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Abstract

The inverse of the stiffness matrix of the time-harmonic Maxwell equation with
perfectly conducting boundary conditions is approximated in the blockwise low-
rank format of H-matrices. Under a technical assumption on the mesh, we prove
that root exponential convergence in the block rank can be achieved, if the block
structure conforms to a standard admissibility criterion.

Keywords Maxwell equations - Hierarchical matrices - Finite element method -
Helmholtz decompositions

1 Introduction

A backbone of computational electromagnetics is the solution of the time-har-
monic Maxwell equations. Since the discovery of Nédélec’s edge elements (and
their higher order generalizations) finite element methods (FEMs) have become an
important discretization technique for these equations with an established conver-
gence theory [35]. While the resulting linear system is sparse, a direct solver cannot
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achieve linear complexity as one has to expect, already for the case of quasi-uni-
form meshes with problem size N, a complexity O(N*?) for the memory require-
ment and O(N?) for the solution time of a multifrontal solver [33]. Iterative solvers
such as multigrid or preconditioned Schwarz methods can lead to optimal (or near
optimal) complexity for the numerical solution of the time-harmonic Maxwell equa-
tions, at least in the low-frequency regime [2, 21, 27]. For the design and analysis
of these methods, a key insight was the appropriate treatment of the gradient part of
the Nédélec space and thus Helmholtz decompositions play an important role. The
analysis of fast solvers for Maxwell’s equations, however, is less developed in areas
such as high-frequency applications.

An alternative to classical direct solvers and iterative solvers came with the intro-
duction of H-matrices in [25]. This class of matrices consists of blockwise low-rank
matrices of rank r, where the blocks are organized in a tree T; so that the memory
requirement is typically O(rN depth(T;)), where N is the problem size. This format
comes with an (approximate) arithmetic that allows for addition, multiplication,
inversion, and LU-factorization in logarithmic-linear complexity. Therefore, com-
puting an (approximate) inverse in the H-format can be considered a serious alterna-
tive to a direct solver or it can be used as a “black box” preconditioner in iterative
solvers. We refer to the works [10, 20, 23, 26] for a more detailed discussion of ana-
lytical and algorithmic aspects of H-matrices.

A basic question in connection with the H-matrix arithmetic is whether matri-
ces and their inverses or factors in an LU-factorization can be represented well in
the chosen format. While stiffness matrices arising from differential operators are
sparse and are thus easily represented exactly in the standard H-matrix formats, the
situation is more involved for the inverse. A first proof that inverses can be repre-
sented in the H-matrix format harks back to [5, 6] for scalar elliptic problems and
[9] for the curly™'curl operator; a generalization to pseudodifferential operators is
done in [14]. These proofs rely on locally separable approximations of the contin-
uous Green’s function and a final projection of these approximations into discrete
spaces. The final projection step limits, at least formally, the achievable accuracy
of the matrix approximation by the discretization error. To circumvent this, a fully
discrete approach was taken for FEM discretizations of various scalar elliptic opera-
tors in [1, 16] to show that the inverse of the FEM-matrix can be approximated at
a root exponential rate in the block rank. The works [17, 18] extend these results
to the boundary element method (BEM) and [19] to a FEM-BEM coupling setting.
The underlying mechanism in these works is that ellipticity of the operator allows
one to prove a discrete Caccioppoli inequality, where a higher order norm (e.g., the
H'-norm) is controlled by a lower order norm (e.g., the L>-norm) on a slightly larger
region. This gain in regularity can be exploited for approximation purposes, and an
exponential approximation can be obtained by iterating the argument. The present
setting of Maxwell’s equations is different since the corresponding Caccioppoli ine-
quality (Lemma 4.1) controls only the H(curl)-norm by the L?-norm. Since H(curl)
is not compactly embedded in L?, this Caccioppoli inequality is insufficient for
approximation purposes. We therefore combine this Caccioppoli inequality with a
local discrete Helmholtz-type decomposition. The gradient part can be treated with
techniques established in [16] for Poisson problems, whereas the remaining part can,
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up to a small perturbation, be controlled in H' so that approximation becomes feasi-
ble and one may proceed structurally similarly to the scalar case. The local discrete
Helmbholtz-type decomposition (Lemma 3.11) may also be of independent interest.

This paper is organized as follows. In Section 2, we introduce the time-har-
monic Maxwell equations and their discretization with Nédélec’s curl-conforming
elements. We state the main result of this paper, namely, the existence of H-matrix
approximations to the inverse stiffness matrix that converge root exponentially in
the block rank. We hasten to add that we do not track the dependence on the fre-
quency @ in our analysis and focus on the case of fixed wave number x. As in the
case of the Helmholtz equation, the high-frequency case of @ — oo would require
specialized matrix formats such as directional H%-matrices (DH?) or the butterfly
format; we refer to the literature discussions in [4, 7, 8]. To prove the approxi-
mability result of Section 2, we present in Section 3 a local discrete Helmholtz
decomposition and prove stability and approximation properties of this decompo-
sition under a certain technical assumption on the mesh. In Section 4, we present
a Caccioppoli-type inequality for discrete £-harmonic functions with £ being the
Maxwell operator. Furthermore, we obtain exponentially convergent approxima-
tions to discrete £-harmonic functions. Section 5 is concerned with the proof of
the main result of this paper.

Concerning notation: Constants C >0 may differ in different occurrences but are
independent of critical parameters such as the mesh size. a < b indicates the exist-
ence of a constant C >0 such that a < Cb. For a set A C R3, we denote by IAl its
Lebesgue measure. For finite sets B, the cardinality of B is also denoted by |Bl. We
employ standard Sobolev spaces as described in [34]. We also denote Q¢ := R3 \ Q.

2 Main results
2.1 Model problem

Maxwell’s equations are a system of first-order partial differential equations that
connect the temporal and spatial rates of change of the electric and magnetic fields
possibly in the presence of additional source terms. Let £ C R3 be a simply con-
nected polyhedral domain with boundary I" := 042 that, in physical terms, is filled
with a homogeneous isotropic material. Maxwell’s equations then connect the elec-
tric field £ to the magnetic field H by

d .
<£E+G>S—VX H=G in 0, (2.1a)

M%H + VxE=0 in Q, (2.1b)

where G is a given function representing the applied current. Homogeneous isotropic
materials can be characterized by a positive dielectric constant € >0, a positive
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permeability constant g >0, and a non-negative electric conductivity constant ¢ > 0.
In this paper, we consider perfectly conducting boundary conditions for &, i.e.,

nx&=0 on I,

where n is the unit outward normal vector on I
We assume the arising fields to be time-harmonic, i.e.,

Ex, 1) = e E(x), H(x, 1) = e H(x), G, ) = e ™ J(x) (2.2)
for some given frequency w. Substituting (2.2) into (2.1a) and (2.1b), we get

~VxH-ionE =J inQ, (2.3a)

VXE —iouyH =0 in £, (2.3b)

where 7 := € + io/w. Finally, the first-order system (2.3a) can be reduced to a sec-
ond-order equation by eliminating H

LE :=VXx(u'VXE)—xE=F in Q, 2.4)
where « := w*; and F := —iw]. For the sake of simplicity, we also assume y =1 in
the following.

With LX®2) := L[*Q)’, we define the space H(curl, Q) :=

{UeL*(Q): VxU e L*f)}, equipped with the norm
Ul eun) 2= 10Nz ) + 1V X Ullf )0
and the subspace Hy(curl,£2) C H(curl,£2) with zero boundary conditions
Hy(curl, Q) :={UeL*Q): VxUeL*Q),nxU=0onTI}.

The following lemma asserts that the tangential trace operator for functions in
H(curl,€2) is indeed well-defined:

Lemma 2.1 [35, Thm. 3.29] Let 2 be a bounded Lipschitz domain. Then, the trace
operator

vr 1 C2(2) » C°I), U~ nxU|,
can be uniquely extended to a bounded linear operator y, : H(curl, £2) — H-'/2(I).
Multiplying both sides of (2.4) with ¥ € H(curl,£2) and integrating by parts, we
obtain the weak formulation: Find E € Hy(curl,£2) such that

a(E,P) :=(VXE,VX¥)20 —k(EPhro = (F.¥)2q ¥ € Hy(curl, 2),
2.5
where (-, *)12(q) is the L*(€)-inner product. We assume that « is not an eigenvalue
of the operator V X V X, see, e.g., [35, Sec. 4]. This implies in particular that x # 0
since VHé (£2) is contained in the kernel of the operator V X V X. Then, the Fredholm
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alternative provides the existence of a unique solution to the variational problem,
and we have the a priori estimate

IElltcun,0) < Coan IFlli20) (2.6)

for a constant Cy,;, that depends on £ and , see, e.g., [28, Thm. 5.2].

stal
2.2 Discretization by edge elements

Let 7, = {T}, ..., Ty } be a quasi-uniform triangulation of £ with the mesh width
h:= maxr ez, diam(7}), where the elements 7; € 7T, are open tetrahedra. The mesh
7T, 1s assumed to be regular in the sense of Ciarlet, i.e., there are no hanging nodes.
The assumption of quasi-uniformity includes the assumption of y-shape regularity,
ie., there is y > 0 such that diam(7}) < yIT)'” for all 7; € 7,,. For the Galerkin discre-
tization of (2.5), we use lowest order Nedelec S H(curl £2)-conforming elements of
the first kind, see, e.g., [35, Sec. 5]. That is, on T € 7,, we introduce the lowest
order local Nédélec space

No(T)=f{a+bxx:abeR} xeT},
and set

X,(7,,Q) := {U, € H(curl, Q): U,|, € N((T) VT €T},
X,0(7;, Q) 1= X,(T,, Q) N Hy(curl, Q).

