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Abstract

In this paper, we consider the numerical approximations of the Ericksen-Leslie sys-
tem for nematic liquid crystal flows, which can be used to describe the dynamics
of low molar-mass nematic liquid crystal in certain materials. The main numerical
challenge to solve this system lies in how to discretize nonlinear terms so that the
energy stability can be held at the discrete level. This paper address this numerical
problem by constructing a fully discrete virtual element scheme with second-order
temporal accuracy, which is achieved by combining the extrapolated Crank-Nicolson
(C-N) time-stepping scheme for the nonlinear coupling terms and the convex splitting
method for the Ginzburg-Landau term. The unconditional energy stability and unique
solvability of the fully discrete scheme are rigorously proved, we further prove the
optimal error estimates of the developed scheme. Finally, some numerical experiments
are presented to demonstrate the accuracy, energy stability, and performance of the
proposed numerical scheme.
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1 Introduction

Liquid crystals are substances, which exhibit a phase of matter that has properties
between a conventional liquid and a solid crystal. For instance, a liquid crystal may
flow like a liquid, but has the molecules in the liquid arranged or oriented in a crystal-
like way. One of the simplest liquid crystal phases is called the nematic phase. It is
characterized by a high degree of long range orientational order but no translational
order. Molecules in a nematic phase spontaneously order with their (for calamitic
molecules) long axes roughly parallel. Readers can refer to [37] for a review on
dynamic phenomena in liquid crystal materials.

To describe the liquid crystal flows we need not only the orientation, as represented
by the director field d, but also a macroscopic motion, represented by the velocity
field u. Ericksen and Leslie derived a hydrodynamic model for nematic liquid crystals
[23, 24, 37]. To understand the Ericksen-Leslie theory from the analysis point of view,
Lin [26] proposed a simplified system which retained most mathematical and physical
significance of the original model for liquid crystal flows. The Ericksen-Leslie system
also emphasized the special coupling between the director and the flow field. We refer
to [18, 24, 26, 28] and the references therein for the derivation of the above system and
further physical background on the continuum theory of liquid crystals. In addition to
the well-known barriers for analyzing the Navier—Stokes equations, the non-convex
side constraint |d| = 1 causes further difficulties (see [15]) for both analytically and
numerically, and is a main source for possible formation of defects of the system at
finite times. Hence, a widely used approach is to approximate the constraint |d| = 1
by a penalty function such as the Ginzburg-Landau approximation.

Considering the boundary condition for the director vector d to be time-independent
and for any fixed €, Lin and Liu [27] proved the global existence of weak solution and
local existence of classical solution for the regularized Ericksen-Leslie system. The
numerical studies for the regularized Ericksen-Leslie system were firstly proposed
by Liu and Walkington [30, 31], but the uniform discrete energy law is not available
for the numerical solutions. In [29], Lin and Liu presented two linear finite element
schemes, the first was using a backward Euler approximation in time and the second
using a characteristic method, but the discrete energy law and error estimates of these
schemes are not proved. In [5], the authors proposed two fully discrete finite element
methods, the first scheme for the regularized Ericksen-Leslie system was uncondition-
ally stable and convergent to the original problem, and the second scheme based on
direct discretization for the original problem was conditionally stable, however, the
convergence orders of numerical scheme are missing. In [21], Guillén-Gonzalez and
Gutiérrez-Santacreu investigated a fully discrete mixed scheme based on continuous
finite elements, but the error estimate for the pressure is not given. In [32, 45—47],
the authors developed the linear, first-order or second-order energy stable numerical
schemes for the nematic liquid crystal flows, but the algorithms only consider the time
semi-discrete version assuming continuous space.

The main purpose of this paper is to develop and analyze a fully discrete virtual
element scheme for the regularized Ericksen-Leslie system. As a generalization of
the standard finite element method that allows for general polytopal meshes, the vir-
tual element method (VEM) was first proposed and analyzed in [6]. The VEM has
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some advantages over the standard finite element method. For example, it can handle
general polygons (including non-convex elements, very distorted elements and curved
elements [14]) and build the high-order methods without complex integration. In addi-
tion, by using the degrees of freedom and the construction of some operators involved
in the discretization of the problem, the VEM not only avoids an explicit expression of
a local basis function, but also introduces a non-polynomial virtual element discrete
space that includes (but is not limited to) standard polynomials. These characteristics
of the VEM guarantee its accuracy and efficiency. Until now, there have developed
many conforming and nonconforming VEMs for the parabolic problems [1, 35, 41],
second-order elliptic problems [2, 6, 10, 17], linear and nonlinear elasticity problems
[7, 9, 19], the Stokes [16, 33] and Navier—Stokes equations [13, 20, 34, 36], and so
on. In short, the main advantages of VEM include an extension of the classical finite
element method (FEM) to general polygonal and polyhedral meshes, and also as a
generalization of the mimetic finite difference method to arbitrary degrees of accuracy
and arbitrary continuity properties. We also mention that, compared with the standard
FEM for the nematic liquid crystal flows, the VEM can help us achieve higher order
approximations to gain better accuracy for the orientation vector d, which can be
confirmed by the numerical examples.

However, to our best knowledge, how to use the VEM for solving the hydrodynamic
model of nematic liquid crystal flows has not been resolved successfully, this is by
no means an easy task due to the highly nonlinear terms and the couplings among
the velocity, pressure and orientation vector of liquid crystals. The main contribution
of this paper is to develop an extrapolated Crank-Nicolson virtual element scheme
with second-order temporal accuracy for the nematic liquid crystal flows. Further-
more, we rigorously prove the unconditional energy stability, unique solvability and
optimal error estimates for the proposed scheme, especially for the pressure. Through
a set of benchmarking simulations, we further demonstrate the stability, accuracy and
effectiveness of the proposed schemes thereafter.

The rest of paper is organized as follows. In the next section, we establish the
hydrodynamics system for the nematic liquid crystal flows, and derive the uncondi-
tional energy stability in the continuous level. In Section 3, we propose a fully discrete
virtual element scheme and derive some properties of the numerical scheme, i.e., the
unique solvability, and the discrete energy law. In Section 4, we rigorously prove
the optimal error estimates for the proposed scheme. In Section 5, we perform some
numerical simulations to show the accuracy and efficiency of the developed scheme.
Section 6 provides some concluding remarks.

2 Preliminaries
2.1 The model system

We use & to denote the sum of the kinetic and Helmholtz free energy, which is
described by

€ =Ein+E, 2.1
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where Ey;, is the kinetic energy and E is the free energy, respectively, given by
L
Eiin = | Slul dx, E = | fensx(d)dx, 2.2
Q Q

where u : Q7 — RZ is the incompressible velocity field and d : Q7 — R? is the
orientation vector of liquid crystal molecules, where Q7 = Q2 x (0, T'), Q2 is abounded
open subset of R? with boundary 32 and 7' > 0 is the final time. The energy density
[ elast (d) s given by

A A A
Fetast (d) = 7‘(v d)? + f[d (VY xd)?+ g[d x (Vxd)P?,  23)

where A1, Ay and A3 are the Frank elastic constants describing splay, twist and bend
deformation, respectively. For simplicity, under the assumption that the Frank elastic
constants A1 = Ay = A3 = A, and the bulk liquid crystal energy has the form of
the Ginzburg-Landau energy for d, the potential term in the energy penalizes for
deviations of |d| from some constant value and replaces the hard length constraint of
the Oseen-Frank theory [43]. Then, the "regularized" bulk energy density of the liquid
crystal can be written as

A 1
fetast(d) = 5|wr|2 + 5 F@), (2.4)

in which A > 0 is the elastic constant, and SizF (d) is a penalty term of the Ginzburg-
Landau energy, where ¢ is a penalization parameter, f(d) = V4F(d) for F(d) =
1(d? — 1)? (see [15, 26, 27)).

By using the L?-gradient flow approach for the director field d, and the incom-
pressible Navier—Stokes equation for the fluid momentum, the hydrodynamics system
of the nematic liquid crystal flows is governed by:

di+u-Vd+yw =0, in Q7, (2.5a)
®=—-AAd+ L f(d). in Qr, (2.5b)
u,+w-Vyu—vAu+Vp — (Vd)Tw =0, in Qr, (2.5¢)
V.-u=0, in Qr, (2.5d)

where p : Qr — R is the pressure, @ is the chemical potential derived by the
variational derivative of the total free energy, ¥ > 0 is the mobility constant and
v > 0 1is the fluid viscosity.

The above system (2.5a) should be completed by an appropriate initial and boundary
condition. For the sake of simplicity, we consider the following initial and boundary
conditions:

d(x,0) =dy(x), u(x,0) =up(x), x € Q, (2.6)
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dix,t)=0, u(x,t) =0on (x,1) € 92 x (0, T), 2.7

where dg : @ — R% and ug : Q — R? are given functions.

2.2 Weak formulation

For0 <s < 00,1 < p < 0o, we denote by W% 7 (D) and L? (D) the usual Sobolev
spaces and Lebesgue spaces on abound domain D, equipped with the norms ||+ || ws.» (D)
and || - || L»(p), respectively. Let H* (D) represent W* 2(D) (where H(D) represents
L2(D)), and we define the inner (-, -)s.p equipped with the norm || || p and seminorm
| - |s,p- Especially, if D = €2, we denote the L? inner product (-, -)o, by (-, -), while

the norm || - |5, and the seminorm | - |5 o are denoted by || - || and | - |, respectively.
Boldfaced letters will be related to vector spaces, for instance, L? denotes a vectorial
L? space.

