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Abstract

A conforming discontinuous Galerkin (CDG) finite element method is designed for
solving second order non-self adjoint and indefinite elliptic equations. Unlike other dis-
continuous Galerkin (DG) methods, the numerical trace on the edge/triangle between
two elements is not the average of two discontinuous Py functions, but a lifted P2
function from four (eight in 3D) nearby Py functions. While all existing DG methods
have the optimal order of convergence, this CDG method has a superconvergence of
order two above the optimal order when solving general second order elliptic equations.
Due to the superconvergence, a post-process lifts a Py CDG solution to a quasi-optimal
Py7 solution on each element. Numerical tests in 2D and 3D are provided confirming
the theory.

Keywords Finite element - Conforming discontinuous Galerkin method - Second
order elliptic equation - Triangular mesh - Tetrahedral mesh
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1 Introduction

We solve the following second order elliptic problem:

—V-(@Vu)+b-Vu+cu=f inQ, (1.1)
u=0 onof, (1.2)
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where Q@ C R? (d = 2, 3) is a bounded polytopal domain with a Lipschitz boundary,
a = (a;jj(x))axa is a symmetric, uniformly positive definite matrix of coefficients,
i.e., there is a positive constant ¢ such that

tTat >0’ VEeRY, (1.3)

and function c satisfies
inf ¢ > ——[Ib]|
mr c > — 9 .
XeQ 2u L=e

The continuous Galerkin finite element method approximates the solution of (1.1)
by continuous piecewise Py polynomials on a triangular or tetrahedral mesh. That is,
finding up, € V), C H(} (£2) such that

@Vup, Vop) + (b -V +c)up, vp) = (f,vn) Yu, € Vj. (1.4)

Such a method is called a conforming finite element method. The nonconforming finite
element method employs piecewise Py polynomials which are continuous weakly
between elements at order P;_1. The weak form (1.4) remains.

A third class of finite element methods is the discontinuous Galerkin (DG) methods,
where the finite element space consists of totally discontinuous piecewise Py polyno-
mials on a triangular or tetrahedral mesh. In all DG methods, inter-element integral
terms and a penalty (stabilizer) term are added to the weak form (1.4) in order to keep
consistency and to obtain convergent solutions, cf. [2]. But a conforming discontin-
uous Galerkin (CDG) method is introduced in [4, 9—16] which keeps the weak form
(1.4) of the conforming finite element method, unlike rest DG methods.

In this work, we extend the CDG method of [16] to general second order elliptic
equations. In the CDG finite element method, the inter-element trace v, of discontin-
uous functions is no longer the simple average of two functions v on the two sides.
It is defined by two steps. First, on an edge e, we define a lifted Py»(U,) polyno-
mial (where U, is a patch of triangles) from four discontinuous P functions nearby,
{vn vl € P (T;), i =1, ...,4}, oreight P functions in 3D. In the second step, we
define the trace v, to be the L>-projection of this lifted P> polynomial into Py (e).
We show that such a CDG solution converges two orders above the optimal order.
That is, the error between the local L? projection of the true solution and the CDG P
solution converges at O (h**3) in L2-norm, and at O (h**2) in H!-like norm. Because
of this superconvergence, we show that such a Py CDG solution can be postprocessed
to a quasi-optimal P47 solution locally on each element. Numerical examples are
computed in 2D and 3D, confirming the theory.

2 Preliminary

Let 7), be a partition of the domain €2 consisting of quasi-uniform triangles in 2D or
tetrahedra in 3D. For every element T € 7, we denote by A7 its diameter and by
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h = maxreT;, ht for 7;,. Denote by &, the set of all edges or face-triangles in 7, and
by £0 = £,\9<2 the set of all interior edges s or face-triangles.

For the purpose of error analysis, we define a WG (weak Galerkin) finite element
space as follows: cf. [3, 5-8, 17], fork > 1,

Vi = {v = {vo, vp} : volr € Pe(T), vple € Prsi(e), Q2.1
e COT, T €Ty, vplpq =0}.