The standard degrees of freedom of X, (7,,, £2) are the line integrals of the tan-
gential component of U, on the edges of 7, see, e.g., [35, Sec. 5.5.1], [3, Sec.
2.3.2]. Hence, the dimension of X,(7,, £2) is the number of edges of 7. The stand-
ard basis &), := {¥,} of X, (7, ) consists of the so-called (lowest order) edge
elements, where the function ¥, € X,,(7,, ) is associated with the edge e of 7,
and is supported by the union of the tetrahedra sharing the edge e. More specifi-
cally, for an edge e with endpoints V|, V, and a tetrahedron 7 with edge e, one has
¥l = Ay, V4y, — A4y, V4y,, where 4, is the standard hat function associated with
vertex V.

A basis X, = {¥),....¥y} of X,,(7,,2) with N :=dimX,(7,,2) is
obtained by taking the ¥, € &), whose edge e satisfies e C £2; that is, X}, is obtained
from &), by removing the shape functions associated with edges lying on I".

Using X, 4(7,,, £2) € Hy(curl, ) as ansatz and test space in (2.5), we arrive at the
Galerkin discretization of finding E, € X, 4(7),, £2) such that

aBy, ) = (F. W) V¥ € X 0(Z;, ). 2.7)

Using the basis &), o, the Galerkin discretization (2.7) can be formulated as a linear
system of equations, where the system matrix A € CV is given by

A = a(SUj, Ti), 'I{/'? l]/z € ‘)(h,O' (28)

g
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For unique solvability of the discrete problem (2.7) or, equivalently, the invert-
ibility of A, we recall the following Lemma 2.2. In that result and throughout the
paper, we denote by

I LA(Q) > X,(7;, Q) 2.9)
the L(£2)-orthogonal projection onto X, (7,, £2).

Lemma 2.2 [28, Thm. 5.7] Assume (2.6). There exists /, >0 depending on the
parameters of the continuous problem and the y-shape regularity of 7, such that, for
h < hy, the discrete problem (2.7) has a unique solution, and there holds the stability
estimate

<c||m;’F

”Eh ”H(curl,.()) L2
Here, C >0 is a constant depending solely on the y-shape regularity of 7, and the
parameters of the continuous problem.

2.3 Hierarchical matrices

The goal of this paper is to obtain an H-matrix approximation of the inverse matrix
B := A~'. An H-matrix is a blockwise low-rank matrix, where suitable blocks for
low-rank approximation are chosen by the concept of admissibility, which is defined
in the following.

Definition 2.3 (bounding boxes and n-admissibility) A cluster 7 is a subset of the
index set Z = {1,2,...,N}. For a cluster ¢ C Z, an axis-parallel box BR, CR3is
called a bounding box, if By, is a cube with side length R, and U, supp¥; C By .
Let 7 >0. Then, a pair of clusters is called y-admissible, if there exist bounding
boxes By and By of 7 and o such that

min{diam(BRr), diam(BRg)} < dist(BRr,BRg). (2.10)

Definition 2.4 (Concentric boxes) Axis-parallel boxes By, of side length R are called
boxes. Two boxes By and By, of side length R and R’ are said to be concentric, if they
have the same barycenter and By can be obtained by a stretching of By, by the factor
R/R’ taking their common barycenter as the origin.

Definition 2.5 (cluster tree) A cluster tree with leaf size n,, € N is a binary
tree T, with root Z such that each cluster r € T; is either a leaf of the tree and
satisfies |z| < ny.,, or there exist disjoint subsets 7/, v/ € T; of 7, called sons,
with 7 =17'Ur". The level function level: T; - N, is inductively defined
by level(Z) =0 and level(z’) :=level(z) + 1 for ¢/ a son of 7. Furthermore,
depth(T;) := max ey, level(r) is called the depth of a cluster tree.
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Definition 2.6 (block cluster tree, sparsity constant and partition) Let T; be a clus-
ter tree with root Z and # >0 be a fixed admissibility parameter. The block cluster
tree T is a tree constructed recursively from the root Zx 7 such that for each
block 7 X 6 € T, 7 with 7,6 € T, the set of sons of 7 X ¢ is defined as

S _J9 if T X ¢ is y-admissible or S(7) = @ or S(c) = 0,
(T x0) 1= S(t)x S(c) else.

The sparsity constant Cg, of a block cluster tree, see, e.g., [23, 30], is given as

Cy :=max{max|{a €Ty :tx0€ T} max|{reT;: tX0o € 'I]'Ixz}|}.
€T} o€l

@2.11)

The leaves of the block cluster tree induce a partition P of the set Z X Z, which we
call a partition based on T;. For such a partition P and a fixed admissibility param-
eter 7 >0, we define the far field and the near field as

Py :={(z,0) € P : (1,0) is p-admissible}, P, =P\ Py. (2.12)
For clusters 7, 0 C Z, we adopt the notation

C:={xeC':x;=0 ifigr},
C™ :={AeCVN:A;=0 ifigrorj¢o).

For x € C and A € CY¥, the restrictions x|, and Al are understood as
(x1); = x.(Dx; and (Al ,); = x(Dx,()A;, where y, and y, are the characteristic
functions of the sets 7, . For integers r € N, matrices C™" are understood as
matrices in CV* such that each column is in C”".

Definition 2.7 (H-matrices) Let P be a partition of Z X Z based on a cluster tree T;
and admissibility parameter 7 >0. A matrix A € CN is an H-matrix, if, for every
admissible pair (z,0) € Py,,, we have a rank r factorization

=X, Y?

X0 706 * 10°

Al

where X,, € C™*"and Y, € C°.

2.4 Mainresult

The following theorem is the main result of this paper. It states that the inverse of
the Galerkin matrix A from (2.8) can be approximated at an exponential rate in the
block rank by an H-matrix.

Theorem 2.8 Let # >0 be a fixed admissibility parameter and P be a parti-

tion of ZXxZ based on the cluster tree T; and 7. Let the mesh 7, be such
that Assumption 3.4 holds true for any box. Let h < h, with h; given by
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Proposition 2.2, and let A be the stiffness matrix given by (2.8). Then, there
exists an H-matrix B;, with blockwise rank r such that

1A~ =By [, < C

apx

C,pdepth(Tp)h~! =00/,

The constants C,,, b >0 depend only on , £2, 1, and the y-shape regularity of the
quasi-uniform triangulation 7. The constant Cg, (defined in (2.11)) depends only on
the partition 7, y, d, and Q.

Remark 2.9 The low-rank structure of the far-field blocks allow for efficient
storage of H-matrices as the memory requirement to store an 7H-matrix is
(’)(Cspdepth('I]'I)rN). Standard clustering methods such as the geometric cluster-
ing for quasi-uniform meshes (see, e.g., [26, Sec. 5.4.2]) lead to balanced cluster
trees, i.e., depth(T;) ~ log(N) and a uniformly (in the mesh size #) bounded sparsity
constant. In total this gives a storage complexity of O(rN log(N)) for the matrix B,
instead of the O(N?) for the fully populated inverse A~"

3 Helmholtz decompositions: continuous and localized discrete

Helmholtz decompositions, i.e., writing a vector field as a sum of a divergence-free
field and a gradient field, play a key role in our analysis. In fact, we use two different
decompositions, the regular decomposition (see, e.g., [28, Lem. 2.4] and [29, Thm.
11]) and a localized discrete version (Definition 3.6).