Now, we will introduce the function spaces

X:=H\Q), Y:=L*Q), V:={ve H)(Q):V-v=0},

0:=L3Q) = {qeLZ(Q):fqu=o}.
Q
And we consider the linear forms:

Mi(e. )= ) M@ ¥). Vo, ¥ € X;

KeZ,

Mso(u, v) = Z Mf(u, v), Vu,veV;
KeZ,

Al ¥) == Y Af (0, ¥), Yo, ¥ € X;
KeZ,

Aox(u, v) = Z AX(u,v), Yu,v e V;
KeIh

B(v,q) := Z BK(v,q),Vv eV,qe0;
KeZy,
D; o, ¥) = Z DK(I); o, ¥),YveV,peX, ¥y ey,;

KeTIy,

Clu;v,z) = Z CK(u; v,2), Vu,v,z€V.
KeZ,
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where the local contributions are given as

ME (@, ¥) = (0, ¥)ox; MEK@,v) =@, v)ox;
AR (@, ¥) = Vo, Vo x; AX(u,v) := (Vu, Vo) k;
BX(w,q) :=(V-v,9)0x; DXwi0,¥):=@ Vo, ¥)k;

K 1 1
C*(u;v,z2) = 5((14 -V)v,2)0.x — 5((u -V)z, v)0,k -
The variational formulation of problem (2.5a) reads as follows: Find (d, @, u, p) €
XxYxVxQ,forall (§,0,v,9) € X xY xV x Q, foralmost all r € (0, T),
there holds

Mid;,0)+Du;d,0) + yM(w,0) =0, (2.8a)

1
Mi(w, §) =?»A1(d7’§)+8—2(f(d),§), (2.8b)
Mo(us, v) +C(u; u, v) + vAy(u, v) — B(v, p) — D(v;d,w) =0, (2.8¢)

B(u, q) =0, (2.8d)

where we use the fact (v - Vd, w)o.x = (Vd)! w, v)o.x (see [21]). We endow (2.9)
with initial conditions d(-,0) = dg and u(-,0) = ug. It is straightforward to show
that the system (2.8a) admits the law of energy, we state the result as a lemma here.

Lemma 2.1 Let (d, w, u, p) solve (2.8a). Then, the energy law is satisfying
t
E(u,d) +/ Wlul} + yllol§)ds = Euo, do),
0
where the energy is defined by
I
Eu,d) = Ellullo + Eldll + S—Z(F(d), 1.

Proof By setting (0, &,v,q) = (w,d;, u, p) and taking the summation of the four
equations in (2.8a), we can easily get

1d Ad 1 d
S —llullg + 5 —1dIT +

o oo ?E(F(d)’ 1) +vjul? + ylel} = 0. (2.9)
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After taking the integration of the above equation (2.9) from O to 7, the desired
result can be obtained. The proof is finished.
3 Fully discrete virtual element scheme
3.1 Virtual element
The purpose of this section is to present the virtual element spaces and discrete bilinear
(and trilinear) forms.
3.1.1 Mesh notation and mesh regularity
Let {71} be a sequence of decompositions of €2 into polygonal elements K. Further-
more, hg is the diameter of K, and & := maxgc7, hg. For a given edge e € Z),, we
write A, for its length. Then, we make the following assumptions on Zj,: there exists
constants pg, p; > 0 such that for all K € 7y,
(S1) K is star-shaped with respect to a ball of radius p > pohg;
(S2) he = p1hg forall e € 7.
3.1.2 The construction of virtual element space X,
Using the standard VEM notations, for k € N, let us define the spaces
e P, (K), the set of polynomials of degree at most k on K (especially, P_;(K) :=
{0}).
o P (e), the set of polynomials of degree at most k on e (especially, P_j(e) := {0}).
° ]@(BK) = {v e COBK) : v|. € Pr(e) for all edges e € IK ).
o Xyk = {9 € COK)NH'(K) : ¢lsk € [BOK)I, Ag € [P(K)IP).

Next, we will introduce the helpful polynomial projections Hg’K and l'Ikv’K asso-
ciated with K € 7, as follows:

e The L>-projection Iy'X : L2(K) — [P(K)]?, defined by
X = Vo € L2 dv P 2
i @ Pok = (@, pok, Yo €L (K)andVp, € [Pr(K)]".

e The H'-projection Hkv’K : H'(K) — [P(K)]?, given by

(VI X 0. Vpokx = (Vo. Voo, Ve € H'(K)and¥p, € [Pr(K)I%,
/ HZ’K¢ds=/ @ ds.
9K 9K
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Then, let k£ be a fixed positive integer and consider the following local virtual
element space on each K € 7, (see [6])

Xk =o€ Xh|K : (HZ’K% Pi)o,K

) 5 3.1
= (@, Pok, Pr € [P(K)]7/[Pr—2(K)]},

where the symbol [Py (K )]2 /[Pr—2(K )]2 denotes the polynomials in [Py (K )]2 that
are Lz-orthogonal to all polynomials of [P;_>(K )]2 (observing that [Pr_»(K )]2 C
[Pr (K )]2). And its degrees of freedom are given as follows:

I. the values of ¢ at the vertices of K

IL. the values of ¢ at k — 1 uniformly spaced points on each edge e; 3.2)

III. the moments / Q- prodx, Vp,_5 € [Pr_2(K)I%
K

Itis noteworthy that Hg’ K and Hkv’ K are computable from (3.2) (see [6, 8]). Finally,
the global discrete virtual element space can be shown as

Xy ={peX:9lk € Xpk, VK € Ij}. (3.3)

Under the assumption (S1)-(S2), the following estimates can be obtained for the
projection and interpolation operators [2, 44].

e ForVK € 7T, and Vo € H*T1(K) with s € N, 1 < s < k, there holds
lp — ) ollox +hxle — Iy ol k < ChSH @it k. (3.4)

e There exists an interpolation ¢; € Xy g such that for ¢ € H STHK) with 1 <
s < k, there holds

lo —@llo.x +hrle — @1k < Ch @l k- (3.5)

3.1.3 The construction of virtual element spaces V1, and Qp,

Follow with [12], for k > 2, let us introduce the spaces

Gk(K) := V(Pry1(K)) C [PL(K)T?,
Gr(K)* = x [P 1 (K)] C [Pe(K)]? with x* = (x2, —x1),

Vi = {v e H'(K). stv| e BOKP,

—Av — Vs € Gr(K)L, forsome s € L2(K)
dive € Pr_1(K), ’
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Now we define the virtual element space V |k as the restriction of ‘7h| K given by

Vik :={ve Vyg: (HZ’KU,gkL)o,K = (v,

(3.6)
gi)ok. g € GH(K)/GiE ,(K)).

Also, the corresponding unisolvent degrees of freedom in V¢ can be divided into
the following four types

(D1). the values of v at the vertexes of the polygon K;
(D2). the values of v at k — 1 distinct points of every edge ¢ € 0K

(D3). the moments / v-gp,dx, Vg, € Gt ,(K); 3.7
K

(D4). the moments / (divv) px—1 dx, Vpr—1 € Pr_1(K)/R.
K

Then, the global virtual element space can be denoted as:
Vi={veV:vg € Vyk, YK € I;}. 3.8)

The following estimates can be obtained by using the assumption (S1)-(S2) (see
[12, 13]):

e ForVK € 7, and Vv € HS+1(K) withs € N, 1 <s <k, we have
lo — )X vllo x + hrlv — I o) & < CRS olss k- (3.9)

o There exists an interpolation v; € Vp,x such thatforv € H s+l (K)withl <s <
k, we have

v —villo.x +hrlv—vilik < Ch vlsgr k. (3.10)

For the chemical potential and the pressure, we take the standard finite-dimensional
spaces

Yik = [Pe(K)P, Onk = Pro1(K), (3.11)
with the corresponding global virtual element spaces

Yp:={peY:plk €Ypk, VK €Iy}, (3.12)

On:={qe€Q:qlk € Ok, VK €1}, (3.13)
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and we also remark that

divV, C Qy. (3.14)

3.1.4 The discrete forms and their properties

Next, our aim is to define a discrete version of the linear forms in (2.8a).

e Given Mhl('a ) : Xh|[( X Xh|K — R and Mhz(-, ) : Vth X Vh|]( — R, we
define

Miui(@p, ¥3) ==Y M@ ¥i), Miaun, o) =Y M n, vp),

KeIy KeIy

where the local contributions are given as

0,K 0K
ME (@, ¥ o= (M 0, T 90 ¢
0,K 0,K
HIKISK (@n — T 0, gy — TSy,
ME @, vp) o= @A K uy, T K001

HIKISK @y — T K uy, vy — 1)K vy,

within S /If/l denotes a stabilization term. As a matter of fact, under the mesh assump-
tions (S1)-(S2), we can take the following scaled stabilization corresponding to
the degrees of freedom

dimX
SK i@ =T K gy, — MKy = > dofi " (g, — YK g,)
j=1
dof "y, — T Ky,
dimV yx
K — T K wy vy = %0y = 7 dof) "™ (uy — MK uy)
j=1

dof " (v, — T K vy).

o Also, wedefine Ap1 (-, -) : Xpx X Xpjx = Rand Apo (-, ) : Vg x Vg — R,
given by

Ani (@, ¥p) = Z AR (@ ¥), Ana(up, vp) = Z AR (un, vp),
KeTy KeTy
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where the local contributions are given as

0, 0,
AK (@ W) = (MK Vo, K V)0«
V.K V.K
+S8 (@) — "y, ¥y, — IRy,
A (up, vp) i= (ALK Vg, K Voo x

V.K V.K
+88 p — T ug, v — IR vp),
in which S ﬁ is a stabilization term, denoted by

dimXpx

X
S“If‘((oh N Hkvgkq’h’ Vi = HkV‘K'/’h) = Z dof; " (o — HkV’K("h)
=1

Xn V. K
dof "y, = TN ),
dimV
\4
S @n — 1 Ny vp — K v = ) dof; " (up — 0, Xuy)
j=1

dof " (v — K vy).

e Regarding B(:, -) : Vpx X Qg — R, we simply set

B, qn) = Y BXwn,a1) =Y (V- v, anox.

KeTIy KeIy

i.e., as stated in [12, 13], we do not introduce any approximation of the bilinear
form. We notice that B(vy, g) is computable from (3.7), since g, is polynomial
in each element K € 7.

e Next, given Dy (-5 -, ) : Vpik x Xpik X Yk — R, we define

Di(on: @n Y1) = ) D (045 @3 W)
KeZ,

with local contributions
0.K 0.K 0.K
DR (vn: @5, ¥p) = (" vy - 5 Ve, TR 9,00 & -

e Moreover, we define C; (5 -, ) : Vg x Vg x Vg — Ras

. K .
Cn(up; vy, zp) == Z Cp, (up; vy, zn),
KeZy,
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where
Koo . 1 ok 0K 0,K
Cy (up; v, zp) == E(H" wp - T25 Vg, I 200,k
1 ok 0,K 0,K
—E(Hk’ wp - IG5 Vg, I vg)o k-

Due to Mp1(@y,, @) = 0, Mp2(vy, v) = 0, Ap1 (@), @) = 0and Apo (vy,, vy) >
0 (see Lemma 3.3), we also define some energy norms, for all ¢, € X, and vy, € V,

Henllg, = Mui(@p. @) = Y M (@4, 0), (3.15)
KeZy

oalllyg, = Mn2 @i, o) = D M. va), (3.16)
KT,

lonlllZ, = An(p o) = Y Afi(04, 91, (3.17)
KeZy,

lvalllZy, = An2(vn, va) = Y A (Wi, vp). (3.18)
KeTy,

Next, we will collect and prove some crucial properties of the discrete local linear
forms as follows.