Please note that any function v € V), has a single value v; on each edge e € &,.
For v = {vg, vp} € V), a weak gradient V,,v is a piecewise vector valued polyno-
mial such that on each T € 7Ty, Vyv|r € [Pit1 (T)]d satisfies

(Vuv, @7 = (Yo, Q7 + (v —v0. q - mar ~ Yq € [Pry1(T)]. (2.2)

Lemma 2.1 ([1]) For v = {vg, vp} € Vi, we have

Cillvllin < IVwvll < Callvlli, (2.3)
where
T, =Y UVeollF + Az lvo = vsli37)- (24)
TeT,

Let IT; and Hf be the generic local L? projections onto [P(T)) for T € 7,
and [Py(e))/ for e € &y, respectively, where j = 1,---,d. Define Qpu =
(M, T} u} € V.

Lemma2.2 ([1]) Foru € H (), then

Vi Oput = Tyt Vi 2.5)

3 CDG finite element scheme
For a given integer k > 1, let V;, be the CDG finite element space associated with 7,
by

Vi ={veLXQ): vlr € P(T), T €Ty} (3.1

To connect the vector spaces Vj, and V)., we define an embedding operator Ej, :
Vi, — Vj such that for v € Vj,

Epv = {v, My Ecv} € Vi, (3.2)
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where Tl is the L? projection on edge e and E, € Py12(U,) is defined by

E.,v =0, ife C 092,

: 0 (3.3)
(Eev, TIxw)s, = (v, xw)s, Yw € Prya(Ue), ife €&,

Here, Iy is a local L2-projection on to space H?:l Pr(S;), Se is a union of 4 aligned
squares {S;} inside U,,

5 3 5 3
81 =[xc — Zyoh, Xe — Zyoh] x [ye — Zyoh’ Ye — Z)/oh],

3 5 5 3
S2 = [x¢ + =woh, xc + = vohl X [ye — —=voh, yc — = yohl,

4 4 4 4
3 5 3 5

83 = [xc + Zyoh, xXe + Zyoh] x [ye + Zyoh, Ye + Z)/oh],
5 3 3 5

S4 = [x¢c — ZVOha Xe — ZVOh] X [ye + Z)/Oha Ye + ZVOhL

for some fixed yp > 0, and U, is a union of triangles containing the four aligned
squares, cf. Fig. 1. One would choose the four triangles as close to e as possible, in
order to reduce the constant in the error bound. But they do not have to include the
two triangles which have e as an edge. Here, four aligned squares may rotate together.
[16] proves that (3.3) defines an E.v. [16] shows also that it preserves Piy2(U,)
polynomials in the sense E,v = w if v|s; = I s,w forall w € Py y2(U,). In 3D, the
set {S;} in (3.3) contains eight aligned cubes, two in each direction.

Lemma 3.1 ([16]) For k > 1, the lifting operator E, : Vi, = Pi42(U,), defined in
(3.3), has an order k + 2 accuracy, i.e., for any u € Hk+3 (2),

| EeTu — ullo,y, + hl|V(EeTgu — w)llo,u, < CA3 |uliya.u, - 3.4

Since Epv € \7;,, Vu (Epv) can be calculated by (2.2). For v € Vp,, its weak gradient
Vv is defined as

Vv = Vy Epv. (3.5)

Fig.1 A closed polygon

Ue = U?ilf- contains 4 aligned
squares, for an edge e, where

ne = 5 and T; is the closure of
T;
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The CDG finite element method is to find u;, € V such that
A(up,v) = (f,v) Yv eV, 3.6)
where
A(up, v) = (@Vyup, Vyv) + (b - Vyup, v) + (cup, v). 3.7

Defining a norm as follows for v = {vg, vp} € Vi,

llvll* = 1 Vwol® + llvoll®. (3.8)
For v € Vj, ||v|| is defined as
llvll = NERvII. (3.9)
b1 o0 ) ~
Lemma 3.2 Assume x = B — —5_—= > 0. Then, we have for v = {vo, vp} € Vj,
A, ) = yv]l? (3.10)
A(v, w) < Cllvllllwll. (3.11)

Proof By (1.3) and 8 = ess inf{c(x) : x € R}, we have

A(,v) > a||Vyvl? + (b - Vi, vo) + Blluol?

