil-
latory Bessel integrals. For the general form of g(x), there were some methods [31,
36] to compute the integral f ab f(x)Jy(wg(x))dx. For the simple form of g(x) = x,

many methods were also used to calculate the integral fah f(x)Jy (wx)dx, for example,
the asymptotic method [35], the numerical steepest descent method [8, 10], the Clen-
shaw—Curtis—Filon—-type method [37], the modified Clenshaw—Curtis method [27]
and the Levin-type method [34, 35]. Wang et al. [32] studied the asymptotics and fast
computation of the following onesided oscillatory Hilbert transforms of the form

+00 t )
/ me"’”dt, w>0, x>0.
0 r—x

Many methods [9, 13, 14, 20, 24, 29, 30, 32] were utilized for computing the Cauchy
principal value integral of oscillating function

1
f('x) eia)xdx

1 X—=T

, -1l <1<l (1.2)
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Further, Xu et al. [39] constructed two efficient methods to calculate the Hilbert trans-
form with the oscillatory Bessel function, as follows

+o00
f &Jv(a)x)dx, 0<1<+o0. (1.3)
0 X =T

However, these methods cannot directly calculate the integral (1.1). In order to accu-
rately and efficiently compute the integral (1.1), we must improve, modify or combine
these methods.

In this paper, we first rewrite the integral (1.1) as

1 1 1
/ fx) Jm(a)xy)dx:f(r)f ;Jm(a)x}’)dx+/ F(x)Jn(wx?)dx, (1.4)
0 -7 0 X—T 0

X
where
f)—f(r)
Fay=1 «v » 7%
f'(o), x=r,

is a continuously differentiable function if f(x) € C°°[0, 1]. Then the first integral
on the right of (1.4) is transformed as follows

+00

1 +00
1 1 1
Jn(0xV)dx = —— I (wxV)dx — —— T (wx?)dx. (1.5)
0 X—T 0 X—T 1 X—T

We let I1; = 0+°o %Jm (wxV)dx and I;p = 1+°o ﬁ]m(wxy)dx. According to
the relationship between Meijer G function and Bessel function, the integral /1 can
be explicitly computed via the Meijer G function. For the integral 11>, we estab-
lish new steepest descent integration paths to transform the integral into two infinite
integrals on [0,4+00) on the basis of analytic continuation, and then use the Gauss—La-
guerre quadrature rule to compute the resulting two infinite integrals. We use the
Clenshaw—Curtis—Filon—type method to calculate the integral fol F(x)J(wx?)dx in
(1.4). First, the quadrature formula is obtained by interpolating F'(x) at the Clenshaw-
Curtis point. Then, the recursive relationship of the modified moments is derived by
utilizing integration by parts, the Bessel equation and the properties of Chebyshev
polynomials. Finally, employing explicit formula can effectively calculate the values
of the initial modified moments.

The structure of this paper is as follows. In Section 2, we first derive the explicit
formula of the integral /;;. Then, we use the complex integration method to com-
pute the integral /15. Finally, we adopt the Clenshaw—Curtis—Filon-type method for
calculating the integral fol F (x)Jy, (wx?)dx. Moreover, the very useful recursive rela-
tionship of the required modified moments is deduced through detailed theoretical
analysis. In Section 3, we carry out strict error analysis by a large amount of theo-
retical derivation. In Section 4, we verify the correctness of the theoretical analysis
through numerical experiments. Meanwhile, these numerical experiments show the
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accuracy and efficiency of the proposed methods. The conclusion of this paper is given
in the final.

2 Hybrid method

In this section, we devise a hybrid method. First, the explicit formula of /11 is given
by the following lemma.

Lemma 2.1 If 2y is a positive integer, then it is true that

4

o 2y (1 o 0y 0B B Bt g
_ _ V,2y Tyr2yc 2y Ay éay 4y
111—/0 :Jm(a)xy)dx =Gy 50| 70T V‘O L2 2 . 2.1
Iy

where Gﬁ;g (+) is the Meijer G function [5, p. 206].

Proof We can know from [5, p. 219] and [16],

1
Jn(wxV) = G(l):g (Zw2x2y

) 2.2
;m,—;m) ( )

1— =
Ta,'“ ’Taqbl,'“ Jbusbug, ,bq,

+oo ja—1
t ag,az, - ,dy,ay41,,dp
u,v l
/ — Gp,q at b b bbb dr
0 t T 1,02, s0usOu+1,,0q
| 1
l—a . I oty ey
— a—1 utl, v+ B A e A A
=—7T Gp+2l,q+21 at i) ot |- 2.3)
-

T s

Weleta =1, [ =2y,a = }Twz in (2.3) and substitute (2.2) into the integral 7.
Then, employing (2.3), we can obtain the result.

ag,-Ap,dnp41, ,dp

In Matlab, the Meijer G function G';,lj; <Z

) can be computed by
by, vbM!bnl+la"' abq
invoking the built-in function

MeijerG([a1, az, - - - , an), [an+1, ans2, - -+ L apl, [b1, b2, -+ by, [bimt1, b2,
: ’qu Z)‘

In Maple, the Meijer G function is implemented as

MeijerG([[alv az, -+, a}’l]v [an-‘rlv ap+42, ", ap]]v [[blﬂ b27 I} bl’n]v [bm+17 bm+27
IR bq]]a Z)’

and it is suitable for both symbolic and numerical manipulation and its value can be
evaluated with an arbitrary precision. The Meijer G function can be computed with the
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Matlab code MeijerG.m [26]. Moreover, according to [17], as |z] — oo, the Meijer
G function has the following asymptotic formula

A, Ang 1, ,Ap
Gm Wn ( ) I
LA N P
» .
R " [Ti— sin((a; — b)) D 1ypm gy <e"(”(X b2/ D)
2 2T, i sin(b; — bym)
1 — _ \/m 1
(14 O(————————)) + ¢ T2V (=) R4 i, | . — )))+
VDT (D= =rTg]
m+n+1’i jony1 Sin((@j — b)) b - [T T —as)
T/ e Sin((b —bom) — sin((a; — bo)m) [T T(a; — by)

((—=Lyp=m=n=lzyai=be= '<1+0<ﬁ)) 2.4)

where x = 5 (Zp+2 bj— Z?:l aj— %). The Meijer G function can be also computed
by truncating the above asymptotic formula (2.4).