Lemma3.1 (see [6, 11]) The local bilinear forms M, MK, AK. AK on each
element K satisfy

(i) Consistency: for all p; € [IP’k(K)]2 and @, € Xk, v € Vi, there hold

M (P o) = M (proy). M (py, vi) = M5 (py., vn),
AR (P o) = AL (P o). Al (pr o) = AX (py, vp).
(ii) Stability: there exist positive constants oz;’, oc;“, i =1,2,3,4, independent of h

and K, such that for all ¢, € Xpx and v, € Vi,

At ME (91, 01) < My (@, 01) < MT (910 0).
a3 M5 (v, v3) < My (0, v4) < a3 M5 (v, 1),
a3 AF (04, 01) < AR (94, 94) < G5 AT (94, 91),
af AX (vp, i) < AR (v, vp) < o A5 (v, vp).

Since the symmetry ofM}Ifl(~, ), M}If2(~, ), A{fl(', ), A,Ifz(~, -), we obtain the fol-
lowing continuity results.
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Lemma 3.2 (see [6, 12]) There exist the constants C~‘1, 62, C~'3, 6'4 > 0, independent
of h, for all @, ¥, € Xy and up, v, € Vy, such that

Mui (o, ¥) < Cilloallol¥nllo, Mua(un, vi) < Callunllollvnllo,
A (@n, ¥y) < Clopli1¥l,  Ana(un, vi) < Caluplilvnl.

From the stability result in Lemma 3.1, we can get the coercivity of M }Ifl, M,Ifz,
K 4K
Ahl’ Ah2'

Lemma 3.3 (see [11, 13]) There exist the constants o, a2, @3, g > 0, independent
of h, for all ¢, € X, and vy, € V,, such that

2 2
Mu (@, 0p) = arlleglly, Mu2(p, vi) = azllvgllg,

Ani(@y. 91) = asloyl],  Ana(vn, vp) > aglval].
The bilinear form B(-, -) satisfy the discrete inf-sup condition.

Lemma 3.4 (see[12, 13]) Under the mesh regularity assumption (SI)-(S2), there exists
a positive constant B independent of h such that

B(n, qn)
sup  ———— = Bllgnllo, Ygn € On.
v eV, #£0 |vh|l

Similarly, we have the following continuity properties for Dy (-; -, -) and Cp(+; -, -),
respectively.

Lemma 3.5 There exist the constants C 1 6‘2, 6'3, 6'4 > 0, independent of h, such that
forall @, € Xh, 'ph S Yh; Up,Vp,2n € Vh;

1Dh(n: @1 Y| < Crll@y o ey llvalloll ¥, llo.
1Dn(vn; @, i)l < Callvnllzoe el 1¥ o,

[Ch(up; vi, zn)| < Cillupll=)lvnlilizallo,

[Ch(up; i, zn)| < Caluplilvplilzali.
Proof The first three inequalities can be obtained by the Holder inequality, the con-
tinuity of the projection Hg’K with respect to the L°°-norm, and the proof of last

inequality can be found in [13]. O

Lemma 3.6 Under the assumption (S1)-(S2), consider v € HY( Q) NL®Q), ¢ €
HM1(Q) 0 Whoo(Q) with k > 1, for Vi, € Y}, we can obtain

ID(: 9. ¥,) — Di(v: 9. ¥)| < Ch (o]l L@ ll@ st + @y 1.0 01O llo-
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Proof According to the definitions of D(:; -, -) and Dy, (+; -, -), using the Holder inequal-

ity, the continuity of H,(()’K and Hg’_Kl, we have

D; @, ¥;,) — Dup(v; @, ¥y)

=Y {0 Vo, ¥k — (Mo MK ve, )5y, )0 «)
KeZy,

= > - Vo.¥)0x — MK - Vo), ) y,)0 k]
K (3.19)
+IMYE - Vo), IV )0k — (MK - TYE Vo), MKy, k]
+1@YE @ -mY A ve), m 5y 0k — (Mo 1)K Ve, B X 9))0.x 1)

=Y {1+ h+])
Ke1y,

By the definition of H,?’K and the Holder inequality, we obtain

Yo=Y u-mHw Vo). ¥k

KeT,, KeTy,

Chl Y ol I Vol 1¥4llo.k (3.20)
KeT),

< Ch |l Loy @k 119 llo-

IA

Using the continuity of HQ’K and Hgf(l , the Holder inequality and from (3.4), we
get

0,K
o< Y Ivlleeaolld = ) Vello k19 llo.x
KeZy KeTIy

< O S ol IVl k1l (3.21)
KeT,

< Ch* vl @1 119 llo-

For the term J3 in (3.19), using the Holder inequality, we have

0,K 0,K
E J3 < E 1T, 5 Vel Lol — T2 Dvllog ¥, llo,x
KeT,, KeTy,
0,K
< Chk E TS VellLemxylvliex 1ok

KeTy,
note that, the term || Hg;’(l Vol L~k can be estimated as
0,K —1q0.K -1
I 5 VellLe k) < hg 15 Vellpek) < hg IVollLex) < 1@llwie k).,
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and thus,

> T3 < CRMl@ e g 1011k l1¥4 lo- (3.22)
KeZy

Consequently, combining (3.20)—(3.22) with (3.19) together, the proof of the
desired result is finished.

Lemma 3.7 Under the assumption (S1)-(S2), consider u,v € X N H with k > 1,
forNzy € Vi, we can obtain

IC(u; v, z1) — Ci(u; v, z1)| < CHE(Jullr1 (0 lles1 + 1v]1)
Hlvller1 Qalle + llvlli)]zalr-

Proof By definition of C(; -, -) and C,(-; -, -), one can obtain

1
Clus v.2i) = Cplws v,25) = 5 37 (@ Vo, 2ok — (M Ku - T Vo, K200 ]
KeTIy

1 > L@ Vap v)ox — (K MK vz, I v)o £ (3.23)

KeZy
= lT ]T
=3 1 3 2.

For the term T7, by simple calculation, we have

7= {@- Vo, (I —Hy)z)0k + (=T u - Vo, I K 2,)0. ¢

KGIh
(@ Xuy - (1 =) ve, 0 X z1)0 k) (3.24)
= > {Tu + T2+ Ti3).
KeI,

Using the definition of Hg’K and the Holder inequality, we have

Yo=Y @ Vo, -1 )20k

KeT,, KeI,
=Y (=K@ Vo), (- I )zp)0 (3.25)
KeI,
< Ch*Ju - Voli-1]zal1.
and by the Holder inequality and Sobolev embedding H* () ¢ W*~1.4(Q), we infer

lu- Vo1 < [lull 14l Vollyi-rs < Cllali [Vl (3.26)
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By (3.25) and (3.26) we finally obtain

S Tt < Ch lull ol lzlr- (3.27)
KeTIy,

For the term 777 in (3.24), using the Holder inequality, we have

Ty = (I = N05yu - vo, 0K 200 ¢
o o (3.28)
= IVollo,g 14 = TR )ull o) 1T 2l 4 ) -

From (3.10), we know that, there exists a polynomial u, € Px(K) such that
e — wrll s ) < Chllulyra g,
and thus, by the continuity of l'[(;(’k with respect to the LZ-norm

0.K 0.K
I — Hk )u”L“(K) < lu-— un||L4(K) + ”Hk (u — un)||L4(K) (3.29)
< Cllu — uxllps gy < Chilulyra g

Applying the Holder inequality and Sobolev embeddings H' () ¢ L*(Q) and
HM1(Q) ¢ Wh4(Q), by (3.28) and (3.29), we obtain

D T < Chig D 1Vvllo g lwlyes g lzall 2 )
KeTy KeTy (3.30)

k
< Ch™|lvllillwllk+1lzalt.

For the term T3 in (3.24), it holds that

Yo Tia= Yy (w1 =) Ve, ) K 20«

KeTy, KeT),
(3.31)
< CRM Vol ke llull g g 1zl o
< ChMw st lult|zal.
By combining (3.27), (3.30) and (3.31), we get
IT1] < Ch*(lulliclvllerr + Iolillwleer + Tl Dl zal:. (3.32)
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For the second term 73, applying the Holder inequality and the Sobolev embedding,
we obtain

=Y {@- Vzu (I =000k + (1 = T F)u - vz, I K)o ¢
) €I

(3.33)
+(@¥Kuy - (1 —1K vz, 0K ) k)

k
= Ch(lullirillvliesr + lvllillelicer + lvlleelulio|zal

We finish the proof by combining (3.32)—(3.33) with (3.23).

3.2 Fully discrete scheme

We choose the time step size t = T /N, where N represents the number of the time
sequence, and we give 1" = nt,n =0, ..., N. Moreover, for any sufficiently regular
time function ¢(-, 1), we denote ¢" = ¢@(-, "), and also introduce the backward
differential operator &, satisfying

(pn _ ‘/’n71
—‘L’ .

sio" =

For convenience, the following notations will be used throughout this paper

| dn+1 +d" L 3d" — dn71
dtr="— 4 ‘==
2 2
un+% _ un+1 +ut ;;n+% _ 3y — un—l
2 ’ 2

Due to the strong nonlinearity of the penalty function, a challenging issue to solve
the system (2.5a) numerically is how to design efficient schemes that preserve the
energy stability of the discrete system. In this study, we will regularize the penalty
function through the idea of convex splitting. More precisely, we rewrite F(d) as the
sum of a convex function and a concave function

Fd)=F,d)+ F.d) := %d“ + (_%(ﬂ + 4_11),

and accordingly f(d) = f,(d) + f.(d) = d’—d.
The idea of convex splitting is to use explicit discretization for the concave part

. ~n+d . el g . . .
(e., f, (1d 2)) and implicit discretization for the convex part. Thus, we approximate
f,(@""2) by the Crank-Nicolson scheme

F @) — Fy(d"
dn+1 —d"

fv(d"H’%) I~ — %((dﬂ+l)2 + (dn)Z)dnJ,»%
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Now, we will propose a fully discrete virtual element scheme with second-order
temporal accuracy as follows.