> a||[Vyvll* — bl oo (e I Vavllllvoll + Bllvol?
112 g,
—LZE 2

> 2Vl + (8 —
i R 2

2
= vl

where y = min{%, «}. (3.11) is obtained by assuming bounded coefficients. This
completes the proof. O

The well posedness of the CDG finite element method is a direct result of the lemma
above.

Lemma 3.3 The CDG finite element method (3.6) has a unique solution.

4 Superconvergence in energy norm
In this section, we will obtain order two superconvergence for the CDG finite element

solution in (3.6). The superconvergence of the corresponding WG method [1] will be
used to achieve such a goal.
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2 Page6of17 X.YeandS. Zhang

Letuy € \7;, be the solution of the WG method such that
A(iip, v) = (f,v0) Yv = {vo, vp} € V. 4.1

The superconvergence of the WG finite element solution iy, is derived in [17] described
by the following lemma.

Lemma4.1 ([17]) Let it = {iig, iip} € Vy, be the WG finite element solution of (4.1).
Then,

R\ Vo (Qnue — dip) || + 1Tl — dig] < CH*3 ugys, 4.2)

where Tliu is the L* projection, Qpu = {Iiu, Hzﬂu} € Vh and Hiﬂu is the L?
projection on an edge.

For any function ¢ € H'(T), the following trace inequality holds true:
el < € (k7" lelF + hrlI Vel ). 4.3)

Lemma4.2 Let u € H*3(Q). Then, we have

Il Qnu — Myull < CH* 2 |ulgys, (4.4)
Tl — dip |l < CH* 2 |ulgy3. (4.5)

Proof Recall Qpu = {Tlju, 117 u}and E;Mgu = {Tlgu, 1Y | E Tiu}. Using (3.5),

(4.3), inverse inequality and (3.4), we have with ¢ = V,,(Qnu — EjIxu),

IV (@t — Tx) > = |V (Qnit — EpTlu) || (4.6)
= Y (M, u— T}, ETiu, )7

TeTy
=Y (u— E.u.q)sr

TeTy

_ 1/2 1/2
= (X mr e = Bl or) (D Arllaldar)
TeTy TeTy
-2 2 2 172
= (Y ntlu = Bl 7 + 1V — Ea 3 7)  ligl
TeTy

< CH* 2 u 43| Vi (Qru — M) |

By (2.4), |Qnu — Miul| = |Qnru — EpIiul|. It follows from the definition of Qju
and E,I1iu,

Onu — EpTlgu = {gu — Myue, Qpu — NG EpTliu} = {0, Qpu — M5, EpTliu).
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Thus, we have
I1(Qnu — EpIlgu)oll = 0. 4.7)
Combining (4.6), (4.7) and (4.6), we have

I Qnu — Teull* = I Qpu — EjpTliull?
= |V (Qnu — ExTLeu) |I* + 1(Qpu — ExTlgu)o |
= ||V (Quu — EjTiu)||?

< ChZ(k+2)|u|]%+3’
which proves (4.4). It follows from (4.2) and (4.4),
I — inll < 1w — Quull + 1 Qnu — iinll < CA* 2 uliys.

This completes the proof of the lemma. O

Subtracting (3.6) from (4.1) implies
Aty —up,v) =0 Yv e V. 4.8)

The following lemma provides the error bound for u;, — uy,.

Lemma 4.3 Let u € H*3(Q). Then, we have
Nitn — unll < CAAF2|u i3, (4.9)
Proof By (3.10), (4.8), and (4.5),

~ 2 ~ ~
vilup —upll® < AQup — up, up — up)

= A(ity, — up, up — Tiu)

< Cllip — upliliey — Myull.

Combining the inequality above with (4.5), we have
lin — wunll < CHjulis. (4.10)

The proof is completed.

The order two superconvergence of the CDG solution in an energy norm is obtained
in the following theorem.