Lemma 3.1 (Regular decomposition) Let £ C R3 be a bounded Lipschitz domain.
Then, there is a constant C >0 depending only on £ such that any E € H(curl,£2)
can be written as E =z + Vp withz € H(l)(Q) and p € H(l)(Q) and

lzllui o) < CllElueuo» 2l + 11VPll e < ClEllL g

Proof Regular decompositions are available in the literature, see, e.g., [28, Lem.
2.4] and [29, Thm. 11]. The statement that ||z]|; 2, and || Vp|ly (g, are controlled by
IE[12) is a variation of these estimates. For a proof, see [32] or the appendix. O

The function z of the regular decomposition provided by Lemma 3.1 is not neces-
sarily divergence-free. This can be corrected by subtracting a gradient. To that end,
we introduce, for a given open set D C Q and a chosen 7} e L®(Q) withy = 1on D,
the mapping L*(2) — H(2): z — ¢, by

(Vo Vg = (M2 V)2, Vv € Hy(Q). 3.1)

Lemma 3.2 The mapping L*(2) 3 z - ¢, € H,(£2) has the following properties:

@) ||(pz||H](_Q) < Cll7ll ()12l 2 suppip» Where the constant depends only on £.
(i) (z— Ve, VV>L2(D) =0forallv e H (02).
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Proof By construction, we have ||V(pz||L2(Q) < ||z |L2(Q). The constant C in state-
ment (i) reflects the Poincaré constant of the simply connected domain £2. The prop-
erty (ii) follows by construction. O

Remark 3.3 (classical Helmholtz decomposition) Selecting D= and correspond-
ingly 77 = 1 yields the decomposition E = (z —V¢,) + V(p + ¢,) with the orthog-
onality (z—-V@,,V(p+®,))120 =0 and |z-Vo,llgcu.e S Elncu.a)y
Iz — Vo,lig S 1El@)p IV@ + @)l S 1Ell gy

Regular decompositions as in Lemma 3.1 can also be done locally for discrete
functions. Let P, (T) denote the space of polynomials of degree at most 1 on T € 7.
We introduce spaces of globally continuous, piecewise linear polynomials by

SYNT,) 1= {py € H'(Q): pyly € P(T) VT €T}, (3.2)
ST 1= ST N HY(Q). (3.3)
We will require the following assumption on the meshes 7;:

Assumption 3.4 For a simply connected domain D C R3, define the sets of ele-
ments touching D as

T,D) :={T€T,: |[TnD| >0},
Di=int| U T
T€T,(D)

For any box D C R?, there is a set D which is a union of elements in 7, such that

. DcD,

2. dist(dD, D) < 2h,

3. Dis simply connected.

We call D a mesh-conforming region for D. If a box D has more than one mesh-
conforming region D, one is selected as “the” mesh-conforming one.

Remark 3.5 The reason behind Assumption 3.4 is that the region D may not be sim-
ply connected, but by adding elements of the mesh holes may be filled to obtain a
simply connected set D.

The spaces localized to a mesh-conforming region D are given by

SYN(T D) 1= {pulp: Py € Sy (T}, (3.4)

X,(7,,D) := {E,l5: E, € X,0(Z;, )} (3.5)
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Definition 3.6 (Local discrete regular decomposition) Let D C R3 be a box and D
be the corresponding mesh-conforming region from Assumption 3.4. We denote by
HBV : L2(D) » VS'!(T,, D) the L?(D)-projection onto VS'!(7,, D) given by

(p— ng» Vi@ =0 Vv, € $"1(7,. D). (3.6)

Lety € C“(E) be a cut-off function withO <n <landn =1 on D. Let E, be such
that nE, € Hy(curl,£2) as well as E, |5 € Xh(’];l,D) Decompose 7E;, € Hy(curl,£2)
as nE;, =z + Vp, where z € H}(2) and p € H) (L) are given by Lemma 3.1.

N Then, the local discrete regular decomposztlon is given by E, =z, + IZ BV Vp on
D withz, :=E, — ng. We write Vp,, = ng for some p,, € SV1(7,,, D).

For future reference, we note that

5o

B < ”p”LZ(B)' (37)

L2(D)

Remark 3.7

1. The function p, € ST, h,D) that satisfies Vp,, = ng, is not unique. However,

its gradient Vp,, is unique.

2. Due to the cut-off function #, the decomposition depends on E;, on supp 5 only,
which is quantified in the stability assertions of Lemma 3.11.

3. The local regular decomposition provides, for a function E, that is a dis-
crete function on D, two representations in view of # = 1 on D, namely,
E,lz =@+ Vp)ly =2z,+ Vp,

4. ForE, € X, (7, L), the decomposition E;, = (z V(pz) + V(p + ¢,) of Remark
3.3 yields upon setting Vp,, := HVV(p +@, € VS (’Th, Q) C X, ((7,,£2) and
z, :=E, — Vp, € X, (7}, 2) the decomp0s1t10n Eh =1z, + Vp, with

(Z, VP/1>L2(.(2) =0, ||Zh||L2(.Q) + ||VPh||L2(_Q) ”Eh”L’(_Q)’
”zh”H(curl,_Q) S “Eh”H(curl,Q)’

which is a discrete Helmholtz decomposition as described in, e.g., [22, Cor.
5.17 and [35, Sec. 7.2.1].

The following lemma formulates a local exact sequence property.

Lemma 3.8 Let D C R3 be a box such that D N £ is a simply connected Lipschitz

domain and D be given according to Assumption 3.4. Assume that DNoRi s con-
nected. (In particular, the empty set is connected.) Then, for all v, € Xh(ﬂ,D) with
Vx v, =0 on D, we can find a @, € $*1(7,, D) such that v, = Vg,

Proof We recall from, e.g., [35, Thm. 3.37] the following commuting diagram prop-
erty: for a simply connected Lipschitz domain @ the condition V X 1o = 0 implies
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1 = Vy for some y € H'(w); furthermore, y is unique up to a constant. The dis-
crete commuting diagram property for a tetrahedron T is: if w € N (T) satisfies
V X = 0, then there is y, € P, (T) with o = Vi,

The condition V X v, =0 on D implies v, = Vg, for some ¢, € H'(D). The
function ¢,, is unique up to a constant, which we fix, for example, by the condition
f5q0h = 0. For each T € 7,(D), the condition V X v, =0 on T implies the exist-
ence of @, ; € P\(T) with v, = V@, ; on T. The polynomial ¢, ; is unique up to a
constant, which we fix by requiring f rPur = f 7@, By the uniqueness assertion
we have @, |; = @), 7|7. Define @ P € S$'9(7,, D) elementwise by | = @, 7. Since
@, € H'(D) we directly obtain @, € S(7,, D). O

In order to prove the following lemmas, we need to introduce some projections and
their properties. Let D C R? be a box and D be defined according to Assumption 3.4.
We define the space

H(div, D) := {UeLZ(B): v -UeLZ(B)}.

Let RTy(7) :={a+bx: a€ R b€ R} be the classical lowest order Raviart-
Thomas element defined on 7. Introduce

V,(7,.D) := {U, € H(div.D): U,|; € RT(T) VT € T,(D)}.  (3.8)

On D the Raviart-Thomas interpolation operator Yog : HI(B) — Vh(ﬂ,ﬁ) is
defined elementwise by wzU|; := U, where the elemental interpolation opera-
tor w; : H'(T) — RT,(T) is characterized by the vanishing of certain moments of
U-w,U, viz,,

/(U —w,U)-vgdA =0 Vg & Py(f)V facesfof T € T,
f

where v is the unit normal to f and dA denotes the surface measure on f. Define the
space

D,(7,,D) :={UeH!(D): VxUeH\(T) VT € T,(D)} (3.9)

and the Nédélec interpolation operator t3 : D, (7, D) - X, (7, D) elementwise by
t3U|; 1= 1, U, where the elemental interpolant t,U € Ny(T) is characterized by
the vanishing of certain moments of U — r, U, viz.,

/(U—rTU) ‘tde=0 Vedgeseof T €Ty;

here, T is a unit vector parallel to the edge e. A key property of the operators r5 and
g is that they commute, i.e., (see, e.g., [35, (5.59)])

wzVxU=VxtzU  VUE€D,T,D). (3.10)
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Moreover, the lowest order elemental Nédélec interpolants have first-order approxi-
mation properties.

Lemma 3.9 ([35, Thm. 5.41]) Let T € 7,. Then, for U € HY(T) with VxU € H\(T),
we have

U - ‘CTU”Lz(T) < h(lUIH‘(T) + [V x U||H1(T)),
”V X (U - tTU)”Lz(T) S h”v X U”H‘(T)'

In the following, we show local stability and approximation properties for
the local discrete regular decomposition of Definition 3.6. This will be based on
Lemma 3.8 with D = By, where By is a box with side length R. It is an important
geometric observation that, due to the assumption that € is a Lipschitz polyhe-
dron, the intersection By N&2 is a Lipschitz domain and the intersection By N £2°
is connected provided R is sufficiently small. Then, the additional assumptions on
DN Q2 =BpN L2 in Lemma 3.8 can be satisfied. We formulate this as an assump-
tion on R in terms of a number R, > 0 that depends on £2:

Definition 3.10 (R, )R .« > 0 is such that for any R € (0, R, ] and any box By
with |[B, N Q| > 0, the intersection Bg N £ is a Lipschitz domain and B, N Q¢ is
connected.