Next, we use the complex integration method to calculate the second integral /12
on the right of (1.5). We set t = xV, and the integral is transformed as

11

1 +00 X7
Iy =— / 1 I (@x)dx. (2.5)
Y Ji

XV —1T

From [33, p. 386], when m > 0, the relationship between the Bessel function and the
Whittaker’s functions is as follows

I (x) =

1 . .
: {e%<m+%>”'wo,m(2ix)+e—%<’"+%)”lwo,m(—2ix)}. 2.6)
(2mx)2

With the aid of (2.6), the integral /15 can be rewritten as

+00
1> :—1 : e%(m+%)”i/ xl
y(rw)? 1 XV —1

X |=
[T}

el Wo.m Qiwx)e “*dx

1 1 . [T x . .
+ —le_f(m+7)”l / - e T Wom(=2iwx)e'dx.  (2.7)
y(2rw)? 1 X7 —t

X|=
(STl

From [2, pp. 505 and 508], we get the asymptotic formula of the Whittaker’s function
as follows

nlt"

W p(6) ~1%e™? {1 + Z( 1)” —a+ PGz —a— P }
’ 0(|t|a_N_1e_7)’ = o 2.8)
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Theorem 2.1 Suppose that
1_3
xv 2 .
Gi(x) = — e ' Wom(—2iwx), (2.9)
X7 —t1
1_3
xv 2 .
Ga(x) = — e Wom Riwx). (2.10)
XY —1
Then the integral 113 can be rewritten as
 lw +o00 :
= ! : {e%m%)’”’if G+ Dyetar
yQrw)? @ Jo @
io—iw 400 :
_ e%<m+%>m'le_/ Ga(1 — Z)e’dt}. (2.11)
w 0 w
Proof Based on (2.7), we rewrite the integral I}, as
1 . .
Iy = 1 {e—%<m+%ﬁ“1{4-e%0"+%W”1§], (2.12)
Yy Qrw)2
where
+00 )
I =/ Gi(x)e'®dx, (2.13)
1
+00 )
L =/ Go(x)e ' dx. (2.14)
1

In the following, we only calculate ;. Similarly, I; can be easily calculated. The

following is the definition of the region P:

P:{ZECHZ—IISR,Ogarg(z)f%}.

Both G(x) and G,(x) are analytic functions in P. The boundary of the region P
can be thought of as a closed contour I'. Through the Cauchy’s residue theorem [1, p.

206], we have
55 G1(x)e'"dx = 0.
r

We let

3
= U Tk,
k=1
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where

1@ =t, t:1—>14+R,

Ty :m2(0) = 1+ Re'?, 9:0—>%,

'3:m@)=14+it, t:R— 0,
are shown on Fig. 1 (left). Then, we respectively consider every integral on contour

'y, T, s
On the basis of Eq. (2.8), as |z] — 400, it follows that

Nl—=

L
zv

N p G mu(z —m)y N3
2G1(2) ZV—T{1+Z( D T +0(lz|™V72),
1_1
7 2

1 L
2G2(2) ~ {1 + Z( 1)n(2 +m)n.(2 ; m)n } i 0(|Z|_N_%).

!
Z n!Riwz

Therefore, there exist two constants C; and C», such that
Cy C
IQWSHlﬁw_ﬁwthm (2.16)

Firstly, using Jordan inequality [1, p. 223]

2
20 <sind, 0 ¢ [0, Z],
T 2

Im(Z) Im(Z)

0
Re(Z)
rZ
3
rl
Re(Z) Rl /

Fig.1 The integration paths of /], which involve the kernel €'Y are shown in the left figure. The integration
paths of Ié, which involve the kernel e ~®* are shown in the right figure
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we obtain

f G (x)e'*dx
I

% . . i .
= ‘f Gi(1+ Re!)el IR (1 4 Re'?)
0

T

2 . .
/ Gl(l +R€le)€7szmed0
0

<R G /ze—z”)%de
1+ Re?| J,

< CIL(I —e ") >0, R - +oo. 2.17)
2wR

<R

Then, we can express the integral on '3 as

R
f Gi(x)e'®dx = — ie"“/ Gi(1+it)e “dt
rs 0

_ l_ iw “k Z —t
=— —¢ Gi(1 4+ —)e'dr. (2.18)
w 0 w

According to (2.15)-(2.18), we can get

+00 '
/ Gi(x)e'“*dx
1

lim Gi(x)e'*dx
R—+o00 J1,

I

— lim G (x)e!“ dx
R—+00 I+T3
- dlw “+0o0 it
e Gi(1+ Dyear. (2.19)
w

w Jo

Similarly, we can calculate the integral /] according to the contour path in the right of
Fig. 1. The integral 7 can be expressed as follows

i,—ilw 400 it
=" f Go(1 — Dyetdr. (2.20)
0 w

w

We can obtain (2.11) by substituting (2.19) and (2.20) into (2.12).

We approximate the integral (2.11) by the Gauss-Laguerre quadrature rule. The
n—points Gauss—Laguerre quadrature rule of the integral f0+°° ¢ (x)e *dx is denoted
as [11, p. 222]

+00

P(x)e " dx ~ Y " we ().

k=1
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where x; and wy are respectively node and weight. Then, we use the above formula
to obtain the complex integration method of the integral /1, as follows

1 .
On= B )] { —Lm+} )m Zkal(l_’_i) ez(’"+ ywilé Zka2(1_*)}
y(rw)?