Find (d”+1 ”“ ”H, pZH) € X, xY,xV,xQpsuchthatforn =0, -, N—
1 and (&, 04, vh qh) € Xp x Yy, x Vi x Qp, there hold

1 41 1
Mhl(«std"“ 01) +Dh<u2+2- d, 2, 01) + yMui(@, 2,0,) =0,(3.34a)

Mt (@y . 8,) = 5 2(((11°d"“>2+<n%l Pt mlg,) (3.34b)

2<n°d,f2 08, + 1A d. 2 &),

1 1
My S+ vh) N ARTE AR IS WY WY B (3.34¢)
+1 o+l
—B(vy, p, 2)—Dh(vh, d, e, )=0,
Bu, 7,%):0, (3.34d)

where we set d¥ = d(,), w2 = w(l), u2 = u(}, and d(,), w(l), ”(1) denote the suitable

interpolations of dg, @, ug (see (3.5) and (3.10)), respectively. Let Hg be the pro-
jection onto the piecewise (with respect to Zj) polynomials up to degree k satisfying
0%,k = M) Xg, forall§, € X,

Remark 3.1 Since the extrapolated C-N scheme (3.34a) is a two-step scheme, it needs
two initial values to achieve second-order accuracy. For simplicity, as in [3], we define
d;l = d% and u,:l = u2 10 be interpolant of d° and u®. In addition, we also take
d(x,t) =dyand u(x,t) = ug fort < 0, which can be seen as a contraction from
the internal to the negative time direction.

The equation (3.34d) along with the property (3.14), implies that the discrete veloc-

. +3 . . . . .
ity ”Z > € Vy is exactly divergence-free. More generally, introducing the continuous

and discrete kernels:
W={veV:Buvq)=0,VgeQ}, Wy={wveV;,:Bwqg) =0, Vg € On},

we can readily check that W; <€ V. Therefore, we consider the following reduced
problem, which is equivalent to the scheme (3.34a).

Find (d”Jrl "“ "H) € X, x Y, x Wy suchthat forn =0,--- , N — 1 and
(&,,0n,vp) € Xh X Yh x W, there hold

1 41 1
Mm(«s,d"“ 01) +Dh<u2+2- d, 2,01+ yMui(@, 2,0,) =0,(3.35)

Mt (@y . &,) = 5 2(((11°d"“>2+<11°d Pt mlg,) (3.35b)

@ Springer



Virtual element scheme for the nematic liquid crystal flows Page 19 0f43 30

(nod,fz m0,) + A @2 ),

~nty o ontd +3
M (Sl ) + Cu@E, w2, o) + v A, 2, vp)
+% n+%
~Dy(vp; d,, @, *)=0. (3.35¢)

The design of convex splitting approach enables us to prove the unconditional
stability of the proposed scheme. We now establish a discrete energy law of the fully
discrete virtual element scheme, which show that the total discrete energy is non-
increasing and is therefore unconditionally stable.

Theorem 3.1 The scheme (3.35a) admits the following discrete energy dissipation law

1 1 nts
En(upt, d'"+>+2{vr|||uh IRy, + el I,
n=0

1
+ oz Iy — 2y, + ;™ 5} = . ),
where the discrete energy &, is defined by

A 1
En@uptt dyth = ||| wy i, + S I, + 5 (FARGH, 1

+Eun2d;?“ — I} 5.

1
Proof By taking ), = tw2+2 in (3.35a), we obtain

1 1
M@+ = di o)+ 1D 5 7 o) ) 4 pelllen IRy, = 0.
(3.36)

Taking &, = d*! — d!! in (3.35b), it is easy to check that

1 +1
S (MAGTH? + ()T, W™ — )

1
- Z/Q|ngd;;+1| — [IQd} | *dx,
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and
07+ 0 gnti 0 gn
(Myd), =, Wd, ™ — I d))
1
= -(3H2dz —ma; ! mart!t — mdy)
1
Z(HOdnJrl + H](() H2d11+1 HOd )
1
—E(ngd;“ —2M0d} + mYd; ', mdrt! — mdy)
1 1 _
= SUMdL 1§ — IR 15) — S (I, — Wd5 G — ITd), — Ty g
HIImdrtt —2mld) + md 3.

From the definition of F(d), we deduce

41 A A
Mi(@y, > it —djy = S, = SR,
2(1«*(1‘10‘:!”“) — F(md}), 1)
(gt — nfag i} — i) - ay

+martt —omddy + mdar'3). (3.37)

1
Setting v;, = ruz+2 in (3.35c), we have

1 +1
+1y(12 2 n 2
—||| W v = SR, + vTille, 111,

1
Dt A 6 — 0, (3.38)
Summing up (3.36)- (3.38), we obtain

N 1 1 )
—|||u"“|||M2 + S, + 5 (FREH, D + [ Mdy ! — Md;

+1 +1 1 B
+vtl||u, 2|||i2+yr|||w2 2|||2Ml+4—2||H°d”“—2112dz+ngd;; N2 (3.39)

1 1 _
= S, + 5 g Iy, + 2(F(Hodz) D+ 7 I, — Wy 5.
Finally, the desired result follows from the application of the operator ) ", to
(3.39). Next, we prove the existence and uniqueness of the numerical solution in
(3.35a) by using the Brouwer’s fixed point theorem.

Theorem 3.2 The fully discrete scheme (3.35a) admits a unique solution

(dZH ZJrl n+l) e Xy x Y, x Wy,
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Proof To begin with, for any (§;,, 05, vy) € X, x Y, x Wy, we can rewrite (3.35a)
as
1 Lol 1
DMy 2, 00) =2 Mt (d], 01)+T Dy () 23 dy 2, 05) + yT Mi (@) 2, 0)
n+ti n+i
- 2Mhl(wh SLE) +20And, 7L &)

n+2

2(((2r1°d —mla? + (e mldl Mg, (3.40)

~n+3 +3
- S—Z(Hodh 2 Mg, + 2Mh2(u2 2, vp) = 2Mpa(uy, vp)

1 1 1 1
~nti n+s n+s ~nt5  ntsy
+1Ch(@, *iu, L vp) F vt A, *,vy) —tDy(vpsd, YL w, 7)) =0.

Then, we define a mapping ¥ : X, x Y, x W, — X, x Y, x Wj. Given
(d2—17u271) € X, x Wy and (d), @}, u}) € Xj x Y, x Wy, find (z1,22,23) €
X, x Y x Wy, such that

("I'[(zlv 22, z3)7 (Ehv 0ha vh))

~pt L
= 2Mui(z1, 01) — 2Mi(d]l, 03) + TDi(z3: d), 2, 05)
VTMhl(ZL 01,) — 2Mp1(z2, &) + 20 Ap1(z1, &)

2(((2sz1 m0d7)? + (Md)H)*) Mz, MYE,) (3.41)
+
(Hodh 2R, 4+ 2Mia (23, va) — 2Mn (uy, vi)
+ TCh(ﬂZ+7; 23, V) + vt Ap2(z3, vi) — TDp(vp; 3Z+§, 22),

for any (§;,,05,vy) € X x Y, x Wy, By applying the Lemma 3.3, Lemma 3.5, the
Cauchy-Schwarz inequality and inverse inequality, we have

(llj(zlﬂ 22, Z3), (sh? 0]15 vh))

~ ~ O |
< Ciliztlloll@nllo + Cilldyllollrllo + Cith lldz *liliz3lloll€llo
+ Cryzliz2lloll®xllo + Cilizzlloll&xllo + C3rlzili1E, ]

1
+ €—2<4||<H 920030 + 4n I o1 (TI0z 1)l
+2h~ ||<n°d 1ol Tz 1 110) IT12& , llo (3.42)

2
+ 8—2||H2d;, ||0II1'I Epllo + Calizsllollvnllo + Callugllollvalo

N ~ +l - N o~ +,
+C4f|u2 “lilzalilvals + Cavtlzslilvnli + Cith ]Idz “lillvallolliz2llo
< C*{(llz1llo + llz2llo + llz3ll0) 10 llo + (lz1ll1 + lIz2ll0) 1 111
+ (llz2llo + llzz D lvall1}-
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1 1
where C* dependson z, i, y, A, &, v, ||d} |lo. llu} lo, |:i‘2+7 1, |ii’;l+7 |1. Therefore, we
can get that the mapping W is continuous.
Setting (§,,, 05, vi) = (21, 22, 23) in (3.41), from Lemma 3.2 and Lemma 3.3, the
Cauchy-Schwarz inequality and inverse inequality, we obtain

(W(z1, 22, 23), (21, zz 23))
= 2:[1z1ll, +3 (((2sz1 d?)? 4+ (MdH*) Mz, Mizy)
+
z(nﬂd,, 3 1 v23))

— 2Min(d}, 22) + yrlllzally, + 211z, — 2Min (), 23) a3
+vrlllz3lll, '

oa3A
> 2(h—2||Z1 llo — o) IIdn : lo)lizillo + (e1ylizallo — 2C1[1d lo)llz2llo
+ 2(0!2||13||0 - Czlluhllo)IIZ3llo + 0!4VTIZ3|1

/ 2M0z) — Td} TRz |2 dx + — / IT0d} |*| Tz |2dx.