Lemma 3.11 (stability of local discrete regular decomposition) Let ¢ € (0,1),
R € (0,R,,,,] be such that 1’—;< i, and let Bg and B,z be concentric boxes.
Define By according to Assumptlon 3.4. Let n € W'*() be a cut- off function
with supp 7 C B, g N2, 7 =1 on B, 0 <y <1, and VAl o) < C,=. Let E,
€ H(curl,B(| g NE2) be such that #E, € Hy(curl,2) as well as E,, € Xh( h,BR) Let
nE, = z + Vp be the regular decomposition of yE, given by Lemma 3.1 and let z,
and Vp,, be the contributions of the local discrete regular decomposition of Defini-
tion 3.6 with D = By and D = By there. Then, E, =z, + Vp, on B, N £, and the fol-
lowing local stability and approximation results hold:

”Vph“LZ(BRﬂQ) + ”Zh”H(curl,BRn.Q) < C(“V xE, L2Bgen@) T EI_R”Eh“LZ(B(IH)RnQ))’
“Z - ZhHLz(BRnQ) = ChllleH'(B<1+sz”Q)
< Ch(“V x EhHLZ(B(Hs)RﬂQ) + illEhHLz(B(lJ@Rng)),

where the constant C >0 depends only on €2, the y-shape regularity of the quasi-
uniform triangulation 7,,, and Cn.

Proof The proof is done in two steps. We note that the condition on the parameter &
and the assumption on the mesh-conforming region (Assumption 3.4) ensures that
B C B(isepr

Step 1: In this step we provide a proof of the stability estimate. Recalling the sta-
bility estimate Lemma 3.1 and using the product rule for the curl operator, it follows
that
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Izllni o) + 11VPll2) S 7B | pieurt.0
|V x Eh”LZ(B(HE)Rn‘Q) + ”V"I“Lw(B(HE)Rn.Q)”Eh“LZ(B(HE)Rn.Q) + ”Eh”L?(B(Hs)Rn.Q)

1
”v X Eh”LZ(B(,m,‘,nQ) + i ”Eh”LZ(B(HE)RnQ)' (3'11)

Since Vp,, satisfies (3.6), we get with (3.7) and the aid of (3.11)

”Vph”LZ(BRnQ) <IVPllpg, S IVPl2g) S |V x EhllLZ(B“H,RnQ) R ”Eh”L 2(B(14ex02)"

The definition of z, gives

”Zh”H(curl,BRn_Q) 5 ”V X Eh”LZ(B(,H)Rn.Q) + i”Eh”LZ(B(HE)Rn_Q)'

The combination of the above inequalities provides the desired local stability
result.

Step 2: To prove the approximation property, we first need to ascertain the exist-
ence of ¢, € , St (ZL,BR) such that z; — t3.2 = Vg, on BR To that end, we note that
z, € D,(7,, BR) use the commuting dlagram property (3.10) of vy B, and vy B , and the
fact that 5 is a projection operator to compute on By:

VX (@, - 15,0 = Vxz, — w5 Vxz = Vx (Bl ) = w5,V x (Bl )

V X <Eh|§R) -Vx tER(Eth) =0

Lemma 3.8 then provides the existence of ¢, €S LT, ER) such that
z, — v 2 = Vg, on Bg. Since p;, satisfies (3.6), we get fromz + Vp = E, =z, + Vp,
on By and the approximation property of 3, given in Lemma 3.9

2
-2 .. =(z—13 22—z +(t32-2,2—2
| h”LZ(BR) < Be™ h>L2(§R> < Be > ”>L2(§R>

= <z — 13 2.2-1Z, = (V. Vo, = P,

L2(Bg)

- rBRz

7Z—1v3 2,2—1 - st
< B T gy

h||Z||H1(B(Hé>RﬂQ)||Z - Zh|

LZ(ER)HZ = ”LZ(ER)

A

L2(By)
The combination of the above inequality and (3.11) implies

12 = 2zl 2,00 < 112 = 2allizg, S Az, e

A

h([IV % Eh“LZ(B(m)RﬂQ) + i“Eh”LZ(B(He)R”Q))’

which finishes the proof. a
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4 Low-dimensional approximation of discrete £-harmonic functions

We say that E, € X,(Z,,D) is discrete £L-harmonic on D, if a(E,, v,) =0 for all
v;, € X, 0(7,,, 2) with suppv, C D; such a space will be formally introduced as
HC’h(B) below. In this section, we show that discrete £-harmonic functions can
be approximated from low-dimensional spaces on compact subsets of D. Discrete
interior regularity estimates, introduced in the following, play a key role.

4.1 The Caccioppoli-type inequalities

Caccioppoli inequalities usually estimate higher order derivatives by lower
order derivatives on (slightly) enlarged regions. The following discrete Cacciop-
poli-type inequalities are formulated with an h-weighted H(curl)-norm and an
h-weighted H'-norm. For a box Bj of side length R >0, we define the norms

Il .z @and |lI-]lly & (the subscripts ¢ and g abbreviate “curl” and “gradient”) as
follows:
R 2 1 2
”lU”lC’h’R = E”V X U“LZ(BRO.Q) + E“U”LZ(BRD.Q) VU e H(CurLBR n 9)7
“4.n
2 R 2 1 2
”lu“Ig,h’R = E”VMHLZ(BRO.Q) + EIIMHLZ(BROQ) Yu € HI(BR N 'Q) (42)

For any bounded open set B C R3, we define

H (BN Q) :={U, e Hcur, BN Q) : 3U, € X;,0(Z;, ) s.t. Uplpng = Uplpngs
a(U,,¥,) =0 V¥, € X,(Z;, 2),supp ¥, C BN 2}

and

Ha(BNQ) :={p, € H'BNQ) : Ip, €Sy (T, st. pylgng = Pulsng:
1,1
(VP V¥ )12n0) = OV, € S; (7)), supp y, C BN 2}

The following lemma provides a discrete Caccioppoli-type estimate for functions

Lemma 4.1 Let € € (0,1) and R € (0,2diam(£2)) be such that % < i. Let By and
B(j,r be two concentric boxes and E, € H (B, g N £2). Then, there exists a
constant C depending only on «, £2, and the y-shape regularity of the quasi-uniform
triangulation 7, such that

IV X Eilla,n0) < O MM rern

Proof Let n € C®(2) be a cut-off function with supp 71 € B(iepr: 0 < 1
<1,n=1on By n £ and ||V« S (R for j € {0,12}. We notice
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supp (anh) - B(1+e/2)R N £2 and since 45 < eR we have supprQ(anh) C B(1+5)R N Q.
The proof is done in two steps.
Step 1: Using the vector identity

n*(VXE,) - (VXE,) = VXE, - (Vx (5’E,) - Vi* XE,)

(VXE,) -V x (1°E,) = 2n(V XE,) - (Vn X E}),

we get

2 2
|V x Eh||L2(B n) = |7V x Eh”LZ(Q)

= Re (a(E;, n* Eh) + K<’1Eh”7Eh>L2(B n) = 2V X E,, Vi X Ep )2, n)

< Rea(Eh, th) + lKlllEh”Lz(B(m)Rn.Q) +2[|nV x Eh”LZ(BRn.Q)”V” xE,

L2(B,nQ)°
Young’s inequality then gives
2
[V % Eh||L2(BRnQ) |7V % Eh||L2(Q) ,
< Rea(E;, n°E;) + |x|||E, L2(B (14 0pN ) (4.3)
2 2
+% ”’7V X Eh||L2(BRn_Q) + 2||V’7 X E, |L2(BRnQ)'

Kicking back the term 1 ||71V X Eh||i2(3 ng to the left-hand side, we arrive at

||V X Eh||L2(BRn.Q) ||;1V X Eh”LZ(Q)
< 2Rea(E,, 1E,) + 2(Ix| +2]Vn],) ||Eh||i2(3(wm).
4.4
Since || + ||V;1||iw < (eR)~? with implied constant depending on «, we are left with
estimating Re a(nE,,yE,).
Step 2: Using the orthogonality relation in the definition of the space
HenBieor N £2), we get

Rea(E,.n°E,) = Rea(E,,n*E, — t,(n°E,))
S vx Eh”LZ(B(,mRnQ)“V X (1°E;, — to(n°Ey))

+||Eh”L2(B<,+¥)RnQ)||’72Eh — 1o (°E,)

L2(B(140gN€2)

LB exn)

4.5)
For each element T € 7, Lemma 3.9 yields
”ﬂth —to(n* Eh) vt “V X (nE, —ro(n* Eh)) o “)
< h2<|n2Eh|Hlm +1V X (1P, 2, 0

To proceed further, we observe that E, |, € N(T) has the foom E, =a + b X x so
that curl E,l; =2b and hence Z 1|d E,| S|V xE,|pointwise on T so that we get

with an implied constant 1ndependent of the function 5
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3
; “ndijh RS 7V X By [z 4.7

Using (4.7) we obtain
|’12Eh|H1(T) s i”Eh”LZ(T) + |7V x Eh”LZ(T)- 4.8)