3
2

n (1+llk)y

X g
:e*%“"*%)’”izw — Tl ”‘Wo_m(fZiw+2tk)

Ty Qrw)?

“i= 4+ ”k)y -
1 1y 0 (1- ﬂ)%7%
_ezmty)mi wk%e’kWo,m(Ziw-FZtk)}, (221)
el (A=Y -1

where the Whittaker’s function W, g(¢) can be computed by either truncating the
above asymptotic formula (2.8) or invoking ‘whittaker W («, B, t)’ in Matlab.

Next, we apply the Clenshaw—Curtis—Filon—type method to calculate the integral
Ni+
I3 = [} F)Jm(@x?)dx. Let Py, 25(x) = Z d(S)T (x) be the Hermite inter-
n=0
polation polynomial of F(x) at the Clenshaw-Curtis points

1 1 i .
xi:§+§cos N1 ,1=0,1,---, Ny,

where s is a non-negative integer, 7,"(x) represents the Chebyshev polynomial of the
first kind shifted to the range [0,1]. The interpolation polynomial Py, 425(x) satisfies
the following relationships

k k
P12, O) = FO0), Pypiag(x)) = Fp), Py (D = FO), k=01,
s, j=12,---,Ny— 1.

The coefficient d,(,s) can be effectively computed by a modified algorithm [37, 38].
The algorithm is based on the Fast Fourier Transform. Then the Clenshaw—Curtis—
Filon—type method for the integral /13 can be expressed as

1
05 Cr P = /0 P25 (x) I (0x7 )dx

N1+2s

= > dYM,(m. 0.y), (2.22)
n=0
where

1
M, (m, w, y):/ T, (x) Iy (wx?)dx, (2.23)

0

are known as the modified moments.
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40 Page 10 of 26 H.Kang etal.

In the following, we utilize the Bessel equation and Chebyshev polynomial to
derive a homogeneous recurrence relationship for the modified moments (2.23). It is
applicable for all positive integers 2y .

Theorem 2.2 The modified moments (2.23) satisfy the following recursive relationship

(n* +6n+9 — Y mHMyi2(m, o, y) + 2n + 4 +4y>m*) My i1 (m, o, y) — 2n* — 6 + 6y*m?)
My (m, o, y)—(zn—4—4y2m2)Mn 1m, ,y) + (0 —6n+9—y*m*)M,_2(m. o, y)

Jj+2 Jj+1
+7 5% Zczyz J[ZC,HMHHZ 2w (m, @, y) =4y CE Moy ji1 om0, 7)
k=0 k=0
+4Zc§Mn+,>zk(m,w,y>] ~o, (2.24)

k=0

kK __J!
where Cj = no—nr

Proof Firstly, we rewrite the modified moments as

My (m, o, y) = % /_11 Ty (X) I (a)(l —;x)y>dx,

where T, (x) is the Chebyshev polynomial of degree n. According to the Bessel equa-
tion [2, p. 358]

,d2 (z) dJm (2)
Z

m2 _
= @ =@ =0,

(o)) + 2 [ o())]
(- () o)) =

We let
K :4/1(1+x)2(l—x)2Tn(x)[Jm(w(l ) )] x, (2.26)
Ky = / (1 +x)(1 —x) T(x)[ ( ( erx)y)] x, 2.27)

K3=4y2/;1(1—x)2[m2 (1+x)2y]Tn(x)[ ( (I;rx)y)]dx. (2.28)
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From (2.25), we can easily deduce that K1, K> and K3 satisfy the following relation-
ship

Ki+ Ky, — K3 =0. (2.29)
Applying integration by parts to (2.26) and (2.27), we have
! 2 2 " 1+ x\7
K =4 [(1 + 0% —x) T,,(x)] I (a)( : ) )dx,
—1

Ky = —4/_11 [(1 +0 —x)zTn(x)]/Jm (a)(l ;Lx)y>dx.

For K1, K> and K3, utilizing the properties of the first kind of Chebyshev polynomials
(23]

(1 =27, (x) = %(T,Hm — Ty (1)),

m
XMT(x) = 27"y CinTgm—2; (%),
j=0

we can obtain

Ki = +7n + 12)Myio(m, 0, y) — 2n* = )M, (m, o, y) + (n* = Tn + 12)M,_2(m, w, y),

(2.30)
Kz == (1 +3)My12(m, @, y) + 200 + DMys1(m, @, 7) = 2My(m, @, y)
=200 = DMy—i(m, @, y) + (0 = 3)My2(m. 0, p). (2.31)
K3 =2 m? [ Mys2(m, @, v) = 4y m, 0, 7) + 6M, 0, 0, y) = 4My- (m, 0, )
7 2y jt+2
2 @ J o= k
+ Myoam.0.9) | = v? 55 3 €427 2 ChaMujra-au(m. . 7)
j=0 k=0
j+l J
=4 Ch My akm 0, y) +4) 0 ChMyy o (m. o, y)]~ (2.32)
k=0 k=0

Finally, we can get (2.24) by substituting (2.30), (2.31) and (2.32) into (2.29).

Since T_;(t) = T;j(t), j = 1,2,---, we have that T_*j(t) = Tj*(t) and
M_j(m,w,y) = Mj(m,w,y). In addition, if the first few terms are known,
the next few terms can be obtained by recursion of the previous terms. For
example, when y = 1 and M, (m,w,y), n = 0,1,2,3,4,5 are known, we
can obtain Me¢(m, w,y), M7;(m,w,y), Mg(m,w,y) and Mg(m, w, y). Further,
M,(m,w,y), n = 10,11, --- can be computed by forward recursion. By substi-
tuting 73 (1) = 1, T () = 2t — 1, T, (t) = 8t — 8t + 1, T (1) = 3243 — 482 +
18t — 1, Tj (r) = 128t* — 2561° + 160:? — 321 + 1 and T3 (1) = 51217 — 1280* +
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40 Page 12 of 26 H.Kang etal.