Hence, from (3 43) we infer that the mapping W satisfies the following properties:

there exists ||67 : lo. lld} 1o, lu} lo such that for ¥(z1, z2,23) € X x Y, x Wy,
(Y(z1,22,23), (21,22,23)) = 0,

with

hz Nn-i—l o 62
zillo = ——=lld, “llo, llz2llo = 0, llzzllo = —Iluj llo-
llz1l oy Id,, 2o, llz2ll wllo, Nzl ” [lu |

It follows from the Brouwer’s fixed point theorem (see [38]) that there exists

1
(d'Hrz n+2 Z+2) € X, x Y, x Wy, such that

vt W W =0,

which also implies the existence of the solution to (3.35a). Next, it suffices to establish
the uniqueness of the solution to (3.35a).
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n+1 n+1 _ n+l n+1 n+1 n+1 .
Assume (d}| ,whl ,uh1 )and (d), ", @), ,uh2 ) are two solutions to (3.35a).
n+2 _ n+2 n+2 n+2 _ n+2 +2 +2 _ n+2 n+2
Letd, * =d, , @), ®,,° —w, andu, * =u, * —u,,*,for

any (Eh,oh, Uh) € X >< Yh X Wh, we can get

1 1 o, .1 1
M) 2, 0,) + TR, 2y 2, 00) + yT My (e 2, 600)

n+L
—2Mh1(wh+2»§h)
A ) + 2<<(2H2d"+2 m)d;)’
(3.44)

+mlaHmld  ml,)

n n l
2<(<2H°d ¥ moany? + <H°d”> YI0LT? T0%,) + 2 Ml wi)
n n l ~n n+=
+ 1Cp (1), +2, h+2,vh)+vTAh2(uh ,vp) — Dy (v d +2, h+2)=0~

1 1 1
By taking 6, = o)ZJrz, &, = dZJrz and vy, = u2+2 in (3.44), we can obtain

n+i 2 ntl 2 n+l 2 n+% 2
)/T|||wh g, + 2211, 2|||,41+2||| h 2|||M2+vfllluh M,

n+2

|l'[°d | ||n°d”+2||0+ 2((211°d —n0d7) ) Hodh+2)(3 45)

n+7

+3 +3
- 8—2((2deh2 n0a;)’nld,, >, ndd, *) =0.

Using the inequality ||2a; —a|’a; — 2a2 —a|az| < 4(la)|+|az|+31a])?|a) —a|
(see [4, 25]), from Theorem 3.1 we have

n+2 n+2
)

0 0 7n\2 170 47+ 0
2((21‘Id —I,d}) l'[dhl2 I;d,

n+2

= ((21‘[°d — %y )2n0d2j2 Hod"+2) (3.46)

nty n+y n n+} n+4
(max{|n°d 2|0, 21, (AR D2 I00d, 2 |15 < C(e, T, > 13

Choosing the proper parameters ¢ such that 8i2|l'[2dZ|2 C(e,dY i) = 0, combining
(3.45)—(3.46), we can arrive at

I’H—l n+l n-‘,—l n-i—l
yllle, 21y, + 241d, 211, + 20wy, 21y, + vellie, 211, <
(3.47)

Therefore, we COIlClude that
1 1 1
nT3 2 2

d, *=0w, =0 u, *=0.
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The proof is finished.

4 Error estimates

This section is devoted to the error estimates of the scheme (3.35a). We henceforth
denote by C a generic constant that is independent of the mesh size /# and the time
step T but possibly depends on the data and the solution. Whenever no confusion is
possible we use the expression a < b to say that there exists a generic constant C such
that a < Cb.

In order to derive the error estimates for the numerical scheme in terms of time and
space discretization, we shall assume that the weak solution to the system (2.5a) are
regular enough. More precisely, we assume

d,d; d; e L0, T; H'(@Q) nWh>(Q), dy € L0, T; X);
A): { w, @, € L0, T; H*T'(Q) N L®(Q)), w; € L2, T;Y);
w,u;, uy € L0, T; HY(Q) N L®(Q)), uyr € L0, T; V).

The weak formulation of problem (2.5a) satisfies the following truncation forms:

1 1
M (S,d" ™, 0) + ED(u"“; "0, + S D@ d",0y) (4.12)

n+i
+y M2, 8,) = Mi(Ry 2,0,
M@ 2, 8,) = 1A @3, &)
+2—12(<d”+‘)3 —d"t @)’ —d" &, (4.1b)
&

1 1
Mo@Su" T vy + EC("HI; ) + SC@" s u", vy

oA, vy) (4.1¢)

n+%

1 1
—5Dw; d"t et — 5 D; d" 0" = Ma(R, 2, o),

1 1 1
n+x n+x n+x .
where R, * := sd" —d R, % = 8u™ —u, ? denote the truncation

errors. Thus, we can easily establish the following estimate, provided that the exact
solutions are sufficiently smooth or in the assumption (A).

n+%
t >

Lemma 4.1 Under the assumption (A), it holds

ntl n+l 2
”Rd 2”0+”Ru 2”05‘[ ) nzoyla"'aN_l-
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Proof Using the Taylor expansions, we have

el t"'H

g0 12 1 2
IR; 2llgs = == " —0)’dyds — - (" — Dy dsllg
2'E n 2 n
tn+l
5 _2 (tn+l _t)4ds /
T mn m
tn+l

- / oo |2ds
tn

il

3 2 4
St / ld:s:llgds St
t

n

tn+l tn+l

I 13ds + f " 02ds

m

Similarly, we can prove that

+1
IRy I3 < ot

This completes the proof.
Let (d, ®, u, p) be the solution of (2.8a) and (d},, @/, u},) be the solution of (3.35a),
we introduce the following error decompositions:

n .__ gn n __ .n n n ._ gn n n._ gn n.
ed—dh_d _nd+Xd’ r]d_dh_dl’ Xd _dl_d’
n . n n n n n . n n n . n .
€ =@ — @ =10,+ Xy Ny =0 —@, X, =0 —@;
n . n n n n n . n n n . n n
ey =uUpy—u =1, + Xy, Ny i =Up—Up, X, '=Uu;—u,

there existd; € X, @7 € Yj,, u; € Wy, as the interpolations of the exact solution d,
®, u of the problem (2.8a), which satisfy (3.35a), (3.10), respectively.

By subtracting the corresponding fully discrete scheme (3.35a) from the equations
(4.1a), we derive the error equations as follows

Mt Gt 0,) = My (8,d™, 0,) — My (8,d T, 85)
lD n+l1. dn+1 0 lD n.dr e,y —1D "+%. g"""% 0
+ 2 (u 9 ) h) + 2 (u 9 9 /’L) /’L(uh ’ h ’ h) (42)

n l n l
Yy M@, 0,) — y My (@), 2, 05) — Mi(Ry 2,0,
n+% n41 n+%
Mg 2,8, = AA1(d"72, &) —AAn(d; °.§))
1 1 L.l 1 ~n 4
_Ml(w’H—zagh)+Mhl(wZ+2,§h)_8_2(d +2’§h)+8_2(nl(<)dh PNE,) (43)

1 1 el
+ g«d"“ﬁ +@d")3, &) — E(((H%dﬁ“f +mdHmid, 2, mig,),
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M (8t vh>+vAh2<nu ,vp) = Ma(Su™™ vy) — My (™ vy)

1 1 1
A @t vy — VsAhZ(u’} 2, vp) + —C(unH; u" vy + Ec(u"; u",vp)
“4.4)

1
_ Ch(~n+2 n+2 vh) _ —D(l)h, dn+l n+]) o ED(vh; dn, wn)
~pt L
Do 42 0 - MR vy,

Theorem 4.1 Under the assumption (A), the following inequality holds

1
1 +1 n+3 +1 nts,2 4 2k
et g + lely |1+f§ (lew 213+ 185 G + llew 2115) S 7+ n-.
n=0

Proof First of all, we make the following induction assumption for the error functions
at the previous time steps:

12 + 113 < Cle* + h%), (4.5)

forn < m < N — 1. Such an induction assumption will be recovered by the error
estimate at the next time step 1"+,

The application of the induction assumption (4.5) (forn < m < N — 1) and the
assumption (A) yields (see [40, 42, 48, 49])

17121y = CIA™ 121y + ClT = d™ 121 )+ ClNG 21 o
< Clld" 100y + CH A"+ CCoRT> @ 417 < €,

lup 100 ) < Cllu™ 70 + Cllaf — u" |7y + Cling 110y

4.7
< Clu" |3 oo + CH U™ 2 + CCoh72(z* + 1) < C,

2 . o
fort < 2 - and h < hg, where hq is a small positive constant. Subsequently, we

cc}
will establish the error estimate at #*! and recover (4.5). By taking 0, = rS,n"“

1
and rnw+2 in (4.2), we obtain

ISt Iy, = tMIGd™ ! 8t — e M 8id) ! s

+ — D(un+l dn+1 (S ni‘H—l) + D(u dn (Stnn+l)
R 4.8)
_ .L.Dh(uh 2. d" 2 81 n—H)

l
T M@, 5 — yr My 2, st — t My (R : LSl th,
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and
+1 n+i
yelllne 113, = tMiGd™ " ) My i )

41
— T M Gy ne %) 1o
~”+2 +£§ )

+ D(u'“rl d"tt, "+2)+ D(u ", ' 2)—ch(uh ;d),

n+2 n+4

l
1 i I ontd
oyt M@ 2)—erm(w, e ) —TMIR, 2ne 2).

n+l -

Taking &), = yta,ng and 8,17, in (4.3), we derive

ry 1
—|||n"+‘|||341 = S lnglli%, = AyeAr@ 2, 85"
A, it

— T M@, Sy T M (w0 : LSl th— (d”*z 8y 4.10)

+ n n n n
= Y m0d,, mds it + o Y@y + @ st

(((11201'”52 02 s,

and

n+1

|||n 11, ——|||n,,|||A, =t A @3, 8y — Ar A d) ? & wth

— My ("2 stn”+1>+rMh1(w, : S T My (- : LSl th

(4.11)
- S@ e+ L, e+ 5 (@ @8

_ E(((nodn+l)2+(nod ) )HOdn+2 H08t Vl+1).