Computing V X (7°E,) = V> X E;, + n*V X E,, using the product rule and the fact
that axf(v X E;) = 0since V X E,, is constant gives again in view of (4.7) and eR < 1

IV (PE) ey S g 1Ealliean + 1Y X Eallzry- (4.9)

Summing the squares of (4.8), (4.9) over all elements T with T N supp 1 # &, which
is ensured if we sum over all 7 with 7' C By, N£2, and inserting the result in (4.6)
yields

Rea(Eh, E, - rﬂ(anh)) S (”V x Eh“LZ(B(HS)RnQ) + ”Ehlle(B(HS)RnQ))

xglR <ELR [[Ex ||L2(B(1+E)Rn_(2) +[|n(V x Eh)”LZ(B(HS)RmQ))'

Using Young’s inequality, # S 1and 0 < 7 <1 as well as the definition of the norm
ll-Ill.... x> We obtain

2 2 2
Rea(E;, n’E;, —to(n°E)) S (Eh? |V % Eh”LZ(B(HE)Rn.Q) + (E%)z ”Eh”LZ(B(HE)Rn.Q)
+3% [V<E, ”LZ(B(HE)Rn.Q) |7V x Eh”Lz(B(HL)Rn_Q)

_ 2 _
Se 2|||Eh”|c,h,(1+e)R tTe 1|||Eh|”c,h,(l+e)R||’7V X Eh”LZ(B(HE)RnQ)'

Inserting this in (4.4) produces

2 2
IV XEy|l25,00) < 7V X EhyLz(m
S 6_2|||Eh|||c,h,(l+é)R +e! “lEh|”c,h,(1+£)1’?”77V X Eh“LZ(B(HnR”Q)'

Using again Young’s inequality to kick the term ||V x Eh”LZ(B(, n2) of the right-
hand side back to the left-hand side produces the desired estimate. a

For functions in H,,(B(j4.r N £2), a discrete Caccioppoli-type estimate has
already been established in [16, Lem. 2], which we state in the following for the
sake of completeness.

Lemma 4.2 ([16, Lem. 2]) Let € € (0,1) and R € (0,2diam(£2)) be such that% < i.
Let Bg and By, be two concentric boxes and pj, € H, ;(B(j1.g N £2). Then, there
exists a constant C >0 depending only on £2 and the y-shape regularity of the quasi-
uniform triangulation 7, such that

VPs

LBn2) S Cleimphl”g,h,(us)le'
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4.2 Low-dimensional approximationin7 (B, N 2).

In this subsection, we apply the Caccioppoli-type estimates from Lemmas 4.1 and
4.2 to find approximations of the Galerkin solutions from low-dimensional spaces.
We will need a Poincaré inequality as given in [24, (7.45)]: for open sets D C @ with
IDI >0 and u € H'(w), we have

1
u— — [ udx
|| IDI/D

S |D| 7 (diam(D))* || Vutll 2 (4.10)
In the following, we consider low-dimensional approximations of discrete harmonic
functions in Lemma 4.3 that generalizes [16, Lem. 4].

Lemma4.3 Lete € (0,1), g € (0,1), R € (0,2diam(£2)), and m € N satisfy

h qe
R = 8mmax {1,C,p, }’ “4.11)

where the constant Capp is given in [16, Lem. 3, Lem. 4] and depends only on £2 and
the y-shape regularity of the quasi-uniform triangulation 7. Let Bg, B(y40r B(1 + 200
be concentric boxes. Then, there exists a subspace W, of H, ,(Bg N £2) of dimension

3
. ’ 1+¢! 4
dlmeSCdim<—q ) m

with the following approximation properties:

(i) Ifu, € Hyp(Byer N R)and B,z N £2° =0, then
ﬁmmeivIVlJ””h - ﬂrn|||g,h,R < Czllppqm”VMh”LZ(B(HE)RD.Q)'
(i) Ifu, € Hyp(Biiioer N 2)and B,z N 2° # @, then
i [l =Tl < gt 21V s,

Here, Céim, C' depend only on £ and the y-shape regularity of the quasi-uniform

aj
triangulation ’]pi
Proof We start with the case of boxes not entirely contained in £2.

Case 1: Let B(1 +er N Q° # . For the Lipschitz domain €2, [37, Chap. VI,
Sec. 3, Thm. 5°] asserts the existence of a bounded linear extension opera-
tor £, 1 H'(2) — H'(R?) such that £,.v|, = v for each v € H'(Q°). The fact
that Q° is Lipschitz (see [31, Thm. 2] for details) implies the existence of a con-
stant ¢ >0 depending only on £ such that for all x € Q¢ and all r € (0,1) we have
|B,(x) N Q| > cr’, where B,(x) denotes the ball of radius r centered at x. Selecting
an x € B(; . N £° and noting that B, g (x) C B; , 5,r, We conclude

1B(1 4208 N Q21 2 |Bgja(x) N Q°] > c(eR/2)’.
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Due to (4.11), [16, Lem. 4] provides a subspace W,, of Hg)h(BR N £2) such that

i = Tl < Wl wi

1\ 3
dimW, < cdim<%) m, 4.13)

where Cg;,,, depends only on £2 and the y-shape regularity of the quasi-uniform trian-
gulation 7,. We denote by #, the extension by zero of u,, to Q°. It follows from the
Poincaré inequality (4.10) and |B(1+25)R N .Q"| > (eR)’ that

%Huh”Lz(B(HE)RnQ) < %”uh“LZ(B 12orND) Ile”ﬁh”LZ(B(HZF)R)

|B(]+25)R ~
Vu
RlB(|+25)RnQE|2/3 ” h ||L2(B(l+2£)k) (4.14)

3R3 N - U
%Hvuhnm(&uzm) Se 2”Vuh||L2(B<1+26>R).

A

A

Combining (4.14) and (4.12) leads to

i (i, =Tl S 20 Vil @15

m

Case 2: Let B(j,. g N £2° = @. We note that constant functions are in H, ,(Bg N £2).
Hence, by [16, Lem. 4] there is a subspace W,, C 'H, ,(Bg N £2) such that 1 € W,, and

ﬁminm|||uh - Eml”g.h,R = ﬁenul,“leRm”h — Uy + Cl”g.h,R < qm?éi£|||"‘h - C|”g,h,(l+5)R
(4.16)
with dimension

. I+&e7! 3 4 14¢! 3 4
dlmestim< . )m +1S<T>m.
A standard Poincaré inequality (i.e., (4.10) with D = By ) implies

1

minf||lu, — ¢ <, — —— u
ceR ||| " “lg’h’(HE)R - | h ||B(l+s>k| Bisor gh(1+€)R
_I8 h
< (14+€)R
~ R|B<]+E)R|2/3 ”Vuh“LZ(B(H—g)kn-Q) + (1+_£)R ”Vuh“Lz(B(HE)Rﬂ.Q)
/S |Vuh LZ(B(1+E)RH‘Q).
4.17)
Combining (4.17) and (4.16) completes the proof. 0

Remark 4.4 The factor £ 2 instead of £~ for boxes B, near the boundary is a con-
sequence of not assuming a relation between the orientation of the boxes and the
boundary. Aligning boxes with the boundary allows one to better exploit boundary

conditions and improve the factor £ 2.

In the following, we will need a simplified version of Lemma 4.3:
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Corollary 4.5 Let R € (0,2diam(R2)), € € (0,1), g € (0,1). There are constants C/f |
and C/ ; » depending only on £2 and the y-shape regularity of the quasi-uniform trian-

gulation 7, such that, for any concentric boxes Bg, B(; , . and any m € N, there
exists a subspace W,, C H, ,(Bg N £2) of dimension

dimW,, < Cy (eq)m*

m —

such that for any u;, € H, ,(B(142.g N £2) there holds
i [l =gz < Copd"e Vit liaa om0 (4.18)

Proof The case that the parameters satisfy (4.11) is covered by Lemma 4.3. For the
converse case h/R > ge/(8mmax{1, Cypp}), we take W, :="H, ,(Bp N Q) so that
the minimum in (4.18) is zero and observe in view of the quasi-uniformity of 7,

3
dimH, B0 2 5 (%) (q) = (eq)m® < (eq)m?,
which finishes the proof. O

If E, is locally discrete divergence-free, then the function V(p + ¢,) in the
decomposition E, =z —V¢, + V(p + ¢,) given by Definition 3.6 is also locally
discrete divergence-free since z —V¢, is divergence-free. The following lemma
shows that ITY  V(p + @,) is discrete divergence-free as well:

B14120)r

Lemma4.6 Let e €(0,1), R € (0, 2diam(.Q)) and let B(1yjerr J €{0,1,2}, be concen-
tric boxes. Introduce 7, (B(j 1. N £2) and B(1 +20)g According to Assumption 3.4. Let
n € C*(2) be a cut-off function with 7 =1 on By r- Let E, be such that 7E, €
Hy(curl,2) and E, € H, ;,(B142¢)r N £2). Decompose 7E;, € Hy(curl,2) as 7E, = z +
Vp w1th Z€E HI(Q) and pe H 1(.Q) according to Lemma 3.1. Let the mapping
(.Q) - H 1(.Q) be deﬁned according to. (3.1) taking # =#n there. Then,