112073 — 40072 4 50t — 1 into M,,(m, w, y) = fol T (t) Jm (wt?)dt, we obtain the
initial modified moments

Mo(m, w,y) = Iop(m, w, y),

Mi(m,w,y) =2I1(m,w,y) — Io(m, ®, y),

My(m, w,y) =8L(m,w,y) —8li(m,w,y) + lo(m, w, y),

Miz(m,w,y) =3213(m,w,y) —48L(m, w, y) + 1811(m, w, y) — lo(m, w, y),

My(m, w,y) = 12814(m, w, y) —2561z3(m, w, y) + 160L>,(m, w, y)
=32Ii(m, w,y) + lo(m, w, y),

Ms(m, w,y) = 512I5(m, , y) — 128014(m, w, y) + 112013(m, o, y)
—400,(m, w, y) +50I1(m, w, y) — lo(m, w, y).

Here, the computation of the moments /; (m, w, y) = fol xI Iy, (wx?)dx are as follows.
Firstly, we can know from [22, p. 44]

wm

2m(m+ j+ DI (m + 1)

- 1 1 1
/ 1 Iy (t)dt = 1F2(7(m+j S ~m4j+3):m+ 1 —fa)2>.
) 2 2 4

Letting x¥ = ¢, we can obtain

1l oy
Iim, w,y)= f/ t 7 Ip(wt)dt
Y Jo

1 o™

Ty + L + '

m

1 j+1. 1 j 41 1
(*(m—irji); f(m+']—+2);m+1;—fw2)
2 2 v 4

w

_ ( Jj+1 Jj+1
2" (ym +j+1)l"(m+1)

(m+7) 7( + —— +2);n +1'—1a)2)
v A
(2.33)

Here, ,F 11 is the hypergeometric function, which has the following asymptotic
formula [15]

pFpriar,az, -+ yap by, by, - bpyy:7)

m(_z)x <€i(nx+2\/jz)<1 + 0(\/%7» * e_i(nXJrzﬁ)(l * 0(\/%>>>

PHT (b)) AT r
Hp (J)Z @l i @ a)(—z)’“k<l+0(l)),
[Tezi Tan) = Hp+ L — ax) z

where |z| — o0; x = %(Zleak Zpr +2) JokeZ, 1<j, k<p;aj—
ar ¢ Z. The hypergeometric function can be computed by either truncating the above
asymptotic formula or invoking ‘hypergeom(ai, az,--- ,ap; b1,b2, -+ ,bpi1;2)
in Matlab.

Generally, both forward recursion and backward recursion are unstable. If w is
large, the instability is less pronounced. For larger w, if n < 2, it is accurate to
compute M, (m, w, y) by forward recursion. However, when n > %, the loss of
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Fast numerical integration of highly... Page 13 0f26 40

important figures increases and the forward recursion is no longer applicable. In this
case, we compute the modified moments by either using Oliver’s method [25] or
Lozier’s method [21]. This means that (2.24) has to be solved as a boundary value
problem. In this paper, we primarily consider the moderate and large w and employ
the forward recursion to accurately calculate the values of the modified moments.

And then, as n > %, we provide a table to illustrate the numerical instability of
forward recursion.

From Table 1, we can see that the forward recursion becomes unstable whenn > %
In this case, as n becomes large, the values of modified moments M,, (m, w, y) obtained
by the forward recursion become more inaccurate. The recursive relationship (2.24)
may be considered as a homogeneous difference equation. The numerical stability
of forward recursion depends on the behaviour of all solutions of these difference
equations, especially on the asymptotic behaviour for n — oo (see Gautschi [12],
Oliver [25] ). In the future research, we will consider how to study the asymptotic
behavior of all solutions of these difference equations.

In the following, asn < % we use forward recursion for the recursion relationship
(2.24) to compute the values of the modified moments M, (m, @, y). Tables 2 and 3
verify the accuracy of these values.

Asn < %, practical experiments illustrate that M, (m, o, y) can be computed
accurately by using forward recursion for the recursion relationship (2.24). In the
numerical experiments in Section 4, we only need to take a small number of nodes to
achieve high accuracy for the moderate and large w. Therefore, a small number of the
modified moments M, (m, w, y) are sufficient.

So far, we can get the quadrature formula of the integral (1.1) as follows

Olf1= f(®) (1 — Q1) + QK IF], (2.34)

where I is calculated by using (2.1), Q1> and ngF[F] are given in (2.21) and

(2.22), respectively.

3 Error analysis

Firstly, we analyze the error of the quadrature formula Q5.

Table 1 The absolute errors for the calculation of My, (m, w, y) by the forward recursion for the recursion
relationship (2.24) withm =2, y = %

n w==06 w=2_ w=10 w=11 w=13

n=11 1.56 x 1076 434 x 1078 2.08 x 1072 6.88 x 10710 1.71 x 1011
n=12 9.56 x 107 1.45 x 107° 429 x 1078 1.14 x 1078 1.92 x 10710
n=13 6.93 x 1073 5.78 x 107° 1.06 x 107 2.28 x 10~/ 2.62 x 1079
n=14 5.85x 107! 2.69 x 1073 3.06 x 1079 5.37 x 107° 424 x 1078

The values of the initial modified moments M, (m, ®, y), n =0, 1,2, 3,4, 5, 6, can be calculated by using
T, (t) in terms of powers of 7 [23, subsections 2.3.2, 1.3.1, Egs. 2.16, 1.21 ] and the formula (2.33)
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40 Page 14 of 26 H.Kang etal.