Theorem 4.1 Leru € H*3(Q) N HOl (R2) be the exact solution of (1.1). Let u, € Vy,
be the CDG solution of (3.6). Then

Tl — upll < CH* 2 i3, (4.11)
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2 Page8of17 X.YeandS. Zhang

Proof By (4.2), (4.4), and (4.9), we have

T — gl
< ITTgu — Qpull + N1Qnu — upll + Nitp — upll
k+2
< Ch**"?|uly3,

which finishes the proof of the theorem. O

5 Superconvergence in L2 norm

Let ey, = {eo, ep} = uy, — Epup, = {tig — up, up — up} € ‘7;, with uj defined in (3.3).
We consider the corresponding dual problem: seek w € HO1 (2) satisfying

—V.-(@Vw) =V - (bw)w +cw =ey = iig —up in Q. 6D

Recall that iy, = {iig, up} and uy, are the solutions of the WG method (4.1) and the
CDG method (3.6), respectively. Assume that the following H2-regularity holds

lwl2 < Clleoll. (5.2)
Lemma 5.1 Forw € H*(Q) N HO1 () and ey, € Vh, we have

(=V .- (@Vw)+ V- (bw)w + cw, ep) (5.3)
- A(e}'h Qhw) + El(w1 eh) + EZ(U)» eh)
+ E3z(w, ep) + Eg(w, ep) + Es(w, ep),

where

Er(w, en) = (a(Vw — Vyy Qpw, Vyep),

Ex(w, ep) = ((aVw — g1 (aVw)) -n, ep — ep)yT;,
Ez(w, ep) = ((ITg41(bw) —bw) - n, ey — eo)y7,
Es(w,ep) = (b Vyen, w— Iiw)

Es(w, ep) = (w — Iiw, cep).

Proof Using the integration by parts and the fact that (aVw - n, ep);7, = 0, we have
(=V - (aVw, ep) = (aVw, Vey), — (aVu -n, ey — €b>3771
It follows from integration by parts and (2.2) that

(@Vw, Vey) 7, = (Ilg+1(@Vw), Veo) 7,
= —(ep, V- ip1(aVw)) 7, + (eo, Mirr1(aVw) - n)yg,
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Order two superconvergence of the CDG finite... Page9of17 2
= (Ilxy1(aVw), Vyen), + (€0 — ep, Mir1(aVw) - n)y;
= (aVw, Vyen) + (eo — ep, lg41(aVw) - n)y,
= (aVy Qpw, Vyep) + (@(Vu — Vy Qpw), Vyep)
+ (e0 — ep, Mgt1(@Vw) - m)y7, .
It follows from the two equations above,
—(V-(aVw, ey) = (aVy Qnw, Vyen) + E1(w, ep) + Ex(w, ep) 5.4
Similarly, we have
—(V - (bw), eg) = (bw, Veg)7, — (bw -n, e0 — ep)y7,
= (Mg+1(bw), Veo)7;, + (bw - m, ep — eo)yT,
= (Mg41bw, Veg)7;, + (i41(bw) - m, ey — €0)y7,
+ ((ITg+1(bw) — bw) - n, ep — €p)y7;
= (b- Vyep, w) + E3(w, ep)
= (b Vuep, Igw) + (b Vien, w — Thw) + E3(w, en)
= (b- Vyen, Myw) + Es(w, ep) + E3(w, ep),
which implies
—(V - (bw), ep) = (b - Vyey, ITiw) + E4(w, ex) + E3z(w, ep). (5.5)
It is straightforward to have
(cw, eg) = (clxw, eg) + (w — Mrw, ceg) = (cMrw, eg) + Es(w, ep).  (5.6)
Combining (5.4)—(5.6) implies (5.3). O
Lemma5.2 Forw € H*(Q) and ej, € Vh, we have
Ei1(w, ep) < CH P lulegslwla, (5.7)
Ex(w, ep) < CH* P lulegslwla. (5.8)
E3(w, en) < CR* P |uligs w2, (5.9)
Eq(w, e) < CH* P |uligs w2, (5.10)
Es(w, e) < CH* P ulipsllw]a. (5.11)

Proof 1t follows from (3.11) and (4.11)

Ei(w, ep) < [(@(Vw — Vy, Qrw, Vyep)|
= [(@(Vw — [Tg+1Vw), Vyep)l
< ClIIVw — M1 Vw [ [ Ve
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2 Page100f17 X.YeandS. Zhang

k43
< ChH* P luligsllwll.