HE(1 2 )RV(p + (pz) is discrete divergence-free on B(l+25)R’ ie.,
+2¢

(ITZZl+2 )RV(p +@,), VVh>L2(B o) = =0 vy, esh (’T,,,B(HZE)R) supp v, C By y200r-
(4.19)
Proof We use E;, € H,.,(B(j 2.z N €2) and (3.6) so that, for v, € Sl’l(Th,E(HQe)R)
with suppv, C B2, )g, We have
0 = a, Vv)=(VXE,Vx VVh)LZ(E(HZE)R) -k (K, VVh)LZ(E(HZE)R)

- _K<Eh’ VVh>L2(§(1+2;>R) = _K<;7Eh’ VVh)LZ(E(st)R)

— —K<Z + Vp, Vvh)Lz(E(l+ZE)R)

= —KzZ=Vo,+Vo, +Vp.VVirG oo

= —x{z-Ve,+ Hg Ve, + Vp), Vvh>L2(E(l+25)R)

(1+26)R

Lem. 3.2 v
= —K<H~ (V(pz + Vp)’ Vvh)LZ(E(HZs)R)’

B(l +26)R
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which finishes the proof. a

We will make use of the orthogonal projection
I, @ (H(curl, By N ), |lIlllcp) = (HenBr 0D, M-Mlepr)s  (4.20)

where orthogonality is defined in terms of the inner product associated with the
weighted norm |[|-|I[ ;, z-

Lemma 4.7 (single-step approximation) Let ¢ € (0,1), R > 0 be such that
(1+4e)R € (0,R,], and g € (0,1). Let B j = 0,....4, be concentric
boxes. Then, there exists a family of linear spaces Vg, C H.,(Bg N £2) (para-
metrized by H >0, m € N) with the following approximation properties: For each
E, € H, ,(Bj140r N 2) thereis a K, , € Vy , C H,_ ,(Bg N 2) with

c,h

® E,—Eplgne € Hch(BII_eln Q),

) 1) = Erllese < Clop( e + 4" Y IEM a0

3
(i) dimVy,, <C} [(g) +(eq)"m’*

where the constants C” "and C/. depend only on «, £2, and the y-shape regularity
pp dim
of the quasi-uniform triangulation 7,,. Furthermore,

(iv) if h > H or h/R > /4, one may actually take V., = H_,(Bx N £2) and E;,
may be taken as E, , = E; |5 o

Proof Step 1: (reduction to i < H) As a preliminary step, we show (iv) so that after-
wards we may restrict our attention to the case & < H together with A/R < e/4. If
h > H or hiR > /4, we take Vy, :="H_,(Bz N £2), which implies that the choice
E, ), = E;|p o is admissible so that E, —E, , =0. Since either h > H or h/R > ¢/4,
we have

dim M, (BN Q) < (?)3 < <§)3 belt < <§>3 Feqh  @an

which shows that the complexity bound in (iii) is satisfied. We have thus shown (iv)
and will assume & < H and h/R < /4 for the remainder of the proof.

Step 2: (reductlon to HIR < €/4) For = > , we may take the space constructed below
with the choice 2 == Z since then, the appr0x1mat10n property (i) and tl}le complex1ty
estimate (iii) are still satisfied. Therefore, we assume in the remainder that = <E£ T

Step 3: (Scott-Zhang approximation on R% Let .#, be a quasi-uni-
form infinite triangulation of R* with mesh width H. Define further
Sty 1= (py € H' (R : pyly € (P,(M))® VM € #y). We will use the
Scott—Zhang projection operator I3~ : H'(R*) — S (.#;) introduced in [38].
Denoting by w,, the element patch of M € .#,,, this operator has the local approxi-
mation property
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2
SZ 2 2 1
“U . & U”sz) < CH||Ullgy,,, VU € H'(wy) (4.22)

with a constant C depending only on £2 and the y-shape regularity of the quasi-uni-
form triangulation .. Let £ : H'(2) — H'(R?) be an H'-stable extension opera-
tor such as the one from [37, Chap. V~I, Sec. 3, Thm. 5°].

Step 4: Let 7,,(B(1 2.z N £2) and B,z be given according to Assumption 34.
Let n € C*(£2) be a cut-off functlon with suppy € B(y,3,r N2, 7 = 1 on B0k
0 <7 <Iand|V’ ’7||L°°(Q) (aR)f for £ € {0,1,2}. Note that nE, € Hy(curl,£2).
Decompose 7E, € Hy(curl,2) as nE, = z + Vp with z € H} 0(£2) and p € Hl(.Q)
according to Lemma 3.1. Let ¢, be given by (3.1) taking # = # there. Select repre-
senters p,, @, € S”(?},) such that Vp, = ITY  Vp and Vo,, = my Ve, on

(1+2e)R B(l+2£)R

B(l 10 By Lemma 4.6, we have that V(p, + ¢,,) is discrete divergence-free
on B0, 80 that (p;, + @, ) € H, ;(B(120r N £2). We apply Corollary 4.5 with the
pair (R,e) replaced with (R,E) (R(1 +¢), o 1 ) to get a subspace
Wi € Hy y(B(14e)r N £2) for the box By, x N2 and an w € W,, such that

WlPn + @os = Wulllrser S "€ 2NVPL+ @udllom, ppne (4.23)

Step 5: Define z,; := (IISsz)| By a2 Using Definition 3.6 and with the function
@, given by (3.1) (again, with % = # there) we have the representation

=z,+1I) Vp=(z,—2)+z—1II. Ve, +II! V(p,+p)
(1+2¢)R v (1+26)R (1+26)R
(z,—-2)+@Z—12zy)— 1. Vo, - Vo, )

(l+2£)R
-y Vo, +z4+ Yy  V(p,+p).

B(l+26)R (1+26)R

hlB(]+2e)R

Of these 6 terms, the first three terms are shown to be small, the next two terms
are from a low-dimensional space, and the last term is exponentially (in m) close to
Vw,, by (4.23), which is also from a low-dimensional space, namely, VW,,. As the
approximation of E,, we thus take

B1426)r

E,, =1 < -y VgoZH +2zy+ Vwm>, (4.24)

with the |||-]l| ., g-orthogonal projection IT; of (4.20). Property (i) is then satisfied by
construction. In order to prove (ii), we compute

0 = Eoall e = | (5215, 9, =20 90,
c,h.R
< ‘ E,+I} Ve, —2;,-Vw,
(1426)R C,h,R
< Nl + M= lles+ |73 0= ,,)
(14+26)R c,hR
n’“v V(p + wz) - VWm
(1426)R c,hR
(4.25)
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Step 6: (stability estimates) The stability estimate (3.7) for p, in the local discrete
regular decomposition implies together with Lemma 3.1

(3.7
||VPh||Lz(§“+Z$)R) + 1zl 2@ + IVPllze) S 2l + VPl S IMElL )
(4.26)

By Lemma 3.11 and the Caccioppoli-type estimate of Lemma 4.1 (replacing the
pairs (R,e) there with suitably adjusted (R, ) as needed), we have

“Zh”H(curl,BR) + 1zl 2 541 |V x Eh”LZ(B(mf)RnQ) + i”Eh”LZ(B(,HE)RnQ)
em. 4.
s & |||Eh|||c,h,(1+4s)R'

4.27)
Finally, combining Lemmas 3.1, 3.2, and estimate (3.7) leads to

Ve,

ot ||V(pz’h”L2(l~3(1+2E,k) S ||Z”L2(B<1+35)Rﬂﬂ) S ImEll20) (4.28)

as well as

V. - .,

L2(©) < ”Z - ZH”LZ(B(IJrk)RnQ). 4.29)
Step 7: (controlling z —z,) By Lemma 3.11 and (4.27), we have

%”Z - Zh||L2(BRnQ) S ﬁ5_1|||Eh|||c,h,(1+45)1!e' (4.30)

Noting V x z = V X (nE,) together with the definition of |||-|||., z and the estimate
(4.30), we obtain

1z =2zl )z < %(th“H(curl,BR) +IV X Z”LZ(BRnQ)) + &z = 2zl
< ﬁgnzhnw 5o * B, oo * 11V X Byl o)
26 Bl aerm
4.31)
Combining this with Lemma 4.1 and the stability estimate (4.27) leads to
h _
Wz = Zllcnr S %€ MMl rssen (4.32)

Step 8: (controlling z —z,; and V(¢, — @, )) For z;; = (I;/ €2)| Bysueni2s W have by

the approximation result (4.22), the assumption H/R < €/4, and the stability proper-

: 4
ties of IH

1 H .
E ”Z - ZH”LZ(B(IH';)ROQ) S E ”gZ“H](B(H(jH)a)R)’ J= 07 LR 3’ (433)

h ;o
iz =zullwe,, 0o S F1€MwE, 00 =030 (434
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so that, using ||£z||H‘<B(1+4E)R> S ||zl|g () We obtain for j =0,...,3

h H @ h  H\ _
|HZ - ZHl“c,h,(Hje)R S (E + E)IISZ”H](B(HUHMR) S <E * E)e llnEhlllc’h’(H%)R.