Table 2 The absolute errors for the calculation of My, (m, w, y) by the forward recursion for the recursion
relationship (2.24) withm =4, y = %

n w =50 w = 100 w = 200 o = 300 w = 500

n==6 3.55 x 10713 7.24 x 1077 4.90 x 10717 1.62 x 10717 3.17 x 10717
n=71 8.88 x 10715 1.67 x 10716 8.20 x 10~17 4.67 x 10717 1.00 x 10~16
n=38 9.18 x 10715 3.15 x 10716 470 x 10717 6.70 x 1017 1.52 x 10716
n=9 1.04 x 10714 4.83 x 10716 2.89 x 10716 1.27 x 10716 2.86 x 10710

The values of the initial modified moments My (m, w, y), n =0, 1,2, 3,4, 5, can be calculated by using
T, (t) in terms of powers of 7 [23, subsections 2.3.2, 1.3.1, Egs. 2.16, 1.21 ] and the formula (2.33)

Theorem 3.1 The absolute error of the quadrature formula (2.21) for the integral 113
satisfies

‘112 - le‘ = 0(60_2"_%), w — +o0. 3.1)

Proof Firstly, we know that Bessel function and Hankel function have the following
relationship [2, p. 358]

I (x) = %[H,;”(x) + H ()],

2 _»
HO () = [ e 30D W, (<2i),
X
@ 2 iTm+d) :
H,”(x) =/ —e'2 22 Wo.m (2ix).
TX

According to the above relationships, we can rewrite (2.11) as

with

iw +o00 —iw +00

ie

2yw

ie

2yw

it _, it _,
Iy = Qi1(1+ —)edr — Ox(1——)edr, (3.2)
1) w

Table 3 The absolute errors for the calculation of My, (m, w, y) by the forward recursion for the recursion
relationship (2.24) withm =1, y =2

n w = 100 w = 150 w = 200 w = 600 w = 800

n=12 456 x 10713 7.93 x 10714 9.50 x 10713 258 x 10713 1.95x 10713
n=13 1.27 x 10712 2.68 x 10713 3.64 x 10712 3.28 x 10713 6.59 x 10713
n=14 3.10 x 10712 6.78 x 10713 9.58 x 10712 4.68 x 10713 1.67 x 10712
n=15 6.71 x 10~12 1.57 x 10712 232 x 1071 452 x 10714 3.89 x 10712

The values of the initial modified moments M, (m, w,y), n =0, 1,2, ---, 11, can be calculated by using
T, (t) in terms of powers of 7 [23, subsections 2.3.2, 1.3.1, Egs. 2.16, 1.21 ] and the formula (2.33)
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where
Hy (0x)T (x)
O1(x) = T,
02(x) = HP (0x)T (x)e"”,
)c%_1
T(x)=
XY —7T

At the same time, we can rewrite (2.21) as

01 = Dy 1 Zkaza - ﬂ). (33)
We let

E, =Z/—i:[/o+oo Q1(1+g)e’dt—éwkgl(1+ﬂ)] (.4)

Ey = ’26;:: [fom 0,(1 — %)e"dt — gkaz(l — ﬁ)]. 3.5)

Then, we can obtain

c o +00

. n .
ie it _ Xy
|112—Q12|=‘—[ 011+ )e™'dt = Y w011 + )]
2ywl Jy 10} P w

—iw

. “+00 . n
5 [fo 02(1 = Dyedr = Y i 02(1 - ﬁ)]‘
k=1
= |E| — Ea|. (3.6)

From [28], for large | x|, it follows that

2n+1 1 1
) oy iz _ i) (3 +m)j(z —m); —on—3
H,) (x)e™ = ,/ Z e o™, B

where (a); is defined by

C(a+)) 1, i =0,
(@); = 21 _ Y (3.8)

I'(a) ata+1)@+2)---(a+j), j>1
Wedefine D (1) =T (14+it), =5, Wy (1) = 2o+ Y2 fLGHMIG ),

'(21)/(a)+ll)/+2
We apply the Hermite interpolation to the function Dw(é)Ww(t), and construct the

@ Springer



40 Page 16 of 26 H.Kang etal.

interpolation polynomial P, (é), which satisfies that

Xi X)
PZn—l(;) = Dw(;)Ww(xk),

B2 = [Do oW 0)]

t=xj

Thus, using the remainder formula of Hermite interpolation, we can get that

+0o0 t t —t
E :/ [Dw(—)Wa,(t) - P2n—1(—)]e dr
0 ® @

‘ (2n)

soo [PoHWa®] |

_ / =2 (ed, (3.9)
0

2n)!

where Ln(x) = ]_[;le(x —x;),¢ € (0, max(z, x,)). Thus, according to (3.7) and
(3.9), we have

0]

ie +00
Ei = [
0

0101+ et = Y w011+ 5
k=1

i +00 ¢ . n Xk .
[ DumP @ ine et = 3 w0, (R HY o+ e
0
k=1

- 2yw

l‘elw

+o00 B t n Xk
- [/ ¢ Dy ()W)t = 3w Dy (5 Wy ()
2yolJo @ k=1 @

+00 t on_? on?
+f ¢! Do(=) 0w+ it~ )dt + Ol + x|~ )
0

o pioe [Po5W0]
f

+o0
_ t
= 12 (1)e " dt +f e Do(L)0(w + it 72" 3)d1
n)! A P

:2)/a)
+ 0(|w+ixkr2"—%)]. (3.10)

For the second integral in the penultimate line of (3.10), we have

+oo t 3 o3
/ e 'Dy(—)0(lw+it] " 2)dt = O(w """ 2), w — +00. (3.11)
0 w

In addition, it can be derived that

k

d
o) = 0w 7)., & — +oo. (3.12)
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According to (3.12), applying the Leibniz’s Theorem [2, p. 12], the first integral in the
penultimate line of (3.10) can be written as

(2n)

+00 Dw(é)wfu(t) 400
/ [ '] tz{an(t)eftdt: ! 1/ R(g)an(t)eftdt,
0 (2n)! w2t Jo o @n)!