Using the Cauchy-Schwarz inequality, (4.3), (2.3), and (4.9), we have

|Ex(w, e)] = | Y ((@Vw — Mgy 1(@Vw)) - m, e9 — ep)s7

TeT,
<C Y aVw — M1 (@Vw)larlleo — esllor
TeTy
1 1
2 2
2 —1 2
<C | D hrllavw —ep@Vwize | | D2 hr'lleo — esli3y
TeT, TeT,

< Chlwlz[lexll

k+3
< CH* P uligsllwll2.
Similarly, we have

E3(w, ep) = {(Tg41 (bw) — bw) - m, e — e0)y7;
< CH* P ulisslwlla.

By the Cauchy-Schwarz inequality and (4.9), we obtain

Eq(w, ep) = (b Vyen, w — Mzw) < CA3 [ufiys3llw]a

Es(w, ep) = (w — Miw, cep) < Ch* 3 |uliislwllz.

This completes the proof. O

In the next theorem, we will prove the order two superconvergence of the CDG
solution in the L2-norm.

Theorem 5.1 Let u € H*3(Q) N H(Q) be the exact solution of (1.1). Let up € Vi,
be the CDG solution of (3.6). Then,

Mg — up | < CR*uliys. (5.12)
Proof Testing (5.1) by e and using (5.3) and (4.8) give

leol* = (=V - @Vw) + V - (bw)w + cw, eo) (5.13)
= A(ep, OQpw — [zw) + E1(w, ep) + Ex(w, ep) + E3(w, ep)
+ Eq(w, ep) + Es(w, ep)

It follows from (3.11) and (4.9)

Alen, Qnw — gw) < llenllll Qnw — Miwl| (5.14)
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k43
< Ch P luligzllwlla.

By (5.13), (5.7)-(5.11) and (5.14), we have

leoll* < CR* 3 [ules3llwlla. (5.15)

It follows from (5.15) and (5.2),

o — unll < CH*3|uliis. (5.16)

Using (4.2) and (5.16), we have

ITku — upll < |Tgu — doll + llito — up| (5.17)
< CIFuliys. (5.18)
We have proved the theorem. O

6 A locally lifted Py, solution

We proved that the P, CDG solution is order two superconvergent in both L? norm
and H'-like norm. We can use the superconvergent solution (to the L?-projection of
1) and its superconvergent weak gradient to reconstruct a quasi-optimal Py solution
on each triangle/tetrahedron.

On each element 7', we solve a local problem that finds iij, € Py42(T) by

(Vity = Vyup, Vo) =0 Vv € Pega(T)\Po(T), (6.1)
(b —up,v)r =0 Vv e Py(T). (6.2)

Theorem 6.1 Let u € HJ(Q) N H*3(Q) be the exact solution of (1.1)~(1.2). Let
iy € Nyer, Piya(T) be the locally lifted solution of (6.1)—~(6.2). Then, there exists a
constant C such that

lu — dnllo < CH*3|uliis. (6.3)

Proof 1t is straightforward to show that (6.1)—(6.2) has a unique solution, cf. [16].
As the estimate (6.3) is equation independent, by (4.11) and (5.12), the theorem is
proved exactly the same way as in [16]. O

7 Numerical tests

In the first example, we solve the 2nd order elliptic problem (1.1)—(1.2) on the unit
square domain = (0, 1) x (0, 1), where

a=2+x+y, b:(f}), c=4—x—y.
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Grid 1: Grid 2: Grid 3:

Fig.2 The first three levels of triangular grids for the computation in Tables 1, 2, and 3

The function f is chosen so that the exact solution is
u(x,y) =x3(1 —x)y(l — y)>. (7.1)

We use perturbed triangular grids shown as in Fig.2. We compute this example by
three CDG finite elements. The results are listed in Tables 1, 2, and 3. The proved
orders of superconvergence are achieved in all cases. That is, for example, for P
finite element method, the optimal orders of convergence are 2 and 1 in L? and H'-
like norms, respectively. The order two superconvergence means the order 4 and order
3 convergence in L? and H '-like norms, respectively. The locally postprocessed Ps
solution converges at the optimal order 4 in L2-norms.