1
Setting vj, = rnZ+2 in (4.4), we have

n+1 +2

n+3 n+3
—|||n 13, = ||Inu|||M2+v1|||nu o, = —tMa(Ry i )

+ T My (S, 7)

1 1 1 1
— MGt e 2) +vr st ) — vrAhz(u'}J”,nZﬂ) (4.12)

1

+ SO )y Sew"su ) @t Wt gty
1
‘%D(nZ“;d"“,w”*f)—%D(n:i;d”, ) DOt T WY,
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Combining (4.8)—(4.12), we can get

nal Al +V)||| ntly2 Al +y)

2
|||n 1B, = 1l g, + 1By, = =5 il

+ 0|7 2|I|A2+flll5m”+llllMl+J/flllnw %|||2Ml
= MR ) — e MR ety — Mo (R it
+ MG d™ ! St — My 8idy T st
MG ) = My i ]
Mo, ) = Myp (! gt
oy My @ sy - My @ )
— T M, (@7, 3:'7"+1)—Mh1(w1 7 5]
ot A, 2) —Ahz(un+2,nz+2)]
A0+ TLA@E S — A @ s (4.13)

T
t[gc(u”“;qu n+2)+ C(u u", ny 2)—Ch(~n+2v h+ +2)]

1 1 1
[ZD( n+2 dn—H n+l) + ZD( ”+2 d", ") — Dh(ﬂnJrz d”+2 "+2)]
1 1

+ 1:[2D(u"+] dn+1 8 nn+l)+§D(un; dn 5171;— )— Dh(uh+2 d +2 5[’7714-1)]

1 1
+ T[ED(un—H; dn+1 n+2) + D(ll dn, nw 2) — Dh(u’1+2 dn+2 ”+2)]

(1 "Z V)T [(dn+2 5 nn+1) _ (H()dh 2 H05tnl‘l+l)]
1
+ S @ty @y st

Y 1 (0l s,
=L+ DL+ -+ L.

Applying the Cauchy-Schwarz inequality and Young’s inequality, from Lemma 4.1
we have

n+1 n+1 n+1
h+hL+1<TIR, 2||o||3m”+1||o+f||R 2Ilolln “llo+ TllRy 2”0””14(2”0

n+ n+
st+ I|5zn"+lllo+—lln 2||o+—||r7 13-
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According to the consistency of M,’fl, using the Cauchy-Schwarz inequality,
Young’s inequality, Lemma 3.2, (3.4) and (3.5), we obtain

Iy =t My S (@™ — TRA"), 8l ™) + T M (8, (TR — @), 8y
+ T M (8@ = dh, st

tn+] ln-H
<x( f —dt)( / I(d: — AR + lld; — (dp):I3dn) “.15)
LA
tn+]
<pk / I 3de + 08 1 < Th 2 4 s g,
tll
Similarly, we have
l”+]
Is < h2k+2/ ”dt” dt _|_ ||;7n+2|| < Th?+2 4 ||71n+2||(), (4.16)
lﬂ
ln+l
+ +
Ie §h2k+2f | dt+—||nn 213 < ohH2 4 I|77n “llg. 17
tn

According to the consistency of M }Ifl , Lemma 3.2, (3.4) and (3.5), we have

1

Zerl(wn—F%_Hg n+; 2)+V1Mh1(l'lo ol w"+%,flz+§)
+)/7.'./\/lh1(w"+2 erH_z, Z)"'z)
(4.18)

1 141 nt
Syf(llw”+2—H "+2||o+||w"+2—w, lo) e o

2k 2 nt3
Stht || 2)12.

Using the same argument as in (4.18), we have

1 0 1 1 n+} 1
Iy S t(l0""2 = Mo 2o + 0" 72 —w; o)1z o

< th* T2 4 ||5m"“||0, (4.19)

0 et et
Iy < vr(|u"+2 I "+2|1 + |un+2 —u; DI *h

< 2k "*2 4.20
~T + 10 |1 ( )
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According to the consistency of A}]fl, Lemma 3.2, (3.4) and (3.5), and the Courant-
Friedrichs-Lewy (CFL) condition: T < Ch?, we have

1 1 1
Lo SA(1+py)T(jd™™2 — " 2|y +|d" T2 — 2|1>|am"+‘|1
Sth—1(|dn+% _ Hodn+%|1 + |dn+% _

2|1)||6m"“||o (4.21)
S+ ||8 UARE
For the trilinear term, we have
T _ 1 4l T n+i

I = Ec(un+1 —ou" n 1; u"+2, N 2) + 7C(un+1 —u" un+1 —u", T 2)

+‘[[C(ﬁ"+%;un+l +2)—C/(u”+"u +1 +2)]

FG @ - @ g
<l = 2wt e i|1+r|u"+‘—u"|1|u"+'—u"|1|nﬁ+%|1 (4.22)

]
k
+ ot ||k+1(|\u"+2 lk+1 + I+ 3 1) + "2 ||k+1(||u"+2 e + 1@ 2 1) 21
1 n+ ntloontd
+f||u"+2||L°C(sz)(||€”\|0+||€" l0) 17 2\H—fluh 2|1|Xu ARl

n+
S+ oh® + eh® T g+ 1||0+—|n 2,

Similarly, we obtain

Iy = D( u+7 4 _ogn +dn—l’wn+l) :'D( nty dn+l _dn’wn+1 — "
DT A W) - Dyt A o)
Lol 4.23
R NCARTY LB e JORCE (423)
—‘EDh(n’H—z d”+2,X(Z+2)—T,Dh(77n+2 dn+2 Z)—O—%)
=Ri+ R+ +Re,
which can be estimated through
Ri+Ry+---+Rs
< n+y nt1 n n—1 ntl n+y n+1 n n+1 n
Ty “hld"™ =2d" +d" 1@ 21 + Tl “hild"TT —d 10" — e
k n+1 1 ~n+1
+ ot (0" VAT + 0" 2oy ld T k41
i) R (4.24)
+ld 2IIWLoc(Q)IIw"JrZIIk)IITIu “llo
nyl o ~ngd n+f 1 ntlo ~pgl n+%
+tlng 2hld, * —d, 1" I 4 i 2y P hixe

_ n+
S+ eh o+ oy o 22,
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Noting that, the term Rg in (4.23) and the term Sg add up to 0. For 113, we obtain

113 — %D(un-i-%’ dl’H—l 2d" +dn 1 Stnn+1)
+ ED(un+1 _ un. dn+] drl 5 nn+1)
b oD@ @ s — D@t @ 5]
+1Dh(u"+7;dn+7 —d"+2 8;n”+1)+ch(u"+2 uh +3, d’hLz 8 ”“)
1

ST peold" T = 2d" +d 18 o + Tl — w|peod™ T
—d" 118 o

. Ll 1 i (4.25)
+th* ("2 - Vd 2 e+ " 2 ey lld ke

~n+i 1 1
12 o g 1™ 2 [ 180z o

n+3 n n+1 ~"+% ”+%
+tlu" 2 | oo (el + el NS o + lid), llw1.co (@) 1 Xu

ntl 1
+ 1 2ol o
SO+ ok ot 4l TG 4 Tl g

+1
—||5r’7" I15-

where we use the result (4.6). For 114, we have

Iy = ED(u”H‘%’ d”+1_2dn+dn 1’ Ne 2) 4= D(u"+l u" dn+1 dn n+2)

F oD@ A ) - Dyt d"+2 SN

a)
~na L 1 4.26
+1Dh(u”+2 dn+2 —d2+2, n+2) ( )
1
a T TALTY (LI AL WE AL (LA
=S+ 8%+ + S,
which can be estimated through
St+ S+ + 85 ST+ ehH 2 4 oy
+Zi 3, (4.27)

@ Springer



30 Page320f43 Zou etal.

Applying the Cauchy-Schwarz inequality and Young’s inequality, we have

1 ~n
ns == S @t @ s

L@ syt — (fd s

+ (Hgd”""z HOd”+z Hogt n+1)} ws)

Selld™ T —2d" +d"” 1|o||3z'7"+1||o+fllt~1n+ Hod"”nam”*luo

n+2 .

+,
+d d, " lollsn o

1
ST A ThH T2 nlllg + <l ||%+—||am"+ I13.

Using the inequality ||a11?(b1| — |a2|*|b2|| < (max{|a], |bi], a2, [b2]})*(2la; —
ar| — |by — by)) (see [4, 25]), the Cauchy-Schwarz inequality and Young’s inequality,
we have

1+
2g2

F L@ + (@ D)dms, sns ) — (@2
+ @HHd"2), M)

+ (M@ + (@HHd™+3) — (™)’

+ (H](()dn) )l'[,?d"ﬂ HOS nn+l)

+ (M2 4 (M) a" > — (mpdy+)?

Iig = (@) + (@) = (@2 + @HDHd"™* 2, 55t

(4.29)
+ ayyngdy S syt

1 1 1
Stlld" 2|l — d” I5l8en* lo

+ Tl (@2 + @HHd"E - I(@ T + @HHa" ) ollsmst o
+r(ld™t — mYd" o + 1d" — TRd" o) 18,1y o
+z(ld™tt = dy o + " — dpllo) ISt o

ST+ ThH P TG+ Tl G+ —||8m"“||0.

Combining the above estimates (4.14)—(4.29) and using Lemma 3.3, we have

Al +V) Al +y)
|||nu+1|IIM2——|II77.,IIIM2 g, = = gy,
n+3 +
+—|||nu 215, + |||s,n"“|||Ml |||n" IR, 430)
5h2k+r +rh2"+rh2"”+r|||n |IIM2+f|||n,,|||M2+f|||n”+1|||3\42

+ il 12, + gl By + ol S, -
1 1 1
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Summing (4.30) over n from 0 to m, using the fact that n,;! = 79 = 0 and

ngl = 7)2 = 0, we have

1 1 n+
I M g, + g I, +rZ(|nu T SR 4 1)
n=0

4.31)
<t +rZ(r + 1) +COTZ(|II77,,IIIM2 SRRV

n=0 n=0
AR AR E

When0<t§r():=ﬁ<Cio,forany0<n§M—1,since1§1_;52

Cot
and from (4.31), it can be readily seen that ’

|||17,,“|||M2+II|77”’+1|IIAI+tZ(|nu T2 R + 212
n=0

m (4.32)
1+ Z T
51_—@ + 1)+ — Z(IllnuIIIM2+||IndIIIA,)

By using the Gronwall’s inequality and from Lemma 3.3, we have

+
G + I T+ < Z(lnu B ooy R+ I IR S T+ h%6.33)
n=0

Finally, by applying the triangle inequality, we can obtain
+1 +1
lep 15+ 1eg T+ T Zue” 2R+ 118y TG+ llew 2113) S T+ AP

The above estimate implies that the induction assumption (4.5) could be recovered
at f,,+1. Thus the mathematical induction is closed.