(2n)
where [Da,(é) W, (t)] ) = #R(;). We use the Cauchy’s test to obtain that
t=¢ "2

the integral f0+°° g(—f))!an(t)e_l dr is convergent. Therefore, we can get

, (2n)
/+oo [Dw(a)Ww(t)] = nl()edr = 0(—1 ) o — +00. (3.13)
5 2n)! 2n+% ' o

w

Thus, based on (3.10), (3.11) and (3.13), we have

iet? [t it _ - ixp
B=S [ o Derar— Y woia+ )]
0 w =1 w

- 2yw
= o(arz"*%), ® — +o0. (3.14)
Similarly, we can also get
o e it _ - ixg
E=t—[ [ 020 =S)ear = Y w021 - Z5)]
2yvw L J ) Pt w
(3.15)

= 0(50_2"_%), w — +o0o.

Finally, we obtain

12— Q12| = |E1 - |

= 0(&)_2”_%), w — +00.

Next, we analyze the error of the quadrature formula QgFF [F].

Lemma3.1 When w — +00,2y € NT, R(u) > —1, R(v) > —1, it holds that [19]

f” x’(u — x)* T (wx”)dx = O (a)_mi“[ﬂ"‘g’vyﬂ}) . (3.16)
0

The following result can be obtained from Lemma 3.1.
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40 Page 18 of 26 H.Kang etal.

Theorem 3.2 Assume that f is adequately smooth on the range [0, 1]. Then the abso-
lute error of the quadrature formula (2.22) for the integral 113 satisfies

s+3,542

I3 = 0§CFIFI| = 0 (w‘”‘i“{ B }) Lo, (D)

F(x)_PN1+2S(x)

Proof First, we define the function ¢(x) = STy

it is relatively simple to obtain that

.Fork=0,1,---,5 +2,

(p(k)(x) _ [F(x) - PN1+2s(x)

(k)
xS'H(l _ x)s+1 :| » X € (O’ 1)’

and
. [F@) — Py4a50)]®
®) () — Ni+2st)
oo O= I [ ST — gyt ] ’
. [F@) — Py4as()]®
®) 1y — Ni+2s\)
e ()= hm [ (A = )5t }
We let
1(x) = (s + Do(x) — ¢'(x)(1 — x),
orx) = —k+2)@—1(x) —gp_(x)A —x), 2<k=<s+1,
and

X
Gi(x) = / 5T T (w7 )dt,
0
X
Gr(x) = / Gr_1(t)dt, 2<k<s+2.
0

Then, through s + 2 times integration by parts, we can get

1
Iz — QICVICF[F]‘ = /0 = x) () T (wx? )dx

1 x
- f W)(l_x)mi( / ts+lJm(th)dt)dx
0 dx 0

1
= /O @()(1 —x)* TG (x)dx

IA

1
()1 =) TG+ ‘ /O G1(x)(1 — x)* @1 (x)dx

1
= /0 @1(x)(1 — x)°G)(x)dx
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IA

1
o101 = x) G| + /0 Ga)(1 = ) g (x)dx

< @511 () G2 ()} . (3.19)

1
+ /0 Gyr2()gl, (r)dx

In addition, it is known from the literature [11, p. 28] that

X tn t X
/ dtn/ dt, -.-/zf(z])dn N / (x ="' f@dr. (3.19)
a a a (n - 1)‘ a

Then we can know from (3.18) and (3.19)

1
|13 = QST LF| < lgssn (D) ‘/0 e = T ()

1 X
+ ‘/ @541 (x) [/ ST x =0, (a)ty)dt] dx
0 0

. (3.20)

For the second line of the formula (3.20), we use the integral mean valve theorem to
obtain

1
I3 = QSCFIFI| < lpssr (D) ‘ fo P =0 (")

+ |05 18] V: e — 1) (wt”)de |, (3.21)

where ¢ € [0, 1].
In the following, we divide the discussion into three cases.
(D If ¢ = 1, we can achieve

A

1
I3 = OS] = [lesn (D] + ¢l (D] ‘/0 e = ()

—mi 5 542
(0] (w mm{Hz’ v }>, w — 400. (3.22)
(D) If e = 0, it follows that

1
I3 = OSCTIF| < oy (D) ‘ fo P = ()

—mi 5 s+2
-0 (w min{s+3,55 }> w — 400. (3.23)
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(I If 0 < & < 1, according to Lemma 3.1, we can obtain

(]

1
f ST = 0 T (V) de
0

inl g2 s£2
-0 (a,“““{W’ v }> w — +00, (3.24)

S}

£
/ e — 0t I (wt?)dt
0

—mi 5 s+2
-0 (a) min{s+3.45 }>, w — +00. (3.25)

Combining (3.21)—(3.25), we have

s+2

4 }), w — +00. (3.26)

min{s+%,

|1 = 05T 1FI| = 0 (af

Based on Theorem 3.1 and Theorem 3.2, the error of the quadrature formula (2.34)
satisfies

5 s+2 3
0<w m1n’?+2 v 2n+2}>7 w — +oo. (3.27)

In the following, we perform numerical experiments to verify their errors analysis.
Experimental results show that the proposed methods are accurate and effective.

4 Numerical experiments

In this section, we provide some figures and tables to validate the efficacy and precision
of our presented methods. Matlab 2018a with 64-digit arithmetic is used to compute
all examples, and all computation is run on a 2.4 GHz PC with 16 GB of RAM. In
addition, for the computation of Q1;, we all take n = 5.

Example 1 InFig. 2 we show an example fol x_ez)_4 2)dx with N| = 3 by employ-
ing the quadrature formula (2.34). The figure on the left is the absolute errors, and the

s+2 .
scaled absolute errors by @ 2 are shown on the right.