(4.35)

By the stability properties of the operator Hg given in (3.7) and (4.29), we infer
(1+26)R
m v < v ‘1
I voen],, < Vool S g

z
Bioer H ||L2(B(1+3E)RHQ)

L2(B( 450)8)

S (54 D) B s

(4.36)
Step 9: (Estimate of ITY  V(p + ¢,) — Vw,,) By Step 4, we have

(1426)R
Ph + Do — Wi € Hg,h(B(He)R N ‘Q)

Noting HTZ Vip+@,)—Vw, =V, + @, —w,) on B, g NE2, we get
(1+26)R

my Vp+e,)-Vw,

B(I+25)R

= ]le”V(ph T Pon Wm)”LZ(BRn.Q)
c,h,R

S le% s + @) = Wm|||g,h,(l+e)R
(4.23)

mn —2(1 ) (4'37)
p3 % V@) + @) |L2(B(1+25)Rn!2)
@204, fe-?
p3 _R”nEh |L2(Q) S Tl Eh||L2(B(1+3£)Rn-Q)

5 qm6_3|||Eh|||c,h,(l+35)R'
Substituting (4.32), (4.35), (4.36) and (4.37) into (4.25) concludes the proof of (ii).
Step 10: By construction, the approximation E, , of (4.24) is from the space

Vim = {HBR (—IYNV V(pZH +zy+ Vwm> zy € (IzZHl(R3))|B(H4E)R09’W’" S VWm}.

(1426)R

By the linearity of the maps Il , Y , and z—@,, the space Vi is a linear
(14+26)R

space. In  view of dimW, S (eq)>m*  from  Corollary 4.5
and dim I/EH @)l < (%) we get (iii). O

Lemma 4.8 (multi-step approximation) Let ¢ € (0,1), ¢’ € (0,1), R € (0, R, /2].
Then, for each k € N, there exists a subspace V, of H_ (B N £2) of dimension

3
. k -3 4 k
dimV, < Cir k(4) (g7 +mtd), (4.38)
such that for E, € H_ ;,(B14¢)r N £2) there holds

‘min |“Eh ~E,
E.ev,

chR = ‘I’klllEh i1+ (4.39)

Here, C!{’ depends only on «, £, and the y-shape regularity of the quasi-uniform
triangulation 7,
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Proof The proof relies on iterating the approximation result of Lemma 4.7 on boxes
Bj4c ) Where g; = {(1 = ) for j =0,....k. We note that { = ¢, > &; > > ¢ =0.
Define

~ ~ ¢ 1
ji=RAYe). &= gay e) 4
and note the relationship B & =By =Bz e, 88 well as By =By and

By = Bpay) Also note

¢ ¢ ~_¢ = .
2 < —2 __<Eg <=, R<R < R, =0,...,k
8k~ Ak(1+0) T 4k <1+ /

Select g € (0,1). With the constant C ; , of Lemma 4.7 choose

o= 7RE m = 31n(¢ /(4k))—In max { 1,C;;p]+ln(q’/2)
: 8kmax{l,C€’l;Dp}’ Ing ’
These constants are chosen such that
H 1 ~ 1
" < 4 " 73 m o _ o
Capp_~]~e < 2q and Cappgj q < 26[. (4.40)
il

Moreover, the assumption R < R, /2 implies that (1 + 4Zj)1~€j =R +¢€;_;) < Ry
Therefore, Lemma 4.7 provides a space V}qm C HC,h(B;;l N Q) and an approxima-
tionE,, €V} with

" H ~3 m “40) /
=Bl iz, < Co( 2+ 52 s, S A WElr

3
: 1
dimV Hom

(3) + ot < () o)

A

4.41)

where the constant C > 0 is independent of j € {0,....k}, & k and ¢'.
Since Eh_El,hEHc,h(Bﬁan)’ we may apply Lemma 4.7 again to find
a space Vilm C 7—(0,,,(B§2 N£) and an approximation E, eVilm with
dimV}, | < C(k/¢)*(¢'=> +In*(k/¢)) such that ’

I, —Eiy = Eoulll i, <N —Eialll,z < a* M.z,

Repeating this Erocess k —2 times leads to the approximation l~<:k = ZleE[’h in the

space V; := Y. Vi of dimension
dimV, < Ck(k/¢)* (¢ + In*(k/0)),
which concludes the proof. O
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5 Proof of main results

The results of the preceding Section 4 allow us to show that the Galerkin approxi-
mation E, of (2.7) can be approximated from low-dimensional spaces in regions
By_away from the support of the right-hand side F.

Theorem 5.1 Let &, >0 be given by Lemma 2.2, and let 7, be a quasi-uniform
mesh with mesh size & < h,. Fix g € (0,1) and # >0. Set { =1/(1 + #). For every
cluster pair (z,0) with bounding boxes By and By with ndlst(BR B )= dlam(BR )
and each k € N, there exists a space V; C LZ(BR N £2) with

dim V. < Cyink(k/$)* (g7 +In*(k/0)), (5.1

such that for an arbitrary right-hand side F € L(£2) with supp F C B N Q, the cor-
responding Galerkin solution E, of (2.7) can be approximated from V), such that

min ”Eh -
Eev,

boxq ”HL

Cboxq ||F||L2(BR nQ):

LZ(BR n[z) L2(£2)

Here, Hiz is the L-orthogonal projection onto X,,(7;,£2) and C,, E‘dim are con-
stants depending only on «, €2, and the shape regularity of 7,,.

Proof From Lemma 2.2, we have the a priori estimate

L2
IExlacune) < CIIL, Fllpzg) < CliFll2 ) = ClIFll2 @, )

From dist(B , Bz ) > n~! diam By, the choice ¢ =1/(1 + 1) implies

dist(Byepp - By,) > dist(Bg . By ) — CR.V/3 > V3R.(1™' = ) = /3R, - (n1+ 5>

Hence the Galerkin solution E, satisfies E,| Busor.n@ € Hen(B(iagir, N £2). Since
— < 1, it is immediate that

R
2
MEMsen S (1 2 Bl (14 2 ) [ F

In the following, we employ Lemma 4.8. In order to do so, boxes have to have side
length smaller than R, /2, which may not hold for general bounding boxes By .
However, as bounding boxes can always be chosen to satisfy R, <2 diam(£2), there
exists a constant L € N independent of R, such that R, /L < R, /2 with R, given

T

O € )

max

in Definition 3.10. Consequently, we can decompose a box B = int U?;1 B

max

c
into C; € N subboxes {BR } " of side length R, such that R, <R, /2, where
£=1
C; does only depend on L. Then, for each BR , Lemma 4. 8 provides a space
Vs CH, h(BR N £2), whose dimension is bounded by (4.38) such that
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_ min HEh —Ey,
E, €V,

< R_ min H|E -E
) 2 N 193
L2(By, Q) £, eV,

< diam(2)¢* ”Hj

< CqR,, + 1)”an

c,h,R,/ L2(Q)

L)

Now, we define the space V, as a subspace of LZ(BR N £2) by simply combining all
the spaces V, , of the subboxes, i.e., we extend functions in Vi, by Zero to the larger
box By and write ka for this space. Then, we can define V, : 2 e le ¢ and set
Ele"'v =K., €V, forE, € V. This gives

- C ~
‘min ”E, - <Y min ”Eh -E,,

fev, Mles, n = & B, ev,, LBy @)
2
< C gt ||Ty .
The dimension of V is bounded by
3
dimV, < CLC"i’i;nk(g) (q"3 +1In* §>’
which concludes the proof. O

The following result allows us to transfer the approximation result of Theo-
rem 5.1 to the matrix level. We recall that the system matrix A is given by (2.8).

Lemma 5.2 Let i < hy with h, given by Lemma 2.2. Then, there are constants
Cd]m, Capp that depend only on k, £2, and the y-shape regularity of the quasi-uni-
form triangulation 7, such that for n >0, g € (0,1), k € N, and n-admissible
cluster pairs (1 o) there exist matrices X, € C™, Y, €C’™ of rank
r< Cd‘m(l + )’k (q_3 + In*(k(1 + r/))) such that
“A 1|T><6 - X ro’||2 aPph_lqk'

Proof As a preliminary step, we show that we can reduce the consideration to the
case diam B, < ndist(By , By, ). Indeed, as A is symmetric also A~ is symmetric
so that A=!'| ., = A=!| .. and one may approximate either A='| . or A~!| by a
low-rank matrix. In view of the definition of the admissibility condition (2.10), we
may therefore assume diam B, < 5 dist(By , By ).