Remark 4.1 Using the Poincaré inequality and Theorem 4.1, we can easily get
” m+1 ”0 + ”em+1”0 < T +h2k

Theorem 4.2 Under the assumption (A), the following inequality holds
m n+l
Y ey 2N5 St +h*
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Proof Setting v, = t8,;177*! in (4.4), we obtain

1 11112
w A ——|||77u|||,42-IrTIIIszrI"Jr 1,

|||n
- MR 5t’)2+1)+f[/\42(5tu”+1 Sty — e My (St 8]

T Ay (T, 3t77n+1)—Ah2(u1 2 L8]

+r[—C(u”+1 nH sty 4 C(u u, 8t (4.34)
—ch(N”“ W2 5]

—‘L’[ D(5 77"+1 dn+1 n+l)+ D(8 7]n+1 dn n)

DG AT ),

By using a similar procedure for the proof of Theorem 4.1, we can get

len ™13 +rZ 18,2112 < o + n2*. (4.35)
n=0

By subtracting (3.34c) from the equations (2.8c), according to the consistency of
ME, and A, we have

Bun, ¢77) = —Ma(s, @ — ™), ) — My (8, (Mo — 1), ;)
+ Mo (8e" L vp) — vAz(u'H'? — l'[gu”+7, vy) — vAhz(ng”+% — u”+%, vy)
+ VAh2(€Z+%, vp) — %C( g 4t gt )

_ %C(un—&-l B S
C[CET u T, v —Cu @ WY uy)]—C (@2 —ﬁZ*z w2 py) (4.36)
— G (~”+2 nty u2+%, o) + %D(vh; d" 24" 4 d" ) @)

+ ZD(vh; dn+1 _dn’ wn+1 _ wn)

b D @2, 0 ) — Dy 3, )]
~ 1
+ Dy (vy; d +2—dz+2 "+2)+Dh(vh, +2,wz+2—a)”+%).
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Using the Cauchy-Schwarz inequality, Poincaré-Friedrichs inequality, (3.9)—(3.10),
Lemma 3.5, Lemma 3.6 and Lemma 3.7, we can get

Beop, )

< K onlo + 18 ollonllo -+ A (als + len 2 loals + 23/un
R e (e 2 e + "2 )

S e 2 g+ 1@ 2 110) oaly .
F R VAT 4 0 e 1 e 37

1@ e ey 1072 1) [0l

+ (e o + llekllo + ller o) vl + (ebli + les™ 1D val + et o ol

1 1
2 k k+1 n+sy n+sz 1
SEEHR R ey 2+ llew 2o+ 18:e) o) vl

Considering the discrete inf-sup condition in Lemma 3.4, we have

n+t

l’l+% B(vhvep 2)

lep “los  sup  —————
v eV, v, #0 |v/’l|l

+1 +1
SRR 4y 2+ llew 2llo + l18cel T lo. (4.38)

From Theorem 4.1, (4.35) and (4.38), we obtain

m m m
n+y oo 4, 2% n+sy 0 nty 0 12
Y llep PGS TY @R Y (ew 1T+ lew 215+ 18e T I
n=0 n=0 n=0

<tk (4.39)

The proof is finished.

5 Numerical experiments

In this section, we will present the numerical experiments to validate the theories
derived in the previous section and demonstrate the accuracy and energy stability
of the proposed numerical scheme. Further, we will apply the developed scheme to
simulate the defect dynamics in flows of liquid crystals. In the present work, a family
of polygonal meshes are generated by PolyMesher [39] and the codes are implemented
by using the software package FreeFem++, see [22].
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5.1 Accuracy and stability test

We first test the accuracy and stability of the proposed algorithm. The polynomial
degree of accuracy for the numerical tests is k = 2. The computational domain is set
as © := (0, 1)2. And we set the initial conditions as follows

d’ = (sin(a), cos(a))’, a :=2.0m(cos(x) — sin(y)), u’ =0, pO =0,

and set the parameters as v =0.1,A =y = land e = 1073,
For the disk €2 we consider the sequences of polygonal meshes:

e Sequence of the distorted quadrilateral meshes with 2 = 1/5, 1/10, 1/20, 1/40,
1/80,
e Sequence of the Voronoi meshes with h = 1/5,1/10, 1/20, 1/40, 1/80.

Figure 1 displays an example of the adopted meshes. Since we do not have the exact
solution of the given problem, to verify the optimal convergence rates, the reference
solution is taken as the numerical solution, where the time step size t is required to
satisfy T = O(h?).

To verify the convergence rates of spatial errors, we fix the time step size t =
1.2 x 10™* and choosing the decreasing mesh sizes. Figure2 shows the errors and
convergence rates of the velocity, orientation vector and pressure fields by using the
two polygonal meshes. We can see that the obtained spatial convergence rate of both
are O (h?), which is consistent with our theoretical prediction.

To confirm the temporal error, we take the reference solution corresponding to
T =1x10"%andh = 1 /80.InFig. 3, we show the L2 errors of the velocity, orientation
vector and pressure fields at + = 0.5 by using the two polygonal meshes, where we
choose the decreasing temporal step sizes. It can be seen that the convergence rate are
both O(t?) for all variables, which is consistent with the theoretical predictions given
in the previous section.
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Fig.1 Sample meshes: The distorted quadrilateral meshes (left) and Voronoi meshes (right)
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(@)
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1072 ¢

100 ¢

103 1072 107" 10° 1073 1072 107" 10°

Fig. 2 Convergence tests by refinement computed by using (a) the distorted quadrilateral meshes and (b)
Voronoi meshes in spatial direction

In Fig.4, we plot the time evolution curve of the total energy to test the energy
stability of the proposed scheme. It can be seen that the obtained energy evolution
curves always show monotonic decays, which means that our scheme is energy stable.

To compare the approaches between the FEM and VEM, the domain € is
partitioned with a sequence of standard triangular meshes with diameter A =
1/4,1/8,1/16, 1/32. Table 1 presents the numerical results when r = 0.6. It is worth
noting that, the value |d| is close to 1 in the theoretical analysis, by contrast, the
proposed VEM computes the orientation vector d with higher accuracy than FEM as
depicted in Table 1.

10 1072 10° 107 1072 10°
T T

Fig. 3 Convergence tests by refinement computed by using (a) the distorted quadrilateral meshesand (b)
Voronoi meshes in temporal direction
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Fig.4 Time evolution of the total energy functional &,

5.2 Dynamics of defects in liquid crystals

In this subsection, we study the defect dynamics in flows of liquid crystals numerically
using the implemented VEM.

We consider the computational domain as 2 := [0, 1]x [0, 1]. The initial conditions
are set as follows:

d’ = (cos(a), sin(a)), a := %arctan 2(y, x),
u® = (0.1 x cos 2(6 + arctan(-27)), 0.1 x sin2(6 + arctan(-257))), p® =0,

where 6y denotes the relative orientation, and the homogeneous Dirichlet boundary
conditions are enforced over u and d, respectively. The parameters are chosen as
v=01, A=y =1¢=10"317=0.005h = 1/100.

When the orientation of the liquid crystal on the x — y plane is isotropic and
dominant, we refer to this state as the defect, which may include an isotropic state or
an oblate state. Figures 5 and 6 show the liquid crystal director orientation, flow velocity
field and corresponding velocity magnitude with the relative orientation 8y = 0 and
0o = 0.5, respectively. We observe that the initially imposed +1 defect is not stable so
that it splits into two —i—% defects over time subject to the Dirichlet boundary condition.

Table 1 Maximal of (|dZ| )
(DoFs values) computed by

using FEM and VEM FEM 3.78e—01 3.64e—01 2.99e—01 2.05e—01
VEM  645¢—07  5.84e—07  437e—07  3.96e—07

1/h 4 8 16 32
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Fig.5 Defect dynamics. This figure shows that an initially unstable +1 defect splits into two +% defects and

the two defects remain stable subject to the Dirichlet boundary condition with 6

0.05, 0.1, 0.2.

)

the liquid crystal director orientation on the x — y plane at times: (a)-(d) are for r = 0.005

The middle column shows the flow velocity field. The right column shows the corresponding magnitude of

velocity

The two +% defects move away from each other slowly and then evolves to reach a

steady state, inducing a weak velocity field shown in the middle column of Figs. 5 and

6, where two pairs of vortices are shown existing around the defects, but the patterns

of the defects and vortices are changed with the different relative orientation.
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Fig. 6 Defect dynamics. This figure shows that an initially unstable 41 defect splits into two +% defects

= 0.5. The left

(d) are for ¢

0.005, 0.05, 0.1, 0.2. The middle column shows the flow velocity field. The right column shows the

and the two defects remain stable subject to the Dirichlet boundary condition with 6
corresponding magnitude of velocity

column shows the liquid crystal director orientation on the x — y plane at times: (a)-

6 Concluding remarks

In this paper, we consider the virtual element approximations of a hydrodynamics
system for modeling the nematic liquid crystal flows, which is obtained by using the

L?-gradient flow approach. In discrete level, we develop an unconditionally energy

stable fully discrete numerical scheme, achieved by the convex splitting technique
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to deal with the strong nonlinearity in the penalty function, and use the extrapolated
Crank-Nicolson (C-N) time-stepping scheme for nonlinear terms and coupling terms.
In addition, the unique solvability in the discrete level is derived, and we strictly prove
the optimal error estimates of the proposed scheme. We also conduct several numerical
experiments to demonstrate the accuracy and stability of the scheme, and the numerical
results also illustrate the good performance of the proposed scheme. Furthermore, the
numerical scheme has been used to simulate the dynamics of defects in liquid crystals.

Acknowledgements The authors are grateful to the reviewers for carefully reading this paper and for their
comments and suggestions which have improved the paper.

Funding Guang-an Zou is supported by China Postdoctoral Science Foundation (No. 2019M662476), and
the Key Scientific Research Projects of Colleges and Universities in Henan Province, China (23A110006).
Jian Li is supported by NSF of China (No. 11771259), Shaanxi Provincial Joint Laboratory of Artificial
Intelligence (No. 2022JC-SYS-05), Innovative team project of Shaanxi Provincial Department of Education
(No. 21JP013) and 2022 Shaanxi Provincial Social Science Fund Annual Project (No. 2022D332).

Declarations
Conflict of interest The authors declare no competing interests.