In the second example, we test a case of an L-shape domain with corner singularity.
It is known that the H'-convergence is independent of such domain singularity, but
dependent of the smoothness of the true solution. The L?-convergence is only 2/3
order, instead of 1 full order, higher than that of H!-convergence, in theory. As we
choose a smooth solution, which and its first derivatives vanish at the singular corner,
in addition, we do still get two order superconvergence in both H' and L? norms.

Table 1 Error profile for (7.1),

i - Grid 1T gu — upllo rate I u — upll rate
on grids as shown in Fig.2

By the P; CDG finite element (3.1).

4 0.1551E-05 4.1 0.1539E-03 2.9
5 0.9326E-07 4.1 0.2028E-04 2.9
6 0.5749E-08 4.0 0.2610E-05 3.0

By the Py CDG solution and its P53 lift.

lu — uolln rate llu —dplio rate
4 0.2579E-04 2.1 0.1700E-05 4.0
5 0.6348E-05 2.0 0.1063E-06 4.0
6 0.1579E-05 2.0 0.6685E-08 4.0
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Table 2 Error profile for (7.1),
on grids as shown in Fig.2

Grid || Tgu —upllo rate e — wpl rate
By the P, CDG finite element (3.1).
3 0.2924E-05 4.5 0.1533E-03 3.6
4 0.1087E-06 4.7 0.1092E-04 3.8
5 0.3712E-08 4.9 0.7298E-06 39
By the P, CDG solution and its Py lift.
llu — uolln rate llu —dplio rate
3 0.1389E-04 3.1 0.3058E-05 4.5
4 0.1604E-05 3.1 0.1130E-06 4.8
5 0.1929E-06 3.1 0.3844E-08 4.9

We solve the 2nd order elliptic problem (1.1)—(1.2) on the L-shape domain Q =

(=1, )%\ (0, 1)?, where

a=2+x+y,

X
= , c=4—x—y.
<y> g

The function f is chosen so that the exact solution is

u(x,y) = (1 —x)x*(1 = x)(1 + y)y*(1 — ).

(7.2)

We use perturbed triangular grids shown as in Fig.3. We compute this example by
three CDG finite elements. The results are listed in Tables 4, 5, and 6. The proved
orders of superconvergence are still achieved in all cases, even when the domain has

a singular corner.

Table 3 Error profile for (7.1),
on grids as shown in Fig.2

Grid 1T gu — upllo rate I u — upll rate
By the P3 CDG finite element (3.1).
2 0.1189E-04 49 0.3860E-03 3.8
3 0.2526E-06 5.6 0.1515E-04 4.7
4 0.4630E-08 5.8 0.5366E-06 4.8
By the P3 CDG solution and its Ps lift.
lu — uolln rate llu —dplio rate
2 0.3394E-04 3.7 0.1214E-04 49
3 0.1838E-05 4.2 0.2573E-06 5.6
4 0.1041E-06 4.1 0.4714E-08 5.8
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Grad 1:

Grad 2:

Fig.3 The first three levels of triangular grids for the computation in Tables 4, 5, and 6

Table 4 Error profile for (7.2),

on grids as shown in Fig. 3

Table 5 Error profile for (7.2),

on grids as shown in Fig. 3

Table 6 Error profile for (7.2),

on grids as shown in Fig. 3

@ Springer

Grid || g —upllo rate 1T gu — wpll rate

By the P; CDG finite element (3.1).
3 0.1769E-03 4.1 0.8136E-02 2.8
4 0.9958E-05 4.2 0.1035E-02 3.0
5 0.5859E-06 4.1 0.1294E-03 3.0