Example 2 In Fig. 3 we show an example fol ;’n(x) Jr(wx3)dx with Ny = 2 by

employing the quadrature formula (2.34). The figure on the left is the absolute errors,
and the scaled absolute errors by a)Z(SS 2 are shown on the right.

Example 3 InFig. 4 we show an example fo ;m(x) Ja(wx?)dx with Ny = 3 by employ-
ing the quadrature formula (2.34). The figure on the left is the absolute errors, and the

scaled absolute errors by "5 are shown on the right.
Example 4 InFig. 5 we show an example fol ff_‘g—gfz) J>(wx?)dx with N| = 2 by employ-

ing the quadrature formula (2.34). The figure on the left is the absolute errors, the scaled
absolute errors by % are shown on the right.
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10°° T T T 1072 T T
—k—— s=0
— O s=1
o TRtk skodoR Kok s skok ok + s=2
100 F E
—¥—— s=0 1 0—3 L 4
— O s=1 o~ [ R e
107 k t s=2| ‘E
3
= = 4
S .- 10 F —
s 10°¢ E::
2 C% 3
= z boccooocceocoo0000Sq
3 2
D -9 L 4 =]
10 =
2 g sl ]
L
=
10 L 4 2
10 3
=
10 < I
101 E . 4 e AT AT AT T T
e k
+ L S I 1
1012 . . . 107 . . .
300 350 400 450 500 300 350 400 450 500
w from 300 to 500 w form 300 to 500

542
Fig.2 The absolute errors (left figure) and them multiplied by a)YT (right figure) of Q[e*], for the integral

fol ﬁh (wxz)dx are shown. The blue, red and green curves correspond to s = 0, 1, 2, respectively.
Here, s is the interpolated multiplicity at the endpoints {0, 1}

Example 5 In Fig. 6 we show an example fol Xf—)(CHJl (a)x%)dx with Ny = 3 by

employing the quadrature formula (2.34). The figure on the left is the absolute errors,
2(s+2) .
and the scaled absolute errors by @™ 5 are shown on the right.

Example 6 InFig.7 we show an example fol % Js(wx3)dx with N| = 3 by employ-

ing the quadrature formula (2.34). The figure on the left is the absolute errors, and the
scaled absolute errors by w5 are shown on the right.

107 " " " 1072 . , :
—k— s=0
1 —O— s=1
10%%%*—*—*%%%3? =D
——— s=0 S = = o o e o o o o o o e e S
e s & 103F J
10° —t—s=2 | 4 %
&
3
s >
5 o7l | 3
S pOOccccocccococccccond 2
[} = )
% Q 1074 F J
&L 108F J 5 POOSOOOOOS
=< 5
o
=
£ 10

T
10-10 |k e e T I

T B e LA B S B

10-11 L L . 106 L L L
300 350 400 450 500 300 350 400 450 500

w from 300 to 500 w form 300 to 500

2(s+2)
Fig.3 The absolute errors (left figure) and them multiplied by @ 5 (right figure) of Q[sin(x)], for the

: 5
integral fol % Jo (wx 2 )dx are shown. The multiplicities of endpoints {0, 1} respectively satisfy {s =0
(blue), s = 1 (red), s =2 (green)}
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10°° T T T T 1074 T T T T
Aktesk oK Skesfkok
106 E 511 —k——s=0
—k——s= —— s=1
4?* S=; 2 105} —+ s=2
S= 3
107 F i =
S =
E =
D <@
e <
= 3 10°°
2 5
£ 5
D
10°F E=]
o
B 7
=< 107" | E
1070 W
B e e o I rarar
1 O.1 1 f f L f 1 0-8 f f L L
50 60 70 80 90 100 50 60 70 80 20 100
w from 50 to 100 w form 50 to 100

542
3

Fig. 4 The absolute errors (left figure) and them multiplied by w (right figure) of Q[sin(x)], for the
sin(x

integral fol xio'% J4(wx3)dx. The blue, red and green curves correspond to the interpolation multiplicities
s =0, 1, 2 at the endpoints {0, 1}, respectively

From the above Figs. 2-7, we can discover that the rate of convergence is consistent
with the error analysis given in (3.24).

In the following, we give four tables of the absolute errors.

From the above Figs. 2-7 and Tables 4, 5, 6 and 7, since the high accuracy can be
obtained only through a few interpolation nodes and multiplicities, we easily verify that
the proposed method is efficient to compute the highly oscillatory Bessel integral (1.1)
with the moderate and large w. In addition, it is very easy to find that when we fix the

-4 T " . -2 i
1 R RPN o
E
Q**H*****ﬂ(ﬁ%k—*—*_).%%é %« <o
10°F ——k—— s=0 — O s=1
—O— s=1 + s=2

e s=2] « 3L |
" = 10
106 ER
3
s = oo oeed
5 10'7C96@e@9@9®eeeee@@eeeeé z
oy b 8 -
= S 104 E
[=3 fu—.
@D -8 L B o
g 10 =
@
=
9L n [=3
10 3
2 10°

PSS BT SR S S

L0 LT
10 10 L ++++++++++++++ 4
-+

1011 n n L 1076 L L L
200 250 300 350 400 200 250 300 350 400

w from 200 to 400 w form 200 to 400

42
Fig. 5 The absolute errors (left figure) and them multiplied by wA 2 (right figure) of Q[cos(x)], for the

integral fol % Jo (wx?)dx are shown. The blue, red and green curves correspond to the interpolation
multiplicities s = 0, 1, 2 at the endpoints {0, 1}, respectively
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1075 T T T 1072 T T T
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—O— s=1
106 F —k——s=0 | o 3 - s=2
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o s=2 e e BB R R R,
~ >
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N3 10%F 3
—_ =
e _8 =
£ 10 % 3
B S 5L
=2 2 10 @ee@@eeeeeeee@@@@%
[=] —
8B 10°F 3 £
<< @
f}
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10710 ¢ 3 2
e}
<
I 7L ]
10-11 k —+—+ Fﬂ\k4‘k+‘k+fk++ﬂ‘k+=, 10 ———
1 0_12 f f L 1 0—8 f L f
200 250 300 350 400 200 250 300 350 400
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2(542)
Fig.6 The absolute errors (left figure) and them multiplied by @ E (r1 ghtfigure) of Q[e* ], for the integral