References

1. Adak, D., Natarajan, E., Kumar, S.: Convergence analysis of virtual element methods for semilinear
parabolic problems on polygonal meshes. Numer. Methods Partial Differ. Equ. 35, 222-245 (2018)

2. Ahmad, B., Alsaedi, A., Brezzi, F., Marini, L.D., Russo, A.: Equivalent projectors for virtual element
methods. Comput. Math. Appl. 66, 376-391 (2013)

3. Akbas, M., Kaya, S., Rebholz, L.: On the stability at all times of linearly extrapolated BDF2 timestep-
ping for multiphysics incompressible flow problems. Numer. Methods Partial Differ. Equ. 33,999-1017
(2017)

4. Akrivis, G.D., Dougalis, V.A., Karakashian, O.A.: On fully discrete Galerkin methods of second-order
temporal accuracy for the nonlinear Schrodinger equation. Numer. Math. 59, 31-53 (1991)

5. Becker, R., Feng, X., Prohl, A.: Finite element approximations of the Ericksen-Leslie model for nematic
liquid crystal flow. SIAM J. Numer. Anal. 46, 1704-1731 (2008)

6. Basic principles of virtual element methods: Beirdo da Veiga, L., Brezzi, F., Cangiani, A., Manzini,
G., Marini, L.D., Russo, A. Math. Models Methods Appl. Sci. 23, 199-214 (2013)

7. Beirdo da Veiga, L.., Brezzi, F.., Marini, L..D..: Virtual elements for linear elasticity problems. SIAM
J. Numer. Anal. 51, 794-812 (2013)

8. Beirdo da Veiga, L.., Brezzi, F.., Marini, L..D.., Russo, A..: The Hitchhiker guide to the virtual element
method. Math. Models Methods Appl. Sci. 24, 1541-1573 (2014)

9. Beirdoda Veiga, L., Lovadina, C., Mora, D.: A virtual element method for elastic and inelastic problems
on polytope meshes. Comput. Methods Appl. Mech. Eng. 295, 327-346, (2015)

10. Beirdo da Veiga, L., Brezzi, F.,, Russo, A.: Virtual element method for general second-order elliptic
problems on polygonal meshes. Math. Models Methods Appl. Sci. 26, 729-750, (2016)

11. Beirdo da Veiga, L., Lovadina, C., Russo, A.: Stability analysis for the virtual element method. Math.
Models Methods Appl. Sci. 27, 2557-2594 (2017)

12. Beirdo da Veiga, L., Lovadina, C., Vacca, G.: Divergence free virtual elements for the Stokes problem
on polygonal meshes. ESAIM:M2AN 51, 509-535, (2017)

13. Beirdo da Veiga, L., Lovadina, C., Vacca, G.: Virtual elements for the Navier-Stokes problem on
polygonal meshes. STAM J. Numer. Anal. 56, 1210-1242, (2018)

14. Beirdo da Veiga, L., Russo, A., Vacca, G.: The virtual element method with curved edges.
ESAIM:M2AN, 53, 375-404, (2019)

@ Springer



30

Page 42 of 43 Zouetal.

15.

18.

19.

20.

21.

22.
23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Brezis, H.: The interplay between analysis and topology in some nonlinear PDE problems. Bull. Am.
Math. Soc. 40, 179-202 (2003)

. Cangiani, A., Gyrya, V., Manzini, G.: The nonconforming virtual element method for the Stokes

equations. SIAM J. Numer. Anal. 54, 3411-3435 (2016)

. Cangiani, A., Manzini, G., Sutton, O.J.: Conforming and nonconforming virtual element methods for

elliptic problems. IMA J. Numer. Anal. 27, 1317-1354 (2017)

Erickson, J.L.: Continuum theory of nematic liquid crystals. Res. Mechanica 21, 381-392 (1987)
Gain, A.L., Talischi, C., Paulino, G.H.: On the virtual element method for three-dimensional linear
elasticity problems on arbitrary polyhedral meshes. Comput. Methods Appl. Mech. Eng. 282, 132-160
(2014)

Gatica, G.N., Munar, M., Sequeira, F.A.: A mixed virtual element method for the Navier-Stokes equa-
tions. Math. Models Methods Appl. Sci. 28, 2719-2762 (2018)

Guillén-Gonzilez, FM., Gutiérrez-Santacreu, J.V.: A linear mixed finite element scheme for a nematic
Ericksen-Leslie liquid crystal model. ESAIM:M2AN, 47, 1433-1464, (2013)

Hecht, F., Pironneau, O., Ohtsuka, K.: FreeFEM++, http://www.freefem.org/

Leslie, FM.: Some constitutive equations for anisotropic fluids. Q. J. Mech. Appl. Math. 19, 357-370
(1966)

Leslie, EM.: Theory of flow phenomena in liquid crystals. Advances in Liquid Crystals, Academic
Press, New York 4, 1-81 (1979)

Li, M., Zhao, J., Wang, N., Chen, S.: Conforming and nonconforming conservative virtual element
methods for nonlinear Schrodinger equation: A unified framework. Comput. Methods Appl. Mech.
Eng. 380, 113793 (2021)

Lin, F.: Nonlinear theory of defects in nematic liquid crystals phase transition and flow phenomena.
Commun. Pure Appl. Math. 42, 789-814 (1989)

Lin, F, Liu, C.: Nonparabolic dissipative systems modeling the flow of liquid crystals. Commun. Pure
Appl. Math. 48, 501-537 (1995)

Lin, F, Liu, C.: Existence of solutions for the Ericksen-Leslie system. Arch. Ration. Mech. Anal. 154,
135-156 (2000)

Lin, P, Liu, C.: Simulations of singularity dynamics in liquid crystal flows: A €O finite element
approach. J. Comput. Phys. 37, 348-362 (2006)

Liu, C., Walkington, N.J.: Approximation of liquid crystal flows. SIAM J. Numer. Anal. 37, 725-741
(2000)

Liu, C., Walkington, N.J.: Mixed methods for the approximation of liquid crystal flows. ESAIM:M2AN
37, 205-222, (2002)

Liu, C., Shen, J., Yang, X.: Dynamics of defect motion in nematic liquid crystal flow: modeling and
numerical simulation. Commun. Comput. Phys. 2, 1184-1198 (2007)

Liu, X., Li, J., Chen, Z.: A nonconforming virtual element method for the Stokes problem on general
meshes. Comput. Methods Appl. Mech. Eng. 320, 694-711 (2017)

Liu, X., Chen, Z.:s The nonconforming virtual element method for the Navier-Stokes equations. Adv.
Comput. Math. 45, 51-74, (2019)

Liu, X., He, Z., Chen, Z.: A fully discrete virtual element scheme for the Cahn-Hilliard equation in
mixed form. Comput. Phys. Commun. 246, 106870 (2020)

Liu, X., Nie, Y.: A modified nonconforming virtual element with BDM-like reconstruction for the
Navier-Stokes equations. Appl. Numer. Math. 167, 375-388 (2021)

Rey, A.D., Denn, M.M.: Dynamical phenomena in liquid-crystalline materials. Annu. Rev. Fluid Mech.
34, 233-266 (2002)

Riviere, B.: Discontinuous Galerkin Methods for Solving Elliptic and Parabolic Equations: Theory
and Implementation. STAM, (2008)

Talischi, C., Paulino, G.H., Pereira, A., Menezes, . E.M.: Polymesher: a general-purpose mesh generator
for polygonal elements written in Matlab. Struct. Multidiscip. Optim. 45(3), 309-328 (2012)

Tang, Y., Zou, G., Li, J.: Unconditionally energy-stable finite element scheme for the chemotaxis-fluid
system. J. Sci. Comput. 95, 1, (2023) https://doi.org/10.1007/s10915-023-02118-4

Vacca, G., Beirdo da Veiga, L.: Virtual element methods for parabolic problems on polygonal meshes.
Numer. Methods Partial Differ. Equ. 31, 2110-2134, (2015)

Wang, C., Wang, J., Xia, Z., Xu, L.: Optimal error estimates of a Crank-Nicolson finite element
projection method for magnetohydrodynamic equations. ESAIM:M2AN, 56, 767-789, (2022)

@ Springer


http://www.freefem.org/
https://doi.org/10.1007/s10915-023-02118-4

Virtual element scheme for the nematic liquid crystal flows Page 43 0f43 30

43.

44,

45.

46.

47.

48.

49.

Yang, X., Forest, M.G., Liu, C., Shen, J.: Shear cell rupture of nematic liquid crystal droplets in viscous
fluids. J. Non-Newtonian Fluid Mech. 166, 487—499 (2011)

Zhang, X., Feng, M.: A projection-based stabilized virtual element method for the unsteady incom-
pressible Brinkman equations. Appl. Math. Comput. 408, 126325 (2021)

Zhao, J., Yang, X., Li, J., Wang, Q.: Energy stable numerical schemes for a hydrodynamic model of
nematic liquid crystals. SIAM J. Sci. Comput. 38, A3264-A3290 (2016)

Zhao, J., Yang, X., Shen, J., Wang, Q.: A decoupled energy stable scheme for a hydrodynamic phase-
field model of mixtures of nematic liquid crystals and viscous fluids. J. Comput. Phys. 305, 539-556
(2016)

Zhao, J., Wang, Q.: Semi-discrete energy-stable schemes for a tensor-based hydrodynamic model of
nematic liquid crystal flows. J. Sci. Comput. 68, 1241-1266 (2016)

Zou, G., Wang, B., Yang, X.: A fully-decoupled discontinuous Galerkin approximation of the Cahn-
Hilliard-Brinkman-Ohta-Kawasaki tumor growth model. ESAIM:M2AN 56, 2141-2180, (2022)
Zou, G., Li, Z., Yang, X.: Fully discrete discontinuous Galerkin numerical scheme with second-order
temporal accuracy for the hydrodynamically coupled lipid vesicle model. J. Sci. Comput. 95, 5 (2023).
https://doi.org/10.1007/s10915-023-02129- 1

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


https://doi.org/10.1007/s10915-023-02129-1

	An extrapolated Crank-Nicolson virtual element scheme  for the nematic liquid crystal flows
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 The model system
	2.2 Weak formulation

	3 Fully discrete virtual element scheme
	3.1 Virtual element
	3.1.1 Mesh notation and mesh regularity
	3.1.2 The construction of virtual element space Xh
	3.1.3 The construction of virtual element spaces Vh and Qh
	3.1.4 The discrete forms and their properties

	3.2 Fully discrete scheme

	4 Error estimates
	5 Numerical experiments
	5.1 Accuracy and stability test
	5.2 Dynamics of defects in liquid crystals

	6 Concluding remarks
	Acknowledgements
	References