The matrices X, and Y, will be constructed with the aid of Theorem 5.1. In par-
ticular, let the constant C;,, be given from Theorem 5.1. We distinguish between the
cases of “small” blocks and “large” blocks.

Case 1. If Cy;,,(1 + 11)3164((]_3 + In*(k(1 + 17))) > min(|z|, |6|), we use the exact
matrix block X, = A™!|,. and we put Y,, = 1|, with I € C¥¥ being the iden-
tity matrix. ~

Case 2. If Cypn(1+n)°k*(g73 +In*(k(1 + 1)) < min(|z], |o]), let V, be the
space constructed in Theorem 5.1. From V. we construct X, and Y__ in the follow-
ing two steps.

Step 1. Let functions 4; € L*(£2), i =1,...,N, satisfy

X0 oXo
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supp4; C supp¥;, i=1,....,N, (5.32)
(A Vo) = 8 bj=1,.0N, (5.3b)
Al 2 < CR7Y2, i=1,...,N. (5.3¢)

Such a dual basis of {¥;: i =1,...,N} can be constructed as (discontinuous) piece-
wise polynomials of degree 1 as described in, e.g., [11, Sec. 4.8] for classical
Lagrange elements. In fact, suppi; can be taken to be a single tetrahedron in supp?;.
The constant C depends solely on the y-shape regularity of 7,. We emphasize that
our choice of scaling of the functions ¥; is responsible for the factor 4~ 12,

For clusters 7/, define the mappings

Ay LX) > €7, v (104 Vig) op
where y, is the characteristic function of z’. For v € L) and a cluster 7’ with

bounding box By ,, we observe for the #>-norm Il-ll, on C*' that

(5.3¢)
2 _ 2 2 2 -1 2
”AT’V”2 - EZ’ |<A‘i7 V>L2(.Q)| S EZ’ “li”I}(.Q)”V”LQ(Suppﬂ.,-) S h ”V“LZ(BR mﬂ).
€7 €7 T
64

\;, we have

We observe that, for E, € X, ,(7,,2) expanded as E, =}, _;u
u; = (AL(E,));. In particular, we have for the coefficients y; withi € 7’/

u=(A.(E)), Vier. (5.5)

Step 2: Let V; be the space given by Theorem 5.1 for the boxes By , B . For
arbitrary b € C?, define the function fy, := Y ._ b, 4, and observe:

iec i
(5.3a)
suppf, C B , (5.6a)
(5.4)
Ifpll2) S h=2||b]|,, (3.6b)
5.3b
G Pz = b, i=1,..,N. (5.6¢)

Let E, € X, (7}, £2) be the Galerkin solution corresponding to the right-hand side
f, and E, € V, be the approximation to E, asserted in Theorem 5.1. Then,

a8, < e g

n

LZ(BRTOQ)
Thm. 5.1 /3 % (5.6b) Lk
S h~ / q ||fb||L2(_Q) S h~ q ”b”2

We define the low-rank factor X, as an orthogonal basis of the space
V. :={A,(E): E,€V,} and set Y, :=A7!|# X_ . Then, the rank of X, is

TXc T T0"
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bounded by dimV, < E’dim(l +m)3k* (¢ + In*(k(1 +n))). Since X, X¥ is the
orthogonal projection from C¥ onto V,, we conclude thatz := X_ X m(A Eh) is the
I-1l,-best approximation of the Galerkin solution in V,, which results in

”ArEh - Z||2 S ’

— AE||, < ¢ IIbll,.
By (5.5) and b € C?, we have

beC
A Eh = (AIEh)l A~p)|, = (A "

TXO'

Since z = X, Y2 b, we conclude
(A oo =X Y )b, = [[4.E, = 2], S 57Dl

T0 T0O

As b was arbitrary, we obtain the stated norm bound. O

Proof (Proof of Theorem 2.8) For each admissible cluster pair (z,0), let the matrices

X, Y., be given by Lemma 5.2. Define the H-matrix approximation B,, by the
conditions
BleXa XTUYfg if (T’ G) € Pfar’ Blexa = A_l |T><O' if (T’ O') € Pnear'

The blockwise estimate of Lemma 5.2 for g € (0,1) and [10, Lemma 6] yield

147" =Byl

I/\

m(z max {|[(A™' = Byl 6, (z.0) € P level(r) = f})

< CyppCopdepth(Th" .
We next relate k to the blockwise rank r. For y >0, the unique (positive) solution
k of kInk = y has the form

M
k= @(1 +0(1)) asy — oo (5.7)
by, e.g., [36, Ex. 5.7, Chap. 1]. In passing, we mention that even higher order
asymptotics can directly be inferred from the asymptotics of Lambert’s W-function
as described in [13, p. 25-27] or [15, Eq. (4.13.10)]. The asymptotics (5.7) implies
that the solution k of k* In* k = y satisfies k = Y4/ Inp*)(1 + o(1)) as y — oo.

From Lemma 5. 2 we have the rank bound r < Cdlm(l + )kt (q_3 + In*(k(1 + 71)))
< Cdlm((l + n)q_l) k*In* k, so that, for suitable b, C >0 independent of r, we get

g* < Cexp(—br'/*/Inr). Consequently, we have

[A=" =By, < Cop Copdepth(Tp)h~te 7/ 100),

apx

which concludes the proof. a
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Appendix: Regular decompositions

The following lemma follows from the seminal paper [12]. The notation follows [12]
in that H‘_(IR3) s € R denotes the spaces of distributions in H*(R3) supported by £2,

and that C® °°([R{3) is the space of C*(IR3)-functions supported by Q.
We 1ntroduce the space

s . s 3y . s 3
H (curl) := {E EH R): VXEeH (R )}
equipped with the norm ||E||H‘§(cur1) i= ||E||H%(R3) + ||V x E||H%(R3).

Remark A.1 From [12, p. 301], for any s € R, the space H%([R3) is naturally isomor-

phic to the dual space of H(£2). Hence, for s >0, we have the alternative norm
equivalence || V|l g3 ~ ||v||ﬁd.(9) = ||[V* |l g (r3), Where v* is the zero extension of a
Q

function v defined on £2.

Lemma A.2 Let 2 be a bounded Lipschitz domain. There exist pseudodifferential
operators 7', and T, of order — 1 and a pseudodifferential operator L of order —oo on
R3 with the following properties: For each s € R, they have the mapping properties
T, : KL (R3) - HEH(R?), T, : HL(R3) - HEH(R?), and L : HE(R3) - C2(R3)
Q Q Q Q ) Q Q
and for any u € H%(curl), there holds the representation
u= VT (u-TyVxu)+TyV xu)+Lu. (A1)
Proof In [12, Theorem 4.6], operators T, T,, T, L, L, with the mapping properties
. s 3 s+1 3
TR~ R
) P B(RY) - > (R%),
T, : H;(IR3) - HZH(R?),
L, i B (RY) > C2(RY), /=12,
are defined, and it is shown that

VI v+ Ty(VXv) =v—-Lv, (A.2a)

VXT,w+T3(V-v) =v—-L,v. (A.2b)
Taking v =u — T,(V X u) in (A.2a), we obtain

VT (u=TyV X))+ T, (VX (u=To,(Vxw)) =u-T,(Vxu—L,(u-TyVxu).
(A.3)

Since Vxu is divergence-free, we obtain from (A.2b) with the choice v = Vxu
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T,(Vx (u=T,(Vxuw)) = Ty(VXxu)—T,(Vxu-L,Vxu)
= T,(Ly(V X)) =: Lyu,

where, again, L; is a smoothing operator of order —oo mapping into C%([R@). Insert-
ing this into (A.3) leads to

VT (u=TyV xw) +TyVxu)=u—-L;(u—-T,Vxu)) - Lu

Choosing Lu := (L, (u— T,V xu)) + Lsu, we arrive at the representation (A.1).
O

Corollary A.3 Let 2 C R3 be a bounded Lipschitz domain. Then, for every s >0,
there is a constant C (depending only on £2 and s) such that every u € Hj(curl, £2)
can be decomposed as u =z + Vp with z € Hgl(R3) and p € Hgl(R3) together

with
”Z”I-%“(W) < C”“”[-]fﬁ(cuﬂ)s ”VP”I-%(RS) < C”“”H’ﬁ(u@)- (A4)
Proof From Lemma A.2 we can write u = z + Vp with
z :=T,(V xu) + Lu, p =T (u—TyVxu).

The stability estimate for z follows from the mapping properties of the operators
T, and L. The mapping properties of T, yield

||VP||HSE(R3> S llu = Ty(V x u)”ﬂfﬁ(RS) s ||u||HS§([R3) + |V X u”H%‘([R3) s ||u||}%(rm3)a

where the last step follows from the mapping property VX : H%(R3) - H;_; HR3).
O
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