5
fO m J1(wx 2)dx are shown. The blue, red and green curves correspond to s = 0, 1, 2, respectively.
Here, s is the interpolated multiplicity at the endpoints {0, 1}

10°° T T T 1074 T T
——— s=0 —¥—— s=0
SN —— s=1
—+ s=2 KKK w s=2
107 ORIt oAk k] i ¥
< 1 075 E m
[}
a
&3
107 F EE]
- =
e S 10°F 4
> 2 D
> ] (SISISISISY
S 108k R
> qg s
E 5966966@9@@99@@99@@@8 e
= S 107 | E
L
10°F E=]
o
w
e)
= 8
1010k i 10 T
-
. MR e e . . . .
10 10
80 20 100 110 120 80 20 100 110 120
w from 80 to 120 w form 80 to 120

Fig. 7 The absolute errors (left figure) and them multiplied by » 3 (right figure) of Q[cos(x)], for the
integral fO Cos(x) 5 J5 (wx3)dx are shown. The interpolated multiplicities of endpoints {0, 1} respectively
satisfy {s = O (blue) s =1 (red), s =2 (green)}

Table 4 The absolute errors of calculating the integral fol ;m(ox% Js(wx?)dx with N| = 3 by employing
the quadrature formula (2.34)

s » =50 » =60 =150 w =200 = 500
s=0 1.44 x 107 7.94 x 1077 7.46 x 1077 8.24 x 10~/ 6.38 x 1077
s=1 7.58 x 1079 3.96 x 1072 2.66 x 1072 2.62 x 1079 1.37 x 1072

s=2 228 x 1011 1.11 x 10~ 11 5.70 x 10712 491 x 10712 1.77 x 10~ 12
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e*

Table 5 The absolute errors of calculating the integral fol 063 (wx3)dx with N1 = 3 by employing
the quadrature formula (2.34)

K w =20 w =50 w=170 w =90 w =150
s=0 1.01 x 107© 7.76 x 1077 5.59 x 10~/ 3.97 x 1077 1.12 x 1077
s=1 436 x 1079 3.28 x 10792 227 x 1079 1.56 x 1072 4.09 x 10~10

s=2 2.54 x 10710 1.40 x 10~10 8.61 x 10~ 11 5.27 x 10711 1.11 x 101

interpolation nodes, the accuracy becomes higher as w and interpolated multiplicities
at the two endpoints increase; on the other hand, the accuracy also improves with
the increase of the interpolation nodes when @ and interpolated multiplicities at the
two endpoints are fixed. Further, examples 1-6 also confirm that our error analysis is
correct.

5 Conclusion

In this paper, we propose an efficient hybrid method to approximate the highly oscil-
latory Bessel integral (1.1). We convert the integral (1.1) into three integrals, namely
I11, 112 and I;3. For the integral /11, according to the relationship between Meijer G
function and Bessel function, we construct the useful explicit formula (2.1) to com-
pute it exactly. For the integral /17, based on the analytical continuation, the integral is
converted into two infinite integrals on [0, +00), and we can effectively calculate the
resulting two infinite integrals through applying the Gauss—Laguerre quadrature rule.
For the integral /13, we interpolate F(x) at the Clenshaw-Curtis point to obtain the
quadrature formula. Then, the significant recurrence relation (2.24) of the modified
moments is derived by employing the Bessel equation and the properties of Chebyshev
polynomials, and the values of the initial modified moments are accurately and effec-
tively calculated by applying the explicit formula (2.33). Finally, we provide strict
error analysis for the proposed methods and obtain asymptotic order. We discover
that the accuracy can be greatly increased whether we interpolate at two endpoints
using derivatives or increase the frequency w. The proposed methods are simple in the
process of construction. And, it is easy to implement the given numerical algorithms.
Moreover, when 2y is a positive integer, i.e. y = % 1, %, 2, % 3, - .-, the obtained
quadrature formula (2.34) is applicable. In addition, only a few interpolation nodes

Table 6 The absolute errors of calculating the integral fol %

the quadrature formula (2.34)

J3 (wx?)dx with & = 200 by employing

s Ni=1 N1 =2 N1 =3 N1 =4 N1 =5
s=0 3.34 x 1074 1.34 x 1073 1.31 x 107 7.79 x 1072 1.04 x 1079
s=1 1.78 x 107° 5.16 x 1078 3.66 x 1072 1.57 x 10~ 11 1.52 x 10712

s=2 455 x 1079 1.03 x 10710 5.05 x 10712 3.61 x 10714 5.47 x 10714
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e

Table 7 The absolute errors of calculating the integral fol o3 (wx?)dx with N1 = 2 by employing
the quadrature formula (2.34)

s =103 = 10* ©=10° ©=10° =107
s=0 1.31 x 1073 1.46 x 107 1.52 x 1077 1.54 x 1078 1.53 x 1072
s=1 235 % 1078 8.66 x 10710 2.86 x 10711 9.14 x 10713 3.03 x 10714

s=2 223 x 1071 3.94 x 10713 423 x 10714 1.28 x 10714 4.06 x 10715

are needed to achieve quite high accuracy for moderate and large w. The numerical
experiments validate the correctness of the theoretical analysis and the efficiency of
the proposed methods.
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