By the P; CDG solution and its P3 lift.

lu —uolln rate llu —dnllo rate
3 0.8709E-03 2.6 0.1894E-03 4.0
4 0.2073E-03 2.1 0.1116E-04 4.1
5 0.5184E-04 2.0 0.6760E-06 4.0
Grid || Tgu —upllo rate I gu — upll rate

By the P, CDG finite element (3.1).
2 0.4884E-03 32 0.1302E-01 2.4
3 0.1806E-04 4.8 0.9195E-03 3.8
4 0.6042E-06 4.9 0.5901E-04 4.0

By the P, CDG solution and its Py lift.

Nl — woll ratelu—dplo rate
2 0.8966E-03 2.8 0.5079E-03 32
3 0.9257E-04 33 0.1873E-04 4.8
4 0.1176E-04 3.0 0.6246E-06 4.9
Grid || g —upllo rate 1T gu — wpll rate

By the P3 CDG finite element (3.1).
2 0.6050E-04 5.3 0.1903E-02 44
3 0.1135E-05 5.7 0.6519E-04 4.9
4 0.1929E-07 59 0.2117E-05 4.9

By the P3 CDG solution and its Pj lift.

llu —uolln rate llu —dnllo rate
2 0.1582E-03 4.2 0.6188E-04 53
3 0.1029E-04 39 0.1156E-05 57
4 0.6945E-06 39 0.1961E-07 59
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Grid 1:

Grid 2:

Grid 3:

Fig.4 The first three levels of tetrahedral grids used in Tables 7, 8, and 9

Table 7 Error profile for (7.3),

on grids as shown in Fig. 4

Table 8 Error profile for (7.3),

on grids as shown in Fig. 4

Table 9 Error profile for (7.3),

on grids as shown in Fig. 4

Grid || g —upllo rate T — upll rate

By the P; CDG finite element (3.1).
3 0.7246E-03 4.17 0.4633E-01 2.77
4 0.4013E-04 4.17 0.5954E-02 2.96
5 0.2418E-05 4.05 0.7529E-03 2.98

By the P; CDG solution and its P3 lift.

lu —uolln rate llu—dpllo rate
3 0.7226E-02 2.36 0.2842E-03 4.28
4 0.1735E-02 2.06 0.2872E-04 3.31
5 0.4312E-03 2.01 0.1980E-05 3.86
Grid ITgu — upllo rate T — upl rate

By the P, CDG finite element (3.1).
3 0.8129E-04 4.97 0.8504E-02 3.69
4 0.2482E-05 5.03 0.5560E-03 3.93
5 0.7662E-07 5.02 0.3520E-04 3.98

By the P, CDG solution and its Py lift.

lu —uolln rate llu —dnllo rate
3 0.1156E-02 3.05 0.9931E-04 4.89
4 0.1451E-03 2.99 0.3120E-05 4.99
5 0.1820E-04 3.00 0.9752E-07 5.00
Grid || Tgu —upllo rate T — upll rate

By the P3 CDG finite element (3.1).
2 0.5301E-03 6.39 0.2650E-01 5.04
3 0.9307E-05 5.83 0.1035E-02 4.68
4 0.1432E-06 6.02 0.3438E-04 491

By the P3 CDG solution and its Ps lift.

lu —uolln rate llu —dpllo rate
2 0.2106E-02 443 0.7341E-03 5.58
3 0.1369E-03 3.94 0.1336E-04 5.78
4 0.8722E-05 3.97 0.1970E-06 6.08
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In the third example, we solve a 3D problem (1.1)—(1.2) on the unit cube domain

Q = (0, 1)3, where

a=44+x+y+z, b c=4—-—x—-y—z

I
N =

The function f is chosen so that the exact solution is

u(x,y,z) =sinwxsinmrysinmwz. (7.3)

We use uniform tetrahedral grids shown as in Fig.4. We compute this example by
three CDG finite elements. The results are listed in Tables 7, 8, and 9. The proved
orders of superconvergence are achieved in all cases.
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